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ABSTRACT

In this paper, we propose iterative algorithms for set valued nonlinear random implicit quasivariational inclusions. We
define the related random implicit proximal operator equations and establish an equivalence between them. Finally, we
prove the existence and convergence of random iterative sequences generated by random iterative algorithms.
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1. Introduction

The theory of variational inequality provides a natural
and elegant framework for study of many seemingly un-
related free boundary value problems arising in various
branches of engineering and mathematical sciences. Va-
riational inequalities have many deep results dealing with
nonlinear partial differential equations which play im-
portant and fundamental role in general equilibrium the-
ory, economics, management sciences and operations re-
search, see [1-3].

The quasi variational inequalities have been intro-
duced by Bensoussan and Lions [1] and closely related to
contact problems with friction in electrostatics and non-
linear random equations frequently arise in biological,
physical and system sciences [4,5]. With the emergence
of probabilistics functional analysis, the study of random
operators became a central topic of this discipline [4,5].
The theory of resolvent operators introduced by Brezis [2]
is closely related to the variational inequality problems;
for applications we refer to [6-8].

Motivated by recent research work on random varia-
tional inequalities [9-14], in this paper we consider a
class of set valued nonlinear random implicit quasi varia-
tional inclusions and a class of random proximal operator
equations and establish an equivalence between them.
We use the equivalence to suggest and analyzed some
iterative algorithms for finding approximate solution of
(1). Further we prove the existence of solution of this
class of problem and discuss the convergence of iterative
sequences generated by these random iterative algorithms.

Copyright © 2013 SciRes.

2. Preliminaries

Let (Q,Z) be a measurable space and H a separable
real Hilbert space with inner product (.,.) and norm || .
We denote B(H), 2" and C(H) the class of Borel
o field in H, family of all nonempty power subsets
of H and the family of all nonempty compact subsets
of H respectively.

Definition 1. A mapping x:Q — H is called meas-
urable if forany BeB(H), {teQ x(t)eB}eX.

Definition 2. A mapping T:QxH — H is called a
random operator if for any xeH, T(t,x)=x(t) is
measurable.

Definition 3. A random operator T is said to be con-
tinuous if for any teQ, the mapping T(t,-):H —>H
is continuous.

Given random set valued mappings
T,V,G,P,E:QxH —2" and f,g, m:QxH >H
are the single valued mappings. Let A:QxH xH — 2"
be a random set valued mapping such that for each fix
teQ, v(t)eH, A(,v(t),t):HxQ—2" is a maxi-
mal monotone mapping with

g(t,x(t))—m(t,y(t))edom(A(.,v(t),t)),
forall teQ, x,yeH.

Throughout this paper, we will consider the following
set valued nonlinear random implicit quasivariational
inclusions for finding teQ, x(t)eH,

v(t)eT(tx(t)), a(t)eV(t,x(t)), b(t)eG(t,x(t)),

w(t)eP(t,x(t)), u(t)eE(t,x(t)) such that
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0e A(g(t.x(t))-m(tu(t)),v(t).t)
+f (t,w(t))-N(a(t),b(t),t),
where N:HxHxQ—H be the bifunction.

In deterministic case, the problem (1) is equivalent to
the problem of the Ding and Park [15].

M

For a suitable choice of the operators A, g, m, f, N, T, V,

G, P and E a number of known classes of variational
inequalities, quasivariational inclusions can be obtained
as special cases of problem, studied previously by many
authors including Hassouni and Moudafi [16], Huang
[17], Uko [18], Verma [13], Salahuddin [19], and Sala-
huddin and Ahmad [20].

Definition 4. If A is maximal monotone operator on H,
then for a given constant 7 >0 the proximal operator
associated with A is defined by

Ja(x)=(1 +77A)’l(x), forall xeH,

where | is the identity operator. It is also known that the
operator A is maximal monotone if and only if the pro-
ximal operator J, is defined everywhere on the space.
Furthermore, the proximal operator J, is single-valued
and nonexpansive, i.e. forall x,yeH ,

[94 ()= 3u (V)] < lx=]-

Remark 1. Since the operator A(.,.) is a maximal
monotone operator with respect to the first argument, we
define

