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ABSTRACT

A least-squares mixed finite element (LSMFE) method for the numerical solution of fourth order parabolic problems
analyzed and developed in this paper. The Ciarlet-Raviart mixed finite element space is used to approximate. The a
posteriori error estimator which is needed in the adaptive refinement algorithm is proposed. The local evaluation of the
least-squares functional serves as a posteriori error estimator. The posteriori errors are effectively estimated. The con-

vergence of the adaptive least-squares mixed finite element method is proved.
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1. Introduction

A general theory of the least-squares method has been
developed by A. K. Aziz, R. B. Kellogg and A. B.
Stephens in [1]. The most important advantage leads to a
symmetric positive definite problem. In the least-squares
mixed finite element approach, a least-squares residual
minimization is introduced. This method has an advan-
tage which is not subject to the LBB [1] condition. The
mixed finite element methods of least-squares type have
been the object of many studies recently (see, e.g. Stokes
Equation [2], Elliptic Problem [3], Newtonian Fluid Flow
Problem [4], Transmission Problems [5], Sobolev Equa-
tions [6], Parabolic Problems [7] et al.). The adaptive
least-squares mixed finite element method have been
studied in recent several years (see, e.g. the linear elastic-
ity [8]), but the research of adaptive method about fourth
order parabolic problems is not common.

Adaptive methods are now widely used in the scien-
tific computation. In this paper, we are interested in the
adaptive least-squares mixed finite element method for
fourth order parabolic problems, fourth order parabolic
problems are fundamental partial differential equations.
It occurs in various areas of applied mathematics and
science. Our emphasis in this paper is on the perform-
ance of an adaptive refinement strategy based on the a
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posteriori error estimator inherent in the least-squares
formulation by the local evaluation of the functional.
During the last 15 - 20 years a big amount of work has
been devoted to a posteriori error estimation problem,
i.e., computing reliable bounds on the error of given nu-
merical approximation to the solution of partial differen-
tial equations using only numerical solution and the
given data. In order to operate the a posteriori error es-
timator should be neither under nor overestimate the er-
ror. The a posteriori error is effectively estimated, and
proved the convergence of the adaptive least-squares
mixed finite element method in this paper.

An outline of the paper is as follows. The least-squares
formulation of fourth order parabolic problems is de-
scribed in Section 2. It includes continuous and coerciv-
ity properties of the least-squares variational formulation.
Appropriate spaces for the finite element approximation
and a generalization of the coercivity shown in Section 2
to the discrete form is discussed in Section 3. In Section
4, a posteriori error estimators which are needed in an
adaptive refinement algorithm are composed with the
least-squares functional, and posteriori errors are effec-
tively estimated. The convergence of the adaptive least-
squares mixed finite element method is shown in Section
5. Finally, we summarize our findings and present con-
clusions in Section 6. In this paper, we define C to be a
generic positive constant.
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2. A Least-Squares Formulation of Fourth
Order Parabolic Problems

We start from the equations of fourth order parabolic
problems in the form:

U —Au+A*u=0,in Qx(0,T) (1)
u=0,0n0Qx(0,T) )

ou
a—n=0, on aQX(O,T) (3)
1(x.0) =ty (x). X0 @

where Q< R" is a bounded domain, with boundary
0Q, VT > 0. We shall consider an adaptive least-squares
mixed finite element method for (1)-(4).

Now we set Au = o, then, we have:

U —o+Ac=0,in Qx(O,T) (5)
Au—o =0,in QX(O,T) (6)
u=0,0n0Qx(0,T) ©)
ou y
%_0, on 0Qx(0,T) (8)
u(x,0)=uy(x),xeQ 9

We introduce the Sobolev spaces:
HY(Q)={pel?(Q):Vpe *(Q)},

H(Q)=Hy(Q),
H (Q)={ve H"(Q): D"
Now, let us define the least-squares problem: find
(o,u)e HY(Q)xH(Q) [9] such that
J(owu)=_inf  J(qv), (10)

geH}(Q)veH(Q)

o =0la|<m}.

where
3(a,v)=(% —q+Ad,v, —q+Aq),

+(Av—q,Av—q)on. ()

We introduce the least-squares functional:
Fow)=lu-o+ao,, +[au-ol,.

Taking variations in (10) with respect to g and v, the
weak statement becomes: find (o,u)e H*(Q)xH (Q)
such that

B(o.u;q,v)=0,(Vve H(Q),vae H'(Q)) (12)

where

B(o,u;q,v)=(u —o+Ac,v, ~q+Aq),, 13
+(Au-0,Av-q), ..

