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ABSTRACT

The Schwarz method for a class of elliptic variational inequalities with noncoercive operator was studied in this
work. The author proved the error estimate in L*”-norm for two domains with overlapping nonmatching grids
using the geometrical convergence of solutions and the uniform convergence of subsolutions.
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1. Introduction

More than one hundred years ago, Schwarz algorithms were proposed for proving the solvability of PDEs on a
complicated domain. With parallel calculators, this rediscovery of these methods as algorithms of calculations
was based on a modern variational approach. Pierre-Louis Lions was the starting point of an intense research
activity to develop this tool of calculation, see, e.g., [1,2] and the references therein [3-9].

In this paper, we give a new approach to the finite element approximation for the problem of variational in-
equality with noncoercive operator. This problem arises in stochastic control (see [10]). We consider a domain
which is the union of two overlapping sub-domains where each sub-domain has its own generated triangulation.
To prove the main result of this work, we construct two sequences of subsolutions and we estimate the errors
between Schwarz iterates and the subsolutions. The proof stands on a Lipschitz continuous dependency with
respect to the source term for variational inequality, while in [5] the proof stands on a Lipschitz continuous
dependency with respect to the boundary condition.

The paper is organized as follows. In Sections 2, we introduce the continuous and discrete obstacle problem
as well as Schwarz algorithm with two sub-domains and give the geometrical convergence theorem. In Section 3,
we establish two sequences of subsolutions and their error estimates and prove a main result concerning the
error estimate of solution in the L”-norm, taking into account the combination of geometrical convergence and
uniform convergence [11,12] of finite element approximation.

2. Schwarz Algorithm for Variational Inequalities with Noncoercive Operator
2.1. Notations and Assumptions
Let’s consider functions
a;,a;,8, € C*(Q);1<i, j<2 (1)

such that
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z aijé:ié:j Zazgiz;ge R27a>0

1<i, j<2 1<i<2

a; (x)=2a;(x);a,(Xx) =, >0

where Q is a connected bounded domain in R? with sufficiently regular boundary oQ.

We define a second order differential operator

0 0 0
A=- —la;,— |+ ) a,—+4a
2 8xj[ ”axi] 2 Tox, "

1<i, j<2 1<j<2

where the bilinear form associated: Vu,ve H* (Q)

a(u,v)sz{ > a v, Zaj(;a—uv+a0uvjdx

i A A
<ije2 - OX an 1<j<2 X;

Let f be afunctionin
L*(2)
an obstacle
y eW?”(Q)
aregular function g defined on 6Q such that
geW?"(Q),2< p<o,g <y onoQ
AM and a nonempty convex set
Ko ={veH (Q)/v-geH;(Q)v<yinQf.

(v.9)
We assume there exists 1 >0 large enough and a constant g >0 such that
2
BIMlis oy S @(vv)+ Af Vodx.
Putting
b(u,v)= a(u,v)+/ljguvdx vu,ve H'(Q)

then the bilinear form b(.,.) is strongly coercive.
Let ueK be the solution of variational inequality (V.I)

a(uv-u)=(f,v-u) vwek

(v.9)

(v.9)
which is equivalent to

{Find uek solution of
v.9)

b(uv—u)>(f+Auv-u) vve Ko

(-..) denotes the usual inner product in L2 (Q).
We define UT=0o(f+Aw)ekK the solution of the following V.1

b(T,v—-T)>(f+Aw,v-T) YekK

(v.9)
(v.9)

where we L”(Q) and o isamapping from L”(Q) into itself.

573

@
©)

(4)

®)

(6)

()

©)

©)

(10)

(11)

(12)

(13)

(14)

Remark 1. We call quasi-variational inequality (Q.V.1) if the right hand side (f +Au) depends of solution

u, in the contrary case we call variational inequality (V.I).

2.2. Some Preliminary Results on the V.1 Noncoercive

Thanks to [10], the problem (12) has one and only one solution, moreover u satisfies the regularity property

ueW*?(Q),2< p<w.

