@, Applied Mathematics, 2016, 7, 2307-2323
9% Scientific http://www.scirp.org/iournal/
‘ ‘ ResearCh p://WWW.SCIrp.org/journal/am

94% Publishing ISSN Online: 2152-7393
* ISSN Print: 2152-7385

A New Technique for Solving Fractional Order
Systems: Hermite Collocation Method

Nilay Akgonullu Pirim?, Fatma Ayaz?

'Ankara, Turkey
2Department of Mathematics, Gazi University, Ankara, Turkey

Email: nilayakgonullu@gmail.com, f12.ayaz@gmail.com, fayaz@gazi.edu.tr

How to cite this paper: Pirim, N.A. and Abstract

Ayaz, F. (2016) A New Technique for Solv-

ing Fractional Order Systems: Hermite Col- I this study, we establish an approximate method which produces an approximate
location Method. Applied Mathematics, 7, Hermite polynomial solution to a system of fractional order differential equations
2307-2323.

with variable coefficients. At collocation points, this method converts the mentioned
http://dx.doi.org/10.4236/am.2016.718182

system into a matrix equation which corresponds to a system of linear equations with

Received: September 20, 2016 unknown Hermite polynomial coefficients. Construction of the method on the afore-

Accepted: December 9, 2016 mentioned type of equations has been presented and tested on some numerical ex-

Published: December 12, 2016 amples. Results related to the effectiveness and reliability of the method have been
illustrated.

Copyright © 2016 by authors and
Scientific Research Publishing Inc.

This work is licensed under the Creative Keywords
Commons Attribution International
License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

Fractional Order Differential Equations, Hermite Polynomials, Hermite Series,
Collocation Methods

1. Introduction

As cited in [1] [2] [3], fractional order differential equations can be considered as a ge-
neralization of integer order ones and it is approved that the mathematical modelling
on physical processes naturally leads to differential equations for fractional order. Con-
sequently, applications of fractional differential equations appear very frequently in
many fields, such as engineering, physics, finance, chemistry and bioengineering [1] [2]
[4] [5] [6]. Unfortunately, the resulting model equations are usually difficult to solve
analytically. Therefore, it is vital to develop some numerical or approximate techniques.
Nowadays, the studies on fractional order differential equations and their solutions
have become very popular and attracted the attention of many researchers. So far many
numerical or approximate schemes have been developed. Among them, finite differ-

ence approximation methods [7] [8] [9] [10], fractional linear multistep methods [11]
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[12] [13], quadrature formula approach [14], the Adomian decomposition method [15]
[16] [17], variational iteration method [17] [18] [19], and differential transform method
[20] [21] can be accounted. For some class of fractional order differential equations po-
lynomial approximation methods were also given by Kumar and Agarwal and the ref-
erences can be found in [22] [23] [24].

So far, a lot of works published on fractional order linear/non-linear differential equ-
ations but there are still works have to be done. In this work, we aim to extend the
Hermite Collocation method (HCM) for obtaining solution to a system of fractional
order differential equations with variable coefficients and specified initial conditions.
The technique constructs an analytical solution of the form of a truncated Hermite se-
ries with unknown coefficients. The orthogonal Hermite polynomials have the impor-
tance in the theory of light fluctuations and quantum states and, in particular, some
problems of coastal hydrodynamics and meteorology [25]. This method is the adapta-
tion of Taylor collocation method with Hermite polynomials and first has been used to
solve higher-order linear Fredholm integro differential equation in [26] and the devel-
opment of the method can be found in [26].

This paper is organized as follows. Section 2 involves some basic definitions and
properties of fractional calculus. In Section 3, the theory and definitions of Hermite
collocation method and the construction of this method for fractional order systems are
presented. In Section 4, the matrix relations for initial conditions are defined and the
Section 5 deals with the error estimate for the method. Section 6 involves some illustra-
tive examples. Finally, the last section concludes with some remarks based on the re-

ported research.

2. Preliminary and Notations

We first recall the following known definitions and preliminary facts of fractional de-
rivatives and integrals which are used throughout this paper.

