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Abstract

We propose a new scalarization method which consists in constructing, for a
given multiobjective optimization problem, a single scalarization function,
whose global minimum points are exactly vector critical points of the original
problem. This equivalence holds globally and enables one to use global opti-
mization algorithms (for example, classical genetic algorithms with “roulette
wheel” selection) to produce multiple solutions of the multiobjective problem.
In this article we prove the mentioned equivalence and show that, if the or-
dering cone is polyhedral and the function being optimized is piecewise diffe-
rentiable, then computing the values of a scalarization function reduces to
solving a quadratic programming problem. We also present some preliminary
numerical results pertaining to this new method.

Keywords
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1. Introduction

Scalarization is one of the most commonly used methods of solving multiobjec-
tive optimization problems. It consists in replacing the original multiobjective
problem by a scalar optimization problem, or a family of scalar optimization
problems, which is, in a certain sense, equivalent to the original problem. The
existing scalarization methods can be divided into two groups:

1) Methods that use some representation of a given multiobjective problem as

a parametrized family of scalar optimization problems. Such scalarization methods
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should have the following two properties (see [1], p. 77): (i) an optimal solution
of each scalarized problem is efficient (in some sense) for the original multiob-
jective problem, (ii) every efficient solution of the multiobjective problem can be
obtained as an optimal solution of an appropriate scalarized problem by adjust-
ing the parameter value. Some examples of possible scalarizations of this kind
are given, for instance, in [1] (pp. 77-78) and [2].

2) Methods that use local equivalence of a multiobjective optimization prob-
lem and some scalar optimization problem whose formulation depends on a
given point. Such equivalence enables one to solve the multiobjective problem
locally by using necessary and/or sufficient optimality conditions formulated for
the scalar problem (for examples of such an approach, see [3], Thm. 1 and [4],
Prop. 2.1 and 2.2).

There are also scalarization approaches which combine properties of both
groups such as the Pascoletti-Serafini scalarization [5] (for a survey of different
scalarization methods, see [6], Chapter 2; for adaptive algorithms using different
scalarizations, see [6], Chapter 4; for scalarizations in the context of variable or-
dering structures, see [7], Chapters 4 and 5).

In this paper, we propose a new scalarization method different from the
above-mentioned ones. It consists in constructing, for a given multiobjective op-
timization problem, a single scalarization function, whose global minimum
points are exactly vector critical points in the sense of [8] for the original prob-
lem. This equivalence holds globally and enables one to use global optimization
algorithms designed for scalar-valued problems (for example, classical genetic
algorithms with “roulette wheel” selection) to solve the original multiobjective
problem. We also show that, if we consider an order defined by a polyhedral
cone and the function being optimized is piecewise differentiable, then compu-
ting the values of a scalarization function reduces to solving a quadratic pro-
gramming problem.

So far, the term “scalarization function” has been used for a scalar-valued
function defined on the image space of an optimization problem, which trans-
forms a vector-valued objective function into a scalar-valued one (see [9], Thm.
1.1). However, by using such a scalarization, we are able to find only some
(usually a small part of) Pareto solutions, or efficient points, of the original mul-
tiobjective optimization problem, while the other Pareto solutions are lost. Con-
trary to this approach, our scalarization function is defined on the space of feasi-
ble solutions of the original problem and attains the minimum (zero) value on
the set of vector critical points for this problem. The set of vector critical points
is larger than the set of efficient solutions and can serve as an approximation of
the latter one.

The purpose of this research is to describe the idea of our new scalarization
method and to present some underlying theory for the case of an unconstrained
multiobjective optimization problem. The extension to constrained optimization

is also possible and will be the subject of further investigations.
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2. A Global Scalarization Function for an Arbitrary Ordering
Cone

Let Q be an open set in R", and let f =(f1,'~, fp):Q—>Rp be a locally
Lipschitzian vector function. Suppose that Cis a closed convex pointed cone in

RP® with nonempty interior. We denote by C' the positive polar cone to C, ie.,

c* ::{ZGR”:(Z,y)ZO,VyeC}, (1)

where (-} is the usual inner product in RP. The partial order relation in
R is defined by

y=<zifandonlyif z—yeC, (2)

for all y,zeRP. We consider the following multiobjective optimization prob-

lem:

minimize f (x)subject to x e Q. (3)

Definition 1 [10] We define the (Clarke s) generalized Jacobian of fat X € Q

as follows:

of (X):= co{!i_r}g IF (%)%, = XIF (X, )exists}, (4)
where Jf (x) denotes the usual Jacobian matrix of f at x whenever f is Fréchet
difterentiable at x, and “co” denotes the convex hull of a set.

