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ABSTRACT

In many practical situation, some of the attribute values for an object may be interval and set-valued. This paper intro-
duces the interval and set-valued information systems and decision systems. According to the semantic relation of at-
tribute values, interval and set-valued information systems can be classified into two categories: disjunctive (Type 1)
and conjunctive (Type 2) systems. In this paper, we mainly focus on semantic interpretation of Type 1. Then, we define
a new fuzzy preference relation and construct a fuzzy rough set model for interval and set-valued information systems.
Moreover, based on the new fuzzy preference relation, the concepts of the significance measure of condition attributes
and the relative significance measure of condition attributes are given in interval and set-valued decision information
systems by the introduction of fuzzy positive region and the dependency degree. And on this basis, a heuristic algorithm
for calculating fuzzy positive region reduction in interval and set-valued decision information systems is given. Finally,
we give an illustrative example to substantiate the theoretical arguments. The results will help us to gain much more
insights into the meaning of fuzzy rough set theory. Furthermore, it has provided a new perspective to study the attrib-
ute reduction problem in decision systems.

Keywords: Interval and Set-Valued Information Systems; Fuzzy Preference Relation; Interval and Set-Valued Decision

Information Systems; Fuzzy Positive Region; Dependency Degree; Significance Measure

1. Introduction

Rough set theory, introduced by Pawlak in 1982, is a
useful mathematic approach for dealing with uncertain,
imprecise and incomplete information [1]. It has attracted
much attention from researchers.

In Pawlak’s original rough set theory, partition or
equivalence (indiscernibility) relation is an important and
primitive concept. But partition or equivalence relation is
still restrictive for many applications. It is unsuitable for
handing incomplete information systems or incomplete
decision systems. To address this issue, several interest-
ing and meaningful extensions to equivalence relation
have been proposed in the past, such as tolerance rela-
tions [2-5], dominance relations [6] and others [7-19].
Particularly, in 1990, Dubois and Prade combined fuzzy
sets with rough sets in a fruitful way by defining rough
fuzzy sets and fuzzy rough sets.

Fuzzy rough sets were first proposed by Dubois and
Prade to extend crisp rough set models [20,21]. Fuzzy
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rough sets encapsulate the related but distinct concepts of
vagueness and indiscernibility, both of which occur as a
result of knowledge uncertainty. Fuzzy rough set models
have been a popular topic in recent years. In this paper,
we introduce the interval and set-valued information sys-
tems and decision systems. Interval and set-valued in-
formation systems are important type of data tables, and
generalized models of set-valued information systems
and interval-valued information systems. Several authors
have studied about interval and set-valued information
systems. Lin et al. [6] introduced interval and set-valued
information systems and presented a dominance-based
rough set model for the interval and set-valued informa-
tion systems. However, interval and set-valued informa-
tion systems have not been investigated under the frame-
work of fuzzy rough set model. The main objective of
this paper is to introduce a fuzzy rough set model for
interval and set-valued information systems by defining a
fuzzy preference relation for interval and set-valued in-
formation systems.
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In rough set theory, an important concept is attribute
reduction [2,13,14,16-18,22,23], which can be consid-
ered as a kind of specific feature selection. In other
words, based on rough set theory, one can select useful
features from a given data set. Recently, more attention
has been focused on the area of attribute reduction and
many scholars have studied attribute reduction based on
fuzzy rough sets [2,16-18,22,23]. Dai et al. [2] proposed
a fuzzy rough set model for set-valued data and investi-
gated the attribute reduction in set-valued information
systems based on discernibility matrices and functions.
Yao et al. [16] proposed an attribute reduction approach
based on generalized fuzzy evidence theory in fuzzy de-
cision system. Shen et al. [17] studied an attribute reduc-
tion method based on fuzzy rough sets. Hu et al. [18]
also proposed an attribute reduction approach by using
information entropy as a tool to measure the significance
of attributes. Rajen B. Bhatt and M. Gopal [22] put for-
ward the concept of fuzzy rough sets on compact com-
putational domain based on the properties of fuzzy t-
norm and t-conorm operators and build improved feature
selection algorithm. Zhao et al. [23] revisited attribute
reductions based on fuzzy rough sets, and then presented
and proved some theorems which describe the impacts of
fuzzy approximation operators on attribute reduction.
However, attribute reduction based on fuzzy rough set in
interval and set-valued decision information systems has
not been reported. In this paper, a fuzzy preference rela-
tion is defined and the upper and lower approximations
of decision classes based on the fuzzy preference relation
are given. Moreover, the definition of the significance
measure of condition attributes and the relative signifi-
cance measure of condition attributes are given in inter-
val and set-valued decision information systems by the
introduction of fuzzy positive region and the dependency
degree. And on this basis, a heuristic algorithm for cal-
culating fuzzy positive region reduction in interval and
set-valued decision information systems is given.