We give a monotonicity property of the solution with respect to both the source term, the boundary condition
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and the obstacle. Let (f,y, g);( f,y?,g) be a pair of data and u=0(f,w,g);0 :6( fog, g) the correspond-
ing solution of V.1 (12). .
Lemma 1 [10] Under the preceding notations and assumptions (1) to (11), if f > f,y >y and g=>g, then

a(f,://,g)zagwf,y?,g).
Let X be the set of sub-solutions of the Q.V.I, ie all the We K(M) such that

b(W,v)<(f+AW,v), v=0,veH (Q) (15)
that is equivalent to
a(w,v)<(f,v), v20,veH(Q).

Lemma 2 [10] Under the preceding notations and assumptions (1) to (11), the solution u of problem (12) is
the maximum element of the set X .

We show the Lipschitz property, which gives the continuous dependance to the data f .

Lemma 3 Under the preceding notations and assumptions (1) to (11), we have

Ju _U"Lw(:z) < max{c"f —-f

O LR 2

where ¢ is an independent constant of data.
Proof Firstly, let

1 - ~ ~
b= max{a—()"f - f L (q) v"g - g||L°°(aQ) ’”l'// _l//"f"(ﬂ)}

we have

a(®,v-u)=d.(a,v-u)
then

a(u+d,v—u)>(f+a,dv-u)
and
a(u+®,(V+®) - (u+®))2(f +a,@,(v+®)—(u+d))
if we put
u+®=0andv+d=V

then

a(d,v-a)>(f +a,®,V-0)
therefore

o(f+a,0,y+®,9g+®)=0=0(f,p,g)+.
Secondly, it is clear that
(@)

ffaf —f"ﬁ(g)s f +%;||f |

and

s0, due to lemma 1, we get
o(f.7,9)<o(f +ad,y+®,g+®)=03(f,y,9)+®
which gives
o(f..9)-o(f.p.g)<d
by changing the roles of (f,y,g) and (f,t/?,g), we obtain
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o(f.w,g)- (f y;,g)scb

which completes the proof.
Remark 2 If w =y and g=@, then we have

"u B l]||L°°(Q) =

h

(@)’

Let QO be decomposed into triangles and let 7" denote the set of those elements; h>0 is the mesh-size.
We assume the triangulation 7" is regular and quasi-uniform. Let V, denote the standard piecewise linear
finite element space and by ¢,,i :1,2,~~,m(h), the basis functions of the space V,. Let r, be the usual

restriction operator in Q. The discrete counterpart of (13) consists of finding u, € K(':V'g) solution of

b vy =y ) > (F 4+ AU, v, =, ) Wy, €K o (16)
where
Kl o) :{vh eV, /v, =m,gonoQ,v, <ryin z'h} (17)

7, is an interpolation operator on oQ.
We shall assume that the matrix B defined by

B, =b(¢.0;)=a(0.0;)+ 4] pidx (18)

is M -matrix [13] (i.e. angles of triangles of " are <m/2).

2.3. The Continuous Schwarz Algorithm
Consider the model obstacle problem: find ueK , such that

b(uv—-u)>(f+Auv-u) Ve K, (19)

v.0)

where K v.0) defined in (9) with g=0.
We decompose Q into two overlapping polygonal subdomains €, and €, such that

Q=0,UQ,, O,NQ,#J
and u satisfies the local regularity property
ul, eW*”(Q), 2<p<oo
we denote 0Q; the boundary of Q;, and T'; =0Q; (NQ;. The intersection of T, and [, i#] isassumed

to be empty. We will always assume to simplify that I';,I", are smooth.
For weC’(T;), we define

V" ={veH'(Q;)/v=00n8QNaQ,v=wonT,}; i=1,2.
We associate with problem (19) the following system: find (u,,u,) eV,“2) v solution of
by (U, v—uy) > (£, + u,v—u,) vv eV,
u <y v=<yinQ,
b, (Up,V—U, ) > ( f, + AU,V —U, ) v e V™),
u, <y, v<yin Q,

(20)

where

auav

b (U,V):,[Q,[ Z Uj 6X, 6 '

1<, j<2

+ >3 v+a0uv+ﬂuvjdx i=12

1<j<2

fi=f|, . u=u

o,

Starting from u® =y, we define the continuous Schwarz sequences (ul"”) on Q, such that u]™ eVl(uz)
solves
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bl(ul””,v—ul”*l) (f + AU,V - u”*l) VVle(“g)

(21)
Ut <y, v<yinQ
n+l
and ( ””) on Q, suchthat u;*levz(“l ) solves
n+l n+l n+l ( Ml)
b, (up™ v —ug™) = (f, + Au,v—upt) wveV, 22)

W<y, v<yinQ,
where
u =u’inQ, uy=u’inQ,,

ut=0inQ\Q, and uJ" =0in Q\ Q,.

