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Abstract

In this paper, we show that every well-defined solution of the max-type system of difference equa-

tions X ., =max {ﬁ yn_l} » Ve = Max {ﬁ Xn+l} , NeN, iseventually periodic with period four.
X

n n
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1. Introduction

Max-type difference equations and max-type difference systems have been wisely applied in biology, computer
science and automatic control systems and so on. There has been great interest in studying these equations in
recent years.

For example, Briden et al. [1] investigated the periodicity character of the solution of the max-type difference
equation

1
Xns1 = max{—i} neN,
Xn Xn—l

Xiao Qian et al. [2] showed that the solution of the max-type difference equation

B
xmlzmax{x—,xnl , neNj

n

is periodic with period two.
W. Q. Ji et al. [3] showed that the solution of the max-type difference system
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B
Xpp1 = MaX {_' Xno1

Yo = Max {Xﬁ, ynl}

is periodic with period two.

In addition, E. M. Elasyed, Stevo Stevi¢ and others investigated some periodic max-type difference equations
and periodic max-type difference systems in [4]-[7].

In this paper we show that every solution of the following max-type difference system

Xn+1 = max {Xﬁl ynl}

n

yn+1 = max {yﬁl Xn—l}

where the initial conditions x_;, X,, ¥, ¥, are arbitrary non-zero real numbers and neR, is periodic with
period four.

Remark 1. Note that if =0, then System (1) becomes X, =Y,,, X
X, =X Y, =V,,. andevery solution is periodic with period four.

n=0,1-- 1)

= Y,.,, from which it follows that

n

n+4
2. Some Lemmas

Lemma 1 Assume that {xn, yn} is a solution of System (1) and there exists a k, € {-1,0,1,2, } such that

n=-1
X = Yigrzr Xgar = Yigear Yig = Xigrzr Yigrr = Xige3 )

Then every solution is periodic with period four.
Proof Frist, we will prove that

Xko = Xk0+4m' Xko+1 = Xko+4m+1! Xk0+2 = Xko+4m+2' Xko+3 = Xk0+4m+3;

©)
yko = yk0+4m' yk0+1 = yk0+4m+1' yk0+2 = yk0+4m+2' yk0+3 = yk0+4m+3'
where m e N, from which the lemma follows.
Now, we use the method of induction. For m =1, Equation (3) becomes the following equations
Xio = Xigear Kigsr = Xigasr Xigez = Xiguor Xigaz = Xigar )

Yig = Yig+ar Vgt = Yigesr Yigrz = Yig+6' Yigsz = Yig+7-

By System (1) and Equation (2), we obtain that

Xgra = MaXy——, Yy ., (= MaX K (= Yigrz = Xig s
Xio+3 Yig+1
max{——, X = Mmax i =X =
Yigra = 1 Xgw2 [ = Vi [ = Xegrz = Yy
ko+3 Xk0+l
X5 = MAX—, ¥, 5 = MaX 1 X1 [ = Yigez = Xige1o
Xk0+4 kg+2
Yip+5 = Max 1 Xgez (= MAXS =, Y11 1 = X3 = Yiga
ko+4 Xk0+2
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From which, Equation (4) holds.
Assume Equation (3) holds for 1<m <m,, and by using System (1) and Equation (2), we obtain that

Xk0+4(m0+1) = max{ — yk0+4m0+2} = maX {_X ) yk0+2} = Xk0+4 = Xko )
ko+3

Xko +4my+3

B B
yk0+4(mo+l) = max {y—’ Xk0+4m0+2 =maxy—— k0+2 yk0+4 yko
ko +4mg+3 k0+3

Xk0+1+4(m0+1) =max, ————, yk0+4mo+3 = maxy—, yko‘*’3 Xk0+5 Xk0+1’
ko +4mg+4 Xk0+4
yko+l+4(m0+l) =maxq———, Xk0+4m0+3 = max Xk0+3 yk0+5 yk0+l’
yk0+4m0+4 yk0+4
X +2+4(mg+2) = MaX ~ Yig+amy+a [ = MaX ” 1Yk0+4 = Xig46 = X120
Ko +4mg +5 Ko +5
Yig+20a(mg+1) = MAX =1 Xy amy+q (= MAX 1 Xgra [ = Yigs = Yige2:
yk0+4m0+5 yko+5
Xk0+3+4(m0+1) = max ! yko+4m0+5 =maxy—-, yk0+5 Xk0+7 Xk0+3'
Xk0+4m0+6 Xk0+6

B
yk0+3+4(m0+1) = max {—’ Xk0+4mo+5 = max Xk0+5 yk0+7 - yk0+3'
ko +6

yk0+4m0+6
So we complete the proof.