The remainder of this paper is organized as follows. In
Section 2, we give a brief introduction to interval and
set-valued information systems and fuzzy preference rela-
tion. In Section 3, we propose a fuzzy rough set model
for interval and set-valued information systems by defin-
ing a new fuzzy preference relation. In Section 4, fuzzy
positive region reduction in interval and set-valued deci-
sion information systems is introduced into interval and
set-valued decision information systems. To substantiate
the theoretical arguments, an illustrative example is given
in Section 5. In Section 6, we conclude this paper.

2. Preliminaries

2.1. Interval and Set-Valued Information
Systems

As a result of limitation of subjective and objective con-
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ditions and the interference of random factors, people
often get an approximation of the data in data acquisition
of the data in data acquisition. In an information system,
it may occur that some of the attribute values for an ob-
ject are similar, we often make it difficult to determine
the similar values. Therefore, sometimes there are some
object’s attribute values in information systems can not
be determined, but we can know the range, which leads
to the interval and set-valued information systems.

Definition 2.1.1. [6] Let P and Q are ordinary sets,
if the range of variable R takes set P as the lower
limit, set Q as the upper limit, then the variable R is
called interval and set-valued variable.

Definition 2.1.2. [6] An information system is a quad-
ruple S=(U,AV, f), where the universe U is a non-
empty finite set of objects, A is a non-empty finite set
of attributes, V is the union of attribute domains

[V = Uva], V, is the set of all possible values for

acA
attribute a and V, is an interval and set-valued vari-
able, f:UxA—V isafunction that assigns particular
values from attribute domains to objects, then the infor-
mation system is called an interval and set-valued infor-
mation system.

The semantics of interval and set-valued information
systems have been studied by different approaches, which,
actually, fall into two types [6]:

Type 1: vxeU, aeA, the value of attribute a
for object x is denoted by V , Where f.(x),
f,7(x) are the finite sets, and satls y condition:

min (.7 (x)) > max( f; (x))
min (£, (x ))<V () <max( f,(x)),

i.e. the minimum of set f,"(x) at least equal to the
minimum of set f. (x), at most equal to the maximum
of set f;(x). The value of attribute a for object x
is interpreted disjunctively. For example, if a denotes
the environmental risk assessment index of enterprise

investment, then V, (( =V

the lowest grade of the environmental risk assessment
index is 1, the highest grade may be 2 or 3.
Type 2: VxeU, acA, the value of attribute a

for object x is denoted by V

can be interpreted as:

) , Where

fo (x), f, (x) are the finite sets, and satisfy conditions:
cf (x) i.e. the minimum of set AR
fa (%)

at least contalns f, (x), at most equal to f,"(x). The
value of attribute a for object x is interpreted conjuc-
tively. For example, if a denotes the oral expression

f()CV

a
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ability, then V" ()) =V T C™ ) can be inter-
preted as: x can speak English, but may also speak

French and German. Therefore, the value of

En’;?l';h French.Geman} - hay be {English}, {English, French},
{I%ngllsh German} or {English, French, German}.

In this paper, we mainly focus on semantic interpreta-
tion of Type 1.

