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ABSTRACT

In this paper, we discuss least squares symmetrizable solutions of matrix equations (AX = B, XC = D) and its optimal
approximation solution. With the matrix row stacking, Kronecker product and special relations between two linear sub-
spaces are topological isomorphism, and we derive the general solutions of least squares problem. With the invariance
of the Frobenius norm under orthogonal transformations, we obtain the unique solution of optimal approximation prob-
lem. In addition, we present an algorithm and numerical experiment to obtain the optimal approximation solution.
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1. Introduction

The matrix equations (AX = B, XC = D), where A, B, C,
D are usually given by experiments, have a long history
[1]. Many authors considered these matrix equations. For
example, Mitra [2,3], Chu [4] discussed its unconstraint
solutions with the generalized inverse of matrix and the
singular value decomposition (SVD), respectively. In
recent years, many authors considered its constraint solu-
tions. A series of meaningful results were achieved [1,5-
10]. The methods in these papers are mainly the general-
ized inverse of matrix and special properties of finite
dimensional vector spaces [1,5,6], the decomposition of
matrix or matrix pairs [7,8] and the special properties of
constraint matrices [9,10]. However, the least squares
symmetrizable solutions for these matrix equations have
not been considered. The purpose of this paper is to dis-
cuss its least squares symmetrizable solutions with the
matrix row stacking, Kronecker product and special rela-
tions between two linear subspaces which are topological
isomorphism because the structure of symmetrizable ma-
trices can not be found and the methods applied in [1-10]
can not solve the problem in this paper. The background
for introducing the definition of symmetrizable matrices
is to get “symmetric” matrices from nonsymmetric ma-
trices [11] because of nice properties and multi-areas of
applications of symmetric matrices. For example, Sun
[12] introduced the definition of positive definite sym-
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metrizable matrices to study an efficient algorithm for
solving the nonsymmetry second-order elliptic discrete
systems.

Throughout this paper we use some notations as fol-
lows. Let R™™ be the set of all nxm real matrices
and denote R"=R™: OR™", SR™ and ASR™ are
the set of all nxn orthogonal, symmetric and skew-
symmetric matrices, respectively. R(A), A" and A’
represent the range, the transpose and the Moore-Penrose
generalized inverse of A, respectively.

I, denotes the identity matrix of order n. For A= (aij ) s
B :<bij ) eR™, A®B denotes Kronecker product of
matrix A and B; (A, B)zU(BTA) denotes the inner
product of matrix A and B. The induced matrix norm is
called Frobenius norm, i.e. ||A||:<A, A)l/ > then R™"
is a Hilbert inner product space.

Definition 1. A real nxn matrix A is called a sym-
metrizable (skew-symmetrizable) matrix if A is similar to
a symmetric (skew-symmetric) matrix A. The set of
symmetrizable (skew-symmetrizable) matrices is denoted
by SZR™ (ASZR™").

From Definition 1, it is easy to prove that Ae SZR™"
(ASZR”X”) if and only if there exists a nonsingular ma-
trix W and a symmetric (skew-symmetric) matrix A
such that

A=WAW !

We now introduce the following two special classes of
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subspaces in R™".

SR™ (W)= {A|A:WKW-1,VAE SR”*”} ,
ASR™ (W) = {A|A=WAW ", VA& ASR™"} .

It is easy to see that if W is a given nonsingular matrix,
then SR™ (W) and ASR™ (W) are two closed linear
subspace of R™". In this paper, we suppose that W is a
given nonsingular matrix and W = |,. We will consider
the following problems.

Problem 1. Giving A,BeR™, C,DeR™, find
X € SR™ (W) such that

min(|AX - B[ +xC - D[] ).
Problem II. Given X“eR™,find X €S such that
[x = X] = mines, X=X

where S; is the solution set of Problem I.

In this paper, if C = 0, D = 0 in Problem I, then Prob-
lem I becomes Problem I of [13]. Peng [13] studied the
least squares symmetrizable solutions of the matrix equa-
tion AX = B with the singular value decomposition of
matrix. The method applied in [13] can not solve Prob-
lem I in this paper. In this paper, we first take matrix
equations (AX = B, XC = D) into linear equations with
matrix row stacking and Kronecker product. Then we
obtain an orthogonal basis-set for SR™" (W) with spe-
cial relations between two linear subspaces which are
topological isomorphism. Based on these results, we ob-
tain the general expression of Problem 1.

This paper is organized as follows. In Section 2, we
first discuss the matrix row stacking methods, Kronecker
product of matrix and relations between SR™ (W) and

SR™" . Then we obtain the general solutions of Problem 1.

In Section 3, we derive the solution of Problem II with
the invariance of Frobenius norm under orthogonal trans-
formations. In the end, we give an algorithm and nu-
merical experiment to obtain the optimal approximation
solution.