The following geometrical convergence is due to ([2], pages 51-63)

Theorem 1 The sequences (u"') and "*1) n>0 of the Schwarz algorithm converge geometrically to the
solution of the problem (20). More precisely, there exist two constants k;,k, € ]0,1] such that forall n>0
<k'k;

n+1

”Ul -

()

L*(ry)
kn+lkn

L*(22) L*(T2)

2.4. The Discretization

For i=12;let 7" be a standard regular and quasi-uniform finite element triangulation in Q,, h being the
mesh size. We assume that the two triangulations are mutually independent on Q ﬂQZ, where a triangle
belonging to one triangulation does not necessarlly belong to the other. Let V, V LQ be the space of
continuous piecewise linear functions on z" which vanish on 6QNaQ;. For WECO( i) we define
Vh(i‘”) :{vhi eV, /v, =00naQNoQ;,v, =, (w)on Fi}; i=12

where 7z, denotes a suitable interpolation operator on I';. We give the discrete counterparts of Schwarz
algorithm defined in (21) and (22) as follows. ()

Starting from u =1, v, we define the discrete Schwarz sequence (ul"hjl) on Q, such that uy* eV, ™"

fy
solves
n+l n+l n+1
by (ug" vy, = uy”) = ( o+ Aug, v, —uiy’)
() . )
2hy n+l H
VVhl thl Uppy < MWV, < nwinzt
n+1
andon Q, the sequence ugglev(“*l) solves
1 1 1
b, (uggz Vi, = ugg) (f2+/1u2"hz,vhz uz”,fz)
n+l (24)

v, eV(“‘l) gt Sy, <1 pin g

We will also always assume that the respective matrices resulting from problems (23) and (24) are M -
matrices.

3. Error Analysis

This section is devoted to the proof of the main result of this work. For that, we begin by introducing two auxi-
liary sequences.

3.1. Auxiliary Schwarz Sequences

To simplify the notation, we take
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h=h,=h, = T, =T, Ty =T, =7y,

=My M =M

M= hp _
=7, =1

Let Uy =0, (f,+Au/) eV, (©;) be the solution of discrete V.1

b, (u,h ,vh—u"*l) (fi+/1uin:Vh—U,ﬂ”)

—=n+1 H
W, eV, () Tt <ty v, <ty inz (25)
—n+1 n+l n+1
Uy~ =7 Uy, v, =7,Uy - on T

where u"* = a( f.+Au’ ); i=1,2 is the solution of continuous V.I (21) (resp. (22)) and let

—(h),n+1 _

a, o(f,+Aup)eV; be the solution of continuous V.|

bi (Ui(h),nulv_gi(h),nu) (f +/1U.h,V u( )n+1)
weHY(Q), T <y, v<pinQ (26)
Ui(h)v”+l _ uin+l, V= uin+1 onT,
where ul =g, ( f.+ /Iui';); i=12 isthe solution of discrete V.I. (23) (resp. (24)).

Itis clear that T, is the finite element approximation of u. Then, as | f, + Au'|| <c (independent of n),
therefore, we apply the error estimate for variational inequality (see [11,12]), we get

<ch?|log h|3 (27)

ih[f;

similarly, we have

u—un

<ch?|log h| (28)

3.2. Sequences of Sub-Solutions

The following theorems will play a important role in proving the main result of this paper.