Theorem 2.1. The bilinear form B(-,---) is con-
tinuous and coercive. In other words, there exist positive
constants « and g, such that

1
2

1
B(0u:,v) < A(Jul o + o +Ia0Ts g +IAuE g ) (Ml +lal o +I80 o + V5, )

TCRER) E e T VT Y N

holds for all (o,u),(q,v)e H' (Q)xH(Q).
Proof: 1) For the upper bound we have:

B(0,v;0,v) = (v, —q+Aq,v, —q+Aq), , +(Av—q,Av=q), , =, —q+Aq], , +[Av—d];,,
<C (IIVt oo +lalk o +lAall, + IIAVIIE,Q)-

Since the bilinear form is symmetric, this is sufficient for the upper bound in Theorem 2.1.

2) For the lower bound.
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B(a,v;q,v)=(V, —a+Ad,%, —q+Aq), , +(Av—-0,Av-q),
= (Ve Vi )oq +(.Q)g + (A0, A0), o +2(%, A), , —2(v,,0), o =20, AG), , +(0,0)g o +(AV, AV) , —2(0, AV),
(v, v, )0,9 +(Q:Q)o,9 +(Aq,Aq)oyQ +2(vl,Aq)0'Q +(q,q)oyQ +(Av, Av)ovQ -2(0,Aq+V, +Av)0'Q

(Ve V, )OYQ +(q,q)0’g +(Aq,Aq)0'Q +2(gvt,Aq)0’Q +(q,q)0‘Q +(Av,Av)0'Q —2(0,Aq+V, +Av)0‘Q

IIAQIIQQJ_IIQIIQQ

\%

S (P VT R

> [Vl + 2l + 180l o+ 1AV - 8[81 T

1
(0 22 ol 1 £ a0
2 1
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so we can select the positive constants ¢ <1,¢,&, sat-
isfying
1
(1-&5,-5,)>0, [2——] >0, [l—i—gz] >0,
& &

we have
B(a.v:av) = a([vlf , +lall , +Adll , + v, )

The proof of Theorem 2.1 is therefore completed.

Theorem 2.2. The Equations (5)-(9) has a unique so-
lution, and the solution is(o,u) e H'(Q)xH (Q).

Proof: From Theorem 2.1, we know that the bilinear
form B(----) is coercive and bounded on H*(Q)x
H (). Then the result follows from Lax-Milgram theo-
rem.

3. Finite Element Approximation

In principle, the LSMFE approach simply consists of
minimizing (12) in finite-dimensional subspaces
H,(Q)cH'(Q) and M, (Q)c H (Q). Suitable spaces
are based on a triangulation . of Q and consist of
piecewise polynomials with sufficient continuity condi-
tions.

Now we consider the Ciarlet-Raviart mixed finite ele-
ment form. Let H, (Q)=H*(Q)xC°(Q) and
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M, (Q)=H,(Q)NH;(Q), let 4 be a class qusi-uni-
form regular partition of Q.
The least-squares functional:

Fo(ow)= X (lu-o+aof;, +jau-of;, ). @9

TeT,

Minimizing the functional (14) is equivalent to the fol-
lowing variational problem: find o, e H, and u, e M,
such that

B, (o, Uy;0,v)=0,
holds for all (q,v) e H, (Q)xM,(Q).
The discrete bilinear form B(----) is defined as
follows:
B, (o, Upy; 0, V)
= ((um—oh+Aah,vt —q+Aq)ovT

TeTy

+(Auy, —O'h:AV—Q)O,T)’

which holds for all (q,v)eH, (Q)xM, (Q),

(oh:lUy) € Hh(Q)xMh(Q_). _ _
Theorem 3.1. The bilinear B, (-,--) is continuous

and coercive, i.e., there exist positive constants ¢, and

f, such that

2 2
(049 | 2 (Il ol ol ooy ) | (bl el oot )|
€Ty, €4h

B, (0.av)2 a3 (Il 1ol ool +l, )
€Ty

which holds for all (q,v)eH, (Q)xM,(Q),
(o4:Uy ) € H, (2)x M, (Q) . The proof is the same as the
Theorem 2.1, we omit the proof.

4. Postieriori Error Estimation

One of the main motivations for using least-squares finite
element approaches is the fact that the element-wise
evaluation of the functional serves as an a posteriori er-
ror estimator.

A posteriori estimate attempt to provide quantitatively
accurate measures of the discretization error through the
socalled a posteriori error estimators which are derived
by using the information obtained during the solution
process. In recent years, the use of a posteriori error es-
timators has become an efficient tool for assessing and
controlling computational errors in adaptive computa-
tions [10].