Definition 2.1. ([1] [27]) ZLet f el [a,b]. The Riemann Liouville fractional integral
of a function f of order a R, is defined by (I;‘ f )(x) :ﬁﬁ(x—t)a—l f(t)dt
where T is the gamma function and X>a,a >0. For consistency, we take 1°=1,,
which is identity operator and holds 1°f (x)= f (X).

Definition 2.2. ([1] [27]) The Riemann Liouville fractional derivative of order

a R, ofafunction fis defined by
1 d

(D;f)(x):m(d—xjn [(x=t) 7 £ (1)t (1)

where n= Da” +1 and [|a|] Is defined as the integer part of « . Again, for consis-
tency, D°=1°=1, then, it follows D“1* =1, where a>0.

Alternatively, we recall the following definition of Caputo ([28]) for fractional deriv-
atives and Caputo’s definition is much more suitable for identifiable physical states, i.e.

initial or boundary conditions. Therefore, all derivatives will be in Caputo sense
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throughout the paper.
Definition 2.3. The Caputo fractional derivative of order o >0 of a function f on

an interval [a, b] is defined by
c a 1 _ n-a-1 d "
(°Dsf)(x)= T a)k a)j( t) (—dt] f (t)dt. )

Some properties of Caputo derivative are given as follows:
1) ([1])Let >0 and yel"(a,b) or C([a b]) then
( C Da I a y)( ) (

)
2) ([1]) Let @>0 and n=[|a|]+1.1f yeAC"([a,b]) or yeC"([a,b]), then
)

(150%y) ()= y () - B a

k!
3) ([29]) For every a,feR,
‘DI D/ f (x)= DI f ().

4) Let aZO,n:DaH and f(X):Xﬂ for some B3>0 then,
0, if 5€{0,1,2,---,n-1}and f<n

DIf(x)=1 T(B+1) ., 3)
mx , BeNand B=n or fgNand f>n-1

3. Establishing Hermite-Collocation Method for Fractional Order
Systems with Variable Coefficients

In this section, we will consider the following system of fractional order differential eq-

uations (FDEs) with variable coefficients, P>

m k

Zzpijn(x)cDanyj(X):gi(x),i:1'2:""ka (4)

n=0j=1

where 0<a <1[|ma|]=teN, and, P;(x),g;(x) are continuous functions on
a < x<b. The initial conditions are defined as

t-1 .
Da) D™y, (a)+bl D™y, (b)=4;, i=0,--,t=1, j=1.-- k. (5)
n=0
In Equation (5), LI bIJ ,/1 are some given constants and we denote
‘p° yj( )— yj( ) for simplicity. Here, we assume that the approximate solution of

the problem is given in terms of truncated Hermite series,
N
yj(x)zzajsHs(Xa)vjzlv"'!k (6)
s=0

where a; defines the unknown Hermite coefficients of the solution and Nis a posi-
tive integer which is chosen sufficiently small for avoiding the laborious work such that
N >t. Therefore, the fundamental matrix relation of Equation (4) can be written as

m

2 P"(x) " DY (x)=G(x) 7)

n=0
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where P”(X),CD”"Y(X) and G(X) are defined as follows:
pri(x) P (X) o p(%) D"y, () 9,()

Pn(X): p;,lz(x) p;,zz(x) pz,k:(x) ,CDanY(X): CDan:yz(X) ,G(X) gz:(X)

Pr(¥) Pa(X) o P (%) J DY, (X) ]y 9 (%)}

Now, we need to define the Caputo derivatives of y;(x) (j=1:--,k). By using

Equation (6), therefore, we write (see [26]),
[y ()] =H(x")A (8)
where H and A; are defined as H (x“):[Ho(x“) Hl(x“) Hz(x")m Hy (x“ )]

and A =[aj0 aj, aj, ~+a;y | respectively. Now, we will describe the matrix repre-
sentation of the truncated Hermite series in terms of rational power of the indepandant

variable x, by using the following generalized formula:

S

Hs(x)zn]z;(—l)m(s+n!])!m(2x)s_zm where -0<X<o and $=012,-,N.

