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ABSTRACT

This work studies the canonical representations (Berezin representations) for para-Hermitian symmetric spaces of rank
one. These spaces are exhausted up to the covering by spaces G/H with G =SL(n,R), H =GL(n-1R). For Her-
mitian symmetric spaces G/K, canonical representations were introduced by Berezin and Vershik-Gelfand-Graev.

They are unitary with respect to some invariant non-local inner product (the Berezin form). We consider canonical rep-
resentations in a wider sense: we give up the condition of unitarity and let these representations act on spaces of distri-
butions. For our spaces G/H , the canonical representations turn out to be tensor products of representations of maxi-
mal degenerate series and contragredient representations. We decompose the canonical representations into irreducible
constituents and decompose boundary representations.
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1. Introduction

Canonical representations on Hermitian symmetric spac-
es G/K were introduced by Vershik-Gelfand-Graev [1]
(for the Lobachevsky plane) and Berezin [2]. They are
unitary with respect to some invariant non-local inner
product (the Berezin form). Molchanov’s idea is that it is
natural to consider canonical representations in a wider
sense: to give up the condition of unitarity and let these
representations act on sufficiently extensive spaces, in
particular, on distributions. Moreover, the notion of ca-
nonical representation (in this wide sense) can be ex-
tended to other classes of semisimple symmetric spaces
G/H , in particular, to para-Hermitian symmetric spaces,
see [3]. Moreover, sometimes it is natural to consider se-
veral spaces G/H,; together, possibly with different
H,, embedded as open G -orbits into a compact mani-
fold Q, where G acts, so that Q is the closure of
these orbits.

Canonical representations can be constructed as fol-
lows. Let G be a group containing G (an overgroup),
R a series of representations of G induced by charac-
ters of some parabolic subgroup P associated with
G/H and acting on functions on Q. The canonical
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representations R of G are restrictions of R to G.

In this talk we carry out this program for para-Hermi-
tian symmetric spaces of rank one. These spaces are ex-
hausted up to the covering by spaces G/H with
G=SL(n,R), H=GL(n-1,R). For these spaces
G/H , an overgroup is the direct product GxG and
canonical representations turn out to be tensor products
of representations of maximal degenerate series and con-
tragredient representations. These tensor products are
studied in [4], see also [5]. So we lean essentially on
these papers [4,5]. We decompose canonical representa-
tions into irreducible constituents and decompose boun-
dary representations. Notice that in our case the inverse
of the Berezin transform Q,, can be easily written:
precisely it is the Berezin transform Q_, .

Canonical and boundary representations for G/H in
the case n=2 (then G/H is the hyperboloid of one
sheet in R®) were studied in [6]. For the two-sheeted
hyperboloid in R?, it was done in [7].

In this paper we present only the main results. The de-
tailed theory of canonical and boundary representations,
for example, on a sphere with an action of the generaliz-
ed Lorentz group, can be seen in [8].
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36 A. A. ARTEMOV

Let us introduce some notation and agreements.

By N we denote {0,1,2,---}. The sign = denotes
the congruence modulo 2.

For a character of the group R =R\ {0} we shall
use the following notation

:|t|/1 sgn‘t,

where teR", 1eC, £=0,1.

For a manifold M, let D(M) denote the Schwartz
space of compactly supported infinitely differentiable
C -valued functions on M , with a usual topology, and
D'(M) the space of distributions on M —of anti-li-
near continuous functionals on D(M ).

2. The Space G/H and the Manifold Q

We consider the symmetric space G/H  where
G=SL(n,R), H=GL(n-1,R), n>3.

The group G acts on the space Mat(n,R) by
X+ g7'xg.

Let us write matrices in Mat(n,R) in block form
according to the partition n=(n—l)+1 of n. Let us

take the matrix
00
X’ = .

The subgroup H is just the stabilizer of this point Xx’,
this subgroup consists of block diagonal matrices:

h:(“
0

Thus, our space G/H is the G -orbit of x°,
sists of matrices of rank one and trace one.

Equip R" with the standard inner product (X y) let
|X| < >l/2 Let S be the sphere |S|—l Let ds be
the Euclidean measure on S . The group G acts on S
by s+>sg/|sg|.