Ia () =(1 +7A(x)) " (x), forallxe H,
the generalized proximal operator associated with
A(x)=A(X).
Related to the problem (1), we consider the problem of
finding teQ, x(t),z(t)eH, v(t)eT(tx(t)),
a(t)eV(tx(t)), b(t)eG(t.x(t)), w(t)eP(t,x(t)),

u(t)e E(t,x(t)) such that
F(tw(t)+n7 () Ry (2(1) = N(a(t).b(t).t) ()

(1) = 0en(t)(f(tw(t)-N(a(t)b(t),t))+n(t)A(g(tx(t))-
< 0e—(g(t.x(t)-m(tu()-n()(f (tw(t)-N(a(t),b(t),1)))
t

( (
+(1+n() A(v(t).0))(
) )
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where n:Q—)(O,oo) be the measurable function and
RA(v(t),t) =I- ‘]A(v(t),t) .

Here | stand for an identity operator and
I =(1 +77(t)A(v(t),t))71 is the random proximal

operator. Equation of the type (2) is called random impli-
cit proximal operator equations.

3. Random Iterative Algorithm

In this section, we prove results which will establish eqi-
valence between the problems (1) and (2). Then we con-
struct a number of iterative algorithms for solving pro-
blem (1).

Lemmal. If teQ, x(t)eH, v(t)eT(tx(t)),

a(t)eV(tx(t)), b(t)eG(t,x(t)), w(t)eP(tx(t)),
u(t)e E(t,x(t)) isarandom solution set of problem (1)
ifandonly if teQ, x(t)eH, v(t)eT(t,x(t)),

a(t)eV(tx(t), b(t)eG(tx(1)), w(t)eP(tx()),
(

u(t)eE(t,x t;) such that

( (» f@)( ())
o[ 9(6X(0) =m(tu() —m(t){f (tw(t))

—N(a(t»b(t),t)}]

HL-r () g (tx(t))
®3)

where 7:Q—(0,00) and 7:Q—(0,0) are two mea-
surable functions and ‘]A(v(t),t):(l +77(t)A(v(t),t))_l,

here | stand for identity functions.
Proof. Let teQ, x(t)eH, v(t)eT(tx(t)),

a(t)eV(t.x(t)), b(t)eG(t,x(t)), w(t)eP(t,x(t)),
u(t)eE(t,x(t)) be the random solution set of (1).
Then for a given measurable function 7:Q — (0,),

m(tu(t)),v(t).t)
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where 7:Q —(0,00) be the measurable mapping. This
completes the proof.

Theorem 1. The random problem (1) has a random
solutionset teQ, x(t),z(t)eH, v(t)eT(tx(t)),

a(t)eV(tx(t)), b(t)eG(t.x(t)), w(t)eP(tx(t)),
u(t)e E(t,x(t)) if and only if random problem (2) has
arandom solutionset teQ, x(t),z(t)eH

v(t)eT (Lx(1)), ()GV(tXUD ()EG(tX(»
w(t)eP(t,x(t)), u(t)eE(t,x(t)) where

g(tx() M(tU(t)+ Iy (2()) @
and

2(t)=g(tx(1))
“m(t.u(®) 2 (0 f (L w(t)-N(a(0).b(0).1))
Proof. Let teQ, x(t),z(t)eH, v(t)eT(tx(t)),
a(t)eV (t,x(t)), b(t)eG(t.x(t)), w(t)eP(tx(t)),
u(t)e E(t,x(t)) be a random solution set of (1). Then
for a measurable function 77:Q —(0,),

1)< 0en(t)A (g(tx ))—-m(t,u(t)),v(t) )
() f (tw(t))- HO)N((UlKUt)
< 0eg(t,x(t))-m(tu(t))
+n(t)A(g(tx(t))-m(t,u(t)),v(t).t)
)

®)

m(tu(y))

Copyright © 2013 SciRes.

Thus,
z(t)=J
n@ﬂf 0
v%w( )
==t (tw( ) N (a( ) b(t) t).

That is,
F(6W(0)+ 77 (0)R 0 (2(8) = N (a(1),B(0)1)

where R( =1-J

Av(t)) * completing the proof of
Theorem 1.

v(t)t)

Theorem 1 implies that random problems (1) and (2)
are equivalent, which allows us to suggest a number of
iterative algorithms for solving problem (1). For a suit-
able rearrangement of the terms of the random Equation
(2), we suggest the following algorithms:

1) The random problem (2) can be written as

Ry (2(0)==n(O)(f (tw(t) - N(a(t).b(t).t))
which implies that

z (t) =J Av(t).t) (Z (t))
) (6 W(0) N (a(0).D(2).1)).

