X4

Applied Mathematics, 2024, 15, 594-613

X/

"’: gglseer::'gﬁ https://www.scirp.?rg/iournal/am
94% Publishing ISSN Online: 2152-7393

o,

ISSN Print: 2152-7385

Stochastic Model of Dengue: Analysing the
Probability of Extinction and LLN

Ragnimwendé Sawadogo”, Fourtoua Victorien Konané, Wahabo Baguian

Département de Mathématiques, Unité de Recherche et de Formation en Sciences Exactes et Appliquées, Université Joseph
KI-ZERBO, Ouagadougou, Burkina Faso

Email: sragnimwende@gmail.com

How to cite this paper: Sawadogo, R,
Konané, F.V. and Baguian, W. (2024) Paper
Title. Applied Mathematics, 15, 594-613.
https://doi.org/10.4236/am.2024.159036

Received: July 6, 2024
Accepted: August 19, 2024
Published: September 11, 2024

Copyright © 2024 by author(s) and
Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

(oRon]

Abstract

In this article, we develop and analyze a continuous-time Markov chain
(CTMC) model to study the resurgence of dengue. We also explore the large
population asymptotic behavior of probabilistic model of dengue using the law
of large numbers (LLN). Initially, we calculate and estimate the probabilities
of dengue extinction and major outbreak occurrence using multi-type Galton-
Watson branching processes. Subsequently, we apply the LLN to examine the
convergence of the stochastic model towards the deterministic model. Finally,
theoretical numerical simulations are conducted exploration to validate our
findings. Under identical conditions, our numerical results demonstrate that
dengue could vanish in the stochastic model while persisting in the determin-
istic model. The highlighting of the law of large numbers through numerical
simulations indicates from what population size a deterministic model should
be considered preferable.

Keywords
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1. Introduction

Dengue, a viral disease spread by mosquitoes, has spread to become endemic
worldwide [1]. The dengue virus is spread by female Aedes aegypti mosquitoes
[2]. The dengue virus, belonging to the flavivirus genus, is divided into four sero-
types: DENV-1, DENV-2, DENV-3, and DENV-4 [3] [4]. The danger of this dis-
ease lies primarily in its ability to affect nearly all age groups, from infants to adults,
and to re-emerge rapidly in nearly all human populations [5]. This disease, after
malaria, is considered one of the most dangerous [6]. The disease can also lead to
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significant economic losses, hindering development. For instance, during the 2011
epidemic, countries in Latin America and Asia experienced estimated losses of
$12 million USD and $6.75 million USD respectively. In Thailand alone, tourist
revenues plummeted by $363 million USD during the tourist season due to the
epidemic [7] [8]. Although measures have been implemented to combat dengue
fever [9]-[12], this disease remains without an effective treatment [13]. Therefore,
understanding the transmission dynamics of this disease is of paramount im-
portance, prompting researchers to focus on studying it. Proposals have been put
forward for deterministic models of dengue fever [14]-[16], which, while provid-
ing informative results and forecasts, have limitations in predicting future dynam-
ics. To enhance realism, research has turned to stochastic models associated with
dengue fever [17]-[21]. Introducing random variations is a commonly used
method to depict phenomena where a quantity is subject to constant but varying
slight fluctuations. However, it’s important to note that Brownian motion cannot
account for the effects of intense and sudden external disturbances such as cli-
mate change, floods, earthquakes, or tornadoes [22] [23]. This is why Driss Kiou-
ach and colleagues proposed a stochastic model incorporating Lvy jumps to study
the average extinction and persistence of dengue fever [5]. To the best of our
knowledge, continuous-time Markov chain (CTMC) models for dengue are scarce.
In this study, we develop a stochastic CTMC and multi-type branching process of
Galton-Watson model. Continuous-time Markov chains (CTMC) are particularly
suitable for modeling dengue, as transitions between the states of susceptible, in-
fected, and recovered, as well as interactions between humans and mosquitoes,
occur continuously and randomly over time. Additionally, the duration of the in-
cubation and infectious phases can vary significantly from one person to another.
Regarding multi-type Galton-Watson branching processes, they are used to rep-
resent successive generations of infections and to estimate the probability of epi-
demic extinction or the probability that the epidemic will persist and spread. This
is crucial for understanding and anticipating the resurgence of dengue. Moreover,
we use the Law of Large Numbers to demonstrate that stochastic models of dengue
converge to their deterministic counterparts when the population is sufficiently
large. This validates the use of deterministic models for large populations in the
context of dengue.