Let C be a cone in Mat(n,]R) consisting of matri-
ces X#0 of rank one. Therefore, the space G/H is
the section of C by the hyperplane trx=1.

Introduce a norm x| in Mat(n,R) by

[ = {er (ox')} .

where the prime denotes matrix transposition.
Let Q be the section of C by ||X|| =1.
Defineamap SxS—>Q by

(s,t)>t's=u.

0 :
5}, aeGL(n-1,R), & =(detar) "

it con-

It is a two-fold covering. The measure ds defines a
measure du on Q by

f f( du——jSXSf (t's)dsdt, u=t’s.
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The action of the group G on S gives the follow-
ing actionof G on Q:

g'ug
|o™ug]

In particular, the subgroup K =SO(n), a maximal
compact subgroup, acts on Q by translations:

U/

U k'uk.
Let us consider on Q the function

p=p(u)=(s,t), u=ts. (1)

The action on Q has three orbits: namely, two open
orbits (of dimension 2n-2): Q" ={p>0} and
={p<0} and one orbit of dimension 2n—-3:

I'= { p= O} The orbit I' is a Stiefel manifold, it is the

boundary of Q°. Denote Q'=Q"UQ . Each of orbits

QF can be identified with the space G/H . The map is
constructed by means of generating lines of the cone C .

3. Maximal Degenerate Series
Representations

Recall [4] maximal degenerate series representations
7,,, ueC, v=0,1,of the group G.Let D,(S) be
the subspace of D(S) consisting of functions ¢ of

parity v : o(-s)=(-1)"¢(s) .
7, acton D,(S) by

J7RY

(”Z,V(g)co)(S):go(%J sql”

The representations

-1

(75 (9)0)(s) =0 ﬁi%;T El

4. Rt,;presentations of G Associated with
G/H

Recall [5] a series of representations T, ,
G associated with the space G/H .

Denote by D,(I') the space of functions ¢ in
D(T') of parity &£=0,1:

o(=7)=(-1)" o(»)-

actson D,(T) by

of the group

The representation T, ,

T,.(9)e(r)= w[ 979

lorg] [CReZ:] I—)

Let (l//,gp)r denote the following sesqui-linear form

c=lv(n)e(rir. ©)
Define an operator Am‘g on D,(T) by

A.0(7) =] {r(B)) " o(8)dp.
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A. A. ARTEMOV 37

It intertwines T_, and T_ __,.Theoperator A , isa
meromorphic functlon of o. Let us normahze this
operator (multiplying it by a function of o) such that
the normalized operator A” is an entire non-vanishing
function of o .

There are three series of unitarizable irreducible
representations. The continuous series consists of T_,
with o=(1-n)/2+ip, peR, the inner product is (3).
The complementary series consists of T , with

-n/2<o<(2-n)/2, the inner product is <A El//,(0>l_

with a factor. The discrete series consists of the repre-
(2-n)/2+m,

sentations Ta(m)

meN, ¢=0,1,
T,(m). on the quotient spaces D, (T') KerAJ(m) . The

where o(m)=
which are factor representations of

representations T, with the same m and different

o(m),e
¢ are equivalent. It is convenient to take &=e&(m)
where &(m)=0 for odd n and &(m)=o(m)+1 for
even N . The inner product is induced by the form

<Aa(m),g(m)‘//’§9>r
5. Canonical Representations

We define canonical representations R,,, ueC,

v =0,1, of the group G as tensor products:
R,=7,.,®7",,

v

They can be realized on Q: let D,(Q) denote the
subspace of D(Q) consisting of functions f of
parity v: f(-u)=(-1)" f(u), then the representation
R,, actson D, (Q) by a formula similar to (2):

oo | ool

jo7'ug]
The inner product
= f(u)h(u)du )

is invariant with respect to the pair (R o Rfﬁfn,v) , L&,

(R..(9)f.h), =(f.R ., (g7)0) . ()
Consider an operator Q,, on D, (Q) defined by
Q,, f(u)= c(y,v)jg{tr(uv)}”’v f(v)dv,

It turns out that the composition Q_, , Q,, is equal to
the identity operator E up to a factor. We can take
c¢(u,v) such that

QnQu =E,

namely,

Open Access

=2"7" T (—u—n-1)T(u+1)

With the form (4) the operator Q,,

c(u,v)

interacts as fol-

lows:

(Qu 1), =(1.Qu ), ©
This operator Q,, intertwines the representations R,
and R ie.

