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Abstract

This paper shows that the only self dual lattices in R,R*,R® are rotations of Z, ZxZ and
YAYAY/R
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1. Introduction
Let
A=[a,,a,],B=[b, D],

be nonsingular nxn real matrices with column vectors a,,---,a, and b,,---,b,, respectively. Let

n?

L, :={kaak tmy,-ee,m, eZ},
k=1

Ly = {kabk im,-ee,my eZ}.
k=1

be the lattices in R" that are generated by the columns of A,B. The lattice £, will be a subset of the lattice
Ly ifand only if the generators a,,---,a, of £, allliein L;,i.e,

a =y mb k=12.--n
1=1
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for suitably chosen integers m,, . Equivalently,

m; My, - m,
[ai,...'an]:[bl,_.,'bn] m‘21 m.ZZ s My,
m, My - My
ie.,
M =B™A

is a matrix of integers. Analogously, the lattice £, isasubsetof £, if A™'B isa matrix of integers. In this
way we see that

Ly =Ly
if and only if both M =BA and
A'B=(B'A) =M™
are matrices with integer elements. When this is the case, detM and detM™ are both integers and since
detM detM ™ =detMM ' =det | =1,
this implies that
detM =detM ™" = +1.

Such a matrix is said to be unimodular. The above analysis (that can be found in [1]) is summarized as
follows.
Theorem 1 The lattices £,,L; are identical if and only if

M:=A"'B
is a matrix of integers with
detM =+£1

Corollary 1 Lattices are preserved under integer column operations.
Proof1Let A=[a,---,a,] generate the lattice £,,and let

0 ky k.. ... K,
0 0 Ky ... ky
K=: + 1
00 0 . kg
o0 0 .. 0]

be a strictly upper triangular matrix of integers. Then |+ K is an upper triangular matrix of integers with a
unit diagonal, and we can write

(1+K) =1+L
where
Li=—K+ K2 —K® 4o (1) K"
is a strictly upper triangular matrix of integers. The columns of
B:=A(l+K)

i.e.,

a, ke, +a,,kpa +Kya, +85,0
generate the same lattice as the columns of A. To see this we observe that
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BPA=[A(I+K)] A=(1+K)" =1+L

is a matrix of integers with unit determinant.

2. Dual Lattices

Definition 1 Two linearly independent sets of real n (column) vectors a,,---,a, and b,---,b, are said to be
biorthogonal if

(a.b)=ajb =54,k 1=12-n

where &, is the Kronecker’s delta, T denotes the transpose and ( ) denotes the usual inner product. When
the columns of

A=[a,a,]
and
= [0t
are biorthogonal, we find
A'B=1
so that
B=(AT) =AT.

This being the case, given linearly independent vectors a,---,a, we can form A and then obtain the
biorthogonal vectors b,---,b as the columns of A"

The lattice £ ; generated by vectors biorthogonal to a,,---,a, is said to be the dual of the lattice £, .
More generally, £, isdualto £, ifandonlyif B generates the same latticeas A", i.e.,

(A*T)’lszATB

is a matrix of integers with determinant +1.
Suppose now that A, A, generate the same lattice, i.e.,

Ly =L, .
Let
B=AT.B,=A"
be the generators of lattices L, , £, dualto £, ,L, , respectively. Since
BB =(AT) AT =AIAT=(AMA)
we see that A ™A, will be a matrix of integers with determinant +1 if and only if the same is true of B,'B,.

Thus Ly =L, ifandonlyif £, =2, .
We are interested in characterizing those lattices £, that are self dual, i.e.,

Ly=L, -
This will be the case if and only if
(A7) A=ATA
is a matrix of integers with determinant +1. Since
det ATA = (det A)*,

this will be the case only if
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detATA=1
or equivalently
det A=+1.

In this way we see that a lattice £, is self dual if and only if ATA is a matrix of integers with unit
determinant. The parallelopiped in R" with vertices 0,a,,a,-:-,a,,8 +a,,a +a;,--,8 +a, +---+4,, i.e., the
unit cell of the lattice has the volume

V(a,a,,,a,)=|det A,
[2] [3]. Thus a lattice can be self dual only if each of its primitive cells, has unit volume.