We will denote by R"" the vector space of all pxn real matrices. It fol-
lows from ([10], Prop. 2.6.2(a)) that of (X) is a nonempty convex compact
subset of RP". The calculation of Clarke’s generalized Jacobian in the general
case can be quite difficult due to the lack of exact calculus rules. For piecewise
differentiable functions, however, there is a representation of the generalized Ja-
cobian as the convex hull of a finite number of Jacobian matrices, which was ob-
tained by Scholtes in [11]. To formulate this result, we need some additional de-
finitions.

Definition 2 Let Q be an open subset of R" and let f':Q — R,
i=1,---,k, be a collection of continuous functions.

(i) A function f:Q — RP is said to be a continuous selection of the func-
tions f',--- f% ontheset U cQ iffis continuous on U and

f (X)e{fl(x),---, fk (X)} forevery xeU .

(ii) A function f:Q —RP is called a PC'-function if for every X € Q there

exists an open neighborhood U — Q and a finite number of C'-functions
fl:U > RP,i=1--- k, such that fis a continuous selection of f*,---, % on U.
In this case, we call f1,---, f% the selection functions for fat X .

(iii) Let f:Q —>RP be a PC'-function and let X €U c Q (U open). Sup-

pose that £ is a continuous selection of f',---, f* on U. We define the set of

essentially active indices for fat X as follows:
15 (Y)::{i e{l,..-,k}:iecl(int{XeU f(x)= f‘(x)})}. (5)

Proposition 3 ([11], Prop. 4.3.1) IfQ is an open subset of R" and f :Q — R
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is a PC'-function with C' selection functions f':U — RP,i=1,---,k, where
XeU cQ, then

of (X) =co{Jf'(X):i el (X)}. (6)

Definition 4 [8] Let X € Q). We say that
(i) X is a vector critical point for problem (3) if there exist 7eC” \{Op}
and Aeof (X) such that

Z"A=0_, (7)

n

where 0, is the zero vectorin R";

(ii) X isan efficient solution for (3) if

(f(@)-f(®)n(-C)={o,}; ®)
(iii) X is a weakly efficient solution for (3) if

(f(Q)-f(X))n(-intC)=2; (9)

(iv) X is a local weakly efficient solution for (3) if there exists a neighbor-
hood U of X such that

(f(QnU)-f(X))n(-intC)=w. (10)

It is obvious that implications (ii)=> (iii)= (iv) hold in Definition 4. The
implication (iv)=> (i) (for locally Lipschizian /) follows from [12] (Thm. 5.1
(i)(b)). Some opposite implications can be obtained under additional assump-
tions of generalized convexity type. In particular, Gutiérrez et al [8] have identi-
fied the class of pseudoinvex functions for which (i)=> (iii) holds, and the class
of strong pseudoinvex functions for which (i) = (ii) holds.

Definition 5 [13] Let C be a nontrivial convex cone in R”. A nonempty
convex subset B of C is called a base for C if each nonzero element 7€C hasa
unique representation of the form 7=Ab with A >0 and beB.

Remark 6 If B is a base of the nontrivial convex cone C, then Op ¢B.

Lemma 7 (a finite-dimensional version of [13], Lemma 2.2.17) Let C be a
nontrivial closed convex cone in R® with intC =@ . If §eintC, then the set

BZ:{ZEC+Z<Z,V>=1} (11)

is a compact base for C" .
In the sequel, we consider a fixed vector Y eintC and a base Bfor C* de-
fined by (11). In order to define a global scalarization function for problem (3),

we first consider the following mapping h:RPxR”" — R":
h(y,A)=y"A (12)
Lemma 8 A point X €Q is a vector critical point for problem (3) if and only
it
0, eh(Bx&f(X)). (13)

Proof. If X e Q) is a vector critical point for problem (3), then equality (7)

holds for some zeC” \{Op} and Aeof (X). Since Bis a base for C*, there
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exist />0 and beB suchthat z=Ab. Then, by (7),
h(b,A):bTA:On, (14)

so that (13) holds. Conversely, if (14) is true for some beB and Aedf (X),
then by Definition 5 and Remark 6, we have beC” \{Op}. Taking z=b in
Definition 4, we see that X is a vector critical point for (3). O

For a nonempty subset Sof R",let d(-,S):R" —> R be the distance func-

tion of &, defined as follows:
d(x,8):=inf{|x-ul:ues}, (15)

where || denotes the Euclidean norm. We now introduce the following scalari-
zation function s:Q — [0, +o0):

s(x)::d(On,h(Bxaf(x))). (16)

Note that s depends on the choice of Y. The name “scalarization function”
is justified by the following.