—u—n,y >
Rfﬂ*n,v (g )Q%V = Q/t,v R,U‘V (g )’ g € G‘

Let us call it the Berezin transform.

Let D (Q) be the space of distributions on Q of
parity v.Weextend R,, and Q,, to D,(Q) by (5)
and (6) respectively and retain their names and the
notation.

Let us introduce the following Hermitian form
(f.h),, on D, (Q):

(£.0),,=5(Q..f.h),

Let us call this form the Berezin form.

6. Boundary Representations

The canonical representation R, gives rise to two re-
presentations L,, and M, a55001ated with the boun-
dary T' of the manifolds Q" (boundary representa-
tions). The first one acts on distributions concentrated at
I', the second one acts on jets orthogonal to T".

We can introduce “polar coordinates” on Q corre-
sponding to the foliation of Q into K -orbits. The K -
orbits are level surfaces of the function p, see (1). For
—-1<p<l the K -orbits are diffeomorphic to I'. In
these coordinates the measure du on Q is

du= (1— pz)(n 2 dpdy,
where dy isthe measureon I'.

Let f be a function in D,(Q). Consider it as a

function of polar coordinates. Consider its Taylor series

a,+ap+a,p’+-- in powers of p Here
a,=a,(f) are functions in D(T) . Denote by
¥ (Q), keN, v=0,1, the space of distributions in
D, (Q), having the form

0,()5" (p).

where ¢, €D,  (T'), & is the Dirac delta function on

the real line, 5™ its derivatives. Let

%, (Q)=Uz)(Q).

Denote by a, (f) Taylor coefficients of the function
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38 A. A. ARTEMOV

(1— p’ )(H)/z f (u). The distribution go(}/)é'(m) (p) acts
on a function feD,(Q) as follows:

(ps™ (p). 1) =(-1)"mAp.a(F)) . (D)

Denote by L,, the restriction of R,, to X, (Q).
This representation is written as a upper triangular matrix
with the diagonal T, meN.

—N—p+m,y—-m >
Distributions in ¥ (Q) can be extended in a natural
way to a space wider than D, (Q) . Namely, let 7, (Q)

be the space of functions f of class C* on Q" and
I' of parity v and having the Taylor decomposition of
order K:

f(u)=a,+ap++anp“+o(p“),

where a, e D(T). Then (7) keeps for fe7,(Q)
with m<k.

Let a( f) denote the column of Taylor coefficients
a,(f). The representation M, acts on these co-
lumns:

M, (9)a(t)=a(R,,(9)f).

It is written as a lower triangular matrix with the di-
agonal T . ., meN.
The boundary representations L

" are in
a duality.

and M,

7. Poisson and Fourier Transforms

Let us write operators P, and F  _ intertwining
representations R, and T, . We call them Poisson
and Fourier transforms assomated with  canonical
representations.

The Poisson transform P,

U,Vi0,E

D(I)—>C”(Q') givenby

Poviee(U)= P77 _ftr(uy)}™ o (r)dy.

It intertwines T, with R

l1-o-n,e v "
R,, as the restriction to C”(Q') of the representation
R,, acting on distributions in D'(Q).

Fora K -finite function ¢eD,(T') and
oc¢(1-n)/2+Z the Poisson transform has the

following decomposition in powers of p:

(Pyoe)(u) =

is a map

Here we consider

0

’”’"”Z( 0cx?)(7) P*

+p S (D, L0)(7)- s

k=0
where U has polar coordinates p,y. Here C,,, and

D,,, are certain operators acting on D,(T). The
factors p“ 7™ and p """ give poles of the
Poisson transform in o depending on y :
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oc=u-k, o=1-n—u+l, ®)

where k,leN and k=v-¢, I=v—-¢ . If a pole
belongs only to one of series (8), then the pole is simple,
and if a pole belongs to both series (8), then
p#e(1-n)/2+N and the pole is of the second or first
order.

