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ABSTRACT 

This work studies the canonical representations (Berezin representations) for para-Hermitian symmetric spaces of rank 
one. These spaces are exhausted up to the covering by spaces G H  with  SL ,G n  , . For Her- 

mitian symmetric spaces 

GL 1,H n  
G K , canonical representations were introduced by Berezin and Vershik-Gelfand-Graev. 

They are unitary with respect to some invariant non-local inner product (the Berezin form). We consider canonical rep- 
resentations in a wider sense: we give up the condition of unitarity and let these representations act on spaces of distri- 
butions. For our spaces G H , the canonical representations turn out to be tensor products of representations of maxi- 

mal degenerate series and contragredient representations. We decompose the canonical representations into irreducible 
constituents and decompose boundary representations. 
 
Keywords: Para-Hermitian Symmetric Spaces; Overgroups; Canonical Representations; Boundary Representations; 

Poisson and Fourier Transforms 

1. Introduction 

Canonical representations on Hermitian symmetric spac- 
es G K  were introduced by Vershik-Gelfand-Graev [1] 
(for the Lobachevsky plane) and Berezin [2]. They are 
unitary with respect to some invariant non-local inner 
product (the Berezin form). Molchanov’s idea is that it is 
natural to consider canonical representations in a wider 
sense: to give up the condition of unitarity and let these 
representations act on sufficiently extensive spaces, in 
particular, on distributions. Moreover, the notion of ca- 
nonical representation (in this wide sense) can be ex- 
tended to other classes of semisimple symmetric spaces 
G H , in particular, to para-Hermitian symmetric spaces, 
see [3]. Moreover, sometimes it is natural to consider se- 
veral spaces iG H  together, possibly with different 

iH , embedded as open -orbits into a compact mani- 
fold , where  acts, so that  is the closure of 
these orbits.  

G
 G 

Canonical representations can be constructed as fol- 
lows. Let  be a group containing  (an overgroup), 

 a series of representations of  induced by charac- 
ters of some parabolic subgroup  associated with 

G G

P
R G

G H  and acting on functions on . The canonical 

representations  of  are restrictions of  to G . 



R G R
In this talk we carry out this program for para-Hermi- 

tian symmetric spaces of rank one. These spaces are ex- 
hausted up to the covering by spaces G H  with 

 SL ,G n  ,  1, GLH n . For these spaces 
G H , an overgroup is the direct product G G  and 
canonical representations turn out to be tensor products 
of representations of maximal degenerate series and con- 
tragredient representations. These tensor products are 
studied in [4], see also [5]. So we lean essentially on 
these papers [4,5]. We decompose canonical representa- 
tions into irreducible constituents and decompose boun- 
dary representations. Notice that in our case the inverse 
of the Berezin transform ,Q   can be easily written: 
precisely it is the Berezin transform ,nQ    . 

Canonical and boundary representations for G H  in 
the case 2n   (then G H  is the hyperboloid of one 
sheet in ) were studied in [6]. For the two-sheeted 
hyperboloid in , it was done in [7]. 

3
3

In this paper we present only the main results. The de- 
tailed theory of canonical and boundary representations, 
for example, on a sphere with an action of the generaliz- 
ed Lorentz group, can be seen in [8]. 
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Let us introduce some notation and agreements. 
By  we denote  . The sign   denotes 

the congruence modulo 2. 
 0,1,2,

For a character of the group  we shall 
use the following notation 

 * 0  

, sgn ,t t
   t  

where , *t  , 0,1  . 
For a manifold M , let  M  denote the Schwartz 

space of compactly supported infinitely differentiable 
-valued functions on  M , with a usual topology, and 
 M  the space of distributions on M —of anti-li- 

near continuous functionals on  M . 

2. The Space G H  and the Manifold   

We consider the symmetric space G H  where 
, , .  SL ,G n   GL 1,H n  
G

3n 
Mat nThe group  acts on the space  by  ,

1 .x g xg  

Let us write matrices in  in block form 
according to the partition 

Mat ,n 
 1n n


1    of n . Let us 

take the matrix 

0 0 0
.

0 1
x

 
  
 

 

The subgroup H  is just the stabilizer of this point 0x , 
this subgroup consists of block diagonal matrices: 

    10
, GL 1, , det

0
h n


 


.  