Theorem 9 A point X € Q is a vector critical point for problem (3) if and
only if s(X)=0.

Proof. If X is a vector critical point for (3), then by Lemma 8, condition (13)
holds, which gives s(X)=0. Conversely, suppose that s(X)=0. Since 4 is
continuous and the sets Band of (X) are compactin R” and R"", respec-
tively, the set h(Bx@f (7)) is also compact; hence it is closed. Therefore, the
equality s(X)=0 implies condition (13). O

Having defined the scalarization function s, we can now replace problem (3)

by the following scalar optimization problem:

minimize s(x) subject to x € Q. (17)

Obviously, problems (3) and (17) are not equivalent because there may exist
vector critical points which are not (weakly) efficient solutions for (3). Never-
theless, by solving problem (17) we can obtain some approximation of the set of
solutions to (3).

Computing the distance function in (16) is not easy in the general case, but
under additional assumptions on both Cand £ it is possible to apply some ex-
isting algorithms to perform this task. The details are described below.

Definition 10 ([14], p. 170) A convex set D in R" is called polyhedral if it
can be expressed as the intersection of some finite collection of closed half-

spaces, that is, there exist vectors b' € R® and numbers p, such that
D:{yeRp:<y,b‘>sﬁi,i:1,---,m}. (18)

A convex cone which is a polyhedral set is called a polyhedral cone.

Theorem 11 Suppose that the ordering cone Cin R® is polyhedral and the
function f:Q—>RP is PC'. Let Y eintC, let B be a base for C* defined by
(11) and let h be the function defined by (12). Then, for each X € (), the set
h ( B x of (X)) is polyhedral, or equivalently, it can be represented as the convex
hull of a finite number of points in R".
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Proof. It follows from ([14], Thm. 19.1) that a convex set Din R" is poly-
hedral if and only if it is finitely generated, which means that there exist vectors
a',---,a" such that, for a fixed integer &, 0<k <1, D consists of all the vectors

of the form
x=Aa +-+ A8 + 4 0"+ + 48, (19)

where

/’[1+...+ﬂk :]_, /'{,IZOfori:l,--',l. (20)

In particular, if D is bounded, then no /4, can be arbitrarily large, which im-

plies that k =1, and conditions (19) - (20) reduce to
X e co{a1,~~-,a"}.

By assumption, Cis polyhedral, hence, by [14] (Corollary 19.2.2), C* is also
a polyhedral cone, which implies that its base Bis a polyhedral set. By Proposi-
tion 3, of (x) is the convex hull of a finite collection of pxnN matrices, so it is
a polyhedral set in RP™". It is easy to prove that the Cartesian product of two
polyhedral sets is a polyhedral set and that the image of a polyhedral set under a
linear transformation is a polyhedral set (see [15], Proposition A.3.4). Therefore,
h(Bxaf (x)) isa polyhedral setin R". O

Theorem 11 reduces the problem of computing the values s(x) given by (16)
to the problem of computing the Euclidean projection of 0, onto the polyhe-
dron h(Bxof (x)). This is a particular case of a quadratic programming prob-
lem (see [16], p. 398). There are also specialized algorithms designed for compu-

ting such projections (see [17] [18]).

3. The Case of Two Objectives

For two objectives, under differentiability assumptions, it is possible to find
some representation of the scalarization function s in terms of the gradients
Vi, and Vf,. Let p = 2 and suppose that the mapping f =(f,, f,) is conti-
nuously differentiable on R". Denote by Vf;(x) the gradient of £ at x (i =1,
2). Then (4) implies

of (%) = {3 (%)} {;f gﬂ o

The following theorem will help to compute the scalarization function (16) for
bi-objective problems.