2. The Solution Set of Problem |

At first, we discuss the matrix row stacking methods,
Kronecker product of matrix and relations between two
linear subspaces which are topological isomorphism.

For any AeR™", let vec(A) denote an ordered
stack of the row of A from upper to low stacking with the
first row, i.e.

vec(A)=[ A(1:),A(2:),, A(m:)] eR™, (2.1)

where A(i:) denotes the ith row of A. For any vector
xeR™, let vec™(X) denote the following matrix con-
taining all the entries of vector X.
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X(l:n)T

x(n+1:2n)T

vec™ (x)= eR™, (2.2)

x(m(n—l):mn)T

where x(i:j) denotes the elements from i to j of vector
X. From (2.1), we can derive the following two linear
subspaces of R" .

vec(SR”X”)={vec(A)|Ae SR”*”}, (2.3)
vec(SR™" (W) = fvec(A)|Ae SR™ (W)}
Lemma 1. [14] If AeR™, BeR™, X eR™,
then
vec(AXB)=(A®B" vec(X). (2.4)
Forany X eSR™", let
froX >WXW, ie f/(X)=WXW™. (2.5)
It is no difficult to prove that mapping f' is a topo-
logical isomorphism mapping from SR™ to SR™"(W).
According to (2.1) and (2.5), it is easy to derive the fol-

lowing mapping from linear subspaces vec(SR”X”) to
vec(SR™" (W)).

f :vec(X)— (W ®W T Jvec(X),

f (vec()?)):(w ®W T )vec(X) (2.6)

It is also easy to prove that mapping f is a topo-
logical isomorphism mapping from vec SR”X") to
Vec(SRnxn (W )) It is clear that the dimension of SR™"

S n(n+1)

. This implies that the dimension of

VEC(SR"X”) and vec(SR”Xn (W)) are also n(n+1) .In
this paper, let k = n(n2+1) .

Lemma 2. If «,a,,"--,a, is an orthonormal basis-
set for Vec(SR”X”(W)), and let A=(q,a,, ),
then the following relations hold.

AeR™ ATA=1,, Q.7)
R(A)=vec(SR™ (W)),R(A")=R".

From the definition of the orthonormal basis-set, it is
easy to prove Lemma 2, so the proof is omitted.

For any matrix AeSR™ (W), if let ve¢(A)eR"
denote the vector of coordinates of vec(A) with respect
to the basis-set «,,,, -, q, , then combining (2.4) and
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(2.7), we have
vec(A)=Avec(A)e R",

2.8
veC(A)=A"vec(A)eR". @9

Moreover, for any X e RY, the following conclusion
holds.

vec™ (Ax)e SR™(W). (2.9)

The orthonormal basis-set «;,a,,---,a, for
VeC(SRnxn (w )) can be obtained by the following cal-
culation procedure.

Calculation procedure

Step 1. Input a basis-set A, A,,---,A for SR™".

Step 2. According to (2.1), compute @, =vec(A),
i=1,2,---,k, and obtain a basis-set a,,a,,-,a, for
vec(SR”X” )

Step 3. Input a nonsingular matrix W, compute

(WewT)a,(Wew)a, - (Wew g,

and obtain a basis-set for vec(SR™" (W )) .
Step 4. Compute the QR decomposition of matrix

(WewT)a,(Wew™)a, . (Wew)a,,

and obtain an orthonormal basis-set ¢,,a,,:-,a, for
vec(SR™" (W)).
Lemma 3. If AcR™™, BeR™", then the general

solutions of least squares problem
min__...|AX -B]|
XeR

is
X = A+B+(|m ~A'A)K, VK e R™".
With the singular value decomposition of matrix, it is

easy to prove this lemma. So the proof is omitted.
Theorem 1. Giving A,BeR™, C,DeR™, and let

A - A®I, AB - vec(B) @.11)
“\r,ec’ )7 | vee(D) ) '
then the general solutions of Problem I is
X =vec (Aa),
(2.12)

a=AB,+(I,-AA K, VKeR"
Proof. From Lemma 1, we have
|x - 8ff +|xc - Of
=||(A® I, )vec(X )—vec(B)"2

1, oct)vec(x)-vee(o)f
[rog - (e)
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2

This implies that finding X € SR™ (W) such that
min ||AX—B||2+||XC—D||2§ if and only if finding
a € R* such that

2

A®1, vec(B)

o |Aa—

I,®C vec(D)
where Aa =vec(X). From Lemma 3, the general solu-
tions of (2.13) is

a=AB,+(I,-AA K, VKeR"
Combining (2.13) and (2.14) gives (2.12). ]

min . (213)

2.14)

3. The Solution of Problem 11

Let S; be the solution set of Problem I. From (2.12), it
is easy to see that S; is a nonempty closed convex set.
So we claim that for any given X" e R™", there exists
the unique optimal approximation for Problem II.