This random fixed point formulation allow us to sug-

gest the following random iterative algorithm.
Algorithm 1. For given teQ, x,(t),z(t)eH ,

w(D)<T (L3 (1), 2 () (tx(1).
0, (1) =G (t.5 (1)) (1) =P (t(1).
(1) <E (., (1)), compute {2, (1)}, {x, (1)}

(a (O, {a (O}, {by (1)}, {w, ()} and {u, (1)} by

random iterative schemes,

9(t %, (1) =m(t.u, (1)) + I, 109 (2 (1), )
Vo (1) €T (1%, (1)),
s (8) = (O £ 24T (1202 (6).T (8, (1)),
a, (t) eV (t.% (1)),
s (6) =2, (O < #(V (1% (1).V (%, (1)),
(UEG( 2 (1),
[br.s (£) =0 (6] < (G (t.%,.2 (1)), B (1%, (1),
w, (t)eP(t X, (1)),
Wz (1) = w, ()] < H (P (8 %1 (1)), P (1%, (1))
u, (t) € E(t,x, (1)),
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Z,4(t)= ( (t))

n=012,--
2) The random problem (5) can be written as
2(t)= g (tx(1)) ~m(t.u(1))
—n(t)( 1 (tw(t) - N (a(t).b(t).1))
+( I _77_1 (t)) RA(V(I),I) (Z (t))
This random fixed point formulation is used to suggest

the following algorithm:
Algorithm 2. For given teQ,

V(D) eT(tx (1), a(t)eV (tx(t)),

by (1) € G (t.%, (1)), Wy (1) € P(t. % (1))

(D)< E(tx (1) compute {x, (0} [z,
0] (a0 (0] () a0 o) by

random iterative schemes,
9 (t’ Xn (t)) = m(t’ Uy (t)) + JA(vn(t),t) (Zn (t))’ (®)
v, (t) eT (t X, (t))

(), 20(t) < H,

(12007 (1% (1),

(f(,wn(t) -N(a, o)
+(I _’7_1 (t) RA(vn(t),t) (Zn (t))’
n=0,12,
4. Main Result

First we recall the following well known concepts.
Definition 5. A random mapping g:QxH —>H is
said to be
1) random strongly monotone, if there exists a meas-
urable function §:Q —(0,0) such that

(g(t:x(1)) =g (t.y(1)).x(t) - y(1))

25(t)||x(t)— (t)||2 forall teQ, x,yeH;

Copyright © 2013 SciRes.

2) random Lipschitz continuous, if there exists a meas-
urable function y:Q— (0,00) such that

Jo(txt)-s(ey)f <7 (x()-

forall teQ, x,yeH.

vy

Definition 6. A random mapping V :QxH —2" is
said to be random relaxed monotone with respect to the
first argument of a random mapping
N:HxHxQ-—H, if there exists a measurable func-
tion x:Q—(0,0) such that

<N(al(t),b(t),t)—N(az(t),b(t),t),xl(t)—xz(t)>
>~ (t) % (1)~ %, (V).
for all teQ, a(t)eV(t,x(t)), b(t)eV(tx(1)),
i=12.

Definition 7. A random mapping G:QxH —2" is
said to be random relaxed Lipschitz continuous with re-
spect to the second argument of random mapping
N:HxHxQ-—H if there exists a measurable map-
ping «:Q—(0,0) such that

(N(a(t).b.(6).t) = N (a(t).b, (£).t). % (£)=% (1)
<—a(t)x (O)-% )

for all teQ, a(t)eG(tx(t)), b (t)eG(tx(t)),
i=12.
Definition 8. A random set-valued mapping
E:QxH —2" is said to be H-Lipschitz continuous
if there exists a measurable function o:Q—(0,%)
such that
(1)

H(E(1x(1) E(t y (1)) <o (0)]x(t) -
forallte Q, x(t),y(t)eH,

where H is a Hausdorff metricon H .

