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ABSTRACT

In this paper we characterize those hemirings for which each k-ideal is idempotent. We also characterize those hemir-
ings for which each fuzzy k-ideal is idempotent. The space of prime k-ideals (fuzzy k-prime k-ideals) is topologized.
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1. Introduction

The notion of semiring, introduced by H. S. Vandiver in
1934 [1] is a common generalization of rings and dis-
tributive lattices. Semirings play an important role in the
development of automata theory, formal languages, op-
timization theory and other branches of applied mathe-
matics (see for example [2-8]). Hemirings, which are
semirings with commutative addition and zero element
are also very important in theoretical computer science
(see for instance [3,6,7]). Some other applications of
semirings with references can be found in [5-7,9]. On the
other hand, the notions of automata and formal languages
have been generalized and extensively studied in a fuzzy
frame work (cf. [8-10]).

Ideals play an important role in the structure theory of
hemirings and are useful for many purposes. But they do
not coincide with usual ring ideals. For this reason many
results in ring theory have no analogues in semirings
using only ideals. Henriksen defined in [11] a more re-
stricted class of ideals in semirings, which is called the
class of k-ideals. These ideals have the property that if
the semiring R is a ring then a subset of R is a k-ideal if
and only if it is a ring ideal. Another class of ideals is
defined by lizuka [12], which is called the class of
h-ideals. In [13] La Torre studied these ideals, thor-
oughly.

The concept of fuzzy set was introduced by Zadeh in
1965 [14]. Many researchers used this concept to gener-
alized different notions of algebra. Fuzzy semirings were
first studied by Ahsan et al. [15] (see also [16]). Fuzzy
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k-ideals are studied in [17-22]. Fuzzy h-ideals are studied
in [23-29]. In this paper we characterize those hemirnigs
for which each k-ideal is idempotent and also those
hemirings for which each fuzzy k-ideal is idempotent.
The rest of this is organized as follows.

In Section 2, we summarize some basic concepts
which will be use throughout this paper; these concepts
are related to hemirings and fuzzy sets. In Section 3,
k-product and k-sum of fuzzy sets in a hemiring are given.
It is shown that k-product (k-sum) of fuzzy k-ideals of a
hemiring is a k-ideal. Characterization of k-hemiregular
hemiring in terms of fuzzy left k-ideal and fuzzy right
k-ideal is also given in this section. Section 4 is about
idempotent fuzzy k-ideals of a hemiring. Different char-
acterization of hemirings in which each fuzzy k-ideal is
idempotent is given. In Sections 5 and 6, prime, semi-
prime, irreducible fuzzy k-ideals are studied. In last sec-
tion, the space of prime k-ideals (fuzzy k-prime k-ideals)
is topologized.

2. Basic Results on Hemirings

A semiring is an algebraic system (R,+,-) consisting of
a non-empty set R together with two binary operations
called addition “+” and multiplication “-” such that
(R,+) and (R,-) are semigroups and connecting the
two algebraic structures are the distributive laws:

a-(b+c)=a-b+a-c and (b+c)-a=b-a+c-a

forall a,b,ceR.
A semiring (R,+,-) is called a hemiring if “+” is
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commutative and R has a zero element 0, such that
a+0=0+a=a and a:-0=0-a=0 for all aeR. An
element 1€ R (if it exists) is called an identity element
of R if l.a=a-1=a for all aeR. If a hemiring
contains an identity element then it is called a hemiring
with identity. A hemiring (R,+,) is called a commuta-
tive hemiring if “-” is commutative in R.

A non-empty subset A of a hemiring R is called a sub-
hemiring of R if A itself is a hemiring with respect to the
induced operations of R. A non-empty subset | of a
hemiring R is called a left (right) ideal of R if 1)
a+bel for all abel and 2) rael (arel) for
all ael, reR. Obviously 0el for any left (right)
ideal | of R. A non-empty subset | of a hemiring R is
called an ideal of R if it is both a left and a right ideal of
R. A left (right) ideal | of a hemiring R is called a left
(right) k-ideal of R if for any a,bel and xeR from
x+a=Db itfollows xel.

By k-closure of a non-empty subset A of a hemiring R
we mean the set

K:{XeR:X+a:bforsomea,beA}.

It is clear that if A is a left (right) ideal of R, then A is
the smallest left (right) k-ideal of R containing A. So,
A=A for all left (right) k-ideals of R. Obviously

A=A for each non-empty AcR. Also AcB for
all AcBcR.

2.1. Lemma

The intersection of any family of left (right) k-ideals of a
hemiring R is a left (right) k-ideal of R.

2.2. Lemma

AB=AB for any subsets A, B of a hemiring R.

2.3. Lemma

[30] If A and B are, respectively, right and left k-ideals of
a hemiring R, then

AB — ANB.

2.4. Definition

[30] A hemiring R is said to be k-hemiregular if for each
aeR,thereexist X,y eR suchthat a+axa=aya.

2.5. Lemma

[30] A hemiring R is k-hemiregular if and only if for any
right k-ideal A and any left k-ideal B, we have

AB=ANB.

A fuzzy subset u of a non empty set X is a function
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#:X —>[0,1]. Imgu denotes the set of all values of .
A fuzzy subset g:X —[0,1] is non-empty if there ex-
ist at least one xe X such that x(x)>0. For any
fuzzy subsets 4 and u of X we define

A<ue A(x)< pu(x),
(2Am)(x)=A(X) A u(X) = min {A(x), #(x)}

(A3 1)(x) = A()v su(x) = max{2(x). ()}

forall xe X .

More generally, if {ﬂ,, e I} is a collection of fuzzy
subsets of X, then by the intersection and the union of
this collection we mean the fuzzy subsets

[/\ﬂf.j(x)= Ak (%) =inf {4 (x)},

iel iel iel

(VA 0=y 00 =sup 4 ().
respectively.

A fuzzy subset A of a semiring R is called a fuzzy
left (right) ideal of R if for all a,be R we have

1) A(a+b)=A(a)ai(b),

2) A(ab)=2(b),(4(ab)=2(a)).

Note that A(0)>A(x) forall xeR.

2.6. Definition

[21] A fuzzy left (right) ideal A of a hemiring R is
called a fuzzy left (right) k-ideal if
X+y=2->A(x)2A(y)aA(z) forall x,y,zeR.

2.7. Definition

Let A be a fuzzy subset of a universe X and te[0,1].
Then the subset U (A;t)={xeX:A(x)2t} is called
the level subset of 4.

