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Abstract

One-shot systems such as missiles and extinguishers are placed in storage for a long time and used
only once during their lives. Their reliability deteriorates with time even when they are in storage,
and their failures are detected only through inspections for their characteristics. Thus, we need to
decide an appropriate inspection policy for such systems. In this paper, we deal with a system
comprising non-identical units in series, where only minimal repairs are performed when unit
failures are detected by periodic inspections. The system is replaced and becomes “as good as new”
when the nth failure of the system is detected. Our objective is to find the optimal inspection in-
terval and number of failures before replacement that minimize the expected total system cost per
unit of time.
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1. Introduction

Systems such as missiles and extinguishers are used only once during their lives. Once the system is placed in an
operational position or a nearby depot, it spends almost its entire life in storage until it is used. Usually, such
systems are not moved except for inspections or other special situations. Because of these characteristics, these
systems are called one-shot systems or storage systems.

The reliability of a one-shot system decreases with time even if it is placed in storage. Hence, inspections
should be carried out at appropriate times to ensure high reliability. Frequent inspections will ensure its high
availability, while they sometimes incur a high cost that may not be acceptable to users.
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Inspection policy problems for a one-shot system have been studied by numerous researchers. Barlow and
Proschan [1] found an optimum inspection policy that minimized the cost rate in the case that a system was per-
fectly repaired upon failure detection. Ito and other researchers assumed that a system consisted of two and three
types of unit [2]-[4]. They formulated the periodic inspection policy for a system requiring high reliability. Yun
and other researchers considered the inspection policy for a system with two types of unit, where intrinsic re-
placement times for one type of unit were predetermined [5]-[7]. They determined the optimum inspection
schedule of another type of unit by simulation to meet the goal of reliability.

All the above papers dealt with perfect repairs upon the detection of failures. On the other hand, there is
another type of repair action. A minimal repair simply restores a failed unit to the working state. In this case, the
hazard rate of the minimally repaired unit is the same as that immediately before the failure. Minimal repairs are
useful for a complex one-shot system because they have a much lower cost than perfect repairs or replacements.
Nakagawa [8] discussed an inspection policy for the case that the failures of a unit were detected instantly and
minimally repaired. As we explained above, failures are not always detected instantly in a one-shot system. Thus,
we have to take system down into account to develop a more practical model of a one-shot system.

In this paper, we deal with an inspection policy for a one-shot system that consists of m units in series. The
system is not available when at least one unit is out of order. We assume that the system is inspected at periodic
time intervals, T, and failures are detected only by inspections. A minimal repair is performed when a failure is
detected, and all units in the system are replaced and become “as good as new” when a total of n failures are de-
tected after the last replacement. The system has a predetermined limitation for the number of minimal repairs,
N. We minimize the expected cost rate, which is expressed as a function of n and T. In Section 2, we explain the
proposed model and derive the cost rate. A numerical example is shown in Section 3.

2. Model Assumptions and Analysis
2.1. Notations & Nomenclature

The following notations and nomenclature are used.

Cost rate: cost per unit time

N : limitation of number of minimal repairs for a system

n : number of failures until replacement, i.e., n< N +1.

T : inspection interval

m : number of units in a system

C, : inspection cost of a system

Cr : minimal repair cost of unit i

C, : risk (i.e., cost) per unit of time resulting from system down
C, : replacement cost of a system

Fs(l) : failure distribution function of a system until first failure

Ifs(l): reliability function of a system between (I-1)th failure and Ith failure, which can be given by as the
product of reliability function of each unit, where the Oth failure indicates the time that a system is in ser-
vice.

,ug'): mean operating time of a system between (I —1) th failure and Ith failure

H, : cumulative hazard rate function of unit i

0 expected total time until detection of Ith failure
c. expected total cost until detection of Ith failure

(o}

p(”) : ratio of the number of failures of unititon

C(n,T) : cost rate function, given by Cf)')/r(')
2.2. Model Assumptions

We consider a one-shot system that is described in the following. Figure 1 shows an example of the process
of the proposed model.
1) The system has a series structure of m units (unit 1, unit 2, ..., unit m) and the system’s hazard rate in-

creases with time.
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Figure 1. Example of process of the model.

2) All the units in the system are inspected periodically and simultaneously.

3) A failure of a unit is detected at the following inspection, and a minimal repair is performed upon the
detection. The hazard rate of a failed unit is not changed by the minimal repair.

4) System down incurs some risk, which is the product of the system down probability and the incurred
cost. In this paper, we regard the risk as the system down cost per unit of time for simplicity.

5) When a total of n failures are detected since the last replacement, all the units in the system are re-
placed and the system becomes “as good as new.”

6) Times needed for inspections, minimal repairs, and replacements are negligible.

2.3. Model Analysis

Here we derive the cost rate function of the system. We can regard the time interval between replacements as
one cycle because the system is renewed when n failures are detected after the last replacement. The expected
cost rate is calculated from the expected cost per cycle and the expected time per cycle.

First, we consider the case that n = 1, which means that the system is replaced when the first failure is de-
tected. In this case, the expected total cost until replacement is obtained as

o (K
= kz_‘;LkT—m [Cik+Cp (KT —t)+C,, JdF™ (1)

@
=(C +CoT) SR (1)~ Cosd .
where 4" = IO Y(t)dt.
Similarly, we can derive 7® as
kf:j” KTAF® (1) = Tkilfs(l)(kT). @)
) -0
The cost rate function when n=1 is
C(llT)fEi)=CD+&+—CP_C°“S) . ©)

TS (k)
k=0

The result also can be derived using the results in [1].