2.2. Fuzzy Preference Relation

Definition 2.2.1. [7-12] A fuzzy preference relation
R on a set of U is a fuzzy set on the product set
U xU , which is characterized by a membership function:
R:UxU —[0,1]. If the cardinality of U is finite, the
preference relation can also be conveniently represented
bya nxn matrixM (R)=(r;)  where

r = R(x,,xj), r,e[01]. r is mterpreted as the pref-

erence degree of the x; over X;.

ﬁa(x xJ)

ET AL.
1 . .. . .
i :E indicates that there is no difference between

X and X;.
r; =1 indicates that x; isabsolutely preferred to x;.
1. . .
i >§ indicates that x; is preferredto x;.

is usually
ni+r =1,

In this case, the preference matrix M (R)
assumed to be an additive reciprocal. i.e.
Vi, jef{l--,n}. )

Definition 2.2.2. [14] R is called weak reflexive, if
R(%.% )= % (vx eU).

3. Fuzzy Rough Set Model for Interval and
Set-Valued Information Systems

Definition 3.1. Let S=(U,AV,f) be an interval
and set-valued information system, vVae A, a fuzzy
relation R can be defined as:

{xk\min(f;(x ))>m|n( ())Amax( S (% ))Zmax(fa‘(xi))}‘

{xk\min(fa*(xk))z min(fa*(xi ))/\max(fa’(x ))> max ‘

For a set of attributes B < A, a fuzzy relation Ry is
defined as: Rg (X, )=inf R, (X, ).

A aeB
Obviously, there are some important properties of the
fuzzy relation defined above:

D Ra(x.%)=

2) R,(%.%)+R,(x;,%)=1, we know that R_ is
additive reciprocal.

Hence, R is afuzzy preference relation.

Definition 3.2. Let S=(U,AV,f) be an interval
and set-valued information system, R is a fuzzy pref-
erence relation on U, Vx, eU, Bc A, a fuzzy pref-
erence class P, (x) of x eU induced by the rela-
tion R canbe aefmed as:

[

Pre (%) :ZJF
regarded as the fuzzy information granule), where
r; = Re (xl,x]f). Here, “+” means the unions of elements.
P (x;) is afuzzy set, and the fuzzy cardinal number of

Rg :
Ps, (X )‘ = Z;rij :
j=

For a finite set X, Vx; € X, we have r; <1, then
the cardmallty of P, ( x;) is also finite and
P, ()] <.

I5ef|n|t|on 3.3. Give a fuzzy preference relation R
on U. Vae[01], the a—cuts is a crisp relation,

%,we know that R, is weak reflexive;

[
2 y..qtn (P, (%) canalso be
X, X,

P. (x) isdefined as:

Rg
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xk\mln

(xk)) min( f; (Xj ))’\ max( fa (Xk)) 2 max( fa (Xi ))H

where
1 R(x.x)2a
0 ﬁ(x X )

117
Theorem 3.1. Let S=(U,AV, f) beaninterval and
set-valued information system, R is a fuzzy preference
relatiorj on U, vx,x;eU, B,CcA, if BcC,
then R. c Ry ie. VX, X; €U ,if BcC,then

R (x,,xj)c R ( - J)
Proof. It easy to prove according to Definition 3.1.

4. Fuzzy Positive Region Reduct in Interval
and Set-Valued Decision Information
Systems

In this section, we investigate fuzzy positive region re-
duct with respect to the fuzzy preference relation in in-
terval and set-valued decision information systems.
Definition 4.1. Given an information system

S=(U,A f,d,g), where the universe

U ={x,%, -, X,} is a non-empty finite set of objects,
A={a,a,, - a,} isanon-empty finite set of condition
attributes, d is a non-empty finite set of decision at-
tributes, f:U — A is a function that assigns particular
values from condition attribute domains to objects,
g:U —d is a function that assigns particular values
from decision attribute domains to objects, then the in-
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formation system is called an interval and set-valued
decision information system.