2.8. Proposition

Let A be a non-empty subset of a hemiring R. Then a
fuzzy set 1, defined by

t ifxeA

S otherwise

where 0<s<t<1, is a fuzzy left (right) k-ideal of R if
and only if A is a left (right) k-ideal of R.
Proof. Straightforward. o

2.9. Proposition

[23] If A,B are subsets of a hemiring R such that
ImA, =ImA; then

1) AcB&A4,<4;,

2) A~y =Apg -
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2.10. Proposition

A fuzzy subset A of a hemiring R is a fuzzy left (right)
k-ideal of R if and only if each non-empty level subset of
R is a left (right) k-ideal of R.

Proof. Suppose A is a fuzzy left k-ideal of R and
te(0,1] such that U (A;t)#¢.Let a,beU(4t), then
A(a)=t and A(b)>t.As A(a+b)=4(a)ai(b),so
A(a+b)>t.Hence a+beU(A;t).For reR,

A(ra)>A(a) so A(ra)=t. This implies raeU(A;t).

Hence U (A;t) is a left ideal of R.Now let a+x=b
for some a,beU(4;t), then A(a)>t and A(b)>t
Since A(x)>4(a)a4(b),so A(x)>t.Hence
xeU (A;t). Thus U (A;t) isaleft k-ideal of R.

Conversely, assume that each non-empty subset
U(A;t) of R is a left k-ideal of R. Let a,beR such
that A(a+b)<A(a)ai(b). Take te(0,1] such that
A(a+b)<t<i(a)ai(b),then a,beU(A;t) but
a+beU (4;t), a contradiction. Hence
A(a+b)=4(a)ai(b).

Similarly we can show that A(ab)>A(b).

Let X,y,ze R such that x+y=1z . If possible let
A(X)<A(y)AA(z). Take te(0,1] such that A(x)<
t<A(y)ai(z), then y,zeU(A;t) but xeU(At),
a contradiction. Hence A(X)>A(y)AA(z). Thus A is
a fuzzy left k-ideal of R. o

2.11. Example

The set R= {O, 1, 2,3} with operations addition and mul-
tiplication given by the following Cayley tables:

+ 0 1 2 3
0 0 1 2 3
1 1 1 2 3
2 2 2 2 3
3 3 3 3 2

0 1 2 3
0 0 0 0 0
1 0 1 1 1
2 0 1 1 1
3 0 1 1 1

is a hemiring. Ideals in R are {0}, {0,1}, {0,1,2},
{0,1,2,3} . All ideals are k-ideals. Let t,,t,,t,,t, €(0,1]
such that t >t, >t, >t,.

Define l:R—)[O,l] by

A(0)=t,
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A(1)=t,
A(2)=t,
A(3)=t,
Then
{0,1,2,3} ift<t,
{0,1,2}  ift, <t<t,
U (A;t)=<{0,1} ift, <t<t,
{0} if't, <t<t
¢ ift>t,

Thus by Proposition 2.10, A is a fuzzy k-ideal of R.

3. k-Product of Fuzzy Subsets

To avoid repetitions from now R will always mean a
hemiring (R,+,").

3.1. Definition
The k-product of two fuzzy subsets x4 and v of R is

defined by
. ,HZ\I#(a )} [av(b )}

(1O v)(x)= oV

and (u©,v)(x)=0 ifxcan not be expressed as
X+ ab =) ajb).
i=1 i=1
By direct calculations we obtain the following result.

3.2. Proposition

Let u,v,w,A be fuzzy subsets of R. Then y<® and
VEA>uO vEwO, 4.

For any subset A in a hemiring R, y, will denote the
characteristic function of A.

3.3. Lemma

Let R be a hemiring and A,B < R. Then we have
1) AcB ifandonlyif y,c y;.
2) 2aNXe = Zne-
3) XaOu X =Xs5-
Proof. 1) and 2) are obvious. For 3) let xeR. If

xe AB, then z(x)=1 and x+Zm;piqi:Zn;p}q} for
io1 =

some p;,p;€A and (;,q; € B. Thus we have
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0= v pn@]a| ]| (s o] )]

i=1 i=1

and so
X)=1= 1z
#0. Then

(ZAOk ZB)
If x¢AB, then X5 =0 . If possible, let (x, O, x5)(X
(1O z)(X)= V. H%(ai)HMB(bi)H_/\le(a;)H_/\lzB(b;)ﬂ¢o.
x+Yaib=Yajbj LLI= 1= 1= i=
El

i=l j=

(
)

Hence there exist p;,q;, pj,q; € R such that

X+ PG = pjd]
i=1 j=1

and

that is (24 O 28) (%) = 255 (X) - 0
ZA(pi):ZA(p;):ZB(qi):zB(q})zla
— 3.4. Theorem
hence p;,pj €A and @;,q; B, andso xeAB which
is a contradiction. Thus we have If A,u are fuzzy k-ideals of R, then 10O, i is a
A fuzzy k-idealof R and AQ, u<AApu.

(24 O 78)(x) = 0= 775 (X). Proof. Let Au be fuzzy k -ideals of R . Let

Hence in any case, we have X,y € R, then

m

o= v [ pata)]s[fo) ] et )|

and

o= v || aste) || Al || nte) | e

Thus

m L
X+ ajby = i=l1
i=1

sl 2O e oo o]

k=1

(050N~ v, et o Rt | A [ )]

-V v H/\;L(ai )HM(bi )}A{Xﬂ(a} )}A{;\ﬂ(bi )}

n p q M
x+Yajbi=3 ajbj | y+ Y cdg=2cidf LLI=!
j=1 k=1 1=1

{k/\plz(ck )}A[gﬂ(dk)}{%@(c;)}{;\]ﬂ(d')m

Copyright © 2013 SciRes. AM
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Since for each expression x+) ab, => ajb; and y+ chd = chd,’ we have

i=1 j=1 =1

X+y+za|b| +ch v _Zc,dI +Za] .

so we have

oIz Y [[axe s p 0] et | 0] =20, i)

Similarly,
woum= v [ Ra(a) o] futt) | ) [ )]
x+Yaib= Y ajbj Li=l i=1 j=1 Jj=1
< V., {A/i(ai)}/\|:/\,u(bir):|/{/\/1(a})}/\[/\y(b;r)ﬂ
x+ 3 aib =Y ajb] Li=1 i=1 j=1 j=1
i=1 j=1
[ p . 9
S V| AH) ] pstn ] e [ )] = (20, o)
xr+ > gehy =3 gihj LLK=1 k=1 I=1 1=l
k=1 I=1
Analogously we can verify that no m
(A0, 1)(xr)2 (A0, u)(x) for all r,xeR . This X+ ajb;=b+> ap,
means that 1O, ¢ is a fuzzy ideal of R. d "
To prove that x+a=b implies and, consequently,
n | | m
(20, 1)(X)2(210, ) (@) A (2O, u)(b) X+ ajb; +chdk :b+chdk +Zaibi
j=1
observe that p m m p
m =2 Cydg +2.ab Z b+ cd
a+y ab, Za b! and b+chd —Zcq NC)) ¢! = = ¢!
= Therefore
together with x+a=Db, gives x+a+zm:aibi:b+zm:aibi. X+Za +Zde —Zab +Z:Cq 0 2)
i=1 i=1 j=1
Thus Now, we have

(10, 1) (Q)A(20, 1)(b)= v H }A

a+2a,h ZajbJ
i=1

et

gl 6 W ] [P“f)]

- LY { o fato ] A o] puto)]
) |

a+Yajb= Y ajbj | b+ chdk Zc,d|

|:/\ﬂ, Ck /\|:

o gg{w([;\ft(gs)}/\[/\ﬂ(hs)}/\[/w\i(g{)}/\[/W\y(h[')D — (10, 1)(X).

