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ABSTRACT

In this paper, we introduce a new class I', which is weaker than a known class ¥, of real continuous functions

defined on [0,+oo), and use another method to prove the known unique common fixed point theorem for four

mappings with y -contractive condition instead of y -contractive condition on 2-metric spaces.
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1. Introduction

The second author has obtained an unique common fixed
point theorem for four mappings with y -contrac- tive
condition [1,2] on 2-metric spaces in [1], where y is a
continuous and non-decreasing real function on [O,+oo)
satisfying that y (t)<t for all t>0. The re- sult gen-
eralizes and improves many corresponding results.

Here, we introduce a new class I'" of real functions
defined on [0, +oo), and reprove the well known unique
common fixed point theorem for four mappings with
w -contractive condition replaced by y -contractive
condition on 2-metric spaces. The method used in this
paper is very different from that in [1].

At first, we give well known definitions and results.

Definition 1.1. ([3,4]) A 2-metric space (X,d) con-
sists of a nonempty set X and a function

d: XxXxX—[0,+%0)

such that

1) for distant elements X,y e X , there exists an
ue X suchthat d(xy,u)=0;

2) d(x,y,z)=0 if and only if at least two elements
in {Xy,z} areequal;

3) d(xYy,z)=d(uv,w), where {u,v,w} is any
permutation of {X,Y,Zz} ;

4) d(xy,z)<d(xy,u)+d(xu,z)+d(u,y,z) for
all x,y,zue X.
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Definition 1.2. ([3,4]) A sequence {x,}  in 2-met-
ric space (X,d) is said to be cauchy sequence, if for
each £>0 there exists a positive integer N €N such
that d(x,,X,.a)<e¢ forall aeX and n,m>N.

Definition 1.3. ([5,6]) A sequence {X,} . is said to
be convergentto xe X ,if foreach ae X,

limnod (X, %,@)=0.
And write X, — X andcall X the limit of {Xn
X,

Definition 1.4. ([5,6]) A 2-metric space (
said to be complete, if every cauchy sequence in
convergent.

Definition 1.5. ([7,8]) Let f and g be two self-
mappings on a set X .If w= fx=gx for some Xe X,
then X is called a coincidence point of f and ¢, and
w is called a point of coincidence of f and ¢.

Definition 1.6. ([9]) Two mappings f,g: X — X
are said to be weakly compatible if, for every xe X,
holds fgx=gfx whenever fx=gx

The following three lemmas are known results.

Lemma 1.7. ([3-6]) Let (X,d) be a 2-metric space
and {X,} . asequence. If there exists he[0,1) such
that

}neN'
d) is
X is

d(Xy12%,1-8) <hd (%1, %;,8)
for all ae X and neN, then d(X,,X,,%)=0 for
all nmleN,and {x} . isacauchy sequence.

Lemma 1.8. ([3-6]) If (X,d) isa 2-metric space and
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2 A.L.JIN, Y. J. PIAO

sequence {X.} . —>Xxe X, then
limno-.d (X,,0,¢) = d (x,b,c)

foreach b,ce X.

Lemma 1.9. ([7,8]) Let f,g:X — X be weakly
compatible. If f and g have a unique point of coinci-
dence w= fx=gx, then w is the unique common
fixed pointof f and g.

2. Main Results

Denote by T' the set of functions y : [O,+oo) - [0, +oo)

satisfying the following:
(I"'1) y iscontinuous; (I'2) y(t)<t forall t>0.
Denote by P2 the set of functions

w :[0,+90) —[0,+0)

satisfying the following:

(C1) w is continuous and non-decreasing; (C 2)
w(t)<t forall t>0.

Obviously, y is stronger than ¥ .

d(STy,a)< qy{max{d(\]x, ly,a),d(Jx Sxa),d(ly,Ty,a), ,

where 0<q<1 and yel.Ifoneof
S(X),T(X),1(X)

and J(X) is complete, then T and |, S and J

have an unique point of coincidence in X . Further,

{I,T} and {S,J} are weakly compatible respectively,
then S T,1,J have an unique common fixed point in

d (yzn’ y2n+1’a) = d (S(Qn’TXZnH’a)

sqy[max{d(axwlxmﬂ,a),d(szﬂ,S%,a),d(lxm,mm,a),

d (yZn—la y2n+1’ a)}J

2

= qy(max {d (yzn—la y2n9 a)’ d (yzm y2n+1’ a)’
If

max{d(yznl’ y2n7a)=d(y2na y2n+1aa ) 2

for some ae X, then d(Y,,,¥,,,.a)=0, hence we
have that

max {d ( y2n—1’ y2n9 a): d (y2n9 y2n+1’ a)’

Open Access

Example 2.1. Define y(x):[0,20) —[0,%) as fol-
low:

%X, for 0<x<1

7(x)= —%x+1, for 1<xs§

-, for x> i
3 3
. . 1 1
Obviously, y €T, but since y(1)= 573° 7(2), so

ye'V.