    
 

  

Thus, our space G H  is the -orbit of G 0x , it con- 
sists of matrices of rank one and trace one. 

Equip  with the standard inner product n ,x y , let 
1 2

,x x x . Let  be the sphere S 1s  . Let ds  be 
the Euclidean measure on . The group  acts on  
by 

S G S
s sg sg . 

Let  be a cone in   ,n Mat  consisting of matri- 
ces  of rank one. Therefore, the space 0x G H  is 
the section of  by the hyperplane  tr 1x  . 

Introduce a norm x  in  by  Mat ,n 

  1 2
tr ,x xx  

where the prime denotes matrix transposition. 
Let  be the section of  by   1x  . 
Define a map  by S S 

 , .s t t s  u  

It is a two-fold covering. The measure ds  defines a 
measure  on  by du 

   1
d d d ,

2 S S

The action of the group  on  gives the follow- 
ing action of  on 

G S
G  : 

1

1
.

g ug
u

g ug




  

In particular, the subgroup  SOK n , a maximal 
compact subgroup, acts on  by translations: 

1 .u k uk  

Let us consider on   the function 

  , , .p p u s t u t s              (1) 

The action on   has three orbits: namely, two open 
orbits (of dimension 2 2n  ):  and   0p   

 0p    and one orbit of dimension 2n 3 :  
 0p   . The orbit   is a Stiefel manifold, it is the 

boundary of  . Denote      . Each of orbits 
  can be identified with the space G H . The map is 

constructed by means of generating lines of the cone . 

3. Maximal Degenerate Series  
Representations 

Recall [4] maximal degenerate series representations 

,   ,  , 0,1  , of the group . Let G  S  be  
the subspace of  S  consisting of functions   of  

parity  :      1s s
     . The representations 

,    act on  S  by 

   , ,
sg

g s s
sg

g


     
    

 

   
1

1
, 1

= |
'

'

'

sg
g s sg

sg
| .

   


 


 
 
 
 

 

4. Representations of  Associated with  G
G H  

Recall [5] a series of representations ,T   of the group 
 associated with the space G G H . 
Denote by     the space of functions   in 
   of parity 0,1  : 

     1 .
       

The representation ,T   acts on  by   

   
1

1
, 1

.
g g

T g g g
g g



 
   







 
 
 
 

     (2) 

Let , 


 denote the following sesqui-linear form 

   , d .     
 
            (3) 

Define an operator ,A   on  by   
1 ,n  .f u u f t s s t u t s

 
           , tr d .A     


 

 
  
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It intertwines ,T   and 1 ,nT    . The operator ,A   is a 
meromorphic function of  . Let us normalize this 
operator (multiplying it by a function of  ) such that 
the normalized operator ,A 

  is an entire non-vanishing 
function of  . 

There are three series of unitarizable irreducible 
representations. The continuous series consists of ,T   
with  1 2n i    ,   , the inner product is (3). 
The complementary series consists of ,T   with  

 2 2n     2n , the inner product is , ,A  


  

with a factor. The discrete series consists of the repre-  

sentations  ,mT 
  where    2 2m n    m ,  

m , 0,1  , which are factor representations of  

 ,mT   on the quotient spaces    ,Ker mA    . The 

representations  ,mT 
  with the same  and different  m

  are equivalent. It is convenient to take  m 
  1m 

 
where  for odd  and  for 
even . The inner product is induced by the form 

  0m 
n

   

n  m 

,m m  ,A  


. 

5. Canonical Representations 

We define canonical representations ,R  ,  , 
0,1  , of the group  as tensor products: G

, .n nR     
      

They can be realized on : let  denote the 
subspace of  consisting of functions  of 
parity 

   
  f

 :     1 f u  f
 u , then the representation 

,R   acts on  by a formula similar to (2):   

   
1

1
, 1

.
ng ug

R g f u f g ug
g ug



 

  


 
 
 
 

 

The inner product 

   ,f h f u h u u
 
  d            (4) 

is invariant with respect to the pair  , , nR R ,     , i.e. 