Now, in terms of N being odd or even, we denote the truncated series in matrix nota-
tion such as follows (see [26]):

If Nis an odd number:
[ 2° 0 e 0 0]
o\ ] 0 2! -0 0
Ho (x : : PR [
Hl(xa) N-5 0 _1\1 X
. _|(- (TJZ_ (N 1)' 0 .. N1 :
: = Ol(N—ljl N )]
N-D LN x
Hy (X* 0 )z ) — ... 0 2|t >
%r—f ) = u[) ST
HT Xa 2 .
F
if Nis even then,
I 2° 0 0 0]
e\ ] 0 2 -0 0
Ho x : : oor ]
H, (x* @
1(. ) 0 (- NT42_1(N_1)! O L X:
: = 1!(N_2J' o (10)
N-4 0 aN
HN(X“) (_1)(TJ2_£ 0 e 0 2V b x|
_jrr— O!(N)' XT(xa)
HTXa 2 .

=

Hence, we have H' (X“ ) =FX" (X”‘) or equivalently,

2310
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H(x")=X(x*)FT ()
and letting,
X () =[x0N B |

and then, substitution of Equation (11) into Equation (6) yields,

yi (X)= X (x“)FTA, j=1,2,- k. (12)
Now, the nath order Caputo derivative of Equation (12) is written as
Dy (x) = *D"X (x“)FTA, (13)
or equivalently:
DX (x*)= X (x*)(B")". (14)
. . O
Here, the matrix Bis defined as follows ((BT) = [ | ](N+1)x(N+1) ):
) 0 0o -~ 0 0 0]
F(a +1) 0 0o - 0 0 0
0 M 0 0 0
B= I'(a+1)
0 0 0 F(Na +l)
I F(N-Da+1) |

Hence, if we substitute Equation (14) into Equation (13) we have:

CD“”yj(x)zx(x“)(BT)”FTAj,nzo,...,m;jzll...,k_ (15)
Therefore, the matrices in Equation (15), for j=1,---,k, are clearly shown by
CDanyl(X) X(x”‘) 0 0 BT 0 . 0 n £ 0 .. 0 Ai
CDanyz(X) 3 0 X(Xa) 0 0 BT 0 0 FT 0 Ag
O] | o 0 . x(x)flo 0 - BTJ[0o 0 - FTJIA
€Dy (x) v B F

X

where the each submatrix, B',F" consisting of (N +1) rowsand (N+1) columns.

Consequently, the above matrix equation can be written as,
CD“”Y(x)z)?(x”‘)l?”lfA,nzo,-u,m (16)

where X (x"’) appears as consisting of & rows and k ( N +1) columns. Hence, in-

serting the collocation points, X, = a+(b|:l—aJS , $=012,--,N,x, =a,Xy =b, into

Equation (7) then, we have

SP"(x,) DY (%) =G(x,) (17)
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where P" and Gare of the form:

P'(%) 0 - 0 G(%)
| 0P ao| o
0 0 Pn(XN) K(N-+L)xk(N+1) G(XN) K(N-+L)xL

Apart from this, arranging Equation (16) for each collocation points then, we can

write explicitly as,

Therefore, the matrix form is equivalent to

Y = X“B"FA (18)
where
DY (x, ) X (%)
yen _| PO | e | X(X)
DY (xy ) )?(xﬁj)
and each submatrixin X“ is denoted by,
X(x) o 0
X (x¢)= ° X(,X?) (_)
0 0 X (.xf)
Consequently, now we denote Equation (7) of the form:
(19)

Zm:P”Y”” =G.
n=0

Then, by writing Equation (18) in Equation (19), the matrix form of the system of
FDE:s is written by
m —n —
Y P'X“(B) FA=G. (20)

n=0

Moreover, denoting

hence, the system of FDEs is simply shown by

K
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W-A=G or[W;G]=A (21)

Now, Equation (21) constructs an algebraic system. To obtain the solution of the

above system, the augmented matrix is written as follows:

Wiy Wi Wiy 5 Gi(%)
Waq Wa, Wa k(N+1) v 92 (Xl)
WiG]=| W, Wee 0 Weenay 0 Yk (%) (22)
W14 Wiz 0 Weakpnegy 0 G (xx)
_Wk(N+l),l Wk(N+1),2 Wk(N+l).k(N+1) v Ok (XN )_

Solving the above system, as a result, we obtain the desired Hermite coefficients in
the truncated Hermite series. Hence, writing A; in Equation (12) we evaluate the un-
knowns y,(x) of the system of FDEs (Equation (4)).