IA
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Thus
(404 1) (@) A (A0, ) (b) < (2O, p)(X).

Hence (A0, i) is a fuzzy k-ideal of R.
By simple calculations we can prove that

AO, U< AAp. m]

3.5. Definition

The k-sum A+, x4 of fuzzy subsets 4 and g ofR is
defined by

(24 ) () A (A ) (y)

|:X+(a1+b1):(a2+b2)|: (al ) A

" iy (120122 (0)

x+(aj+bf )=(a3+b} )

M) au(d)nu(o)][a] v

bf
Au(b)Ai(a)ri(a

(A4 1) (x)
= sup [l(al)/\/i(az)mu(b,)A,u(bz)],
x+(a+by)=(az +b; )
where x,a,,b,a,,b, eR.

3.6. Theorem

The k-sum of fuzzy k-ideals of R is also a fuzzy k-ideal
of R.

Proof. Let A,u be fuzzy k-ideals of R. Then for
X,Yy,r e R we have

):(aé+bé)[ﬂ(a:)M(a;)w(u)Au(b;ﬂ}
3) A (b)) A (b))

= VvV (A(a+a))ai(a,+ay)Au(b +b))Ap(b,+b)))

x+§al+bl ;:Eaz +by

] x+(al+bl o) [/l(ral)A/l(raz)/\y(rbl)/\y(rbz)]

x+(af +bj )=(a3 +b3
S(x+y>+(cl+\4):(cz+dz>['1(cl)A/I(CZ)A”(dI)A”(dZ)}:(/1 ) (xy):
Similarly,
A \ Ala
( i ,U)( (ay+by)=(a-+by) [
<
- rx+(a|+bT)/: (a5+b3) [l /\ﬂ( )

Similarly (A+, )(X)<(A+, u)(rx).
that (/1+k ,u) is a fuzzy ideal of R

Now we show that x+a=Db implies
(A+ 1)(X)2(A+, u)(@)A(A+ #)(b) . For this let
a+(a+b)=(a,+b,) and b+(c,+d,)=(c,+d,) Then,

This proves

x+a+(c +d)=(c,+d,)
whence

x+a+(c +d)+(a +b)=(c,+d,)+(a +b)
(4+ u)(@) A(4+, u)(b)

a+(ay+by )=(a +by )

} (A+a)(

and
x+(a+a +b)+(c +d)=(c,+d,)+(a +b).

Then

x+(a,+b,)+(c,+d,)=(c,+d,)+(a +hb).
Thus

x+(a,+¢)+(b,+d;)=(a +c,)+(b +d,).

Therefore

[ﬂ(al)/\/l(az)/\,u(bl)/\,u(bz)ﬂ

AL AN EICY Al(cz)w(dl)w(dz)ﬂ

- a+(a1+b1;:(a2+bz
b+(c;+d f(c2+d2)

a a1+b =a2+b2
+(c+d; )=(cy+d; )

x+(a'+b’)=(a"+b") I:ﬁ (a ) AL (au) A

<

<

Copyright © 2013 SciRes.

vV )(ﬂ(al)/\/l(az)/\y(bl)/\,u(bz)Axl(cl)/\ﬂ,(CQ)/\,u(d,)/\,u(dz))

a2+Cl)/\/1(a1+Cz)/\y(b2+d1)/\y(bl+d2))

() A pa(b")] = (24 1) (X)-
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Thus A+, ¢ is a fuzzy k-ideal of R. o

3.7. Theorem

If u is a fuzzy subset of a hemiring R, then the follow-
ing are equivalent:

1) u satisfies a) ,u(x+y)>m1n{,u(x),,u(y)} and
b) x+a=b— u(x )>m1n{,u( (b)},

2) propsu.
Proof. 1) > 2) Let xeR, then

(14, 1))
= o) [” (a)nu(a)np(b)au(b)]
['” 8, +az)/\,u b+b ] by (1)

by (2)

<

<

x+(ay+by )=(ay+by )
<u(x)

Thus pu+, u<pu.
2) — 1) First we show that #(0)>p(x) for all
xeR.

#(0)= (p+ u)(O)

)Au(by ) (b,)]

0+ a|+b| (ap+by) [,Ll

> p(X) A p(X) A p(x ) ﬂ(X)

because 0+ X+ X = X+ X
= u(x).

Thus £(0)>u(x) forall xeR.
Now

H(x+Y) = (p+ ) (x+Y)
= X+y+(a]+})l/):(a2+bz)[ﬂ(al)/\ﬂ(az)/\ﬂ(bl)/\/l(bz )]
2 u(0) A p(0) A p(x) A (y)
because X+ Y+0+0=x+Yy
=u(x)Au(y)
(because ,u(O) > y(x) forall x e R).
Again
#(x) 2 (b p)(x)
= \% [u(a)Au(ay)np(b)au(b)]

x+(ag+by )=(ay +by)
If x+a=b then x+a+0=b+0 andso
#(x)= u(@) A p(0) A pr(b) A p(0) = pa(a) A (b)
(because #(0)= u(x) for all x e R).

3.8. Lemma

A fuzzy subset p in a hemiring R is a fuzzy left (right)
k-ideal if and only if
D p+op<u,

Copyright © 2013 SciRes.

2) 2eOu<p (MO xr<H).

Proof. Let x be a fuzzy left k-ideal of R. By Theo-
rem 3.7, u satisfies 1). Now we prove condition 2). Let
xeR.If (xg O #)(X)=0, then
(2= O 1)(x ) (#)(x) . Otherwise, there exist elements

a.,b,aj,b] €R such that x+) ab, Za

-0, a5, b . Then we
i=1

have
(ZR Oy ,U X

(x)
= { /m\u(b )}

x+2a,b Za]b]

W | {M ) ﬂ
e o] ptem]
ool o]

IA

IA
3

x+2a,bi Za bj
i=1

IN

u1(x)=u(x).
x+Za,bi Zab

This implies that y, O, g< u.