   1
, ,, , .      (5) nR g f h f R g h   


  



Consider an operator ,Q   on  defined by   

        ,

, , tr dQ f u c uv f v v
 

   


  ,  

It turns out that the composition , ,nQ Q      is equal to 
the identity operator  up to a factor. We can take E
 ,c    such that 

, , ,nQ Q E       

namely, 

     21
2 1

,

cos cos .
2 2

n n n
c

n n

  
 

 

      1

                

 

With the form (4) the operator ,Q   interacts as fol- 
lows: 

, , ,Q f h f Q h   , .
 
           (6) 

This operator ,Q   intertwines the representations ,R   
and ,nR    , i.e. 

   , , , , , .nR g Q Q R g g         G   

Let us call it the Berezin transform.  
Let     be the space of distributions on   of 

parity  . We extend ,R   and ,Q   to     by (5) 
and (6) respectively and retain their names and the 
notation. 

Let us introduce the following Hermitian form 
  ,

,f h
 

 on    : 

  ,,

1
, ,

2
f h Q f   

 h  

Let us call this form the Berezin form. 

6. Boundary Representations 

The canonical representation ,R   gives rise to two re- 
presentations ,L   and ,M   associated with the boun- 
dary   of the manifolds  (boundary representa- 
tions). The first one acts on distributions concentrated at 



 , the second one acts on jets orthogonal to  . 
We can introduce “polar coordinates” on   corre- 

sponding to the foliation of  into  K -orbits. The K - 
orbits are level surfaces of the function , see (1). For p

1 p 1    the K -orbits are diffeomorphic to  . In 
these coordinates the measure  on  is du 

  3 22d 1 d d
n

u p p ,


   

where d  is the measure on . 
Let f  be a function in . Consider it as a 

function of polar coordinates. Consider its Taylor series 
  

2
0 1 2a a a pp    in powers of . Here p

 a a fm m  are functions in . Denote by  
 k

  k,  , 0,1  , the space of distributions in 
  

k

, having the form 

     
0

,m
m

m

p  

  

where  m m   ,   is the Dirac delta function on  

the real line,  m  its derivatives. Let  

   k
      . 

Denote by  ma f*  Taylor coefficients of the function  
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    
3 221

n
p f


 u . The distribution  acts       m p  

on a function  as follows:  f  

       *, 1 ! , .      (7) 
mm

mp f m a f 


 

Denote by ,L   the restriction of ,R   to    . 
This representation is written as a upper triangular matrix  
with the diagonal , . 1 ,n m mT     

k

m
Distributions in  can be extended in a natural    

way to a space wider than    . Namely, let  k
    

be the space of functions f  of class C  on    and 
 of parity    and having the Taylor decomposition of 

order : k

   0 1 ,k k
kf u a a p a p o p      

where . Then (7) keeps for  ma    kf    
with . m k

Let  denote the column of Taylor coefficients 

m . The representation 
 a f

fa ,M    acts on these co- 
lumns: 

      , , .M g a f a R g f     

It is written as a lower triangular matrix with the di- 
agonal , . ,n m m

The boundary representations 
T      m

,L   and ,M    are in 
a duality. 

7. Poisson and Fourier Transforms 

Let us write operators , ; ,P     and , ; ,F     intertwining 
representations ,R   and ,T  . We call them Poisson 
and Fourier transforms associated with canonical 
representations. 

The Poisson transform , ; ,P     is a map  
 given by    C   

      ,,
, ; , tr d .nP u p u

    
          


   

It intertwines 1 ,nT     with ,R  . Here we consider  

,R   as the restriction to  C   of the representation 

,R   acting on distributions in .  
 


For a -finite function K    and  
 1 2n     the Poisson transform has the 

following decomposition in powers of : p

     

  

,
, ; , , ,

0

1,
, ,

0

,

n
k

k

k
k

k

P u p C p

p D

   
     

   
 

 

 


   




   



 







k

p




 

where  has polar coordinates u ,p  . Here , ,kC   and  

, ,kD   are certain operators acting on    . The 
factors ,np         and 1,p         give poles of the 
Poisson transform in   depending on  : 

, 1 nk ,l                  (8) 

where ,k l  and k    , l   . If a pole  
hen the pobelongs one of se  t le is simple, 

and if a pole belongs to both series (8), then 
only to ries (8),

 1 2n    and the pole is of the second or first 
or

Let 
der. 

 k   , k    , be simple. The  the pole

residue , ,
ˆ

kP    of , ; ,P     at this ole is an operator  p

   
k  . Denote the image of this operator by  

, ,kV  . 
The Fourier , ; ,F   transform  is a map  
        given by

 tr

  
,   ,

, ; , d .F f u p f   
       


 u u

It intertwines 

 
 

,R   with ,T  . 
n trThe Fourier  Poisso an

ea
 and sforms are conjugate to 

ch other: 

, ; , , ; ,, , nF f f P          .
 