The following is the main conclusion in this paper.
Theorem 2.2. Let (X,d) be a 2-metric space,

ST,I,J: X > X
four mappings satisfying that
S(X)c1(X) and T(X)cJI(X).

Suppose that for each X, y,ae X,

M

d(3Ty,a) d(ly, S@a)H
2 2 ’

X.
Proof Take any element X, € X, then in view of the

conditions S(X)c=T(X) and T(X)c J(X), we can
construct two sequences {X,} and {y,} as follows:

y2n = S(Zn = IX2n+l$ y2n+l :TX2n+l = ‘]x2n+2’ n= 051’“"
Forany n=0,1,---,

d(JX2n5TX2n+lﬁa) d(|X2n+l’S<2n’a) (2)
2 ’ 2

)M}zo

d (y2n’ y2n+19a) < qd (y2n—19 y2n’a)'

Hence we can assume now that

d (Y2n71» y2n+1aa)} >0
2
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forall ae X .
If

) d (yzn—lﬂ y2n+1 > a)

max{d(yZn19y2n9a)’d(y2n’y2n+19a s > }:d(yvayZnH’a)

for some ae X, then (2) becomes that
d (yZn’ y2n+l s a) < q}/(d ( y2n9 y2n+l s a)) < qd ( y2n= y2n+1 ’ a)’

which is a contradiction since ¢ <1. Hence we have that

d(Yanois Yones5@ d(Yanois Yones5@
max{d(yZn—lsy2n’a)’d(y2ns y2n+l5a)3(2+21)} = max{d(yZn—l»y2n7a)a(2+2l)}

forall ae X .

d (y2n—l H y2n+l ’ a)

5 for some ae X, then from (2),

If d(Yon s Yon-2) >
d(Yans Yar1:8) S Q7 (A (Yo 15 Yorr@)) <A (Yo 1 Yono @) 3)

d ( y2n—1 > y2n+1 4 a‘)

If d(Ysny, Yons@) < for some ae X, then from (2),

2
d(Yan: Yan»@) < qy(d (o ,2y2n+1,a)J < yzn_lz’ font)
“)
< q|:d (yZn—l’ Yons Yonu ) +d (yzn—l’ Yons a) +d ( Yons Yonsis a)]
< > .
If d ( Yon-1> Yans Yansi ) >0, then
d (y2n—l H y2n! y2n+l ) = d (S(ZWTXZHH > yZn—l )
d J n’T n+l» y n-
Sq(/ly(max{d(‘]x?n’IX2ﬂ+1’y2n—1)’d(‘]X2n’S<2n’ y2n—l)’d(lx2n+l’TX2n+l’ y2n—l)’ ( % );2 = 1)>
d ( IX2n+1 H S(va y2n—1 )
2
= Q}/(d ( Yan-1> Yan> Yana )) <qd (yzn—la Yans Yanst )’
which is a contradiction since 0<q<1 . hence
d(y2n—19y2n’y2n+l)=0' d(yzn’yznﬂja)Srqd(yznfljyzn’a). ©)
So (4) becomes that
By (3) and (6), we obtain that
d(Yan: Yanir-2)
< q[d(yzn—lﬂ yznﬂa)+d(y2nﬂ y2n+17a):|. (5) d(yznv y2n+1’a)£max{qarqq}d(y2nla y2n9a) (7)

2

Hence we obtain that =qd (yZ”-l’ Yon> a) ,vaeX.
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Similarly, we can obtain that for each n=0,1,---,

A (Yaners Yone2r @) S 60 (Yon: Yaporn@), YAEX . (8)
Combining (7) and (8), we have that

d (Vo1 Yne2-8) < A (Y, Your @), Vae X.. ©

Hence {y,} is Cauchy sequence by Lemma 1.7.
Suppose that | (X) is complete, then there exists
uel(X) and ve X such that

y2n = S(Zn = IX2n+1 —>u= IV‘

(If S(X) is complete, then there exists ue S(X)
< I (X), hence the conclusions remains the same).
Since

A(Yanr-1:8) <A (Yanus Yons @)+ A (Yap, 1)
+d (Yans Yan-U)
and {y,} is Cauchy sequence and {y, }—>u, we

know that {y,,,,} >u.
Forany ae X,

d(u,Tv,a) <d(Y,,, Tv,a)+d (U, Y,,,a)+d (U, Y,,, Tv) =d (S, Tv,a) + d (U, Y,,,a) +d (U, Y,,, TV)

< qy[max{d(sz”, lv,a),d(Jx,,, S%,,a),d(Iv,Tv,a),

d(Jx,,,Tv,a) d(Iv,Sx,,a)

5 , 5 H+d(u, Yan-@)+d (U, Y5, TV)

d(Y,.Tv,a) d(u,y,,.a)

= qy(max {d (Yan1>U:2),d (Yanss Yono2),d (U, Tv, @),

Let n— oo, then by Lemma 1.8, the above becomes
d(u,Tv,a)<qgy(d(u,Tv,a)).

