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Abstract

We present a new algorithm for the fast expansion of rational numbers into continued fractions.
This algorithm permits to compute the complete set of integer Euler numbers of the sophisticate
tree graph manifolds, which we used to simulate the coupling constant hierarchy for the universe
with five fundamental interactions. Moreover, we can explicitly compute the integer Laplacian
block matrix associated with any tree plumbing graph. This matrix coincides up to sign with the
integer linking matrix (the main topological invariant) of the graph manifold corresponding to the
plumbing graph. The need for a special algorithm appeared during computations of these topo-
logical invariants of complicated graph manifolds since there emerged a set of special rational
numbers (fractions) with huge numerators and denominators; for these rational numbers, the or-
dinary methods of expansion in continued fraction became unusable.
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1. Introduction

Hirzebruch-Jung (H-J) continued fractions are widely used in various branches of mathematics as well as in
theoretical physics. First of all, HJ-continued fractions arise naturally in the minimal resolution of cyclic
quotient (that is, Hirzebruch-Jung) surface singularities of the type C/z, which is also known as HJ-
resolution [1] [2]. This type of resolution gives rise to a smooth 4-dimensional manifold X (p,q) called HJ-
space [3], which is homeomorphic to a plumbing graph manifold P Fp) described in [4] [5]. The boundary of
HJ-space X (p,q) is lens space L(p,q), which can be also obtained as a link of Hirzebruch-Jung surface
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singularity C/z, - HJ-continued fractions are used also to describe the plumbing decomposition of the other
type of link of surface singularities, namely, Seifert fibered homology spheres (Sfh-spheres), particularly
Brieskorn homology spheres (Bh-spheres) [4] [6] [7].

In condensed matter theory, the HJ-continued fractions are used to describe fractional quantum Hall (FQH)
systems with k levels of hierarchy [8]-[10]. The main numerical characteristic of FQH effect in topological
fluids is the filling factor, which is naturally presented in form of a HJ-continued fraction. Also, in topological
string theory, the structure of internal space (Calabi-Yau threefold) can be encoded in terms of HJ-continued
fraction expansion of positive integers, which are the topological invariants of the internal space and define the
mode of interactions between D-branes [3] [11].

Recently, we have attempted to use the plumbing procedure and corresponding HJ-continued fraction
expansion to solve the problems of the coupling constant hierarchy [5] [12] [13] and fine tuning [14] on the base
of Kaluza-Klein approach in the multidimensional topological field theory, where plumbing graph manifolds
play the role of internal spaces. In the Section 2 we shall explain these ideas. In this way a set of special rational
numbers (irreducible fractions) with huge numerators and denominators arise. For these rational numbers, the
ordinary methods to find their expansion in continued fraction are impractical due to the number of operations
involved; thus in Section 3 we develop an algorithm for fast expansion of HJ-continued fraction. This gives us
the possibility to evaluate the number of vertexes of plumbing graphs which can be used to explain the coupling
constant hierarchy and the rank of the corresponding Laplacian block matrices [5]. In Section 4, we give an
example of calculation of a special continued fraction by means of our algorithm.

2. Continued Fractions and Graph Manifolds

In this section, we review the main concepts of codifying the topology of plumbing graph manifolds by means
of continued fraction expansion (for more detales see [1] [2] [5]). For given coprime integers p and g, the
Hirzebruch-Jung modification of euclidean algorithm
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(ﬂf.,ﬂf.ﬂ)[n'l 0]=(i._1,ﬂ«.), n eN\{1}; =1,k (1)
leads to HJ-continued fraction
1
§=[nl,nz,--,nk]=n1— T )
n, — 1
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if we set the “initial” conditions to A, = p, 4, =q (this expansion is unique under supposition of continued
fraction finiteness). The expansion process is finished for k such that A, =1, 4,,, =0. By means of product

n 1) (n. 1) (p q
(—1 0}“(—1 Oj_[—q* p*j' ©

Fr. Hirzebruch defined in [1] the plumbing procedure which leads to the 4-dimensional plumbing manifold
P(r,) with the boundary oP(T",)=L(p,q). The plumbing manifold is also known as a graph manifold
corresponding to tree graph " (of type A, ) shown in Figure 1.