Conversely, assume that the given conditions hold. In
order to show that x is a fuzzy left k-ideal of R it is
sufficient to show that the condition (xy)=> u(y)
holds. Let X,y € R . Then we have

2(xy) 2 (e O 1) (%)
- Vv

N H/\u( )}AE\I/I(Q )}

| ) )]

since Xy+0y=xy , so u(xy)>u(y) and x is a
fuzzy left k-ideal of R. a
For k-hemiregular hemirings we have stronger result.

3.9. Theorem

A hemiring R is k-hemiregular if and only if for any
fuzzy right k-ideal & and any fuzzy left k-ideal v of
Rwehave uO,v=unv.

Proof. Let R be a k-hemiregular hemiring and u,v
be fuzzy right k-ideal and fuzzy left k-ideal of R, respec-
tively. Then by Lemma 3.8, we have
HOVSuO <y and puO,v<y, O, v<v.Thus
HO, v<unv . To show the converse inclusion, let
x e R. Since R is k-hemiregular, so there exist a,a’eR
such that X+ xax = xa'’x . Then we have
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This implies that 4O, v =2 g Av . Therefore
HOV=unlv.

Conversely, let C, D be any right k-ideal and any left
k-ideal of R, respectively. Then the characteristic func-
tions y., yp ofC, D are fuzzy right k-ideal and fuzzy
left k-ideal of R, respectively. Now, by the assumption
and Lemma 3.3, we have

Xep = Xc Ok Xp = Xc AN Xp = Xenp-

So, CD=CND . Hence by Lemma 2.5, R is k-
hemiregular hemiring. ]

4. ldempotent k-ldeals

From Lemma 2.5 it follows that in a k-hemiregular

hemiring every k-ideal A is k-idempotent, that is AA=A.

On the other hand, in such hemirings we have
A0, A=A forall fuzzy k-ideals A .Fuzzy k-ideal with
this property will be called idempotent.

4.1. Proposition

The following statements are equivalent for a hemiring
R:

1) Each k-ideal of R is idempotent.

2) ANB=AB for each pair of k-ideals A, B of R.

3) xeRXRxR forevery xeR.

4) X < RXRXR for every non empty subset X of R.

5) A=RARAR for every k-ideal A of R.

If R is commutative, then the above assertions are
equivalent to

6) R is k-hemiregular.

Proof. 1) — 2) Assume that each k-ideal of R is idem-
potent and A, B are k-ideals of R. By Lemma 2.3,

ABc ANB. Since ANB is a k-ideal of R, so by 1)
ANB=(ANB)(ANB)c AB. Thus ANB=AB.

2) — 1) Obvious.

1) > 3) Let_x e R. The smallest k-ideal containing X
has the form (x)=Rx+XR+RxR+N"x, where N’ is
the set of whole numbers. By hypothesis

(=000 =00 Thus

XE(RX+XR+RXR+NOX)(RX+XR+ RxR+N°x)

< RXRRXR < RxRxR.

Copyright © 2013 SciRes.

3) — 4) This is obvious.
4) — 5) Let A be a k-ideal of R. Then

A=ACRARARC AAC A=A.Hence A=RARAR.
5) — 1) This is obvious.
If R is commutative then by Lemma 2.5, 2)<>3). o

4.2. Proposition

The following statements are equivalent for a hemiring
R.

1) Each fuzzy k-ideal of R is idempotent.

2) A0, t=AAu forall fuzzy k-ideals of R.

If R is commutative, then the above assertions are
equivalent to

3) R is k-hemiregular.

Proof. 1) > 2)Let 4 and u be fuzzy k-ideals of R.
By Proposition 3.2, (AAu)O, (AAu)<A0O, u. Since
AAu is a fuzzy k-ideal of R, so by hypothesis A A u
is idempotent. Thus A A p=(AA ) O (AAu)<A0, u.
By Theorem 3.4, 1O, u<AAu.Thus A0, u=AAu.

2) — 1) Obvious.

If R is commutative then by Theorem 3.9, 2)<>3). 0

4.3. Theorem

Let R be a hemiring with identity 1, then the following
assertions are equivalent:

1) Each k-ideal of R is idempotent.

2) ANB=AB for each pair of k-ideals A, B of R.

3) Each fuzzy k-ideal of R is idempotent.

4) A0, u=Ainu forall fuzzy k-ideals of R.

Proof. 1) «>2) By Proposition 4.1.

3) < 4) By Proposition 4.2.

1) > 3) Let xeR. The smallest k-ideal of R contain-
ing X has the form RXR . By hypothesis, we have

RXR = (ﬁ)(ﬁ) = RXRRXR . Thus
X € RXR = RXRRXR , this implies

m n
X+ D EXsUXt = > rxsiuft]
i-1 i=1

for some ri,si,ui,ti,rj’,s},u},t} eR.

As A(x)<A(rxs)) and A(x)<A(uxt) for each
ie{l,2,---,m}, so

A(x)g/m\/l(rixsi) and A(x)<

(uxt;).

S 5

Therefore A(x)< [/m\/l(rixsi )} /{/m\(uixti )} .

i=1 i=l

Similarly

Therefore
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ﬂ(x)s[/m\/l(rixsi)}\[;\(uixti )}/{j/i\]/l(rj’xs} )}/\{i\]ﬁ(u}xt})}

i=1

< Vo ([/m\i(rixsi)}/{;\(uixti)

><+Zr,xs,u Xtj= Zr]xsjujtj i=1 i=1

i=1

Hence A<A0O, 4. By Theorem 3.4, 10, A1<4.
Thus A0, A=4.

3) > 1) Let A be a k-ideal of R, then the characteristic
function y, of Ais a fuzzy k-ideal of R. Hence by hy-
pothesis  y, = ¥a Oy Xa =¥z~ Thus A=AA. i

4.4, Theorem

If each k-ideal of R is idempotent, then the collection of
all k-ideals of R is a complete Brouwerian lattice.

Proof. Let £; be the collection of all k-ideals of R,
then L is a poset under the inclusion of sets. It is not
difficult to see that L£; is a complete lattice under the
operations LI, M definedas ALUB=A+B and
AMB=ANB.

We now show that £; is a Brouwerian lattice, that is,
forany A,Be /L, theset
Ly (AB)={leL;|ANI =B} contains a greatest ele-
ment.

By Zorn’s Lemma the set L;(A,B) contains a
maximal element M. Since each k-ideal of R is idempo-
tent, so Al=ANlcB and AM =AM cB. Thus
Al'+ AM < B. Consequently, Al+AM cB=B.