The article is structured as follows: In Section 2, we review the definitions of the
parameters of the base model. Section 3 focuses on the analysis of the proposed
CTMC model. In Section 4, we present the probabilistic model and highlight the
law of large numbers. Finally, Section 5 comprises numerical simulations of the

proposed model to evaluate the results.

2. Recall of the Baseline Deterministic Model

For the convenience of the reader, we briefly recap the main results of the baseline
model [24]. The compartments S,1 and R represent respectively the total
number of susceptible, infected, and recovered individuals during the epidemic.

The acronyms N, and N, denote the population sizes of humans and

DOI: 10.4236/am.2024.159036

595 Applied Mathematics


https://doi.org/10.4236/am.2024.159036

R. Sawadogo et al.

mosquitoes respectively. The system of ordinary differential equations of the

model is given by:

Bl iy -2s 05 w50,

Tl 5005 a1 )20,

dﬁgt(t) =T (V) - 1R (1), W
S0 -8 05 0,

L0 is 0w

The description of parameters in model system (1) is given by the following

Table 1.

Table 1. Model parameters and their interpretations.

Name Description Value
e is the actual contact rate between susceptible humans and 0.5
mosquitoes
Ve the recovery rate of humans from dengue 0.4
an represents the death rate of humans induced by dengue 0.1
it is the natural mortality rate of humans 0.2

1 is the actual contact rate between susceptible mosquitoes 021

and humans

Hm is the natural mortality rate of mosquitoes 0.2

Let us now introduce the proportions

S, (1) = Sk(t), 1 ()= I:Hv(t),RH (t)= 7_?”/(0,
o o N (2)
su(0)= 211, - 22

Then, we obtain the following equalities S, (t)+1,,(t)+ Ry (t)=1 and
S, (t)+1,(t)=1.

3. Stochastic Model for Dengue

3.1. Continuous Time Markov Chain Model Formulation

In this section, we formulate the CTMC (Continuous-Time Markov Chain) model
of the deterministic model developed in [24]. To simplify, we retain the same no-
tations for the random variables and parameters as those used in the deterministic
model. The variables S,, 1,, R,, S, and I, are now discrete, and ¢ is in

m
[O,W)Set X=(SH,iHer!Sm’im) and
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Y =(Sy +ly,iy + 05,1y + 04,5, +L4,0, + £5) . The transition probabilities associ-
ated with the model (1) are given by

P, (At) = sy Ny At +0(At), (£1,05,05,0,,05)=(10,0,0,0)
Pyx(At):AHEH(t)I/”{/,—(t)AtJro(At), (£1,05.05,04,5)=(-11,0,0,0)
P, (At)= 1, S, At +0(At), (£1,05,05,0,,05)=(-10,0,0,0)
P, (At)=u, T, At +0(At), (01,05,04,0,4,45)=(0,-1,0,0,0)
P, (At)=a,, T, At +0(At), (£1,05,05.0,,05)=(0,-1,0,0,0)
P, (At) =y, I, At +0(At), (01,05,05,04,05)=(0,-1,1,0,0)
P, (At)= 1, R, At +0(At), (01,05,05,04,05)=(0,0,-1,0,0)  (3)
P, (At)= u, N, At +0(At), (£1,05,05,0,,05)=(0,0,0,1,0)
A
P, (At)= 4.5, (1) /Hv(t)mo(m), (L0 yla0la0ts) =(0,0,0,-11)
H
P, (At)= 1,8, At +0(At), (£4,05,05,0,,05)=(0,0,0,-1,0)
P, (At)= 1, T, At+0(At), (£4,0,,05,0,,05)=(0,-1,0,0,-1)
P, (At)=1-L(t)At+o(At), (£1,05,05,0,,05)=(0,0,0,0,0)
P, (At)=o0(At), otherwise

+ Ry )+yH./\/H
+,S, (t)IH—(t)+ym(§m+I_m)+(aH +74) Iy + Ny

We choose At small enough so that all these quantities are between 0 and 1.

The associated matrix is stochastic.

3.2. The Bienaymé-Galton-Watson Branching Process (BGWbp)

Here, we recall some concepts about branching process theory and apply it to our
model to find the disease invasion and extinction probabilities. We start by defin-
ing a Bienaymé-Galton-Watson branching process as described in [25]-[27].