Theorem 2. If given A,BeR™, C,DeR™, X' e
R™", then Problem II has a unique solution X eS.
Moreover, X can be expressed as

X =vec™ (AQ),
& =AB,+(1, - A/A ) ATvec(X),
where A, B, are denoted by (2.11). L
Proof. Choose A such that (A,A)GOR” " Com-

bining the invariance of the Frobenius norm under or-
thogonal transformations, (2.12) and (2.14), we have

||X"—X||2 :Hvec(x*)—vec(x)”2

3.1

=Hvec(X*)—Aa“2

ot e

:‘ATvec(X*)—AD*BO ~(1,-AA K
+‘/~\Tvec(x*)

2

2

Let E=I1,-A/A, E =1, —E, it is clear that E,E,
are orthogonal projection matrices satisfying EE, =0.
Hence, we have

[x--x| =”E(ATvec(X*)—AD*BO —K)H2

2

+“EI(ATvec(X*)—A)*BO)

Z\Tvec(x )

/

It is easy to prove that EA;B, =0. This implies that

min X* =X ||
VX eSg

(3.2)
< min

E(ATvec(X*)—K)”.

vKeRK
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The solution of (3.2) is

K =A"vec(X")+EK,, VK, R, (3.3)
Substituting (3.3) to (2.12) gives (3.1). |
From Theorem 2, we can design the following algo-

rithm to obtain the optimal approximate solution.

Algorithm

1) Input A B,C,DW,X".

2) Input a basis-set A, A,,---,A  for SR™.

3) According to the calculation procedure before, com-
pute o;,a,,"-,a, and obtain an orthonormal basis-set
for vec(SR™ (W)).

4)Let A=ay,a,, -, , compute Ay, By from (2.11).

5) Compute & from the second equation of (3.1).

_6) According to the first equation of (3.1), calculate

X.

Example (n=3,h=4,1=5)

1) Input A B,C,D,W,X" as follows.

19 54 65
|28 78 39
136 -09 75|
27 21 -39
59 123 -75
5 103 41 29
-37 56 377
51 13 -85

41 56 54 31 16
C=|32 -19 76 78 39/,
1.9 28 43 -23 2.7

-13 76 6.7 -2.1 29
D=| 59 23 18 31 5.6/,
45 54 6.7 57 173

1 23
W=2 2 1],
3 43

58 1.7 29
X"=| 39 -25 85]|.
-24 33 76

2) Input a basis-set A,A,,---,A for SR™ as fol-
lows.

100 010 00 1
A=[0 0 0[,A=1 0 0,A=[0 0 0|,
000 000 100
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3) According to the calculation procedure, we obtain
an orthonormal basis-set «;,a,,---,a, for
vec(SR**(W)) as follows.

-0.0714 -0.0785 0.3143
~0.2143 -0.6021 02119
0.1429 0.2792 ~0.2280
-0.1429 0.3316 0.3475

a, =| —0.4286 |, cr, =| 02618 |,c, =| —0.4198 |,
0.2857 ~0.4189 0.1065
-0.2143 0.2531 0.6618
-0.6429 ~0.3403 -0.2079
0.4286 -0.1396 -0.1215
0.0910 ~0.1556 ~0.8084
-0.0976 ~0.4003 0.3081
-0.3984 0.3880 0.0050
-0.3584 -0.2461 0.3604

a, =] -0.2075 |, o, =| —0.4215 |, &, =| —0.2590
~0.2524 0.3096 ~0.1224
~0.2674 0.2170 -0.0942
-0.3051 0.4156 -0.0535
~0.6509 ~0.3334 ~0.1670

4) Using the software “MATLAB”, we obtain the
unique solution X of Problem II.
-0.3657 0.1512

X =| 0.6314 0.4846

0.5852  0.6459

0.5837
—-0.2603 |.
0.0550

4. Conclusion

In this paper, we first derive the least squares symmetriz-
able solutions of matrix equations (AX = B, XC = D) with
the matrix row stacking and the theory of topological
isomorphism, i.e. Theorem 1. Then we give the unique
optimal approximation solution, i.e. Theorem 2. Based
on Theorem 1 and 2, we design an algorithm to find the
optimal approximation solution. Compare to [1-10], this
paper has two important achievements. One is we apply
the topological isomorphism theory to obtain the least
squares symmetrizable solutions of matrix equations (AX
= B, XC = D), and provide a method to solve the matrix
equation, where the construct of constraint matrix can not
be found. The other is we present a stable calculation
procedure to obtain an orthonormal basis-set for
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VeC(SRnxn (W )) , and solve the key problem of the algo-
rithm.
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