Self dual lattices are preserved under orthogonal transformations. Indeed, let Q be an orthogonal
transformation on R", i.e.,

QQ=1,

and let £,, L, be the lattices generated by the columns of a nonsingular nxn matrix A and B:=A"".The
matrix

A'=0A
has columns
a:[’ =Qa11a£ =Qa21'”1ar,1 =Qan

that generate the lattice £, . We can use such a matrix Q to rotate a,,a,--,a
of the set a,,a,---,a,, to permute a,a, &
columns of

., to reflect one or more vectors
etc. The lattice £, which is dual to £, is generated by the

n’ n’?

B'=(A) " =(QA) " =Q AT =QB,
i.e., by
b/ =Qb,,b; =Qb,,---,b; =Qb,.

Thus the generators of the dual lattice £, are transformed in the same way as the generators of the lattice
L, . Inthis way we see that a lattice £, is self dual if and only if the lattice £, is self dual. Indeed,

(A) A'=(QA) QA= ATA

so ATA is a matrix of integers with unit determinant if and only if the same is true of (A’)T A’. Moreover,
since

2 2
@, =x"Q"Qx=x"x=|x];
we see that the orthogonal transformation Q preserves the Euclidean lengths of a set of generators for the
lattice L, .
3. Main Results

We will now show that the only self dual lattices in R,R? R*® are rotations of Z,ZxZ, and ZxZxZ,
respectively.

Thecasen=1

Let A:[ai] be avectorin R that generates the lattice £, . We do not change the lattice if we assume that

a, >0. Let b =1/a be biorthogonal to A. The lattice £, generated by B=[b] will be identical to the
lattice £, ifandonly if

aj_ = '

i.e., ifand only if
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a =1
Thus the only self dual lattice in R is the lattice
L=7.

Thecasen=2

Theorem 2 Every self dual lattice in R? is some rotation of ZxZ.

Proof 2 Let A=[a, a,] where a,a, are linearly independent vectors in R? and assume that £, is
self dual. Fix the origin at some lattice point of £, and rotate the axes, if necessary, so that the nearest nonzero
lattice point of £, lies on the positive x -axis, i.e.

a p
A=A'=[a a |=
oa-w-far ail-|g ]
where >0 and
a’ < B +yt (1.2)

The lattice £, does not change if a, is replaced by —a; so we can and do assume that y >0. Likewise
the lattice £, does not change if a, is replaced by a,—ka,,k =0,£1,£2,--- since this is the result of an
integer column operation. Thus we can and do assume that

|l <al2. (1.2)

By hypothesis the lattice £, is self dual so the same is true of £, . This implies that
ay =detA'=1,

o)

Since L, is self dual, the first column of A’ can be expressed as an integral linear combination of the

columns of (A')™,ie.,
AR

where n,meZ . In this way we see in turn that

and

a:ny,a:n/a,a:\/ﬁ, (1.3)
forsome n=1,2,---,
nﬁ:ma,ﬂ:m/\/ﬁ, (1.4)
forsome m=0,+1,+2,---, and
y=VYa=1/n. (1.5)
Using these expressions with (1.2) we find
m n
2
so
m[< 2.
2
Using these expressions with (1.1) we find
n=a’<pt+y? —m—2+—,



C. de Souza, D. W. Kammler

and since
n
|m|<—.
2
this implies that
n* <4/3.
It follows that n=1 and m=0. In this way we prove that A'=1, i.e, the columns of A’ and thus those

of A areorthonormal. Thus £, issome rotation of ZxZ.
A theorem of Minkowski [1] states that

], < VN et A

where a is the shortest nonzero vector in a lattice £, in R". Within the present context, this leads to the
bound

Jn=a<2

which implies that n=1,2. Our argument gives n* <4/3 from which we immediatly obtain n=1.
Another result in [4] states that if A is a self-dual lattice in R" then

laf; = min{(u,u)ueA,ux0}<[n/8]+1
which leads to
a <.\[5/4.
Thecasen=3

Theorem 3 Every self dual lattice in R* is some rotation of ZxZxZ .
Proof 3 Let the self dual lattice £, in R® be generated by the columns of A=[a, a, a,] chosen so
that ||, .|a,||, .|as], areassmallas possible subject to the constraint

Jauf, <[leel, <[l
Following the analysis from the previous section, we set
A =QA,

where Q is an orthogonal matrix chosen so that

M O

A':[a‘l’ &,

wm\

1l
o o R
o xR ™
™y

with
a>0,y>0,{>0.