Lemma 2 Assume that B > 0. Then every solution of System (1) is positive if initial conditions satisfy one of
the following conditions x, >0 or x,>0 or y ;>0 or y,>0.
Proof Without loss of generality, we assume that x_, >0 and from System (1) we have

Yy, = max{ﬁ,xl} >0, vy, = max{ﬁ,xo} >0;
Yo Y1

Xy = max{ﬁ,yl} >0, X, = max{ﬁ y2}>0.

X2 X3
By using the method of induction, we have
X., ¥, >0, nx=3

Similarly, when x, >0 or y, >0 or y,>0,thereexistsan n, e N; such that
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X, ¥, >0, nxn,
The proof is completed.

Lemma 3 Assume that g > 0. Then every solution of System (1) with positive initial conditions is periodic
with period four.

Proof By System (1), we obtain that

X = max{ﬁ yl} >0, vy, = max{ﬁ,xl} >0
XO yO

Let p=max{y, X}, q=max{£,yo}, s:max{ﬁ,xo} and there are four cases which need to be
Ya X4
discussed.

Case 1. ﬂz ﬂzxfl.We have
B B B g
=max{<-,y , p=—, =max{-—,X, r=";
. {XO yl} & {yo 1} Yo

Yo p=max{X,, Yo} =P, Y, :max{é,xo}zmax{yo,xo}: p:

B _ e ) BB BB .
} y, % max{yz’xl} max{p’xo} N
z}=max{xo,p}=p=xz-

X4 :max{ﬁ’yZ :max{yo, p}: P=Ys VY, :max{yﬁvx

X3 3

w><

Il

3

&
N><

=<

[— %,—/ -

3

&
/—‘J\—\
= =
::< %

Hence, X =Y, X, =V,, ¥, =%, ¥, =X%,. And by Lemma 1, we have that the solution is periodic with period
four. Moreover, we have

Xt = Vanza =X =" Yann =X4pz =N1=—
X yo
Xgniz = Yanea =% =0y Yani2 = Xgnia = Y2 =P,

where n e N, and the solution has the following form

{X }OO -1 _{X 1’X0’ ﬂ ’ plﬁl p’ﬁ’ p’ﬁn p:"},
X Y,

0 ) X9 Yo
Wabo s {yl,ymﬁ, ,ﬁyp,ﬁ,p,ﬁ,p,-}.
y0 XO yo Xo

Case 2. £<yl, ﬁz _,- We have
X 0

N

N A e
: :
)

I’m e |m
I

{ max{ }_ﬁzyl, y3=max{ ,xl}zmax{’g,y} Y =X
a9 Y] Yo P

ax{ max yov =p=Y,, y4:max{yﬁ,xz}zmax{ﬁ,q}zq:xz.

3 Y

|u

II
3
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Hence, X =Y, X, =V,, ¥, =%, Y, =X%,. And by Lemma 1, we have that the solution is periodic with period
four. Moreover, we have
B
Xnit = Yanz =% =Yy Yana = Xpz = V1=
Yo
Xons2 = Yanea =X = U Yano =Xgpa = Y2 = P,

where ne N, and the solution has the following form

{Xn }::71 = {lexox yl,q,yﬁy p, ylyq,yﬁ, p,"},

0 0

{yn}::,l = {yl! y(wﬁr P, y—1'q1£, p, ylqu"'}-
Yo Yo

Case 3. ﬁz Y s < X,.We have
X Y

XZ:max{ﬁ,y =max{X,, Yo} = P, yz:max{ﬁ,xo}:max{ﬁ,xo}:s;
X y X

B BI_B_.
{S Xo} Z_Xll

X3=max{£,yl}=max{ﬁ,xl}=xl=y1, y3=maX{£,X1}
X p Y>

Yo 0= max{—,s} =s=Y,, Y,= max{yﬁ,xz} =max{X,, p} = p=X,.
3
Hence, X =Y, X, =V,, ¥, =%, ¥, =X%,. And by Lemma 1, we have that the solution is periodic with period
four. Moreover, we have

Xinst = Yanis = X% =" Yanu = Xanizs = Y1 = X5
X
Xpne2 = Yania =X = Py Yanio = Xgnia = Y2 =S,

where ne N, and the solution has the foIIowmg form

(=

0

B
y P XS Py X St
P Xy X, p. X4 }

{yn}::—l ={Y1vyovx1lsv£’ plx—l’siﬁl p"‘}-
Xo Xo
B B

Case4. —<y,, —<X,.Wehave
X
0 0

X = max{é! yl} =Y. N = max{yii!)ﬂ} =X

ﬁ,yo =max{£vyo}=q, y2=maX{ﬂ } max{ﬁ Xo}:S;
X y

-1 1 X—l

X3 = max{ﬁ, Y1} = max{é,xl} =X4=Ys Y3 = max{ﬁ,xl} = max{ﬁ’ Y1} =Y =X,
X, q Y> S
{ } .