4. Matrix Relations for Initial Conditions

In generally, we look for the solution of the system of FDEs under specified conditions.
However, preceding calculations do not involve these conditions. Therefore, we need to
incorporate these conditions into the work. Then, we have to establish the new form of
Equation (22) which involves initial conditions, Equation (5). Now, we start by writing

Equation (5) explicitly for each j=1,2,---,k same as below:

-
iN

{ailnCD““yl(a)+bi1n°D““y1(b)} =2, i=0,t-1

o

-~ 3
iN

{afnCD““yz(a)+b§,°D“”y2(b)} =y, i=0,-,t-1

>
o

-
AN

{ai'f]CD‘”'yk (a)+by D™y, (b)} =2 i=0,,t-1

1l
o

n:

Hence, by using the above relations, we obtain #conditions for each unknown,

Y1, Yo, 0+, Y, - For example, for y, we obtain ¢conditions such as follows:
85, "Dy, (a) +1y, D™y, (b) 4+ + aé(t—l) Dy, (a)+ bé(t—l) DYy, (b) =

a-llocDaoyl(a)'i‘ 10cDazoyl(b)_i_”._i_all(t_l)cDaz(tfl)yl(a)_i_b11(t_1)cDaz(tfl)yl(b):ﬂll

&gy D%y, (a)+ b1 Dy, (b)+--+ R °D“ My, (a)+ Bl 1y DMy, (b) = Ay

Therefore, the conditions in matrix notation fulfils,

iN

t—

{a,°D“"Y (a)+b, °D*"Y (b)} = 4, (23)

]
o

n

where

KD
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aﬁ 0 0 brl1 0 0 A
0 2 0 0 b 0
an = an lbn = n ,A = /,LZ
k k
0 0 - & Ktk 0 0 - b Kk A ktxL

and for j=1,2,---,k, n=12,---,t-1 we define

aojn bOJn j“jO
i aijn i bljn ﬂ'll
a(Jt_l)n tx1 b(Jt_l)n tx1 j(t_l) tx1

Now writing Equation (16) into Equation (23) for x=a,Xx=Db, we obtain

-1

z{ani(a“)E‘a”lfA+bn>Z(b“)|§“|fA}:z. (24)
n=0
Now, calling Uas,
S va pn va a\ph| C
U:n;{anx(a )B"+b,X (b*)B"} F,

then, the Hermite polynomial coefficients matrix which corresponds to the given initial

conditions (Equation (5)), can be written as

UA=2Z or [U;4]=A. (25)

In Equation (25), Uinvolves ktrows and k(N +1) columns. Consequently, deleting
kxt rows in Equation (21) and then replacing these rows by Equation (25), we obtain

the whole augmented matrix of the system, [VV;G] , as follows:

Wig W, , Wl,k(N+1) O (XO)
W4 W, 2 W2,k(N+l) 9 (XO)
Wi 1 Wi 2 Wi k(N+1) o 0(%)
W11 W2 Wk,k(N+1) ; 9 (Xl)
[VV . G:| I Wencnnr Wenetne T Wenenknsy 0 (X-t) (26)
Uy Uy, o Uy k(n+) ; Ao
Uz Uz 2 Uy k(n+1) , Ay
Ugp U, U k(n+) ; A
Ugig U0 uk+1,k(N+l) ; Az‘o
| Y Uy 2 o Ukknsy b A Dinstpns)

Hence, the system of algebraic equations of which unknowns are the hermite poly-

nomial coefficients are shown by

K
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WA=G. (27)
Theorem 1. If rankW = rank[W;G |=k(N +1), (ie. det(W)=0) then,

~\—1 ~
A=(W) G. (28)
By the above theorem, the matrix of Hermite coefficients, 4 is uniquely determined
by Equation (27). Finally, substitution of these coefficients into the truncated Hermite

series gives the desired solution of the form:

yj(X):zajsHs(Xa)y jzl,'--,k. (29)
s=0

5. Error Estimate for the Solution

The truncated Hermite series, Equation (29), is the approximate solution of Equation
(4) with the given initial conditions, (Equation (5)). Since this solution should ap-
proximately satisfy the Equation (4) hence, the residuals

m Kk

2R (%) DY, () -9 (x, )| =0

give the error at the particular points X = X (—oo <a<x<bx< oo) , 0=012,---,N .
Let us now denote the residuals by E(xq) as an error function. The error should be
approximately zero or E(Xq ) <107%“ where k, is any positive constant. If the
max (1074 ) =107 is prescribed before then, the truncation limit for N is increased
until E(Xq becomes smaller than 107%* (see [21] [26]).