With the aim of obtain the coupling constant hierarchy we consider tree plumbing graphs " of more
general type [5] [13], whose basic structure blocks are Seifert fibered Brieskorn homology spheres [7]. Let
a,,a,,a, be pairwise relatively prime positive numbers, the Brieskorn homology sphere (Bh-sphere) is defined
as the link of Brieskorn singularity

Z(g)::z(ai,az,ag)::{zlal+zzaz+z3a3 :O}m85. 4)

m ", y

Figure 1. The tree graph T, oftype A .
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Bh-spheres belong to the class of Seifert fibered homology spheres (Sfh-spheres). On each of these manifolds,
there exists a Seifert fibration with unnormalized Seifert invariants (a;,b;,) subject to

e(2(a) =X ,b/a =Ya,
where a=aa,a, and e(Z(g)) is its rational Euler number, the well known topological invariant of a

Bh-sphere. If we define continued fraction expansions % = [niyl,m, M } (i=1,2,3) then the plumbing graph

corresponding to Bh-spheres %(a,,a,,a,) isgivenin Figure 2 [1].

We begin the construction of the principal ensemble of Bh-spheres with definition of a primary sequence (for
details see [12]). Let p; be the ith prime number in the set of positive integers N,ie. p, =2, p,=3,-+, py =23,---,
then the primary sequence of Bh-spheres is defined as

{2( pan p2n+11 an—l )| ne ZJr}v (5)

where g, :=p,---p,. The first terms in this sequence with n>0 (which we really use in this section) are
%(2,3,5) (the Poincaré homology sphere), %(7,11,30), £(13,17,2310), and £(19,23,510510). We also
include in this sequence as its first term the manifold X(1,2,1), correspondingto n=0 with the following de-
finition p, =q_, =1, i.e. the usual three-dimensional sphere S* with Seifert fibration (Sf-sphere).

Instead of proceeding with the general consideration (which is rather large and has been realized in [13] [14])
we want to take up a simplified example, that illustrates in what manner the rational number closed to the expe-
rimental value of cosmological constant might appear in our construction. We start considering the term with n
=4 in the primary sequence, that is 2(19, 23,510510) , that has the rational Euler number (i.e. the 1 x 1 rational
linking matrix K')

5 N -3 200933 1

e(£(19,23,510510)) = K = —

—+ = ~4.48x10°°. (6)
19 23 510510 223092870

® b /a,, where b

Here we use the classical expression for the rational Euler invariant e(Z(ai,a ag)) = Zi:l :

are unnormalized Seifert invariants |bi| <4, defined uniquely by ba/a, =1moda, (b and a are coprime
integeres). Thus, b, =-5,b, =-3,b, = 200933. More details in [7].
Now we consider the derivative of Bh-sphere [12] defined as
DYz (a)=D"Yx(a,,a,,a,):= 2(a,,a,8;,a+1), @)
where we can see the result of this operation is the Bh-sphere with Seifert invariants
1 1 1
AV a2 =g, d =1
and the Euler invariant e(D(l)Z(g)) =1/a®  where a¥ =aYalal! = a(a+1). Applying the derivate succes-
sively, we define by induction the M -th derivative D(m)z(g) :Z(al(m),agm),agm)) for any me N . Calculat-

ing 4-th derivative to the Bh-sphere 2(19,23,510510), we obtain the Bh-sphere D(4)E(19,23,510510) with
Euler number (1 x 1 rational linking matrix)

—— . . . e e —o

N 1,1 3,1 3ks

Figure 2. The plumbing graph corresponding to Bh-spheres

2(ay,a,,8,) -
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old) _ lam _ —_5 84986185048470683619597440588949913929045173055232557772918123429
19 322947503184188597754470274238009672930371657609883719537088869030
-1
J’_
6136002560499583357334935210522183785677061494587790671204688511571

(®)

—0.263157894736842105
+0.263157894736842105263157894736842105 2631578947368421052631578947370---
—1.629725525927064843x10% ~ 2.66x10"*,

The consequences of these calculations are following. It is possible to interpret the rational linking (1 x 1)-
matrix K (formed by the unique rational Euler number e'') as a coupling constant of the unique interac-
tion, swnched on” in the universe owing to the presence of three-dimensional internal space, namely, the
Bh-sphere D (19 23, 510510) in Kaluza-Klein approach [13]. By its numerical value, 2.66x107***, this
constant may be identify with the cosmological constant in the contemporary universe. Also in [13] we argue
that the constant K™ ~ 4.48x107°, that is the rational Euler number of the Bh-sphere ¥(19,23,510510), can
be associated with a cosmological constants in the universe at the Planck scale of time. Thus the ratio
K(4)“/ K™ might characterize the contemporar%/ cosmological constant in Planck density units. Note that even
by these crude estimations, we have A = K“™/K* ~5.94x10% | that is less than the empirical bound [15]
[16]

Py =(1.35+0.15)x107%, 9)
only on three orders. Moreover, the calculations of Euler numbers by the Formulas (6) and (8) lead to the
conclusion that the absolute value of each summand is many orders larger that the resulting Euler number which

represents the cosmological constant. This fact simulates the fine tuning effect in the modeling scheme, which
we have proposed in [14].