Since I+M=1UMefL;, , for every Xxel+M
there exist i,i,el, m,m,eM such that
X+i,+m, =i, +m,. Thus dx+di +dm, =di,+dm, for
any deDef;. As di,di,eDI, dm,dm, DM, we
have dx e DI + DM , which implies

((ﬂ, Ok 5)+k /u)(x) = x+(a|+b|\)/=(az+b2)

[ At At | |20, 20

j=1 j=l

D(I +M)g DI+DM cDI+DM cB.
Hence D(I +M )g B . This means that

DN(T+M)=D(1+M)cB, i, 1+MeL,(AB),

whence 1+M =M because M is maximal in Ly (A,B).
Therefore |cTcl+M=M forevery |e£L,(AB).
O

4.5. Corollary

If each k-ideal of R is idempotent, then the lattice £; of
all k-ideal of R is distributive.

Proof. Each complete Brouwerian lattice is distributive
(cf. [31], 11.11). o

4.6. Theorem

Each fuzzy k-ideal of R is idempotent if and only if the
set of all fuzzy k-ideal of R (ordered by <) forms a
distributive lattice under the k-sum and k-product of
fuzzy k-ideals with 10O, g=AApu.

Proof. Suppose that each fuzzy k-ideal of R is idem-
potent. Then by Proposition 4.2, 1O, u=AAu. Let
FL; be the collection of all fuzzy k-ideals of R. Then
FL, is a lattice (ordered by <) under the k-sum and
k-product of fuzzy k-ideals.

We show that (A0, &)+ p=(A+ )0 (5+ 1)
forall A,u,0eFL;.Let xeR,then

[(/1/\5)(a1)/\(/1/\5)(a2)/\y(b1)/\y(b2)}

= \Y% [ﬂ(al)A’i(az)Aﬂ(bl)Aﬂ(bz)Ag(al)A5(a2)]

x+(ay+by )=(ay +by)

[ v
x+(ag+by )=(ay +by

So, FL; is adistributive lattice.
The converse is obvious.

5. Prime k-ldeals

A proper (left, right) k-ideal P of R is called prime if for
any (left, right) k-ideals A, B of R, ABc P implies
Ac P or BgcP. A proper (left, right) k-ideal P of R is

called irreducible if for any (left, right) k-ideals A, B of R,

ANB=P implies A=P or B=P. By analogy a

Copyright © 2013 SciRes.

(@) na@)nuo)ru)]]a] . v | [

:(/1+k ,u)(x)/\(5+k ,u)(x):[(/1+k ,u) 5+k ,u ]

5(a2)/\,u(bl)/\,u(b2)ﬂ
(54 /“))( )-

non-constant fuzzy k-ideal & of R is called prime (in
the first sense) if for any fuzzy k-ideals 1, u of R,
AQ, <06 implies A<5 or u<¢d, and irreducible
if AAnpu=06 implies A=0 or u=9.

((/1+k o

5.1. Theorem

A left (right) k-ideal P of a hemiring R with identity is
prime if and only if for all a,beR from aRbc P it
follows aeP or beP.
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Proof. Assume that P is a prime left k-ideal of R and
aRbc P for some a,beR. Obviously, A=Ra and
B=Rb are left k-ideals of R generated by a and b,
respectively. So, ABc AB = RaRb = RaRb c RP cP,
and consequently AcP or BcP. If AcP, then

acP.If BcP,then beP.
The converse is obvious. O

5.2. Corollary

A Kk-ideal P of a hemiring R with identity is prime if and
only if forall a,beR from aRbc P it follows aeP
or beP.

5.3. Corollary

A k-ideal P of a commutative hemiring R with identity is
prime if and only if for all a,beR from abeP it
follows aeP or beP.

The result expressed by Corollary 5.3, suggests the
following definition of prime fuzzy k-ideals.

5.4. Definition

A non-constant fuzzy k-ideal & of R is called prime (in
the second sense) if for all te[0,1] and a,beR the
following condition is satisfied:

if §(axb)>t forevery xeR then
s(a)=t or 5(b)=>t.

In other words, a non-constant fuzzy k-ideal & is
prime if from the fact that axbeU(&;t) for every
xeR it follows aeU (S;t) or beU (5;t). It is clear
that any fuzzy k-ideal is prime in the first sense is prime
in the second sense. The converse is not true.

5.5. Example

In an ordinary hemiring of natural numbers the set of
even numbers forms a k-ideal. A fuzzy set

1 if n=0,
5(n)= 0.5 if n=2k =0,
0.3 if n=2k+1

is a fuzzy k-ideal of this hemiring. It is prime in the
second sense but it is not prime in the first sense.

5.6. Theorem

A non-constant fuzzy k-ideal & of a hemiring R with
identity is prime in the second sense if and only if each
its proper level set U (J;t) is a prime k-ideal of R.
Proof. Suppose & is a prime fuzzy k-ideal of R in the
second sense and let U (&;t) be its arbitrary proper

Copyright © 2013 SciRes.

level set, i.e., @=U(5t)=R. If aRbcU(d;t), then
S(axb)>t forevery xeR.Hence 5(a)>t or
s(b)=t, ie, aeU(st) or beU(s;t), which, by
Corollary 5.3, means that U (5;t) is a prime k-ideal of
R.

To prove the converse, consider a non-constant fuzzy
k-ideal & of R. If it is not prime then there exist a,
beR such that §(axb)>t forall xeR,but §(a)<t
and 5(b) <t. Thus, aRbcU (5;'[), but a¢U (5;t) and
b¢U (5;t). Therefore U (5;t) is not prime, which is a
contradiction. Hence & is a prime fuzzy k-ideal in the
second sense.

5.7. Corollary

The fuzzy set A, defined in Proposition 2.8, is a prime
fuzzy k-ideal of R (with identity) in the second sense if
and only if A is a prime k-ideal of R.

In view of the Transfer Principle the second definition
of prime fuzzy k-ideal is better. Therefore fuzzy k-ideals
which are prime in the first sense will be called k-prime.

5.8. Proposition

A non-constant fuzzy k-ideal & of a commutative
hemiring R with identity is prime if and only if
5(ab)=5(a)vd(b) forall abeR.

Proof. Let & be a non-constant fuzzy k-ideal of a
commutative hemiring R with identity. If &§(ab)=t,
then for every X e R, we have
5(axb)=5(xab)>5(x)vS(ab)=t. Thus &(axb)>t
for every xeR, which implies §(a)>t or &(b)=>t.
If 5(a)>t,then t=5(ab)>45(a)>t, whence
5(ab)=¢6(a).If &(b)>t, then, as in the previous case,
5(ab)=5(b).So, 5(ab)=5(a)vs(b).