By hypothesis the lattice £, is self dual, and since Q is orthogonal, the same is true of L£,,. This being the
case

ayd =detA' = |det A| =1

Since the lengths of the generators of the lattice £, are preserved under the orthogonal transformation Q,
it follows that

a’ <Py <st+et+ L0 (1.6)

The columns of A (and thus the columns of A") have been chosen to be as small as possible subject to the
above constraints, so we must have

|Bl<af2,|6|<aj2,|e|<y/2. 1.7
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It can be verified that A’ has the inverse

Ya ~pl(ar) ~6/(ed)+fe/(erS)

(A)'=[ 0 Yy —ef(6) |,
0o 0 s
and after using ay¢ =1 to simplify the components we obtain
Ya 0 o0
(AY'=| B¢ Yy 0
-Sy+pPe —as Y<
Since L, is self dual, the columns of (A’)’T generate the same lattice as the columns of A" so we can
write
a Ya 0 0
0|=n| -B¢ |+m| 1y |+1] O
0 -8y + fe -ag 1/¢
and

0 o p a
0 |=ple|+q|y|+r|0
ys| |¢] o] |0

for suitably chosen n,m,l, p,q,r € Z. In this way we see in turn that

a?=n sothat @ =/n (1.8)
1 1
—=psothat { =— (1.9)
¢ Jp
forsome n=12,---,p=L12,---, and
1=0¢7/§’=«/ﬁ)/i SO that}/=£. (1.10)
o Jn
We also have
0=—nﬁ§+m S0 that[z’:ﬂ (1.11)
y Jn
—q
0= pe+qy sothat £ =—, (1.12)
Jon
forsome m=0,+1,42,---,0=0,£1,42,---, and
ozn(—5y+ﬁg)—mga+'z=—5ﬁ+|ﬁ
so that
I
6 =— forsomel =0,+1,42,---. 1.13
7 (1.13)
Using (1.7) and (1.8)-(1.12) we find
2|m|<n,2|g| < p,2Jl|<n. (1.14)

Using (1.6) and (1.7) we see that,
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2
a? £,[32+72 S(ZJ +;/2
which implies that
V3
>—a.
Y 5 a
Again using (1.6) and (1.7) we see that,
2 2
PPy <ot et + 7 S(%j +(Zj +¢7?

which implies that

422272_1 zziaz_lazziaz
4 4 16 4 16
so that
J5
>—a
¢ 4

Since ayd =1 we must have

or
g }°
\/_:aﬁ[—j =1.2735....
|

In this way we see in turnthat n=1 and m=
with (1.13), (1.12), (1.9) to write

=0 sothat ¢ =1,=0,0=0. Finally, we again use (1.6)

2

o

o |+

P=y’ <0+ +{=—+——+—=
n pn p p p
It follows that p<./4/3 so we must have p=1g=0 and ¢=0,y=¢ =1. In this way we see that the
columns of A’ (‘and thus those of A must be orthonormal. Thus £, is some rotation of ZxZxZ .
Suppose now that a,,a, are linearly independent vectors in R? and that

+

I

2 2 2
“ g 1 q_+1£
p

grid, .. (x):= i i5(x—ma1—na2)= > S(x-a)

Mm=—con=—o0 aely

where A:=[a, a,]. We know that
grid, . (s)=|det[A A ]grid, ,, (s)=|det[A A] > 5(s-a)

aely-T
where the biorthogonal vectors A, A, are the columns of A" . In this way we see that
grid, ,, = grid

,a

ifand only if £, isselfdual, where 4ptA=[a, a,]. This proves the following.
Theorem 4 Let a,a, be linearly independent vectors in R*. Then

grid, ,, =grid,
if and only if
gridalyaz =grid

a,ap
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for some orthonormal choice of the vectors a,a, .

Analogously, we can prove the following 3-dimensional generalization.
Theorem 5 Let a,a,,a, be linearly independent vectorsin R®. Then

grldﬁl,azyaa = grldal,az,ag

if and only if

gridal,az =grid

aj,ap,a3

for some orthonormal choice of the vectors a/,a,,a;.

These results correspond to the familiar identity

A
m-=1n

from univariate Fourier analysis. The possibility of rotations (other than reflections) in R* R? slightly
complicates the generalization of this result.
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