TR S R
%3 X4 Y3 Y.,
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Hence, X =Y, X, =V,, ¥, =%, Y, =X%,. And by Lemma 1, we have that the solution is periodic with period
four. Moreover, we have
Xgnit = Yania =X = Y1y Yana = Xans = Y1 = Xy
X4n+2 = y4n+4 = X2 = q! y4n+2 = X4n+4 = y2 = S’
where ne N, and the solution has the following form
{Xn }::71 = {X—l' XO’ yfll ql Xﬁl, 5, y,p q: X—l’ S,”'},
Wby =1V Yo X080 Y0, 00X 0,8, Y, 0

So we complete the proof.
Lemma 4 Assume that B > 0. Then every solution of System (1) with negative initial conditions is periodic

with period four.
Proof Since X, X;, ¥4, ¥, <0 and g >0, by induction we have x, <0, y, <0. If we use the change

z, =—X,, W, =—Y, and System (1) can be rewritten as follows

Z,., = min{zﬁ,wnl},

’ ®)
W, = min{ﬁ,zn_l}.

w

where z,, w, >0, n=-10,1,---.
Now, we will prove that every solution of System (5) with positive initial conditions is periodic with period
four.
Let p'= min{zo,wo} , q'= min{ﬁ,wo} , §'= min{ﬁ, zo}. Similar to the proof of Lemma (3), there are
W, -1
four cases which need to be discussed.

B

Case 1. b <W,, — < z_,. We obtain that
ZO WO

0 WO Z0 WO

© ﬂ ’ ﬂ ' ﬂ ’ ﬂ ’
W, =W, Wy, —, v o M T I R e
wob, s {1 e P P PP

Case 2. £>W71, £< z_, . We obtain that
ZO 0

® ’ ﬁ ’ ’ ﬂ 2

{Zn}n_1={Z1:Zo,W1,q,W—O,p.lequO,p,"' ’

{wn}:;l = {Wl,wo,wﬁ, P',WmQ',Wﬁ, p’,wl,q',...}

0 0

Case 3. b <W, A > z_, . We obtain that
ZO 0

= B
{Zn}n:_l 2{21'20’2_' p,’ Z,lys’,z_, p':Z,pS'l"' y

0 0
w B
{Wn}n:—l = {Wl’wolzl’s,’z_' p’, 27115'12_, [OREERNS

0 0
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B

Cased4. —>w_,, L > z_,. We obtain that
ZO WO
o0
{7} ={25.2W,.9" 2,58 W,,q,2,,8",-},
o0
{wo o ={wy,w,, 2,8\ W,,0,2,,8 W, g}

So we complete the proof.
Lemma 5 Assume that B <0. Then every solution of System (1) is periodic with period four if initial

conditions satisfy one of the following conditions
(a) X0 X0 Yo Yo > 05 (D) Xy, %o, Yy, Yo <O
(€) X0 Yo >0, X5, ¥, <0; (d) Xy, Yo <0, Xy, Yy >0.

Proof (a) If x, X, Y4, Y, >0, by using System (1), we know that there is only one case which needs to
be discussed. That is

B B

—<VY,;, —<X4i
0 0

Then we have

|

,yl} =y,>0, vy = max{yﬁ,xl} =X,>0;

0

Yor=Ye>0 ¥, =max{§,x0}=xo >0;

1

2

,yl}:y1:X-1>On y3:max{y£’xl}lezy‘1>0;

HFo Fw F|w &

1Y2}ZYZ =%>0, vy, =max{£,x2}=x2 =Y, >0.
3
Hence, X =Y, X, =V,, ¥, =%, Y, =X%,. And by Lemma 1, we have that the solution is periodic with period

four.
The proof of case (b)(c)(d) is similar to the proof of case (a), so we omit it. Then, the proof is

completed.
Lemma 6 Assume that B <0. Then every solution of System (1) is periodic with period four if initial

conditions satisfy one of the following conditions
(€) X1 <0, X, Y1, ¥ > 05 (f) %X <0, X4, ¥y, ¥ >0;
() Y <0, %4, %, ¥ >0; (D) 5 <0, X4, X5, ¥, >0;
(1) X0 >0, %, ¥y, Yo <0 () % >0, Xy, ¥y, Yo <O;
(k) ¥y, <0, %4, X, ¥ >0; (1) Y, >0, X4, X, Y4 <O.