If d(u,Tv,a)>0 for some ae X, then we obtain
that

d(u,Tv,a)<qd(u,Tv,a),

5 , 5 }J+d(u, Yan-a)+d (U, ¥y, TV).

which is a contradiction since 0<q<1 . Hence
d(u,Tv,a)=0 for all ae X, so Tv=u=Iv, i.e, u
is a point of coincidence of T and |, and Vv is a co-
incidence pointof T and | .

On the other hand, since u=TveT(X)c J(X),
there exists we X such that u=Jw. By (1), for any
ae X,

d(SN,U,a)S d(SN’ y2n+17a)+d(y2n+l7u’a)+d(y2n+1’u7 SN) = d(S,v’TX2n+l’a)+d(y2n+1’u’a)+d(y2n+l’u’ SN)

2 2

< q}/(max{d(\]w, 1X,p,1,@),d (Iw, Sw,a),d (1%, Ty p,15 @) ,

+d(y2n+l’u9a)+d(y2n+19u’SN)

- qy[max{d (U, ¥poa),d(u,Sn,a),d(Ysns Yanei»@)s

+d (Yo U, @)+ d( Yy, U, SW).

Let n— oo, then we obtain that
d(Sw,u,a)<qy(d(Swu,a)).

If d(Swu,a)>0 for some ae X, then the above
becomes that

d(Sw,u,a)<qd(Swu,a),

d(zu,a)=d(STv,a)

<qy max{d(Jx,Iv,a),d(Jx,Sga),d(Iv,Tv,a), 5 ,

=gr(d(zu,a))<qd(zu,a),

Open Access

d (JW’TXZTHI’ a) (Ix2n+1’ Sw, a)}J

d (U, y2n+l’a) d(yzn’ SN’a)
2 ’ 2

which is a contradiction since 0 <q<1,so d (SN,U, a) =
forall ae X .Hence Sw=u=Jw,i.e U isapoint of
coincidence of S and J, and w is a coincidence
pointof S and J.

If z=SX=Jx is another point of coincidence of Sand
J, then there exists ae X such that d(Z,u,a) >0,
and we have that

d(IxTv,a) d(|v,2$<,a)}]
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which is a contradiction. So d(Z,u,a) =0 for all
ae X, hence z=u, i.e U is the unique point of co-
incidence of S and J. Similarly, we can prove that u
is also the unique point of coincidence of T and | .

By Lemma 1.9, u is the unique common fixed point
{S,J} and {T, I} respectively, hence u is the
unique common fixed point of ST,1,J.

If J(X) or T(X) is complete, then we can also
use similar method to prove the same conclusion. We

omit the part.

The following particular form of Theorem 2.2 for
w -condition is the main result in [1]. The detailed proof
can be found in [1].

Theorem 2.3. Let (X,d) be a 2-metric space,
S,T,1,J: X — X four mappings satisfying that S(X)

cI(X) anwd T(X)c J(X). Suppose that for each
x,ye X,

d(STy,a)< qw(max{d(\lx, ly,a),d(Jx, S,a),d(ly,Ty,a), d(Jx,zTy,a))d(Iy, S(’a)}J,Vae X, (10)

where 0 < g <1 and ye¥. If one of S(X),T(X),

I(X) and J(X) is complete, then T and I, S
and J have an unique point of coincidence in X.
Further, {I,T} and {S,J} are weakly compatible res-

pectively, then S T,l,J have an unique common fixed
pointin X.

2

Using Theorem 2.2, we can give many different type
fixed point or common fixed point theorems. But we give
only the next two contractive or quasi-contractive ver-
sions of Theorem 2.2 for two mappings.

Theorem 2.4. Let (X,d) be a 2-metric space,
ST:X —> X two mappings satisfying that for each
X, y,ae X,

2 2

T
d(S<,Ty,a)sqy[maX{d(x,y,a),d(x,&,a),d(y,Ty,a),d(x’ y’a),d(y’&’a)}}

where 0<q<1 and yeTl . If one of S(X) and
T(X) is complete, then S and T have an unique
common fixed pointin X .

d(xy.a)< q;/[max{d(JX, ly,a),d(Jx x,a),d(ly,y,a), ,

where 0<q<1 and yeI'. Then | and J have an

unique common fixed pointin X .
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