6. Numerical Applications

The technique which we have developed to solve fractional order systems is quite feasi-
ble and accurate. To show the accuracy of the method the following system of FDEs
with variable coefficients are solved. All the numerical calculations have been per-
formed by using MatlabR2007b.

Example 6.1. We first consider the problem, which is mentioned in [16] (0 < x <1),

Dy, (x) ==Y, (%) + ¥, (x) (30)
Dy, (X) ==Y (X)+ ¥, (x)
with given initial conditions,
y;(0)=0and y, (0)=1. (31)

Now, we will look for a solution to the system of FDEs in terms of Hermite polyno-

mials of the form;
2

y; (x)=Ya,H,(x), i=12

s=0
Here, we will take into consideration: ¢, =0.7,a, =0.7. Since m=2 and k=2,

then it requires that t=1. As it should be N >t, therefore, we can select N =2 for

convenience. Now, Equation (4) can be rewritten as:

KD
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S PI(x) DMy, (x) =g, (X),i=12. (32)

n=0j=1

By using Equations ((6) and (20)) then, the matrix form of the system, Equation (30),
is written by

2 2 n
Y P"(x) °D™Y (x) =G (x) or equivalently >'P, X“(B) FA=G(x) (33)
n=0 n=0
where Pj(x)=-1, Pj(x)=-1, Py(x)=1, Py(x)=-1, Pi(x)=1, P,(x)=1,
9,(x)=0, g,(x)=0 and the rest are zero. From here, we evaluate that P,=0.
Hence, the matrix form of the Equation (30) is deduced as,

{P°X“+P'X“}|FA=G, (34)

For N =2, the collocation points are X, =0,X, =0.5 and X, =1. Then the ma-

trices in Equation (34) become,

pO(XS):[Pl?l(xs) P;;(xs)H—l —1}

Ph(%) Pr(x) 1 -1

- B)-[o )

P°(0) O 0 P(0) 0
P°=| 0 P°(05) O | ,P'=| 0 PY05) O
0 0o P, 0 0o P,

X(0")=[1 0 0],

X (0.57)=[1 05" 05“°] |

1x3

X(1)=[1 1 1],

X 07/10 X (07/10) 0 X (0 57/10 X (0'57/10) 0
(07°)- 0o x(0™) M’ (057)= 0 X (057%) M'
X (07/10)
] X=X = X (057)
2x6 )Z (17/10) e

X (17/10> 0

X (17/10 ) = 0 X (17/10 )

[0 T(a+1) 0

i
a-lo o 2+ E{B o}'
6x6

I'(a+1) 0 BT
_0 0 0 3x3
10 -2 o
F'=/0 2 0 ,‘:{0 FT}
00 4 66

2316
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a1,0 aZ,O Ai
Hence,wehave A =|a, | ,A, =|a,, | , A:[ } .
aj_ a Az 6x1
2 I3 22 Iza
Therefore, evaluating Equation (34), we obtain W as,
W ={P°X“ +P'X“B}F (35)
then, the augmented matrix for the system, W-A=G or [W;G], is obtained as,

[-1.00 1.82 200 -1.00 000 200 ; O
1.00 000 -200 -1.00 182 200 ;
-100 059 385 -100 -1.23 048 ;
100 123 -048 -100 059 385 ;
-1.00 -0.18 347 -1.00 -2.00 -2.00 ;

| 1.00 200 200 -1.00 -0.18 3.47 ;

[W;G]= (36)

O O O O o

where the matrix )?(x”) consisting of & rows and k ( N +1) columns and similarly,
the matrix form of the initial conditions, Equation (31), is obtained from Equation (24)

such as follows:
{a,X(07)B"FA} = 2 (37)
by defining,

U =a,X(0")B°F =a,X (0°)F = UA= 4.