Conversely, assume that &(ab)=5(a)v (b) for all
a,beR.If §(axb)=t forevery xeR, then replacing

X by the identity of R, we obtain &(ab)>t. Thus

s(a)vs(b)>t, ie, s(a)2t or &(b)>t, which
means that & is prime. |
5.9. Theorem

Every proper k-ideal of a hemiring R is contained in
some proper irreducible k-ideal of R.

Proof. Let P be a proper k-ideal of R such that ag P.
Let {Pa |a e A} be a family of all proper k-ideals of R
containing P and not containing a. By Zorn’s Lemma,
this family contains a maximal element, say M. This
maximal element is an irreducible k-ideal. Indeed, let
M =P,P; for some k-ideals P,,P; of R. If M is a
proper subset of P, and P;, then, according to the
maximality of M, we have aeP; and aeP;. Hence
aeP,1P; =M, which is impossible. Thus, either
M=P, or M=F;. o
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5.10. Theorem

If all k-ideals of R are idempotent, then a k-ideal P of R is
irreducible if and only if it is prime.

Proof. Assume that all k-ideals of R are idempotent.
Let P be a fixed irreducible k-ideal. If ABc P for
some K-ideals A, B of R, then by Proposition 4.1,
ANB=ABcP=P. Thus (ANB)+P=P. Since L

is a distributive lattice, so

P=(ANB)+P=(A+P)N(B+P).

So either A+P=P or B+P=P , that is either
AcP or BcP.

Conversely, if a k-ideal P is prime and ANB=P for
some A,Bef;, then ABc AB=A(NB=P . Thus
AcP or BcP. But PcA and Pc B . Hence
A=P or B=P. O

5.11. Corollary

Let R be a hemiring in which all k-ideals are idempotent.
Then each proper k-ideal of R is contained in some
proper prime K-ideal.

5.12. Theorem

Let R be a hemiring in which all fuzzy k-ideals are
idempotent. Then a fuzzy k-ideal of R is irreducible if
and only if it is k-prime.

Proof. Assume that all fuzzy k-ideals of R are idempo-
tent and let & be an arbitrary irreducible fuzzy k-ideal
of R. We prove that it is k-prime. If 10, u<J for
some fuzzy k-ideals A, of R then also AAu<6s.
Since the set FL; of all fuzzy k-ideals of R is a dis-
tributive lattice, we have
S=(Anu)+6=(A+ S)A(u+5). Thus A+, 6=06
or u+,6=0.Thus A<6 or wp<¢. This proves that
o is k-prime.

Conversely, if ¢ is a k-prime fuzzy k-ideal of R and
Anpu=6 for some A,ueFL,, then A0, u=o,
which implies A <6 or u<J.Since d=AAu, sowe
have also 6<A and 6<pu. Thus A=96 or u=o.
So, ¢ isirreducible. ]

5.13. Theorem

The following assertions for a hemiring R are equivalent:

1) Each k-ideal of R is idempotent.

2) Each proper k-ideal P of R is the intersection of all
prime k-ideals of R which contain P.

Proof. 1) — 2) Let P be a proper k-ideal of R and let
{P,la €A} be the family of all prime k-ideals of R
which contain P. Theorem 5.9, guarantees the existance
of such ideals. Clearly Pcn__, P, . If agP then by

ach’ a

Theorem 5.9, there exists an irreducible k-ideal P, such

Copyright © 2013 SciRes.

that Pc P, and a¢P,. By Theorem 5.10, P, is prime.
So there exists a prime k-ideal P, suchthat a¢P, and
PcP,.Hence NP, cP.Thus P=NP,.

2) — 1) Assume that each k-ideal of R is the intersec-
tion of all prime k-ideals of R which contain it. Let A be a
k-ideal of R. If A’=R, then we have A=R, which

means that A is idempotent. If A R, then A s a
proper k-ideal of R and so it is the intersection of all

prime k-ideals of R containing A Let A= NP, . Then

A*c P, for each « . Since P

o

AcP, . Thus AcnP,=A>. But A’cA. Hence
A:E. m

is prime, we have

5.14. Lemma

Let R be a hemiring in which each fuzzy k-ideal is
idempotent. If A is a fuzzy k-ideal of R with A(a)=«,
where a is any element of R and « €[0,1], then there
exists an irreducible k-prime fuzzy k-ideal & of R such
that 1<6 and d(a)=a.

Proof. Let A be an arbitrary fuzzy k-ideal of R and
aeR be fixed. Consider the following collection of
fuzzy k-ideals of R

B={u|p(a)=4i(a), 1< pu}.

B is non-empty since Ae5. Let F be a totally
ordered subset of B containing A,say F={4|iel}.
We claim that \,/; is a fuzzy k-ideal of R.

iel
Forany x,yeR, we have

[va Jooa(va )

iel iel

(a0 ]y )= y, (20022, )

Sizl((&(x)vjﬂxx)%(& <Jy)vﬁ,-<y)))
< v (hxr)v A (c )
Al [y Jooon)
Similarly
(Vi ]00=ya =y 00=( v o)

and

il iel

(vi.j(x)ﬁ[vﬂ«.j(rx)

forall X,reR.Thus \,4 isafuzzy ideal.
iel

Now, let x+a=Db,where a,beR.Then
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Sy (002, 00)2vA (= v |00

iel
Thus \,4 is a fuzzy k-ideal of R. Clearly A <\/4

iel iel

and (\//l, j(a) =A(a)=a. Thus \/4 is the least upper
iel ie

bound of F . Hence by Zorn’s lemma there exists a

fuzzy k-ideal & of R which is maximal with respect to

the property that <5 and &(a)=a.

We will show that § is an irreducible fuzzy k-ideal
of R.Let 6 =06, A0,, where 6,,8, are fuzzy k-ideals of
R. Then 6<¢6, and 6<6,. We claim that either
0=06, or 6=0,. Suppose o0+, and O #0,. Since
& is maximal with respect to the property that §(a)=«
and since 556, and 556, , so §(a)#a and
5,(a)# a . Hence

a=6(a)=(5,r68,)(a)=6(a)rd,(a)=a,

which is impossible. Hence =96, or 0=0,. Thus ¢
is an irreducible fuzzy k-ideal of R. By Theorem 5.12,
o is k-prime. m

5.15. Theorem

Each fuzzy k-ideal of R is idempotent if and only if each
fuzzy k-ideal of R is the intersection of those K-prime
fuzzy k-ideals of R which contain it.