Theorem 2. Let the random bifunction
N:HxHxQ-—>H be random Lipschitz continuous
with respect to first and second arguments with meas-
urable functions r,s:Q —(0,0) respectively and ran-
dom set valued mappings T,V,G,P,E:QxH —2" be
the random H -Lipschitz continuous with random coef-
ficients v,4,&,p,0:Q—(0,00) respectively. Let the
random mappings g, f,m:QxH — H be random Lips-
chitz continuous with random coefficients
7.4, B:Q—(0,0) respectively and the random map-
ping g is the random strongly monotone with respect to
the measurable map &§:Q— (0,%). A random bifunc-
tion N:HxHxQ—H israndomly relaxed monotone
with respect to the first argument of N with random
coefficient k:Q —(0,00) and relaxed Lipschitz con-
tinuous with respect to the second argument of N with
random coefficient «:Q —(0,). Let
A:HxHxQ—2" Dbe such that for each fixed teQ,
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v(t)eH, A(,v(t),t):HxQ—2" bearandom maxi-
mal monotone satisfying

JA(x(t),t)Z (t) -J A(y(t),t)z’ (t)H

g(t.x(t))—m(t, y(t)) e DomA(.v(t),t) forall <[z(t)-z'(1)]. (11)

z(t),x(t), ( )e H . Suppose that for any fix teQ, forallz,z’eH, teQ,

X(t).y(t)eH where ¢:Q—(0,0) be the measurable map, then there
A(x(t).1) ( )= JA(y(t)vt)Z(t) Se(t)"X(t)_y(t)"’ (10) exists 7:Q —(0,00) such that

(x(t)+a(t) - u() o ()1 p(t
(r()2(t)+s(®)(0) ~((t) p(t))|

k(t)+a(t)> u()p(1)(1- p(1) + () A1)+ SO D)) ~(u() (1)) P(t)(2- p(1) (12)

(0)+ at)> (1) (1= p(1) 1)V (Lx(0). BOG(Lx(D). w(D)eP(Lx(D).

u(t)p(t)<r(t)a(t)+s(t)&(t), p(t)<1 quen:eSE({tX g% S{az 'Sfy'}ng{(Zn) anf,(?)bna(ntO)I}r:an{dvcszt;f,

where, p(t)=q(t)+e(t)v(t), {w,(t)} and {u,(t)} generated by Algorithm 1, con-

T o), s s T
Then there exist x(t),z(t)eH, v(t)eT (t.x(t)), Proof. From Algorithm 1, we have

[20.2 (6)= 2, (0= o (&5, (8)) = 0 (£ x4 (1) + m (., (£)) = m(t.u, , (1)

—n(U(f (tw, (t))— (6w, (1)~ N (2, (1),5, (6).8) + N (3,4 (1),b,, (1),

<[, (¢ %, (1) =0 (t. %2 (1)) +[m(t vy (8) - m(tu, . (0)] 13)
()= (1) +n N(anm,bn(t),t)—N(an-1<t>,bn-1<t>,t))u

(O] (tw )]

Since N is randomly Lipschitz continuous with respect to first and second argument and V and G are random H -
Lipschitz continuous, we have

N (@, (£).b, (t).t) = N (a4 (£).by, (£).)]

(14)

Copyright © 2013 SciRes. AM
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Again m, f are randomly Lipschitz continuous and Since g is random strongly monotone and from (18),
T,P,E arerandom H -Lipschitz continuous, we have we have
I, (1)) ~m (s ()] A0, (9 -u (0] e (65,0 ~(91(t.5% ()~ (1%, (1)
<ﬂ() (E(t x(t)) E(t x4 (1))) (15) |, (0)-x, 1t||
<o () A% (1) =% (1) ~2(9 (63, (1))~ 8 (1%, (£)) 5, (1) =%, (1)
[f (tw, (0)= f (L, (1) ||<ut (1) =w,., (0] +Ha(tx, ( t)) 9(t % (O)f (19)
<u(OH(P(t, ) P(tx4(1))) (16) <[ ()= (O =20 (), (1) =0, (1)
<u(t) p(1)]%, (1) =%, () || +;/2(t)||xn(t)—xn_1(t)||2
Vo (8) = Vs (O] < H(T (8%, (1)), T (1%, (1)) an < (1-25(t)+ 72 (1)) % ()=, (V) -
SV(t)"X () X, 1(t)|| Since N is random relaxed monotone with respect to
first argument and random relaxed Lipschitz continuous
"9 t,xn(t))—g(t,xn_l(t))"s;/(t)"xn % ()] (18 with second argument, we have

+277(t)<N (4 (1) o, (1), 1) =N (@, 4 (t). by s (1), 1) %, (1) =X, 4 (t)> (20)