Definition 4.2. Let S=(U,A f,d,g) be an interval
and set-valued decision information system, R is a fuzzy
preference relationon U, U/d ={D,,D,,---,D,},

D, eU/d, 1<k <r, then define two fuzzy operators as

follows:
R, (%%,

Ra(Dy )(% )= sup (R (x,,xj))
XjeDy

R.(D)(x) and R,(D,)(x) are called fuzzy lower
approximation operator and upper approximation operator
of decision class D, with respectto R, respectively.

Theorem 4.1. Let S=(U,A, f,d,g) be an interval
and set-valued decision information system, B,C c A,
then the following properties hold:

1) vCcB,wehave R.(D,)<Rs(D,),

170,

A(D)(x)= inf (1-R

Xj Dy

Rs (D)= R. (Dy)-
R

2) Rane (D)= Ra (D)NR: (DY)
Tsmc(Dk)QE( )UR( )
Proof. Since C < B, according to Theorem 3.1, we
know R, (%% )<= R (x,,xj) Therefore,
1-R. (%,x,)<1-R ( %)
Be (D))= Jof (- (1)
< Jnf (1-Re (%)) =R < %)
R (D) (x) = sup (Ro (x.,)
< 38 (R (53)) = Re (B (x)
Therefore, the equation R. (D,)< Rs(D,) and

R (D) =R (Dy) is proved

2) Since B(1C < B,BNC < C, then according to 1),
we have Rgqc (Dk)gBB(Dk)vBBﬂC (Dk)QBc (Dk)'
Therefore, the equation Ry (D, ) < Rs (D )NRe (Dy)
is proved, and the equation
Ranc (D) 2 Rs (D )JUR. (D, ) can be proved in a simi-
lar way.

Definition 4.3. Let S=(U,A, f,d,g) be an interval
and set-valued decision information system andB c A,
decision class U/d ={D,,D,,---,D,}, D, eU/d. Then
the fuzzy positive region of d with respect to B is
denoted by POS, (d), the membership function is de-
fined by

POSg (d)(x )= sup

Dy <U/d

Rs (D )(%) vx eU

Open Access

With respectto B < A, according to Theorem 4.1, we
have Ry (D, )< R, (Dy), hence, POS,(d)c POS,(d).

Definition 4.4. Let S=(U,A, f,d,g) be an interval
and set-valued decision information system and
aeBcA. If POS, , (d)=POS;(d), then the at-

tribute a in B is dispensable. Otherwise, the attribute
a in B is indispensable. If each attribute of B is
indispensable, then B is called independent. All indis-
pensable attributes of A is called the core of interval
and set-valued information system, which is denoted by
Core(S).

Definition 4.5. Let S=(U,A, f,d,g) be an interval
and set-valued decision information system and B < A,
B is a fuzzy positive region reduct of S if

1) POSg(d)=POS,(d),
2) YaeB,POS, , (d)=POS,(d).

Fuzzy positive region reduct in interval and set-valued
decision information systems is the minimal attribute
subset that keeps positive region invariant, and it is easy
to prove that for any fuzzy positive region reduct B of
S, wehave Core(S)cB.

Generally speak, information system S may have
many reducts, all the reducts of S is denoted by Red(S).
According to the definition of core, it is easy to get the
following theorem:

Theorem 4.2. Let S=(U,A f,d,g) be an interval
and set-valued decision information system, then we have
Core(S)=Red(S), i.e. Core(S) is the intersection
of all reducts of S .

Definition 4.6. Let S=(U,A, f,d,g) be an interval
and set-valued decision information system and B < A.
Then the dependency degree of d to B is defined by

2. POSg (d)(x)

}’B(d)ZXiEU |U|

vx eU

Obviously, 0<y,(d)<1, and with respect to B c A,
we have y,(d)<y,(d).

Definition 4.7. Let S=(U,A, f,d,g) be an interval
and set-valued decision information system. If y, (d):l,
then S is called a consistent decision system; otherwise,
it is referred to as an inconsistent decision system.