To calculate the cost rate for n>2, we use two approximations for the system parameters. One is used for
the mean operating time and the other is used for the number of repairs of each unit. We have found that these
approximations are useful in many cases, as shown in the numerical example in Section 3.

1) Mean operating time

The exact mean operating time until the second or a later failure is obtained by applying multiple integrals. It
is not easy to calculate these integrals when n becomes large. Thus, we focus on the fact that the probability of
detecting multiple failures at one inspection is very small. If we |gnore the multiple failures and assume that the
first failure of the system occurs at exactly y§ , We express F® and ,u() as
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F@ (t)=]'ﬂ[exp{—Hi (t+ﬂ§1))+ H, (#ﬁl))}v @)
4l = j: E2 (t)dt . ®)

yf’,---, ,ug") are also obtained similarly. In other words, we assume that the system operating time between the
(k1) th failure and the kth failure (k <1) isexactly ). Then, F" and ) (1>2) aregiven by

E(')(t):ﬁexp{—Hi[t+§y§j)j+ H{'f:yg”j}, (6)

=1

W) =[TRY (). %

2) Number of failures of unit i

We introduce pi(”) , Which represents the ratio of the number of failures of unit i to n. Ignoring the downtime,
the expected number of failures of unit i until a specific time would be calculated theoretically using the cumu-
lative hazard rate function. We also use the cumulative hazard rate function and express pi(”) as

Hi(iﬂgj)j
=1

A (8)
Z H; (Zﬂgl)]
i=1 j=1
Using these two approximations, we can obtain the expected cost and time until replacement as
Cén) =(C, +CoT)2 > 'Es(l) (kT)_CDZﬂS) +(n-1)2_ n)CRi +Cp, ©)
1=1 k=0 1=1 i=1
n oo —
=TS S EY (kT). (10)
1=1 k=0
The expected cost rate until replacement, C(n,T), is given by
n m
c c Cr _CDZ:US) +(n _1)Zpi(n)CRi
C(nT)= ol :CD+TI+ S L (11)
i T > R (kT)
1=1 k=0

The larger n and T become, the longer the downtime becomes. However, too small value of n and T incur high
replacement and inspection costs per unit of time. Thus, we have to determine the optimum values of n and T
that minimize Equation (11).We determine the optimum values of n and T that minimize Equation (11) subject
to n<N+1 by the steepest decent method.

3. Numerical Example

We show a numerical example of a missile system. The missile has three units; unit 1 is a blasting case, unit 2 is a
guide and control unit, and unit 3 is an engine unit. Calculated results are compared with simulation results and
errors are evaluated.

Parameters are given in Table 1, where Wei (n,ﬂ) indicates Weibull distributions whose reliability function
is exp —(t/n)ﬂ . The unit of time is a day and the unit of cost is 1000 dollars. The optimum solutions and the
errors are shown'in Table 2. The sample humber of the simulation is 1 million, and the error is estimated assum-
ing that the simulation result is correct.

In this case, the optimum value of n is the same in both methods, but the optimum values of T and the mini-
mum cost rate have some errors.

Figure 2 shows the cost rate plotted against n and T. It can be seen that the cost rate function is unimodal with
respect to both n and T and the optimal policy can be determined uniquely.



T. Kitagawa et al.

Hence, we describe the tendency of the errors. First, we used the approximation for the mean operating times
(Equation (7)). Table 3 shows the errors for the example. The error increases as T or n increases in many cases.
When T increases, the probability of detecting multiple failures at inspections increases, but this effect is ignored
in Equations (6) and (7). That is why the mean operating time calculated using the approximation is longer than
the value computed by simulation in many situations. Next, we also used the approximation for the number of
repairs for each unit (Equation (8)). The errors are smaller than those for the mean operating time in many cases.
In this example, the errors are about 1%. They also appear to depend on the values of n and T, but the behaviors

are complex.
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Figure 2. Cost rates plotted against inspection interval.
Table 1. Parameters.
N m Unit NO(l) CDF Cri C Cob Cp
1 Wei (4000,1.2) 30
4 3 2 Wei (5000, 1.5) 40 10 035 400
3 Wei (6000,2.0) 50
Table 2. Optimum solutions and errors.
Method n T C(nT)
Proposed approximation 5 346 0.1433
Simulation 5 320 0.1451
Errors (%) 0 8.1 -1.2
Table 3. Errors of mean operating time (%).
n
\ 2 3 4 5
10 -1.93 -2.19 -2.11 —2.03
100 -1.17 —-0.93 -0.71 -0.37
300 0.68 1.63 2.57 351
500 242 4.30 5.90 7.29
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4. Conclusion

We considered a multiple-unit repairable system that is inspected periodically and whose failures are detected at
the next inspection. We derived the cost rate function by using two approximations and determined the optimum
number of failures until replacement and the inspection interval. We confirmed the effectiveness of our ap-
proximate method by a numerical example. Note that the proposed method does not always find the optimal so-
lution. Establishing a search method to find global optimal solutions remains as a future work. Moreover, we
assumed that no maintenance was performed before failure. However, in practice, not only repairs but also other
preventive maintenance actions are performed for many types of systems. This should be considered when ex-
panding the proposed model.
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