B

Proof (e) If x, <0, X, Y4, ¥, >0, by using System (1), we know that ~— <y, so there are two cases
XO

which need to be discussed. That is

B s
1) £ >x,, (e2) £<x,
(e1) " X (e)y0<x

Case 1. (el) LS X_, . We have
Yo
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X, = max {ﬁ } y,>0 max{ﬂ Xl}:£<0;

Yo Yo

:max{ﬁ }zmax{ } Yo >0, yzzmax{ﬁ,xo}:max{yo,xo}zp>0;
X Y1
=max{£ }zmax{ } ——yl<0, y3=max{£,xl}=max{£,y1}=y1=x1>0;
Yo Yo Y> p
x4:max{£ } max{y,, P} =p=Y, >0, y4:max{ﬁ,xz}:max{ﬁ,yo}:yo:x2>0.
X3 y3 -1
Hence, X, =VY,, X, =V,, ¥, =%, Y, =X%,. And by Lemma 1, we have that the solution is periodic with period
four.
Case 2. (e2) L X_, . We have
Yo
xlzmax{ﬁ,yl}:yl>0, ylzmax{ﬁ,xl}:xl<0;
XO yO
X, = max{ﬁ, yo}z max{ﬁ yo}: Yo >0, y,= max{ﬁ,xo}: max{ﬁ,xo}: s>0;
X Yo Y1 X4
Xy = max{ﬁ,yl}z max{ﬁ,x }_ X, =Y,<0, y,= max{ﬁ,xl}z max{ﬁ yl} =y,=%x>0;
X2 yO 2 S
X, = max{ﬁ,yz}: max{ﬁ,s}: s=Yy,>0, y, = max{ﬁ,xz}: max{ﬁ,yo}: Yo =X, >0.
X X4 Y3 Y
Hence, X, =VY,, X, =V,, ¥, =%, Y, =X%,. And by Lemma 1, we have that the solution is periodic with period

four.
The proof of case (f)—(I) is similar to the proof of case (e), so we omit it. Then, the proof is completed.
Lemma 7 Assume that B <0. Then every solution of System (1) is periodic with period four if initial
conditions satisfy one of the following conditions

(M) X4y % >0,y 4, Yo <05 (N) X4, X <0, ¥4, Yo >0;(0) Xy, ¥y >0, X, Yo <0;(P) X4y ¥4 <0, X, ¥ >0.

Proof (m) If x,, X, >0,y Y, <0, byusing System (1), we know that there are four cases which need to
be discussed. That is

(m1) ﬁz Y £2x71;(m2) £< Y £2xfl( )Xﬁz y. £<xfl;(m4) £<yfl, £<xfl.

0 0 0 0 0 0

Case 1. (m1) BN Y LS X_,. We have

XO yO
p p {ﬂ } p
X, =maxq—,y, r=—<0, y =maxq—,x,;,,=—>0
{Xo % ' Yoo ) Yo
X, = max ﬁ,y0 =max{X,, Yo} =% >0, yz_max{—,xo}zmax{yo,xo}_xo>O,
X Yi
Vs

| =

Y, p=max{yy, X} =% =Y, >0, y4_max{

J>><
I
3
&

el
Il
3
&
—— /;‘J\—\ —
<
—_— Y —
Il
3
QD
x
—
i
i
[—; |
1]
S
|
=<
\%
o
=
Il
3
&
—
S
=
Il
3
QD
x
—
Ry
i
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|
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=
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Hence, X =Y, X, =V,, ¥, =%, Y, =X%,. And by Lemma 1, we have that the solution is periodic with period
four.

The proof of case (m2)(m3)(m4) is similar to the proof of case (b)(c)(d) in Lemma 3, so we omit it and
case (m) iscompleted.

Similarly, the proof of case (n)(o)(p) is similar to the proof of case (m), so we omit it.

3. Main Results

By using Lemma 2 and Lemma 3, we obtain the following result.
Theorem 1 Assume that g >0. Then every solution of System (1) is periodic with period four if initial
conditions satisfies one of the following conditions x, >0 or x,>0 or y,>0 or y,>0.
By using Theorem 1 and Lemma 4, we obtain the following result.
Theorem 2 Assume that S > 0. Then every well-defined solution of System (1) is periodic with period four.
By using Lemma 5, Lemma 6 and Lemma 7, we obtain the following result.
Theorem 3 Assume that S < 0. Then every well-defined solution of System (1) is periodic with period four.
By using Theorem 2 and Theorem 3, we obtain the following result.
Theorem 4 Assume that S e R . Then every well-defined solution of System (1) is periodic with period four.
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