At this point, it emerges the problem of calculate integer Euler numbers {ni_Si

—Le ki :1,2,3},which

correspond to the plumbing graphs of type shown in Figure 2 which describe Bh-spheres, or equivalently, to
calculate the Laplacian matrix for the plumbing graph [5]. (Note that the set of integer Euler numbers is the most
important topological invariant of any tree graph manifold.) This problem is reduced to calculate the continued

fraction expansions for all rational numbers %z [nur' i } (i=1,2,3) in the algebraic sum which forms

the rational Euler number of a graph manifold. As we can see in the example (8) the second fraction has the
huge numerator and denominator, so ordinary methods of expansion in continued fraction represent a lot of
operations (as it was mentioned in the Introduction). Note that the same situation occurs for more sophisticated
tree graph manifolds which we have to use to describe the coupling constant hierarchy in the universe real [14].
The fact is that our universe contains at least five fundamental interactions (strong, electro-magnetic, weak,
gravitational and cosmological) with the corresponding coupling constants. In our model [13] each coupling
constant is connected with the rational Euler number of proper Bh-sphere, so to obtain five coupling constants it
is necessary to paste together (by plumbing) five certain Bh-spheres. The graph corresponding to this situation is
shown in Figure 3*. Specific examples are given in [13] [14]. The characteristic feature of all these schemes is
the emergence (in the structure of rational Euler invariants) of irreducible fractions with enormous numerators
and denominators, which continued fraction expansions are too large to be obtained by classical methods. As an
example, in Section 4 we work with the “greatest” fraction which emerges in [14] (Formula (5.12))

G _

Py

5224868486304546518657

32059806410238279718139966062484464209573437243152889136180581555726013473961031111880160

YIn Figure 3 the integer Euler numbers are denoted as & and € and N' is I-th node (vertex with the valence 3). The Euler number
corresponding to any node is 0, since the unnormalized Seifert invariants are used. More details see in [5].
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Figure 3. The plumbing graph corresponding to the plumbing of five certain Bh-spheres.
whose continued fraction expansion is represented by ~ 4x10% terms, and shows the importance of the fast
calculation algorithm we have created and that we state in the following section. Note that in the case of

plumbing of Brieskorn homology spheres, which is under consideration in our paper (see Figure 3), the explicit
formulas derived by Saveliev in [4], ensure that the integers p, and @, are coprimes.

3. Algorithm to Obtain Continued Fraction Expansion

First of all, let’s analyze the fraction X , where x,r e N . The quotient of this fraction will be 1 if

X oo xsor, (10)
X—r
and a direct calculation shows that
X :2_x—2r:2_ 1 o 1 , (11)
X—r X—r X—r o_ 1
X—=r—r X—r—r
X—=r—r—r

where we observe the difference between the numerator and denominator keeps constant, and so we can repeat

the process k times until obtain the fraction x(;—krl) where x—(k+1)r <r, which means the quotient
Xx—(k+1)r

won’t be 1 and we have to restart the process until we get a quotient 1. Moreover, due to condition (10), we can

write x=2r+y (yeN);so

X :2r+y:2_ 1 , (12)
X—=r r+y r+y
y

and for the last fraction to satisfy condition (10) we need y >r . In this case we can repeat the process

Yy _, 1
y y

y—-r

and now we need y>2r to get the condition satisfied. So, we have to find the minimum k such that y <kr,

SRR

Now, suposse we want the continued fraction expansion for B, with p and g coprimesand p,qeN, p>q.
q

We can observe that this fraction can be rewritten as

1680
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pP__ P

g p-(p-q)
that fits with the decomposition in (11) if p<2q, so under this case, we can reduce the process obtaining the
minimum number k :{LJ as in (13). Looking at this result, we can work fractions with p>2q (note

that p=2q implies the fraction is indeed integer), repeating the process until we obtain the condition p < 2q
and then find k that is the number of quotients equal to 1. Moreover, we can reduce even more the process if we

note that the fraction k = { pmc:)qu includes the value of k besides the number of quotients different to 1
obtained of the previous decomposition to obtain a quotient 1. This is because pmodq represents the value of
rin (11) and then k indicates the number of times we have to repeat the decomposition until not having the
condition x> 2r.