IA
x
—~
~—+
N—
|
x

AN
—~
~—
|
N
S
—~
~—+
N—
A
—_~
~—
-
x
—~
~—+
N—
] »
X< =)
E |
AR
—~
—
)
N
|
N
S
—~
~—+
SN—
N
—_
—
—
x
—~
~—
N—
|
x
LN
—_
~—+
e
N

From (13)-(15), (19) and (20), we have
[0 (1), (V)
<(\B=200) 477 (40 (0)8(0)+ 120 () () + () + 7" (OO 20+ 0)) +2(0)u(t) (1))
%, (8) =%, (1))
< B0 1)) . )5, )

where q(t)=21-25(t)+7°(t)+20(t)A(t) and

Copyright © 2013 SciRes. AM
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Also from (6), (10), (11), (15) and (19), we obtain

%11 ()= 9(6%(6) + 9 (1%, (1) + m(tu, (1)
—-m (t’ U (t)) +J A(vn(t),t)zn (t) -J A(vn_1 (1)) (anl (t))”
% <t)—xn_1(t>—<g<t,xn <t>)—g(t,xn_1<t)))H

+||m tu

<

-J A(vn(1).t) ( Z, (t))”

+

H( <t>>—JA<VM<t>,t><zn-1 (t))H

J(l 25t )||X ||+<f (O] ()= ()]

s(\/(1—25(t)+;/2 (t))+o-(t)/3(t)+e(t)v(t )||x @O+ 20 ()= 202 (1)]

which implies that
"Xn (t) — X (t)"

! lo,©-2 () @

Adding (21) and (22), we obtain

2, (t)= 2,4 (1))

@) 0t

2
1—@—e(t)v(t)

2
<0(t) ]z, (1) -z, (1)].

where,

"Zﬂ (t) g (t)" (23)

From (12), it follows that &(t)<1 for each teQ.
Consequently from (23), we see that the random se-
guence {zn (t)} is a Cauchy sequence in H for each
teQ, that is there exists z(t)eH for fix teQ with
z,,(t)—>z(t) as n—oo.From (22), we know that the

random sequence {xn (t)} is a Cauchy sequence in H

that is there exists x(t)eH with x ., (t)—>x(t) for
each fix teQ. Also from the random Lipschitz con-
tinuity, we have

Copyright © 2013 SciRes.

(0]

<E() % (1) =%, (1)

which implies that the random sequences {u,.,(t)},
Ve (O} {woa ()}, {24 (1)} and {b, (1)} are Cau-
chy sequences in H. Assume that
a,.(t)>a(t)eH, b, (t)>b(t)eH,
Vi (t)ov(t)eH , w,, (t)>w(t)eH and
U, (t)>u(t)eH as n—oo, foreachfix teQ.

Now by using the random continuity of the random
operators g,m, f,T,V,G,P,E,N, J, and Algorithm 1,
we have

2(t) = 0t x(t))~m(t,u(0)
(O (Lw() N (a().b(1).1)) < H.
t,

Now we show that a(t)eV ( x(t)). In fact
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d(a(t)V (tx(1)))

<[a(t)-a, (1] +d(a, (1) v (. x(1)))
<[at)=a O+ 7V (tx, (1).V (tx(1)))
<Ja(t)-a, (O] + A(t ||xn >0

asn—>oo,f0rfixteQ
where,

d(a(t),v (tx(t)))=inf{Ja(t) - 2(t)]: zeV (t.x(1))}.

Since the random sequences {x,(t)} and {a,(t)}
are Cauchy sequences, it follows from the above in-

equality that d( (t).V (tx(t )))=O.This implies that

a(t)eV (t,x(t)). In asimilar way, we can show that
v(t)eT(t.x(t)), b(t)eG(t.x(t)), w(t)eP(t,x(t))

and u(t)eE(t,x(t)).

By Theorem 1, it follows that te Q, x(t),z(t)eH,
v(t)eT(tx(t)). a(t )ev(t X(t)), b(t)eG(t,x(t)),
w(t)eP(t,x(t)) and u(t)eE(t,x(t)), which satisfies
the inequality (1) and for flx teQ, z,(t)>z(t),
X ()= x(t), v, () >v(t), a(t)—>a(t),
b,(t)>b(t), w,(t)>w(t) and u, (t)—>u(t)

strongly in H, the required result.
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