  

Poles in   of the Fourier transform are situated at 
po

,l

ints 

, 1n k                  (9) 

where ,k l  and k    , l   
(9), then

. If a pole 
belongs  the pole is 
simple, and if a pole belongs to both series (9), then 

 only to one of ries the se

 1 2n     and the pole is of the second or first 
or

Let 
der. 

the pole n k     , k    , be simple.  

The residue , ,F̂ n k   

perator 

 of  at th ,;F  , is pole is a 

“boundary” o    , ,kB    , k:    . 

The operator , ,kB   is d yl - 

efficients 

e  terms of Tafined in or co

 ma  is a linear combination of functions f : it

  , ,n k kD a f    . Therefore, we may consider 

rator ,B

*
mm  

the following ope    acting on columns  
 0 1 2, , ,a a a a   of functio  ka   : this ope-  

rator to any col
ns 

umn a  assigns the column  

 , , ,0 , , , ,2, , ,B a B a B B a          of functio1a ns in the  

same space    —by the same formulas without f . 
This operator ,B   is given by a lower triangular m - 
trix. 

8. D

a

ecomposition of Boundary  

Th ure of the Poisson and Fourier 

Representations 

e meromorphic struct
transforms is a basis for decompositions of boundary re- 
presentations ,L   and ,M   . 

Let the pole k     the Poisson transform is 
si

 of
mple, in particu pens when  lar, it hap 1 2n   . 
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Then the boundary representation L ,   is diagonaliz  - 
able which means that     deco ses into the di- mpo

rect sum of , , ,kV k    the restriction of ,L, and     

to , ,kV   is e to 1 ,n k kT       (by means f quivalent  o

If a pole is of the second order, the e decomposition 
of

, , k   ). P̂

n th
 ,L   contains a finite number of Jordan blocks, this 

num  depends on ber  . 
Let the pole n k     

rticular, when 
of t urier transform 

is
he Fo

 simple, in pa  1 2n    . Then 
the matrix ,M    is diagonali ns that  

1
, , ,B M B

zabl ch meae whi

     
 a diagonal matrix. Its diagonal is  is 

If a pole is of the second order, the e decomposition 
of

,n k kT      , k . 

n th
 ,M    contains a finite number of Jordan blocks, this 

num pends on ber de  . 

9. Decomposition of Canonical  

Le on of presentations. 

Representations 

t us write decompositi  canonical re
We restrict ourselves to a generic case:   lies in strips 

1 1n n    : Re , .
2 2kI k k k      

 
  

Case (A): 



0I . 
1 Let Theorem 0I . Th e canonical 

re
en th

presentation ,R   decomposes—as the quasiregular 
representation into irreducible unitary representa- 
tions of continuous and discrete series with multiplicity 
one. Namely, let us assign to a function 

[5]—

 f D   the 
family of its Fourier components , ; ,F f , 

 
   

1 2n i    ,   , 0,1  , and  
h responde   , ;1 ,n m mF     , m . T is cor nce is G -  

equivariant. There is an inversion formula: 

   

   

, ;1 , , ; 1 2

, ; , , ;1
0

, dn n i

m m m n
m

f P f

P F f

        


         

,

,m m

F 

 

   



    




 









(10) 

and a “Plancherel formula” for the Berezin form: 



     

 

    

       

,

, ; , , ;1 , 1 2

0

, ;1 , , ; ,

, , , ; ,

,

, ; ,

, .

n n i

m
m

n m m m m

f h

F f F h

m m

F f F h

 


         

       

      

d

    



 ,  



    





  

 



 






    (11) 

Here  and m  stand for the Plancherel mea- 
sure for G H ,

ula: 
 see [5  the factor is given by fol- 

lowing form
],    

 
   

   
 

     
     

, ; ,

1 1 1 cos π

1 sin π

sin 2 π 1 sin 2 π

co π

n

n

n n



 

   