Proof. Suppose each fuzzy k-ideal of R is idempotent.
Let A be a fuzzy k-ideal of R and let {4, |a €A} be
the family of all k-prime fuzzy k-ideals of R which
contain A. Obviously 1< A A4,. We now show that

aeA

A4, <A . Let a be an arbitrary element of R. Then,

acA

by Lemma 5.14, there exists an irreducible k-prime fuzzy
k-ideal & such that A<& and A(a)=d(a). Hence
Se{l,laeA} and A4,<6.So,

ael

A4 (a)<d(a)=A4(a). Thus A A, <A . Therefore
aeA aecA
A =4
aeA

Conversely, assume that each fuzzy k-ideal of R is the
intersection of those k-prime fuzzy k-ideals of R which
contain it. Let A be a fuzzy k-ideal of R then 10O, 4

is also a fuzzy k-ideal of R,so AO, A= A A4, where

ael

4, are k-prime fuzzy k-ideals of R. Thus each A, con-
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tains 1O, A4,andhence 41.S0 A< A4,=404,but

acA

A0 A< A always. Hence 1=410,4. o

6. Semiprime k-ldeals
6.1. Definition

A proper (left, right) k-ideal A of R is called semiprime if
for any (left, right) k-ideal B of R, B*< A implies
B < A. Similarly, a non-constant fuzzy k-ideal 4 of R
is called semiprime if for any fuzzy k-ideal & of R,
00, 0<A implies 6<A.

6.2. Theorem

A (left, right) k-ideal P of a hemiring R with identity is
semiprime if and only if for every a€ R from
aRac P itfollows acP.

Proof. Proof is similar to the proof of Theorem 5.1. O

6.3. Corollary

A k-ideal P of a commutative hemiring R with identity is
semiprime if and only if for all acR from a’eP it
follows aeP.

6.4. Theorem

The following assertions for a hemiring R are equivalent:
1) Each k-ideal of R is idempotent.
2) Each k-ideal of R is semiprime.
Proof. Suppose that each k-ideal of R is idempotent.
Let A, B be k-ideals of R such that B> = A. Then

B> A=A. By hypothesis B=B?, so Bc A. Hence

A is semiprime.
Conversely, assume that each k-ideal of R is semi-

prime. Let A be a k-ideal of R, then A s a k-ideal of R.
Also A’ ¢ A’ . Hence by hypothesis Ac A’ . But

E c A always. Hence A:E . O

6.5. Theorem

Each fuzzy k-ideal of R is idempotent if and only if each
fuzzy k-ideal of R is semiprime.
Proof. For any fuzzy k-ideal 4 of R we have
A0, A< 4. If each fuzzy k-ideal of R is semiprime,
then 10, A<A10, 4 implies A<A0Q, 4. Hence
A0 A=4.
The converse is obvious. o
Theorem 6.2, suggest the following definition of
semiprime fuzzy k-ideals.

6.6. Definition

A non-constant fuzzy k-ideal & of R is called semi-
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prime (in the second sense) if for all te[O,l] and
aeR the following condition is satisfied:

if 5(axa)>t forevery xeR then 5(a)>t.

6.7. Theorem

A non-constant fuzzy k-ideal & of R is semiprime in
the second sense if and only if each its proper level set
U (8;t) isa semiprime k-ideal of R.

Proof. Proof is similar to the proof of Theorem 5.6. O

6.8. Corollary

A fuzzy set A, defined in Proposition 2.8 is a semi-
prime fuzzy k-ideal of R in the second sense if and only
if A is a semiprime k-ideal of R.

In view of the Transfer Principle the second definition
of semiprime fuzzy k-ideal is better. Therefore fuzzy k-
ideals which are semiprime in the first sense should be
called k-semiprime.

6.9. Proposition

A non-constant fuzzy k-ideal 6 of a commutative

hemiring R with identity is semiprime if and only if
6(a2)=5(a) forevery aeR.

Proof. Proof is similar to the proof of Proposition 5.8.

m

Every fuzzy k-prime k-ideal is fuzzy k-semiprime k-
ideal but the converse is not true.

6.10. Example

Consider the hemiring R={0,a,b,c} defined by the
following tables:

+ 0 a b c
0 0 a b c
a a b c a
b b c a b
o o a b c

0 a b c
0 0 0 0 0
a 0 a b c
b 0 b b o
c 0 c c c

This hemiring has two k-ideals {0,c} and R. Obvi-
ously these k-ideals are idempotent.
For any fuzzy ideal 4 of R and any X€R we have
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A(0)=A(x) > 4(a). Indeed,
A(0)=2(0x)=A(x)=4(xa)=A(a).

This together with
A(a)=4(b+b)>1(b)~4(b)=4(b)

implies A(a)=A4(b). Consequently,
A(c)=4(a+b)=4(a)ri(b)=A(b).

Therefore A(0)>A(c)>A(b)=A(a) for every fuzzy

k-ideal of this hemiring.

Now we prove that each fuzzy k-ideal of R is idempo-

tent. Since 1O, A< 1 always, so we have to show that
AO, A=A . Obviously, for every xeR we have

(20, 2)(x)

>:

= sup
m n
X+ Yajby= Y ajbj
j=1

i=1

(4( )~ 2(0)) A () 2(01)

1 j=1

> sup [l(c)/\ﬂ(d)/\/l(c')/\/i(d')]

x+cd=c'd’
=2(c)AA(d)AA(c)AA(d").
So, x+cd =c'd" implies
(20, A)(x)=A(c)ad(d)AA(c)AA(d").
Hence 0+00=00 implies (10, 4)(0)=2(0). Simi-
larly a+bb=bc implies
(20, 4)(a)=A(b)ad(c)=4(b)=A(a),
b+aa=bc implies
(A0, A)(b)=A(a)aA(b)A4(c)=4(b).
Analogously, from c¢+00=cc it follows
(20, 4)(c)=2(0)AA(c)=A(c).

This proves that (A0, 4)(x)>A(x) for every xeR.
Therefore 10, A=A4 for every fuzzy k-ideal of R,
which, by Theorem 6.4, means that each fuzzy k-ideal of
R is semiprime.

Consider the following three fuzzy sets:

2(0)=4(c)=0.8, A(a)=4(b)=04,
,u(0)=,u(c)=0.6, ,u(a)=,u(b)=0.5,
5(0)=6(c)=0.7, §(a)=5(b)=0.45.

These three fuzzy sets are idempotent fuzzy k-ideals.
Since all fuzzy k-ideal of this hemiring are idempotent,
by Proposition 4.1, we have 1 ®, g=AA u. Thus

(A0, 1)(0)=(20, 1)(c)=0.6
and
(A0, u)(a)=(210, u)(b)=0.4.

So, A0, #<6 but neither A<J nor u<J, that is
0 is not a k-prime fuzzy k-ideal.
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7. Prime Spectrum

Let R be a hemiring in which each k-ideal is idempotent.
Let £(R) be the lattice of all k-ideals of R and P(R)
be the set of all proper prime k-ideals of R. For each
k-ideal | of R define 6, ={J e P(R):1ZJ} and
3(P(R))={6,:1L(R)

7.1. Theorem

The set I(P(R)) forms a topology on the set P(R).