Let the pole o=u—-k, k=v—-¢, be simple. The

residue P vuk Of P at this pole is an operator

yvo‘g

D(F)—)ZE (Q) . Denote the image of this operator by

Vy vk
The Fourier transform F

HUV;0,E

D,(Q)—> D,(T) given by

Frvns f (7)= [t (up)}™ p*7o* 7 f (u)du.

It intertwines R, with T .
The Fourier and Poisson transforms are conjugate to
each other:

is a map

(Frvoe F:0), =(F-Prnrou?) .-

Poles in o of the Fourier transform are situated at
points

o=-N—-u-kK, o=u+1+l, 9)

where k,leN and k=v-g&, I=v-¢ . If a pole
belongs only to one of the series (9), then the pole is
simple, and if a pole belongs to both series (9), then
pe(-1-n)/2—N and the pole is of the second or first
order.

Let the pole o=-n—pu-k,
The residue F vonux Of F

u, V30,6

D, (Q) > D(T), k=v.

is defined in terms of Taylor co-

k=v-¢, be simple.
at this pole is a

“boundary” operator B, ,

The operator B

JTRTA'S

efficients a, (f): it is a linear combination of functions

D,k m(a;(f)). Therefore, we may consider

the following operator B, , acting on columns
a=(a,.a,a,,-:) of functions a eD,(T): this ope-
rator to any column a assigns the column

Bﬂ)vaz(Bﬂ‘V,Oa, B,..a B‘,’V,za,~--) of functions in the

—Dby the same formulas without f .
is given by a lower triangular ma-

same space D, (T)
This operator B
trix.

v

8. Decomposition of Boundary
Representations

The meromorphic structure of the Poisson and Fourier
transforms is a basis for decompositions of boundary re-
presentations L, and M,

Let the pole 0' u—k of the Poisson transform is
simple, in particular, it happens when u eE 1 n / 2+N.
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Then the boundary representation L, is diagonaliz-
able which means that =, (Q) decomposes into the di-

rect sum of V, ,.keN, and the restriction of L,

vk
to V,, . is equivalent to T . . ., (by means of
P/t,v,;t—k )

If a pole is of the second order, then the decomposition
of L,, contains a finite number of Jordan blocks, this
number depends on .

Let the pole o =—-n—pu—k of the Fourier transform
is simple, in particular, when u¢ (—1 - n) / 2—-N. Then
the matrix M, is diagonalizable which means that

B M,.,B,, is a diagonal matrix.
T—n—;z—k,v—k H keN.

If a pole is of the second order, then the decomposition
of M, contains a finite number of Jordan blocks, this
number depends on .

Its diagonal is

9. Decomposition of Canonical
Representations

Let us write decomposition of canonical representations.
We restrict ourselves to a generic case:  lies in strips

Ik:{,u _1+k<Re,u<_ +l+k},keZ.
Case (A): uel,.
Theorem 1 Let wel, . Then the canonical

representation R, decomposes—as the quasiregular
representation [5]—into irreducible unitary representa-
tions of continuous and discrete series with multiplicity
one. Namely, let us assign to a function f e D, (Q) the
family of its Fourier components F, . f
=(1-n)/2+ip, peR, £=0,1,and

Fovin-omem > MeN. This correspondence is G -
equivariant. There is an inversion formula:

©

= J‘w(o-’ g)zpy,v;lfnfa',f: F,Ll,v;o".s‘ f o-:(lfn)/2+ip dp
- ¢ (10)

z W, /zva(m)g F/ivlno-(m)s(m)f

and a “Plancherel formula” for the Berezin form:

0

(f,h)w = Iw(a,g)ZA(y,v;a,g)
X< ﬁvo’sf":yvl n— o’£h>1~ o

+§a)mA(,u,v;0'(m),g(m))

><<F/1,v;1—n*t7(m)>s(m) f, Fﬁvv;ff(m)f(m)h>r '

—(1-n)24ip 9P

(11)
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Here ®(o,¢) and w, stand for the Plancherel mea-
sure for G/H , see [5], the factor A is given by fol-
lowing formula:

A(p,vio,¢€)
_T(—p+0)T(~u—-n+1+0) 1-(-1) cos un
F(—y)r(—ﬂ—n+l)
sin(u+n/2)n+(-1)"sin(c+n/2)n
X
cos(n/2)n—(-1) cos(u+n/2)n

Case (B): wxel,,,,keN.

