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ABSTRACT 

In this paper, we propose iterative algorithms for set valued nonlinear random implicit quasivariational inclusions. We 
define the related random implicit proximal operator equations and establish an equivalence between them. Finally, we 
prove the existence and convergence of random iterative sequences generated by random iterative algorithms. 
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1. Introduction 

The theory of variational inequality provides a natural 
and elegant framework for study of many seemingly un- 
related free boundary value problems arising in various 
branches of engineering and mathematical sciences. Va- 
riational inequalities have many deep results dealing with 
nonlinear partial differential equations which play im- 
portant and fundamental role in general equilibrium the- 
ory, economics, management sciences and operations re- 
search, see [1-3]. 

The quasi variational inequalities have been intro- 
duced by Bensoussan and Lions [1] and closely related to 
contact problems with friction in electrostatics and non- 
linear random equations frequently arise in biological, 
physical and system sciences [4,5]. With the emergence 
of probabilistics functional analysis, the study of random 
operators became a central topic of this discipline [4,5]. 
The theory of resolvent operators introduced by Brezis [2] 
is closely related to the variational inequality problems; 
for applications we refer to [6-8]. 

Motivated by recent research work on random varia- 
tional inequalities [9-14], in this paper we consider a 
class of set valued nonlinear random implicit quasi varia- 
tional inclusions and a class of random proximal operator 
equations and establish an equivalence between them. 
We use the equivalence to suggest and analyzed some 
iterative algorithms for finding approximate solution of 
(1). Further we prove the existence of solution of this 
class of problem and discuss the convergence of iterative 
sequences generated by these random iterative algorithms. 

2. Preliminaries 

Let  ,   be a measurable space and H  a separable 
real Hilbert space with inner product .,.  and norm . . 
We denote  H , 2H  and  the class of Borel  C H
  field in ,H  family of all nonempty power subsets 
of H  and the family of all nonempty compact subsets 
of H  respectively. 

Definition 1. A mapping :x H  is called meas- 
urable if for any  B H , .  ,t x

:T H 
 t B 

HDefinition 2. A mapping  is called a 
random operator if for any ,x H     x x t,T t  is 
measurable. 

Definition 3. A random operator T is said to be con- 
tinuous if for any t , the mapping  
is continuous. 

 , :T t H H 

Given random set valued mappings  
, , , , : 2HT V G P E H   and , , :f g m H H 

: 2
 

are the single valued mappings. Let HA H H    
be a random set valued mapping such that for each fix 
t ,  v t H ,    :., , 2HA v t t H   is a maxi- 
mal monotone mapping with 

         , , dom ., ,

for all  ,  , .

, g t x t m t y t A v t t

t x y H

 

 
 

Throughout this paper, we will consider the following 
set valued nonlinear random implicit quasivariational 
inclusions for finding t ,   ,x t H   

    ,v t T t x t ,     , x ta t tV ,     ,G t x tb t ,  

    ,w t P t x t ,    ,u t E t x t   such that 
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        
       

0 , , ,

, , ,

,

,

A g t x t m t u t v t t

f t w t N a t b t t

 

 
   (1) 

where  be the bifunction. :N H H H 
In deterministic case, the problem (1) is equivalent to 

the problem of the Ding and Park [15]. 
For a suitable choice of the operators A, g, m, f, N, T, V, 

G, P and E a number of known classes of variational 
inequalities, quasivariational inclusions can be obtained 
as special cases of problem, studied previously by many 
authors including Hassouni and Moudafi [16], Huang 
[17], Uko [18], Verma [13], Salahuddin [19], and Sala- 
huddin and Ahmad [20]. 