Hence, we have,

a o0 10
aé:[aév()]m'aé:[a§'0:|1x1,a0:|:00 a§i|2x2:|:0 l:|

A=[ 4], =[0]. 4 =[ 0], =[1].
L]
%(0°) - X(fa) X(OOQ)Z;B 50100

Then, by substituting the related matrices into Equation (37), the augmented matrix

KD
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[U;4] is obtained as
10 -2 00 0 ;0
} (38)

[Ui2]= :
00 0 10 -2;1

Moreover, deleting the last two rows of Equation (36) and replacing the matrix in
Equation (38), we have

[-1.00 1.82 200 -1.00 0.00 200 ; 0.00]
1.00 000 -200 -1.00 -182 200 ; 0.00

J: -1.00 059 385 -1.00 -1.23 048 ; 0.00 . (39)
100 123 -048 -1.00 059 385 ; 0.00

1.00 0.00 -200 O 0.00 0.00 ; 0.00

| 0.00 0.00 0.00 1.00 0.00 -2.00 ; 1.00]

1 o~

Since det (V\7)¢0 then, the solution of the resulting linear system, A=(V\7) G

gives coefficient matrix A, which is equivalent to

[0.88
0.55
0.44
0.28
0.55

| -0.36 |

In conclusion, writing these coefficients into:

2
yj(x)=2ajSHS(x“),j:1,2 (40)
s=0
we obtain the solutions of the system of FDEs as follows
y; (x) =1.20x"" +1.75x"%), (41)
Y, (%) =1.00+1.10x ") —1.44x") (42)

Figure 1 shows the HCM solution of the system, Equation (30). Figure 2(a)) shows
the Differential Transform solution and Figure 2(b)) Adomian Decomposition solu-
tion of the same system.

Example 6.2. In [30], the authors have modeled the pollutant problem in a lake
which connected by channels by the following fractional order system (see Figure 3),

°D“1y1(><)=%ya(mg(X)—iyl(X)—iyl(X)

3 Vl Vl
°Dry, (x) =2y, (X) -2, (x) (43)
Vl VZ
. F F F
D=y, (x)=—2y, (X)+—2y,(X)-—2y,(X)

v v, A

where they considered: o, =a, =a; =1, 0<x<b and the initial conditions were de-
fined as y,(0)=4,Y,(0)=4,Y;(0)=4,. In [31], the authors solved the following

K2
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5 T T T T
45 L ............... .............. L 4
4 ........................................................................ .
?\‘_,35 ...... NEm: AMEGIRE LBEME DAL ..... .......... ..... .
>
2
g 3 ]
x
> 25¢ 1(x) -
$ L J
S
€ ‘ : : :
S g5k R L T i
3 , : :
1= ST T e y2(%)
05F - N Sl ..... .......... S i
0 i i i i
0 0.2 0.4 0.6 0.8 1
Figure 1. Approximate solution of the system in Example 1 by HCM.
4 4
3 3 -
t #
2 X 2 e
1 i sSemn YO
y() HE=" ga® g,
0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1
-1 t -1 t
-2 9
(a) (b)

Figure 2. (a)Approximate solution of the system in Example 1 by Differential Transform Me-
thod, (b) Adomian Decomposition Method.

Source of
polutant

Be il i85

FRES N I ee e

il il it s

Figure 3. Pollutant problem scheme of three lakes which connected by the channels.
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ordinary system by Bessel Polynomial Collocation method (BCM) with the assump-
tions: 0<Xx<1,N =3 and the initial conditions; y,(0)=0,y,(0)=0,y,(0)=0.

ooy 38 20 18
vi(x)= 1180 2 (x)+(1+sinx) 2900 * (x) 2900 (%)
18 18
(X)) =—— -—— 44
Y2 (%)= 2505 Y2 () =555 Y2 (%) (44)

Loy 20 18 38
y3(X)_zgoo yl(X)+850 Y2 (x) 1180 Y (X).

Now, we will solve the fractional form of Equation (44), which is defined as in
Equation (44) by HCM method. We consider here the case: o, =a, =a; =0.9 and
0<x<b. Since m=2,k=3 then, it requires that t=1. As a result, we can choose
N = 3. Therefore, the solution will be of the form:

yj(x)ziajan(x“), i=123
n=0

The fundamental matrix form of the system of Equation (44) is obtained from Equa-
tions ((6) and (20)) such as follows,

2 2
3P (x)" DY (x) =G (), therefore, > P"X @) (I§)n FA=G, (45)
n=0

n=0
which is equivalent to:

{POX“ +PIX“(B)+ PZX"(I§)2}IEA:G.