We can obtain all the coefficients of the expansion with these results. Every time we get a quotient 1, we take
the value of k to calculate the number of quotients 1 will appear until the condition p<2qg is not satisfied

and thus we will get a quotient different to 1. In other words, s:{ﬂ—‘ gives us the quotient we need to
q
continue the expansion and k ={ g 5 J gives us the number of terms of the decomposition until we get
pmoaq

s>2 again. Also, we can expand the fraction

B_(s—l)q+r .

1
q q q
q-r
where we note the similarity between the last fraction and (11), so gmodr will be the denominator of the
fraction where condition (10) is not satisfied. So, we have an iterative procedure that avoid the direct calculation
of all these quotients and remainders.
P
G
Require: p, >0q,
i=0
repeat
izi+l

; (14)

Finally, let be the original fraction, we can summarize the process in the next algorithm:

Qi+1=¢; mod r;
Pi+1=0ivr T
untilrpi=1orqgi.;=1

if r; =1 then

&: 51’2’...,2’52,2]...,2’...'5“2]...,2
q1 — — —
ki —1times k1 times kj -1 times

L=Yk.

i
j=1
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end if
if ¢j+1 =1then
&: 51, 2,...’2732, 2,...’2’...15“ 27...,2, le
k; —1times ko —1 times ki —1 times
i
L:1+ij.
j=1
end if

Inthe case q,,, =1 alastterm p,,, has to be added to the expansion. In the algorithm, L represents the

length of the expansion for & , which is obtained from every s, and a chain of I?, -1 termsequal to 2.
0

4. Using of the Algorithm to Calculate a Very Long Expansion

Now we show the benefits of the algorithm calculating a special (and long) continued fraction expansion. The
algorithm allow us to know the length of expansions even if the number of coefficients is such that it is im-
possible to write, by giving us the number of terms equal to 2 in the expansion. Let’s take coprime integers

P =
32059806410238279718139966062484464209573437243152889136180581555726013473961031111880160,

g, = 5224868486304546518657 (fraction obtained from the study of rational linking matrix of graph manifolds
described in Section 2). We calculate

r,=p,modg, =13

S = {&—‘ =6136002560499583357334935210522183785677061494587790671204688511572,

K = PJ — 401912960484965116819,
n

g, =g, modr, =10,
p, =0, +h =23,

because r, =1, #1, we do

G; =g, modr, =1,
where we stop because @, =1. So, the expansion for this fraction can be written as
[6136002560499583357334935210522183785677061494587790671204688511572,2,---,2,3,2,2,4]

where the suspension points represent 401912960484965116818 numbers 2 of the same number of fractions
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whose quotient is 1. So, the lenght of the continued fraction which represents B is

G,

2 —
L=1+ ij =1+401912960484965116819 + 3 = 401912960484965116823.
j=1

This results clearly shows the benefits of the algorithm against the classical method of the remainders. To
illustrate this, the fastest computer over the world at the time, Tianhe-2?, would need ~3 hours to get this
expansion.

5. Conclusions

The main result of this article is an algorithm for the fast expansion of rational numbers into HJ-continued
fractions. This algorithm gives us the possibility to calculate (with a few operations) the complete set of integer
Euler numbers (the principal topological invariant) of sophisticate graph manifolds, which we used to simulate
the coupling constant hierarchy of the fundamental interactions acting in our universe [13]. Automatically we
can explicitly compute the integer Laplacian block matrix associated with any tree plumbing graph [5]. This
matrix coincides up to sign with the integer linking matrix of the graph manifold corresponding to the plumbing
graph [14]. The rational linking matrix (describing the coupling constants hierarchy) can be obtained from the
Laplacian one by means of Gauss-Neumann partial diagonalization procedure described explicitly in [5] [17]. It
makes sense to emphasize that the rank of the integer Laplacian block matrix, corresponding to the realistic
model coupling constants hierarchy is of order 10%°. This gives an idea of the numerical array capacity which is
used to simulate the coupling constants hierarchy in the universe, containing five fundamental interactions.
We can make an important physical assumption that the tridiagonal submatrices

g -1 e -1

K® (e 1)= - K% (g,1)= (15)

10 - S |

-1 er|1| -1 &

of the integer Laplacian block matrix, corresponding to a plumbing graph shown in Figure 3, describe the low-
energy physics of hierarchical topological fluids with n, and m, levels respectively [8] [10], which are put
together according to the structure of the plumbing graph. Thus our universe can be represented as the set of
hierarchically organized BF system of topological fluids (more details see in [5] [14]). It is important to note the
analogy between our model and the description of superconductivity based on the topological defects in terms of
BF systems [18], where continued fractions also play a significant role.
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