Theorem 4.3. Let S=(U,A, f,d,g) be an interval
and set-valued decision information system and B < A,
then B is a fuzzy positive region reduct of S if and
only if

1) }/B(d):}/A(d)a
2) Vae B,yB(d)>ny{a}(d).

Proof. The necessity of obvious, we prove the suf-
ficiency in the following:

If POSg(d)=POS,(d), according to Theorem 4.1
and Definition 4.3, 3x, €U , such that
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POS, (d)(x%)<POS, (d)(x ), then yy(d)<y.(d),
which contradicts ;/B(d): A (d) . On the other hand, If
JaeB, such that a is dlspensable then we have
POS, }( )=POS, (d ) ( )="7s. {a}(d), which
contradicts 75(d)>73 { . Therefore B is a fuzzy
positive region reduct otJ S Hence, we complete the
proof of Theorem 4.3.

Definition 4.8. Let S=(U,A, f,d,g) be an interval
and set-valued decision information system and B c A,
Va e B, the significance measure of a in B is defined
as:

Sig(a,B,d) =74 (d) -7 (d)

Theorem 4.4. Let S=(U,A f,d,g) be an interval
and set-valued decision information system, then the core
attribute of S satisfies

Core(S)={ae A:Sig(a,A,d)>0}
Proof.

aeCore(S)< y,(d)> Vaia) (d)<Sig(a,Ad)>0

Definition 4.9. Let S=(U,A, f,d,g) be an interval
andset-valued decision information system, Bc A,
a e A-B, then the relative significance measure of attri-
bute a to B isdefined as

Sigs (a,d) = gy (d)— 75 (d)

Give an interval and set-valued decision information
system S =(U,A f,d,g), according to the significance
measure and the relative significance measure, we can
get a calculation method of fuzzy positive region reduct.
The specific steps are written as follows:

Algorithm. Fuzzy positive reduct in interval and set-
valued decision information systems.

Input: An interval and set-valued decision information
system S=(U, A f,d, g).

Output: Fuzzy positive reduct of interval and set-
valued decision information system S =(U, A, f,d,g).

Step 1. Compute the dependency degree y,(d),

Step2. Vae A, compute Sig(a,Ad),
Core(S)={ae A:Sig(a, A,d)>0§, If
Veore(s) (d) =74 (d), then Core(S) is a fuzzy positive
region reduct of S . Otherwise, we need to go to Step 3.

Step 3. Let B =Core(S), with respect to condition
attribute subset A— B, cycle the following steps:

1) Vae A-B, compute relative significance measure
Sigg (a,d).

2) Choose Va, € A—B, such that

SigB(ao,d):arD%SigB(a,d) and make B=BU{a,} .

3)If yy(d)=y4(d),then B isfuzzy positive region
reduct of S . Otherwise, return to 1).
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5. Hlustrative Example

Example. Table 1 depicts an interval and set-valued
decision information system containing information about
risk investment of a company, where
U ={X, X, X;, %, %} denotes five companies,
A={a,a, 8,88, = {market risk, technology risk,
operational risk, environmental risk, product risk, finan-
cial risk}, and d is the decision attribute.

By Definition 3.1, we can know.

<
—_
0

n)=

<
—_
A

. )=

NIFPOIWRIRPNIFPNIN NRPOIWR[WN| RO W NFRPOWwNNDNRE NN
OION|FPAFRPOICUIIN OGN RPNRPO|IN|FR OlON|F, O oloo N
NIPOIWRRPNIRPNIN NPOWOIWN| PO Ww NP oWwN[NDN P NN

N OO|WWIkLrNON|FP 0N RPN[RPo|OIN| R NOalwN|k NN -
OO WNIPO|GWIN O ON|RPN|FRPOOaN|FR, NogdlwN|k Nl

Table 1. An interval and set-valued decision information
system.