Definition 4. If A is maximal monotone operator on H, 
then for a given constant 0   the proximal operator 
associated with A is defined by 

     1
,  for all  ,AJ x I A x x H     

where I is the identity operator. It is also known that the 
operator A is maximal monotone if and only if the pro- 
ximal operator JA is defined everywhere on the space. 
Furthermore, the proximal operator JA is single-valued 
and nonexpansive, i.e. for all ,x y H , 

    .A AJ x J y x y    

Remark 1. Since the operator  .,.A  is a maximal 
monotone operator with respect to the first argument, we 
define 

        1
,  for all ,A xJ x I A x x x H


    

the generalized proximal operator associated with  
   .,A x A x . 
Related to the problem (1), we consider the problem of 

finding , t    ,x t z t H
    ,b t G t

, ,      ,v t T t x t
  t   a t  ,V t x t , , x   x t,w t P t ,  

    ,u t E t x t

  
  such that 

           ,
,

A v t t 1 , ,f t w t t R z t N a t b t t   (2) 

where  : 0,  
R I J

 be the measurable function and  

     , ,A v t t A v t t
  . 

Here I  stand for an identity operator and  

        1

,
,

A v t t J I t A v t t


   is the random proximal  

operator. Equation of the type (2) is called random impli- 
cit proximal operator equations. 

3. Random Iterative Algorithm 

In this section, we prove results which will establish eqi- 
valence between the problems (1) and (2). Then we con- 
struct a number of iterative algorithms for solving pro- 
blem (1). 

Lemma 1. If t ,  x t H ,     ,v t T t x t ,  

    ,a t V t x t ,   ,G t x t    b t ,   t,w t P t x ,  

    ,u t E t x t
t

 is a random solution set of problem (1) 
if and only if  ,  x t H ,     ,v t T t x t ,  

    ,a t V t x t ,   ,b t G t x  t  ,   x t,w t P t ,  

    ,u t E t x t  such that 

       

               
    

     

,

, ,

, , ,

, ,

1 ,

A v t t

g t x t t m t u t

t J g t x t m t u t t f t w t

N a t b t t

t g t x t



 





  

 

 

 

(3) 

where  : 0,    and  are two mea-  : 0,  
surable functions and          1

,
,

A v t t
J I t A v t t


  ,  

here I stand for identity functions. 
Proof. Let t ,  x t H ,     ,v t T t x t ,  

    x t,a t V t ,   ,b t G t x  t  ,   x t,w t P t ,  

    ,u t E t x t  be the random solution set of (1). 
Then for a given measurable function  : 0,   , 

 

                       
                 

            
                            

                   
    

1

,

1 0 , , , , , , ,

0 , , , , ,

, , ,

, , , , , , ,

 , , , , ,

,

A v t t

t f t w t N a t b t t t A g t x t m t u t v t t

g t x t m t u t t f t w t N a t b t t

I t A v t t g t x t m t u t

,g t x t m t u t I t A v t t g t x t m t u t t f t w t N a t b t t

J g t x t m t u t t f t w t N a t b t t

t g t x t m t

 





 







    

    

  

       
     

                           
       

                           

,

,

, , , , ,

, ,

, , , , , 1 , ,

A v t t

A v t t

u t t J g t x t m t u t t f t w t N a t b t t

g t x t t m t u t

t J g t x t m t u t t f t w t N a t b t t t g t x t

 



  

    
 

      

,

 

Copyright © 2013 SciRes.                                                                                  AM 



SALAHUDDIN, M. K. AHMAD 423

 
where  be the measurable mapping. This 
completes the proof. 

: 0,  

Theorem 1. The random problem (1) has a random 
solution set , t    ,x t z t H ,     ,v t T t x t

 
,  

  ,a t V t   x t , ,     ,b t G t x t   ,w t P t x t ,  

    ,u t E t x t   if and only if random problem (2) has 
a random solution set , t    ,x t z t H

  , x t  
, 

    ,v t T t x t , ,   Va t t   ,G t x tb t  ,  

    ,w t P t x t ,  where     ,u t E t x t

 


        ,
, ,

A v t t  g t x t m t u t J z t     (4) 

and 

    
           

,

, , ,

z t g t x t

m t u t t f t w t N a t b t t



   , .
 (5) 

Proof. Let t ,     ,x t z t H ,     ,v t T t x t
 

,  

  ,a t V t x t   , ,     ,G t x tb t   ,w t P t x t ,  

    ,u t E t x t   be a random solution set of (1). Then 
for a measurable function  : 0,   , 