Here we continue decomposition (10) analytically in
u from I, to I,,,, keN. Some poles in o of the
integrand intersect the integrating line—the line Reo =
(1-n)/2 . They are poles c=x—-m and o=1-n
—p+m of the Poisson transform with 0 <m <Kk . They

give additional summands to the right hand side. So after
the continuation we obtain:

T+i+ D7y (), (12)

m=0 m=0

sin um

where the integral and the series mean the same as in (10)
and

/zvm - L(IU,V m) P/JV/J m ° F/J,V;lfnf/l-HTl,V*m’

L(v,m) are some numbers.
Similarly, the continuation of (11) gives

]i+i ZM (4,v,m)

m=0 m=0 (13)
><<F _ F... h>r’

wvil-n—p+my-m ' > gvig-my—-m

where the integral and the series mean the same as in (11)
and M (u,v,m) are some numbers.

The operators 7,,,, M<Kk, can be extended from

D,(Q) to the space ZX(Q) and therefore to the sum
D! (2)-D, () (@),

Then these operators 7,, . turn out to be projection
operators onto V, .. Moreover, there are some “or-
thogonality relations” for them. Decomposition (13) can
also be extended to the space D) (Q). This decompo-
sition is a “Pythagorean theorem” for decomposition
(12).

Theorem 2 Let pel,,,, keN. Then the space
D,(Q) has to be completed to D¥ (). On this space
the representation R, splits into the sum of two terms:
the first one decomposes as R,, does in Case (A), the
second one decomposes into the'sum of k+1 irreducible

representations T, ... ., Mm=0,1---,k. Namely, let
usassigntoany feD(Q) the family
{ yvo‘sf Fyvl n—-o(m),&(m )f’ﬂy,v,m(f)}
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40 A. A. ARTEMOV

where o=(1-n)/2+ip, neN, m=0,1,---,k . This
correspondence is G -equivariant. There is an inverse
formula, see (12), and a “Plancherel formula”, see (13).

Case (C): uel , ,keN.

Now we continue decomposition (10) analytically in
o from I, to |, ,. Here poles c=—g—n-m and
o=u+l+m, e¢=v-m, m<k, of the integrand (they
are poles of the Fourier transform) give additional terms.
We obtain

m=0 m=0

j+i+ DI, a(f), (14)

where the integral and the series mean the same as in (10)
and

IT =N

wv,m wv.m

P

MV p+l+my—m

oB

um>

N,,m some numbers. The operators II, . can be ex-

tended to the space 7)(Q), m<k. Denote by P

Mu,y,m

the image of IT,, . . It turns out that the operators
IT,, . are projection operators onto P, . and for

them there are some “orthogonality relations”.

Now we continue decomposition (11) from [, to
I ,. Poles of the integrand which intersect the inte-
grating line Rec=(1-n)/2 and give additional terms
(they are poles of both Fourier transforms) turn out for-
tunately to be of the first order, since at these points the
function A as a function of o has zero of the

HV30,E

first order. After the continuation we obtain:

z-i-i—i-zk:K M, v,m)

m=0 m=0 (15)
X<A*/1*”*m Bﬂ,m ( f )’ Bﬁ,m (h)>r 5

where the integral and the series mean the same as in (11),
K(x,v,m) some numbers. It is a “Pythagorean the-
orem” for decomposition (14).

Theorem 3 Let uel ,,, keN. Then the repre-
sentation R, considered on the space T* ( ) splits
into the sum of two terms. The first one acts on the sub-
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space of functions f such that their Taylor coefficients
a,(f) are equal to 0 for m<k and decomposes as
R,, does in Case (A), the second one decomposes into
the direct sum of k+1 irreducible representations
T, nmvm» M<k acting on the sum of the spaces

P,..m- There is an inversion formula, see (14), and a
“Plancherel formula” for the Berezin form, see (15).
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