U a, a, a, a, a, a, d

VgV vy v vl 1

O

% Vol Vi Ve W PR 1

A

R S A 2
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. )=

According to Definitio
Ru (% %;) =inf R, (x,x;

" acA

Wehave M (R,)=
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o

1) Computer the dependency degree
Dl = {Xl’ Xa} ) Dz = {Xz’ Xy Xs}
According to Definition 4.2, we have

R,(0)(x)=¢ Ri(D:)(x)=7
R.(D)(%) = RA(Dz)(xz)zg
R,(D)(x)=2 Bu(D,)(x)=3
R(D)(x)=7 Ri(Do)(x)=3
R,(D)(x)=3 Ru(D,)(x)=>

According to Definition 4.6, we have
1/3 1 5 1 1 44
d)== =—

103 1.5 1 1) #
VA{al}(d):g( j:ﬁ

B b s S S
52 6 2 2

gy_1(3,1.5 1 1) 44
(755757 67272) 7

1(3 1 51 1}_44

d)==| —+=+=+=+=|=—
7ae (=553 6727278

(d)—l(§+l+i+l+lj—ﬁ
Taw M) T8l 6727 2) 775

(d)—l[§+§+§+£+§j—ﬂ
Pates\%) =5 5 8 2T 277 )T 1400

(@)=3(3,1,3,1, 1) 4
P\ 557276 2 2)7 75
(According to Definition 4.7, since
yA(d):1(§+£+§+l+£j=ﬂ¢l, so this decision
55 2 6 2 2) 75
information system is an inconsistent decision system.)

2) Compute Core(S) (the significance measure of
each attribute)

According to Definition 4.8, we have

Sig(a,,A,d)=0 Sig(a,,Ad)

0

Sig(a;, A, d)=0 Sig(a,,Ad)=0

Sig(aS,A,d):g—Z>0 Sig (8, Ad)=0

17
Therefore, Core(S)={as}, s (d)= 0" 7a(d).

3) Compute the relative significance measure

AM



1518 H.WANG ET AL

Let B=Core(S)={a,}, according to Definition 4.9,
we have

Sigs (a,d) = 7g1a (4) =75 (d) = %‘% 510
Sigg (a,,d) = yBU{az}(d)_yB(d) ; ;z)

Sigs(as'd):%U{as}(d)_yB(d) ;1: ég 510
SigB(a4,d)=7Bu{a4}(d)_78(d):%_%:%
Sigg (as,d) = yBUas}(d)%(d):%‘%:%
SigB<a6.d>:yBU{a6}<d>—ys<d>=3—§-%=%

@)_1(3,1,5,1,1) 4
et W 7557276 2 2) 75
(@y=23,1,5, 1.1 :ﬂ_y
Ywad (D) =553 +272) 75 /Al
103 15 1 1) 44
d)=2[2 22,2, 1) 2
Zauas) (4) 5(5 276 2 2) 75
3,1,5,1,1)_4_
d A P P .4
s (@)= 5[5 276 2 2) 75

Hence, {a.a;}, {a;a}, {a,.a} and {a;a;} are
the fuzzy positive region reducts in interval and set-val-
ued decision information system. We can conclude that

product risk is the core influencing factor and market risk,

operational risk, environmental risk and financial risk are
the important influencing factors.

6. Conclusions

It is well known that attribute reduction is a basic issue in
rough set theory. Recently, the attribute reduction based
on fuzzy rough set in decision information systems has
attracted the attention of many scholars.

In this paper, we introduce a fuzzy rough set model for
interval and set-valued information systems by defining a
fuzzy preference relation. The concepts of the signifi-
cance measure of condition attributes and the relative
significance measure of condition attributes are given in
interval and set-valued decision information systems by
the introduction of fuzzy positive region and the de-
pendency degree. And on this basis, a heuristic algorithm
for calculating fuzzy positive region reduction in interval
and set-valued decision information systems is given.

The results will help us to gain much more insights
into the meaning of fuzzy rough set theory. Furthermore,
it has provided a new perspective to study the attribute
reduction problem in decision systems.
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