          
           

     
         

     
          

            
     

         

(1) 0 , , , ,

, , ,

0 , ,

, , , ,

, ,

, , ,

0 , ,

, ,

, , ,

t A g t x t m t u t v t t

t f t w t t N a t b t t

g t x t m t u t

t A g t x t m t u t v t t

g t x t m t u t

t f t w t N a t b t t





,I t A v t t g t x t m t u t

g t x t m t u t

t f t w t N a t b t t



 









  

 

  

 

 
  

   

 
  

 

     
     
     

          
        

          

1

,

, ,

,

, ,

, , ,

 , ,

, ,

A v t t

g t x t m t u t

I t A v t t

g t x t m t u t

t f t w t N a t b t t

J g t x t m t u t

t f t w t N a t b t t











 

 
  

 

  , .

, .

.

 

Take, 

    
             

= ,

, , ,

z t g t x t

m t u t t f t w t N a t b t t  
 

Then, 

           ,
, ,

A v t t
g t x t m t u t J z t   

Thus, 

       
          

,

, ,

A v t t
z t J z t

t f t w t N a t b t t



  , ,
 

        
       

1
,

, ,

A v t t
t I J z t

, .f t w t N a t b t t

 

  
 

That is, 

               1
,

, ,
A v t t

f t w t t R z t N a t b t t  ,

,

 

where   A v t  ,t A v t t
R I J  , completing the proof of 

Theorem 1. 
Theorem 1 implies that random problems (1) and (2) 

are equivalent, which allows us to suggest a number of 
iterative algorithms for solving problem (1). For a suit- 
able rearrangement of the terms of the random Equation 
(2), we suggest the following algorithms: 

1) The random problem (2) can be written as 

                ,
, ,

A v t t
R z t t f t w t N a t b t t   ,  

which implies that 

       
          

,

, ,

A v t t
z t J z t

t f t w t N a t b t t



  , .
 

This random fixed point formulation allow us to sug- 
gest the following random iterative algorithm. 

Algorithm 1. For given t ,     0 0,x t z t H , 
    0 0,v t T t x t ,   0 0,V t x  a t t ,  

    ,b t G t x t0 0 ,   ,P t x  0 0w t t ,  

    0 0,u t E t x t , compute ,   nz t   nx t ,  

  nv t ,   na t ,   nb t ,  and   nw t    nu t   by 
random iterative schemes, 

          ,
, ,

nn n nA v t t  ,g t x t m t u t J z t    (6) 
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n n
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n n n n
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n n
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v t T t x t

v t v t T t x t T t x t

a t V t x t

a t a t V t x t V t x t

b t G t x t

b t b t G t x t G t x t

w t P t x t

w t w t P t x t P t x t

u t E t x t

u t u t E t x t E t x t

 

 

 

 

 



 



 



 


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
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




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       
          

1 , ,

, ,   

0,1, 2,

n n n

n

z t g t x t m t u t

t f t w t N a t b t t

n



  

 

 

, ,

,

 (7) 

2) The random problem (5) can be written as 

       
          

        1
,

, ,

, ,

.
A v t t

z t g t x t m t u t

t f t w t N a t b t t

I t R z t





 

 

 

 

This random fixed point formulation is used to suggest 
the following algorithm: 

Algorithm 2. For given , t    0 0, ,x t z t H  
,     0 0,v t T t x t    a t t

   
0 0,V t x , 

    ,b t G t x t0 0 ,  0 0,P t xw t t , 

   0 0,u t E t x t  , compute   nx t , ,    nz t

  nv t , , ,   na t   nb t   nw t  and   nu t   by 
random iterative schemes,  

          ,
, ,

nn n nA v t t  ,g t x t m t u t J z t     (8) 

    
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
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, ,

 , , ,

, ,

 , , ,

, ,

 , , ,

, ,

 , , ,
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n n n n
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a t a t V t x t V t x t

b t G t x t

b t b t G t x t G t x t

w t P t x t

w t w t P t x t P t x t

u t E t x t

u t u t E t x t E t x t

 