3.2.1. Part One—Discrete Sub-Solution
We construct a discrete function ¢, near u suchthat: o <uj.
Theorem 2 Let G, be the solution of (25). Then there exists a function «; and a constant c
independent of h and n, such that

|hSL’I

|aih

Proof Let us give the proof for i=1. The one for i=2 is similar. Indeed, T;" being the solution of V.|
(25) for i=1, itiseasy to show that " is also a subsolution, i.e

{bl(LTlTl,col) (f +/1u1”,(p,) Vg 20;1=1,--,m(h)

|log h|3

=n+l

ot <rying, u)t =xzu) onT,
then

on
l'jlh

by (1) <( 1, 0.0 ) ¥ 20
|=1--m(h), Gy <ryine, 0" =muy onT,
s0, due to lemma 2 (discrete case), it follows that

U <0y =0, ( fi, rhW!”hu;h) (29)
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where
SRt
setting u)i™ =0, ( f, rhy/,zzhu;‘h) and using both remak?2 (discrete case) and estimate (27), we get
upyt =05 < c" f, - fl"1 <cAfuy — 0|, <ch?|log hf (30)

which combined with (29) yields

o <uf® +ch? [log h’
Thus, we choose

ot =)t —ch?|logh[
then

alnh+1 <u :{lh+l
and
|a1”h+1 —uy™|| <|u;" ~ch? |log h* —up* ) | Uy —uf™ | +ch?®|log h[*

< ch?|log h| +ch?|[log h| <ch?|log h|3

3.2.2. Part Two—Continuous Sub-Solution
We construct a continuous function /3
Theorem 3 Let 7"

independent of h and n, such that

n n

near uy such that: ﬂ

ﬂi(h),n <uy"

“ﬁi(h)'” ~up | < ch? [logh’

)N+l

Proof Let us give the proof for i=1. The one for i=2 issimilar. indeed, ul(
(26) for i=1, itisalso a subsolution, i.e.

bl(ul( e )s(f1+/1u1”h,w) vwe Hg (), w0

—(h),n+1 —(h),n+1

Uy SyinQ, U =u, onTl,
then
Uy, — lTl(h)'n

by (@ w)<( 1,

vYwe HI(Q),w>0,0"" <y inQ,

) +/1Ul(h)'”,w)

—(h).n+1 _

n
U, =u, onI,

s0, making use of lemma 2, we obtain
ul( )i+l <Uln+l _a( f’lll//'ug)
where

n __ —(h)n
Uy — Uy

1

Setting u]* = 8( fl,z//,u;') and using both Remark 2 and estimate (28), we get
N , s

| <c|f,— 1, <ch?[logh|

~Nn+1 n+l

u -y

s0, combining (31) with estimate (32) yields

Ul(h),n+1 n+1+Ch ||Og h|

OPEN ACCESS

be the solution of (26). Then there eX|sts a functlon ,B

n

and a constant ¢

being the solution of V.1

(31)

(32)

AM



S. SAADI, A. MEHRI 579

Finally, choosing
ﬂl(h),nﬂ _ lTl(h),n+1 _ Chz ||Og h|3

we get immediately the results.

3.3. L™-Error Estimate
Theorem 4 (Mainresult) Let (u™) (resp. (uinh+12|) be the solution of (21), (22) (resp. (23), (24)). Then there

exists a constant ¢ independentof h and n, such that
||ui —up™| <ch®[log hf*
||ui —upt LNM(Q” < ch|log h|3 .

Proof Thanks to theorem 2 and theorem 3, we have
um —up < ch?|logh[’
up® —u < ch?[loghf’
therefore
n+l

n+l
Ui~ — U,

< ch?[log hf; =12 (33)

moreover

n+l n+l n+l
||ui - uih Ui - uih

< ||ui —uM
1

-+
i

let k =max(k;k,), then making use of Theorem 1 and estimate (33), we get

n+1

||ui -u u®—u

_Skzn
i

: +ch?|log h|3 <k | _u”w(ri) +ch?|log h|3

L2 (T
< ck®" +ch?|[log h|3

we choose n such that

k2n < h2
then
||ui —uy”|l <ch”+ch?|log h[* <ch?[log [’
and by inverse inequality, we get
||ui —upt Lvaw(ni) <chllogh[’

4. Conclusion

We have established a convergence order of Schwarz algorithm for two overlapping subdomains with non-
matching grids. This approach developed in this paper relies on the geometrical convergence and the error
estimate between the continuous and discrete Schwarz iterates. The constant c in error estimate is independent of
Schwarz iterate n.
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