.
s 2 1 cos 2 πn n



   
  

 



         
 

     

   




 

 

Case (B): 1,kI k   . 
Here we continue decomposition (10) analytically in 

 to 1kI  , k  from 0I . Some poles in   of the 
integrating line—the line integrand intersect the Re   

 1 2n . They are poles m    and 1 n    
m   of the 

give additional summands to the right hand side. So after 
the continuation we obtain: 

       (12) 

wh n  and the ser  a

Poisson transform with 0 m k  . They 

 , , ,
k

mf f 
 

     
0 0m m 

ere the i tegral ies mean the same s in (10) 
and 

 , , , , , ;1
ˆ, ,m mL m P F            , ,    n m m

 , ,L m   are some numbers. 
Similarly, the continuation of (11) gives 

   ,
0 0

, ,
k

m m

f

, ;1 , , ; ,, ,n m m m m

,h M   
 

 

   
     (13) 

where the integral and the series mean the same as in (11) 
and 

m

F f F h             


 , ,M m   
he ope

are some numbers. 
T rators , ,m  , m k , can be extended from  

    to the space  k
   and therefore to the sum 

     .k k
           

Then these operators , ,m   turn out to be
operators onto there are some “or- 

(1
Theo

 projection 
 , ,mV  . Moreover, 

thogonality relations” for them. Decomposition (13) can 
also be extended to the space  k

  . This decompo- 
sition thagorean theorem”  is a “Py for decomposition 

2). 
rem 2 Let 1kI  , k . Then the space 

    
the represe

has to On this space 
ntation 

be completed to 

,R
 k

 . 

   splits int
s as 

o the sum of two terms: 
the first one decompose ,R   does in Case (A), the 
second one decomposes into the sum of 1k   irreducible  
representations 1 ,n m mT      , 0,1, ,m k  . Namely, let  

us assign to any  kf    th   

     
e family

 , ; , , ,, ;1 ,, , mn m mF f F f f             
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  1 2n i    , n ,
ivariant.

where   This 
co -equ  
formula rel form

0,1, ,m k  .
Trrespondence is G here is an inverse 

, see (12), and a “Planche ula”, see (13). 
Case (C): 1kI k,    . 
Now we continue decomp ion (10) analytically in osit

  from 0I  to 1kI  . Here poles n m      and 
1 m    , m   , m k , of the integrand (they 

are poles of the F form) give addourier trans itional terms. 
We obtain 

  ,
k

m, ,
0 0m m

f f

 

     
 

   (14) 

where the integral and the series mean the same as in (10

     

) 
an

m

some bers. T perat

of e op
 
ere are 

Now we continue decomposition (11) from

d 

, , , , , ; 1 ,m m mN P B        

, ,m   num he o ors , ,m   can be ex- 
tended to the space  k

  , m k . Denote by , ,m   
the image 

, ,m     

N  

, ,m 
them th

 , , 
are projection 

some

m . It turn
operat

 “orthogon

s ou
ors onto 
ality relatio

t that th

n

erators 
 and for , ,m 

s”. 
 0I  to 

1kI  . Poles of the integrand which intersect the inte- 
grating line  Re 1 2n    and give additional rms

e poles of both Fourier transforms) tu  o r-
tely to be of the first order, since at these po

 te
ut fo

ints th

 
 (they ar

tuna
functi

rn
e 

on , ; ,     as a function of   
 o

has 
ntinua n we

zero of the 
first order. After the co tio btain: 

   

   

,
0 0

, , ,
k

m m

f h K m   
 

 

, ,, ,n m m mA B f B h     

   



where the int ies mean the same as in (11), 
 , ,

  

egral and the ser

(15) 

K m   some numbers. It is a “Pythagorean the- 
orem” for decomposition (14). 

Theore et 1 kIm 3 L  , k  Then the repre- 
sentation ,R

.

   considered on the space  k
   splits 

into the sum of two terms e a

space of functions f  such that their Taylor coefficients 
 ma f  are equal to 0 for m k  and decomposes as 

,R   does in Case ( c e decomposes into 
the direct sum of 1k

A), the onse ond 
  irreducible representations 

,n m mT      , m k  acting on the sum of the spaces 

, ,m  . There is an nversion formula, see (14), and a 
herel formula” for the B n form, see (15). 
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