Theorem 12 Let p = 2, YeintC, and let B be the compact base for C*
defined by (8). Then there exist vectors b' = (bl' , b;) € B,i=12, such that

h(Bxaf (X)) = co{biVi, (X)+b;Vf, (X), b7V, (X)+ b3 VF, (X)}. (22)

Proof. It follows from (8) that Bis a subset of some line in R?. Moreover, by
Lemma 7, Bis compact and convex, so it must be a closed line segment. Denote
by b® and b"? the endpoints of B. Using (21) and the linearity of 4 with respect
to the first argument, we obtain
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h(Bxaf (X)) =h(co{b’, b} x{Jf (%)})
=h({(20"+(1-2)b%, 3 (X)):0< 2 <1})
= {2h(b",3f (X)) +(1- 2)h(b*, 3f (X)): 0< 2 <1}

=cofh(b, 3f (x)).h(b%, o (X))}

= co{b{Vf, (X) +b;Vf, (X), b7 VF, (X)+ B VT, (%)} O

Pareto Optimization

We now consider the case of classical Pareto optimization, ie, when C=R?.
Wehave C"=C.Let y=(11)eintC, then by Lemma 7 the set

B::{ZGC*:21+22:1}

is a compact base for C*, and B is the closed line segment joining the two
points bY) = (1,0) and b® = (0,1) . According to Theorem 12, we have

h(Bxaf (X)) = co{Vf,(x),Vf,(x)},

hence, the scalarization function has the form
s(x)= d(O, co{Vf, (x), Vf, (x)})

For any point x € R", there are two possible cases:

(i) Vf,(x)=Vf,(x). Then s(x)=||Vf,(x)|=|Vf,(x)|-

(i) Vf (x)=Vf,(x). Then s(x) is the distance from 0 to the line segment
Sjoining Vf (x) and Vf,(x).

We now consider case (ii). The line L passing through Vf,(x) and Vf,(x)
is parametrized as L(t)=b+ta where b:=Vf (x) isa point on the line, and
a:=Vf,(x)-Vf,(x) is the line direction. The closest point on the line Z to 0 is

the projection of 0 onto Z which is equal to

(a,b) (a b)

(a.a) ot

Using the same parametrization, we can represent the line segment S as fol-

q:=b+t,a wheret, =—

lows:

S={b+ta:0<t<1}.

Therefore, if t; <0, then the point in S closest to 0 is b. Similarly, if t; >1,
then the point in Sclosest to 0is b+a. Finally, if 0<t, <1, then the pointin §

closest to 0 is g. Hence, the function s can be described as follows:
o] if t <o,
s(x)=4|b+ta| if 0<ty<1, (23)
lo+a] if t>1

Taking into account the definitions of a and b above, we see that this sca-

larization function depends on the values of gradients of f, and f, only, so it
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is easily computable.
Example 13 (problem FON in [19], p. 187) Let f =(f,f,):R® > R? be
defined by

fl(x):l—exp(—i[ i—%ﬂ, (29)

fz(x):l—exp[—i;(xi +%T}. (25)

The authors of [19] consider problem (3), where Q= [—4,4]3, and state that
the set of efficient (Pareto) solutions for this problem is equal to the set of points

X=(X,%,,X;) satisfying

X =X, =X e[—l/@]/«/ﬂ (26)

Here the set Q is closed (contrary to the rest of our paper), but this con-
straint is in fact inessential and the problem can also be considered on the whole
space R®. Computing the partial derivatives of f, and f,, we obtain from
(24) - (25)

ofy

a_xj(x)zz(xj _%jexp(—g{xi _%m, j=123 @)

of,

We have designed a program in Maple to compute s(x), using formulae (23)
and (27) - (28). This program consists of three nested loops for the values of the
variables X, X,, X, , each variable taking values from —4 to 4 in steps of 0.01. We
have obtained $(x) =0 for each x satisfying (26), and s(x)>0 for all other
points x. However, there are some points x for which the values s(x) are very

small; the smallest value obtained is

s(4,4,4) = s(~4,-4,-4) = a = 0.79802094823x 10 . (29)

There are no other points at which s(x) <, except the Pareto optimal solu-
tions (26).

This example shows that one must be careful when using global optimization
algorithms to minimize s because points like the ones appearing in (29) can be

easily misclassified as vector critical points.

4. Conclusion

We have presented a new scalarization method for solving multiobjective opti-
mization problems which is based on computing the Euclidean distance from
the origin to some subset determined by the generalized Jacobian of the map-
ping being optimized. This article contains the main underlying theory and only
some preliminary numerical computations pertaining to this method. More nu-

merical results will be presented in another research.
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