 

 

 

 



 



 



 



 



 











,

,

,

,
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        

        

1

1
,

, ,

, ,

, 

0,1, 2, .
n

n n n

n n n

nA v t t

z t g t x t m t u t

t f t w t N a t b t t

I t R z t

n









 

 

 

 


   (9) 

4. Main Result 

First we recall the following well known concepts. 
Definition 5. A random mapping :g H H   is 

said to be 
1) random strongly monotone, if there exists a meas- 

urable function  such that  : 0,  

     

   

      2

, , ,

 ,  for all  , , ;

g t x t g t y t x t y t

t x t y t t x y H

 

  
 



2) random Lipschitz continuous, if there exists a meas- 
urable function  : 0,    such that 

           
2 2

, , .x y H

Definition 6. A random mapping 

, ,   , 

 for all  

g t x t g t y t t x t y t

t

  


 

: 2HV H 
 with respect t  t

 is 
said to be random relaxed monotone he 
first argument of a random mapping  

o

: H H HN   , if there exists a nc- 
tion 

 measurable fu
 : 0,    such that 

             

     
1 , , , ,N a t b t t N a t b t t 2 1 2

2

2 ,x t 
 

1

,  x t x t

t x t





for all ,t      , ,i ia t V t x t      , ,b t V t x t  
1,2i  . 

Definition 7. A random mapping : 2HG H 
ontinuous with re

om mapping  

 is 
 random relaxed Lipschitz
e sec d argument of rand

said to be  c - 
spect to th on

: H H HN    if there exists a ap- 
ping 

 measurable m
 : 0,    such that 

             

     
1 2 1 2

2

2

, , , , ,

 ,

N a t b t t N a t b t t x t x t

t

 

 
 

1

 

t x t x 

for all ,t      , ,a t G t x t      , ,i ib t G t x t  
1,2i  . 

Definition 8. A random set-valued mapping  
2: HE H  

if there ex
  

ists a 
is said to be -Lipschitz continuous

measurable function 
 

 : 0,    
such that  

           
   

, ,  , 

for all , , ,

t E t y t t x t y t

t x t y t H

 

 

,E t x 
 

where is a Hausdorff metric on   H . 
Theorem 2. Let the random bifunction  
:N H H H 

spec
 be random Lipschitz continuous 

um nts with meas- with re t to first and second arg e
urable functions  , : 0,r s    respectiv

ings , , , , : 2
ely and ran- 

dom set valued mapp HT V G P E H   be 
the random  -Lipschitz continuous with random coef- 
ficients  , , , , :v     0,   respectively. Let the 
random mappings , , :g f m H H   be random Lips- 
chitz continuous with random coefficients  

 0,, , :      respectivel and the random map- 
ping g is the random e with respect to 
the measurable map  : 0,

y 
 strongly monoton

  . A random bifunc- 
tion :N H HH   is randomly relaxed monotone 
with respect to the first argument of N  with random 
coefficient  : 0,k    and axed Lipschitz con- 
tinuous e second argument of N  with 
random coefficient  : 0,

rel
o thwith respect t
  . Let 

: 2
 

HA H H   be such that for ea fixed tch  , 
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 v t H , 2  ., , : HA v t t H



  be a random maxi- 
mal monotone satisfying 

      , , ,

         

   
, ,

, 

for all , ,  ,

A x t t A y t t
J z t J z t

z t z t

z z H t



 

 

        (11) 

where 

.,g t x t m t y t t t  

for any fix t

DomA v

 y t H . Suppose that 

for all 

   , ,z t x t  , 
   ,x t y t H , 

           
 : 0,    be the measurable map, then there  

exists    , ,
,

A x t t A y t t
J z t J z t t x t y t    (10)  : 0,    such that 

 

 
           

             

                              
             

2 2

2 2 2

2 2

1

1 2

t t t t p t
t

r t t s t t t t

t t t t p t r t t s t t t t p t p t

r t t s t t t t

   


   

       

   

  


 

      


 

 