Now we define the least-squares functional:

Fo (o Un) = 2 (”Uhr ~Oh +A0h||;¢ +[au, _Gh"z; )-(15)

TeTy
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We have

Fh(O'—O'h,U—Uh)

= z (”ut —Up, _(O-_O-h)+A(O-_O-h )"zT

TeT,
2
Ha-u) (oo, )
so we define the posteriori estimator as following:

F(o—o,u-u,)= > n

TeTy

(16)

Theorem 4.1. The least-squares functional constitutes
an a posteriori error estimator. In other words, for

772 = "ut — Uy, —(O‘—O‘h)+A(G—O'h )”ZT

+Hau-u)-(o-a)f;;

there exist positive constants «; and . such that
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S <, 3 (-l oo, +[ato-a), -, )
TeTp TeTp

TeTy,

Proof: We know

2

S0 zar 3 (bl ool (oo +[aw-u), )
€lh

Z 772 = /H(O'_O'hvu_uh): Z ("ul —Up, _(O-_O-h)_"A(O-_O-h)”;T +||A(U—Uh)—(0'—0'h)";T)

TeTy TeTy

=B, (c-0,,Uu-U,;o—0,,u-uy).

From Theorem 3.1, we have:

B, (0 -0y, U-Uy;0—0,,u-U,)< B > (||ut —Uy[ly +lo-ault- +||A(a—o~h)||;T +[A(u —uh)";T )

TeTy

B,(c -0, u-U;0—0,u-u,)>a, Y, (||ut —uh[||;T +"°'_O'h"c2>,r +||A(o-—o-h )||§T +||A(u —uh)":T )

TeT,

The positive constants o; =Ca, and g =Cp, ,
this completes the proof.

Remark: The mesh is adapted and based on a poste-
riori error estimate of the fourth order elliptic problems.
Based on the computed a posteriori error estimator 7,
we use a mesh optimization procedure to compute the
size of elements in the new mesh. Adaptive refinement
strategies consist in refining those triangles with the
largest values of 7.

5. Convergence Analysis of Adaptive
Least-Squares Mixed Finite Element
Method

We now briefly introduce the main idea of adaptive least-
squares mixed finite element methods through local re-
finement. Given an initial triangulation .4, we shall
generate a sequence of nested conforming triangulations
4 using the following loop (*):

(*)SOLVE — ESTIMATE — MARK — REFINE.

More precisely to get ., from 5 we first solve
(5)-(9) to get u, on 4. The error is estimated using
u, and to mark a set of 4 that are to be refined. Tri-
angles are refined in such a way that the triangulation is
still shape regular and conforming.

The a posteriori error estimator is essential part of the
ESTIMATE step. The a posteriori error estimator is usu-
ally split into local error indicators and they are then em-
ployed to make local modifications by dividing the ele-
ments whose error indicator is large and possibly coars-
ening the elements whose error indicator is small.

The convergence of local refinement algorithms based
on the repetition of loop (*) is established by the error
reduction type result. Let .4, be a shape regular trian-
gulation of Q and .4 is a refinement of .4, such
that H, (Q)cH,(Q). Let o, and o, be the finite

Copyright © 2013 SciRes.

element approximation of o in H, (Q) and H,(Q),
respectively. We shall use the following results in the
proof of the convergence [11]:

2 2 2
lo=auls =lo=ouls ~low =oil,- @7

Let 4 be an initial shape regular triangulation, let
o, be a solution of (5)-(9) in the k-th loop. We have
the following theorem:

Theorem 5.1. Let o, be a solution obtained in the
k-th loop in the algorithm, then there exists a constants
5€(0,1) depending the shape regularity of 5 such
that:

||G—0k||§ <Cs*,

and thus the algorithm will terminate in finite steps.
Proof: Inthe MARK  step we select 6 <(0,1) such
that

n(c,04)<0n(o,.04).
From Theorem 4.1, we obtain the following inequality:
ool <Cn(e.0).
lois i} > Cr(or.0 )
By (17) we have:
lo-ail; <(1-Co)lo-ouf.
so there exists a constant & €(0,1) such that

2 2
o S5"G_Gk"o’

||O-_Gk+1
we let e, =|o—o,[;, we then get
€1 SO€,,
which by recursion implies

k+1
8.1 <0 g,
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So the adaptive least-squares mixed finite element
method is converged.

6. Summary and Conclusions

We describe an adaptive least-squares mixed finite ele-
ment procedure for solving the fourth order parabolic
problems in this paper, and the procedure uses a least-
squares mixed finite element formulation and adaptive
refinement based on a posteriori error estimate. The
methods were applied to study the continuous and coer-
civity of the fourth order parabolic problems.

In this paper, we applied relatively standard a posteri-
ori error estimation techniques to adaptively solve the
fourth order parabolic problems and shown the conver-
gence of the adaptive least-squares mixed finite element
method.
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