Then, by performing the calculations, we obtain the following matrices:

19/1450 0  -19/590 100 00 0]
P°(x,)=|-9/1450 9/425 0 |,P(x)=|0 1 0|,P*(x)=|0 0 0
~Y145 -9/425 19/590 00 1 00 0]

then, the agumented matrix [VV , é] is obtained at collocation points as follows:

[0.0130 1.9000 -0.0260 -12.00 0.0000 0.0000 0.0000 0.0000 -0.0320 0.0000 0.0640 0.0000 ; 1.0000 |
—-0.0062 0.0000 0.0120 0.0000 0.02100 1.9000 -0.0420 -12.00 0.0000 0.0000 0.0000 0.0000 ; 0.0000
—-0.0690 0.0000 0.0140 0.0000 -0.0210 0.0000 0.0420 0.0000 0.0320 1.9000 -0.0640 —12.00 ; 0.0000
0.0130 1.9000 2.6000 —8.8000 0.0000 0.0000 0.0000 0.0000 —0.0320 —0.0240 0.0470 0.1300 ; 1.3000
—-0.0062 -0.0046 0.0090 0.0250 0.0210 1.9000 2.6000 —8.9000 0.0000 0.0000 0.0000 0.0000 ; 0.0000
—-0.0690 —0.0051 0.0100 0.0280 -0.0210 —-0.0160 0.0310 0.0860 0.0320 1.9000 2.5000 -8.9000 ; 0.0000
0.0130 1.9000 4.8000 —2.0000 0.0000 0.0000 0.0000 0.0000 —0.0320 —-0.0450 0.0023 0.1800 ; 1.6000
—-0.0062 —0.0086 0.00045 0.03500 0.0210 2.0000 4.8000 -2.1000 0.0000 0.0000 0.0000 0.0000 ; 0.0000
—0.0069 —0.0096 0.0005 0.03900 —0.0210 —-0.0290 0.0015 0.1200 0.03200 2.0000 4.8000 -2.1000 ; 0.0000
1.0000 0.0000 -2.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 ; 0.0000
0.0000 0.0000 0.0000 0.0000 1.0000 0.0000 —2.0000 0.0000 0.0000 0.0000 0.0000 0.0000 ; 0.0000
| 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 1.0000 0.0000 —2.0000 0.0000 ; 0.0000

Since, det (V\7 ) #0 then, the coefficient matrix, A= (V\7 )71 G is obtained. When
these coefficients substituted into

3

y; (x)=Da,H, (x), =123,

s=0

K2
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Figure 4. Solution of the system in Example 2 by HCM and comparison with BCM method for N =3, a=1 and ¢ =9/10 (a) Solu-

tion of y,(x), (b) Solution of y,(X), (c) Solution of y,(X).

the solution of the system, Equation (44), is obtained as follows;

¥, (x) =1.04x%" 1 0.489x" +0.0114x ")
Y, (x) = -3.25x10 X" + 0,0037x%*) +0.0121x2"**
Yy (X) = —0.651x 107 x** +0,00410x®) +0.0196x 7"

Figure 4 shows the plots of y,(x),y,(x) and y;(X), which are the solutions of
Example 6.2 respectively. In these plots, the results have been compared by BCM me-
thod and our method (HCM) for « =1. Furthermore, each plots also shows the results
for a=0.9, which exists first time in the literature and there is a clear difference be-
tween the solution of the fractional order sytem and ordinary differential equation sys-

tem although, there is a small change between «'s.

7. Conclusion

The basic goal of this work is to employ HCM method to obtain solution for a system
of fractional order differential equations. These types of systems with variable coeffi-
cients are usually difficult to solve analytically. However, the presented method pro-
vides considerable simplifications in the solution. The coefficients of truncated Hermite
series can be evaluated easily by the help of any symbolic computer packages. The ob-
tained results demonstrate the reliability of the algorithm and give us a wider applica-

bility to fractional higher order systems.
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