                             2 2
1 2t t t t p t r t t s t t t t p t p t                    (12) 

 



where, 

          1t t t t p t           ,a t V t x t ,    ,b t G t x t ,      ,w t P t x t ,  

    ,u t E t x t ,

quences 

 satisf  ying (2) and (5) and random se-              ,    1t t r t t s t t p t      
     z t , 

       p t q t t v t  , 

         22 1q t  2 2t t t t     ,   1.q t   

Then there exist    ,x t z t H ,     ,v t T t x t , 

nx t , n n   a t   b t ,   v t, ,  n n

      generated by Al - nw t  and n m
verge str to

u t  
ly  

gorith  1, con
ong  x t ,  v t z t , , , t  a  b t , 

 w t  and    in u t H  for each t . 
Proof. From Algori  1thm , we have 
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                
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
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  
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   
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   

 

       (13) 

Since N is randomly Lipschitz continuous with respect to first and second argument and V and  are random - 
Lipschitz continuous, we have  

t t  1, ,n n nx t m t u t m t u t 

G  

         
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 
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Again are randomly Lipschitz continuous and 

om -Lipschitz continuous, we have  
,m f  

 are rand, ,T P E  
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1n n

, ,  

 , , ,

 .

n n n n

n n

f t w t f t w t t w t w t

t P t x t P t x t

t t x t x t





 

 



  



 

 (16) 



          
     

1 1 , , ,n nt v t T t x t T t x t  

1 .

n n

n n

v

v t x t x t 


  (17) 

           1 1, ,   n n n n .g t x t g t x t t x t x t     (18) 

g  Since is random strongly monotone and from (18), 
we have 

          
   

         

     
         

     

        

2

1 1

2

1

1 1

2

1

2 2

1 1

22

2
1

, ,

2 , , ,

, ,

2

2 .

n n n n

n n

n n n n

n n

n n n n

n n

x t x t g t x t g t x t

x t x t

g

1

2
1

n n

t x t g t x t x t x t

g t x t g t x t

x t x t t x t x t

t x

t t x t x t



 

 



 



 



  

 

  

 

   

 

  (19) 

Since is random relaxed monotone with respect to 
first argument and random relaxed Lipschitz continuous 
with second argument, we have 

 

t x t  

 

N  

                

                   

           

                  

      

2

1 1 1

2

1 1 1 1

22
1 1

2

1

1

, , , ,

2 , , , , ,

, , , ,

2 , , , , ,

2 , , ,

n n n n n n

n n n n n n n

n n n n

n n n

n n

x t x t t N a t b t t N a t b t t

x

  1n   

1 1

1 , ,

n n n

n n

nt x t t N a t t N a t b t t x t x t

t N a t b t t N a t b t t

n n

t b

x t x t t N t t N a t b t t x t x t

t N a t b t t N b











  

   

 

 



  

    

 

    

 

a t b

a t t t x



    1nt x t         (20) 

           

                   

              

                      

22
1 1

2 2 2

1 1 1

222
1

222
1

, , , ,

2 2

1 2 .

n n n n

n n n n n n

n n

n n

t N a t b t t N a t b t t

x t x t t t x t x t t t x t x t

t r t t s t t x t x t

t t t t r t t s t t x t x t



   

  

     

 

  





 

     

  

     

From (13)-(15), (19) and (20), we have  

   

                               

   
              

1

22 2

1

1

1 2 1 2   

2

n n

n n

n n

z t z t

t t t t t t t t r t t s t t t t t

x t x t

q t
t t t t x t x t

            

    









           
 

 

 
    
 

 (21) 

where          22 1 2 2q t t t t t        and 

                    221 2 .t t t t t r t t s t             t
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Also from (6), (10), (11), (15) and (19), we obtain 

                

             

          

                 

           

          

1

1

1 1

1 1 1

1 1, ,

1 1

1 , ,

1, ,

, , ,

  ,

, ,

  , ,

  

n n

n n

n n

n n n n n n n

n n nA v t t A v t t

n n n n

n n n nA v t t A v t t

n nA v t t A v t t

x t x t x t x t g t x t g t x t m t u t

m t u t J z t J z t

x t x t g t x t g t x t

m t u t m t u t J z t J z t

J z t J z t

t t 





 

  

 

 





     

  

   

   

 

      2
11 2 n nt t x t x     

         

                     

             

1

1 1

2
1 1

1 1

  

1 2

2

n n

n n n n

n n n n

n n n n

t x t x t

t v t v t z t z t

t t t t t v t x t x t z t z t

q t
t v t x t x t z t z t

   



 

 

 



   

       

 
     
 






 

 
which implies that 

   

     
   

1

1

 

1
 .