Proof. Since 6, ={JeP(R):{0}ZJ}=¢ , where
¢ is the usual empty set, because 0 belongs to each
k-ideal. So empty set belongs to J(P(R)).

Also 6, ={J e P(R):R¢Z J}=P(R), because P(R)
is the set of all proper prime k-ideals of R. Thus P(R)
belongs to J(P(R)).

Suppose 6, .6, € 3(P(R)) where I, and |, are in
L(R). Then

6,N6,={JeP(R):1,¢Jand 1, ZJ}.

Since each k-ideal of R is idempotent so 1,1, =1,11,.
Thus 6, N6, =06, -So 6, N6, belongs to

3(P(R)).
Let {H,i }iez
S(’P(R)) . Then

Ué. =U{3 eP(R):1, £ 3}

ieQ ieQ

={JeP(R):IeQsothat |, £ I} =0y,

ieQ

be an arbitrary family of members of

where I, is the k-ideal generated by | J1; .

ieQ ieQ
Hence 3J(P(R)) is a topology on P(R). o
7.2. Definition

A fuzzy k-ideal g of a hemiring R is said to be normal
if there exists xeR such that x(x)=1.1If x4 is a
normal fuzzy k-ideal of R, then x(0)=1, hence x is
normal if and only if x(0)=1.

The proof of the following theorem is same as the
proof of Theorem 4.4 of [29].

7.3. Theorem

A fuzzy subset A of a hemiring R is a k-prime fuzzy
k-ideal of R if and only if
1) 2°={xeR:A(x)=4(0)} isa prime k-ideal of R.
2) ImA :{l(x):xe R} contains exactly two ele-
ments.

3) 1(0)=1.
7.4. Corollary

Every k-prime fuzzy k-ideal of a hemiring is normal.

Copyright © 2013 SciRes.

Let R be a hemiring in which each fuzzy k-ideal is
idempotent, £ the lattice of fuzzy normal k-ideals of R
and FP; the set of all proper fuzzy k-prime k-ideals of
R. For any fuzzy normal k-ideal A of R, we define
0, ={ueFP: Aty and v(FP)={1eLly}.

A fuzzy k-ideal A of R is called proper if A#R,
where R is the fuzzy k-ideal of R defined by R(x)=1,
vxeR.

7.5. Theorem

The set 7(FP;) forms a topology on the set FPy .

Proof. 1) 6, :{y e FP; :CDiu} =¢, where ¢ is
the usual empty set and @ is the characteristic function
of k-ideal {O} This follows since each k-prime fuzzy
k-ideal of R is normal. Thus the empty subset belongs to
T(FPy).

2) 6 :{uefPR :Riy} = FP;. This is true, since
JFP; is the set of proper k-prime fuzzy k-ideals of R. So
Oy = FP; is an element of 7(FFy).

3)Let 6,6, er(FPy) with &,,8, € Ly.

Then 6, 6 ={,ue.7PR 20, i,uandé‘z %,u} . Since

each fuzzy k-ideal of R is idempotent, this implies
0,0, =0, A0, . Thus

05 N0, :{,uefPR:é'l%yandéz%y}z@m(sz.

4) Let us consider an arbitrary family {5,
k-ideals of R. Since

Uielgéi :Uiel{’ue‘fPR:é} %,u}

={,uefPR:EI’SkeI sothaté'kiy}.

}iel of fuzzy

Note that

(Z.8)00= ..

x+a]+az+<..:b1+b2+<..{5l (al ) /\52 (az)/\
N (b,)/\52 (bz)/\---}

where a,,a,,:-,0,,b,,---€ R and only a finite number
of the a’s and b's are not zero. Since & (0)=1,
therefore we are considering the infimum of a finite
number of terms because 1's are effectively not being
considered. Now, if for some kel, 9§, ;f: 4, then there
exists xeR such that & (x)>u(x). Consider the
particular expression for X in which a, =x, b, =0
and a =b =0 forall i=k. We see that & (x) is an
element of the set whose supremum is defined to be

(ziaé‘i)(x)'
Thus (3 6)(0)2 8 () > w(x) . This implies
(Z.,0)00>u(x) thatis 3 &%

Hence &, %,u for some kel implies zie|5‘ %,u.
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Conversely, suppose that Z |5i i 4 then there exists
le

an element XeR such that (Zi€|5‘)(x) > pu(X).

This means that
x+al+az+“-:bl+bz+u.{51 (al ) A 52 (a2 ) AN

Aé'l(bl)/\52(b2)/\---}>,u(x).

Now, if all the elements of the set (whose supremum
we are taking) are individually less than are equal to
4(x) , then we have

(Zielé‘i )(X) - X+a1+az+---:bl+bz+---{§' (al ) A0, (az)/\"'
32 (bl)A52(b2)A"'}
< pu(X)

which does not agree with what we have assumed. Thus,
there is at least one element of the set (whose supremum
we are taking), say,

S (a))nd, () A Ad (D) A, (D) Axee> pu(X).

(x+a/+a,+---=b/+b)+--- being the corresponding
breakup of X, where only a finite number of a/s and
b's are not zero).

Thus,

S (a)Ad, () A A8 (B)AS, () A > pu(X)
2zul(all)/\:uZ(a;)/\”'/\/ul(bl,)/\:UZ(bZ’)/\”'
Let
(3'1(al’)/\52(a;)/\~-/\51(b{)/\&z(b;)/\u-:é‘p(x')
and
/11(af)Aﬂz(a;)A"'Aﬂl(bll)/\/‘z(bé)/\"':

where pel.
So, o, (X;))>- H, (X’p) it follows that &, g,u for
some pel.

Hence Z I5i i,u implies that &, i,u for some

pel.
Hence the two statements 1) zidé} iy and 2)

S, i u forsome pel areequivalent.
Hence

Uielgﬁi :LJiel{/jE Fr:o %,u}
:Uiel{’ue P :zia&i iu} :6’2‘5'9'

because, Z Ié'i is also a fuzzy k-ideal of R.

Thus, |J,_,6; €7(Px). Hence it follows that 7(Py)
forms a topology on the set P; . i

Copyright © 2013 SciRes.

8. Conclusion

In the study of fuzzy algebraic system, the fuzzy ideals
with special properties always play an important role. In
this paper we study those hemirings for which each fuzzy
k-ideal is idempotent. We characterize these hemirings in
terms of prime and semiprime fuzzy k-ideals. In the fu-
ture we want to study those hemirings for which each
fuzzy one sided k-ideal is idempotent and also those
hemirings for which each fuzzy k-bi-ideal is idempotent.
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