1
2

n n

n n

x t x t

z t z t
q t

t v t







 
  

    (22) 

Adding (21) and (22), we obtain 

   
        

     
   

     

1

1

1

2 

1
2

 ,

n n

n n

n n

z t z t

q t
t t t

z t z t
q t

t v t

t z t z t

   











 
     

   
 


 (23) 

where, 

 
        

     
2 .

q t
t t t

t

v t

   


 
  

From (12), it follows that  for each

1
2

q t
t  

  1t   t . 
om se- Consequently from (23), we  the rand

quence is a Cauchy n
 see that
 sequence i  nz t   H  fo

ere exists r fix
r each 

t , that is th   H  foz t  t
hat the
 with 

 1nz t

random
 z t  as

 sequence 

 n 
  

. From (22), we   know t

nx t  is a Cauchy sequence in H   

there exists that is  x t H  with    1nx t x t 
om Lipschitz co

 for 
. Al e rand n- 

tinuity, we have 
each fix t so from th

          
     

          
     

          
     

          
     

          
     

1 1

1

1 1

1

1 1

1

1 1

1

1 1

1

 , , ,

 , , ,

 , , ,

 , , ,

 , , ,

,

n n n n

n n

n n n n

n n

n n n n

n n

n n n n

n n

n n n n

n n

u t u t E t x t E t x t

t x t x t

v t v t T t x t T t x t

v t x t x t

w t w t P t x t P t x t

t x t x t

a t a t V t x t V t x t

t x t x t

b t b t G t x t G t x t

t x t x t









 



 



 



 



 



 

 

 

 

 

 

 

 

 

 











 

  1nu twhich implies that the random sequences , 
  1n t , v   1nw t ,   1na t  1nb t  are - 

chy sequences in .
   Cau and 

H  Assume that  
   a t 1na t H  ,    1nb t b t H   ,  

   v t H  , 1nv t    t w t1nw H   and  

   1nu t u t  H  as  , for each fix t n   . 
Now by using t om continuity of the rand  he rand om

operators , , , , , , , ,g m f T V N , AG P E J  and Algorithm 1, 
we have  

       
          

, ,

, , ,

t x t m t u t

t f t w t N a t b t t H



 
 

z t g

.

Now we show that    , .a t V t x t   In fact  
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     
         
          
         

, ,

 , ,

 , , ,

0

 as , for fix

n n

n n

n n

d a t V t x t

a t a t d a t V t x t

a t a t V t x t V t x t

a t a t t x t x t

n t



  

  

    

 

  

where, 

             .  , , inf : ,d a t V t x t a t z t z V t x t  

Since the random sequences   nx t  and   na t  
bove in- are Cauchy sequences, it follows  the a

equality that 0 This implies that  

. In a similar way, we can show that

from  

     , ,d a t V t x t  . 

    ,a t V t x t   

    ,v t T t x t ,     ,b t G t x t ,     ,t x t  w t P  

 . and     ,u t E t x t
it foBy Theorem 1, llows that t ,    ,x t z t H ,  

    ,v t T t x t ,     x t , ,a t V t    ,G t x tb t  ,  

    ,w t P t x t
the inequality (1) a

 and  satisfies     ,u t E t x t , wh
d for

ich 
n  fix t ,    n z t ,  

   n

z t 
x t x t ,    nv t v t ,    a t a t , 

   nb t b    
strongly in

n

t , 
 

   nw t w t
,

 and nu t u t  
H  the required result. 
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