Definition 3.1. [27] A multitype BGWbp | (t)  isa collection of vector ran-
dom variables | (t), where each vector consists of I different types,

I(t):(ll(t)’ Iz(t)""' I

ofispring random variables for the number of offsprings of type j=1,2,---,1

(t)) and each random variable 1,(t) has I associated

from a parent of type 1.
The offspring probability generating function (pgf) ¢;: [0,1]n
igiven 1;(0)=1 and 1,(0)=0, j#i,isdefined as

gi(wl,...,wn)z i...ipi(|1,...’|n)wl'1...a,r']n (4)
0 1,=0

In

—[0,1], for type

where P (l,--,1,)=Prob{Z; =1,---,Z; =1} isthe probability that one infected
individual of type 7 gives birth to I; individuals of type jand there is always a fixed

pointat g;(1,1,---,1)=1. ¢;(0,0,---,0) denotes the probability of extinction for
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given that |,

(0)=1 and 1;(0)=0 for all other types.

We define the expectation matrix M = [m ji] as an NxnN, non negative and
irreducible matrix where the entry mj is the expected number of offsprings of
individuals of type jproduced by an infective individual of type 7 The elements of
matrix M are calculated from Equation (4) by differentiating ¢, with respect to

®; and then evaluating all the @ variables at 1, that is,

ag;
m;, =a—a)j w:l. (5)

See [28]-[30] for details. The following theorem summarizes the conditions for
the probability of extinction or persistence of dengue.

Theorem 3.1. Let the initial sizes for each type be |, (O) =i, 1=12,---,1. Con-
sider the generating functions (; for each of the I types are non-linear functions
of w; with some ¢ (0,0,---,0)>0 and suppose that the expectation matrix
M= [m ji] isan 1xN non negative and irreducible matrix, and p(M) Is the
spectral radius of matrix M.

DIf p(M)<1 or p(M)=1 (sub critical and critical case respectively), then

the probability of ultimate extinction is one:

lim Prob{I(t)=0}=1. (6)

2)If p(M)>1 (supercritical case), then the probability of ultimate disease ex-

tinction is less than one:

limProb{1 (t)=0} = of'w? ---q <1, )

t—o

where (@, @,,-+,q,) is the unique fixed point of the & offspring pgf,
f(w,0,-,9)=0 and 0<q <1, i=12;--,1 [31]. The value of q; is the
probability of disease extinction for infectious of type 7 and the probability of an

outbreak is approximately

1-ofaf g,
3.3. Extinction Probabilities for Dengue

In stochastic epidemic theory, it is feasible to predict the onset and cessation of a
disease based on the initial number of infected individuals. According to Lloyd et
al [32],an R, greater than one does not guarantee the persistence of the infec-
tion in a fully susceptible population. Unlike deterministic models, stochastic
models demonstrate that even with a low initial number of infected individuals,
disease extinction is possible. In such cases, stochastic models predict a minor ep-
idemic, whereas deterministic models consistently predict a major epidemic. At
the beginning of the epidemic, the decrease in the number of susceptible individ-
uals is negligible, allowing for the estimation of invasion probabilities using a lin-
ear model. This approach, assuming that the entire population is susceptible [33]
[34], often employs the theory of Galton-Watson branching processes with mul-

tiple types to calculate these probabilities [33]. In this theory, individuals in the
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population are classified into different types and act independently of each other.

The rest of this section, the probabilities of extinction and epidemic outbreaks
are determined using probability generating functions, where we seek the fixed
points of the system for each infectious type. We assume that the susceptible pop-
ulations are at disease-free equilibrium (DFE), and the branching process is linear
near this equilibrium and time-homogeneous. The stochastic threshold can be ap-
proximated using a two-type BGWbp. Infected humans are referred to as type 1,

and mosquitoes as type 2. Therefore, the offspring pgf for type 1 humans is given
by
0,(o, @,)=P,(1L1)ww, +P,(0,0)
Moo, +(py + 7y +ay)

= , ,w,€(0,1
ﬂ’H+(:uH+7/H+aH) ez [ ]

Likewise, in the case of type 2 mosquitoes, we have

9, (@, 0,)="P,(11)ww, +P,(0,0)
A
:M, o, o, e[O,l]
Ao +
Now we can compute the expectation matrix using the offspring probabilities. The

individual elements of the matrix, denoted as my , are given by

m _agl(a)l’a)z) Ay
11— - ’
L O (£t + 74 + )
09, (a)l’ @, ) A
12 — ’
aa)l »=1,w,=1 m + /um (8)
_ agl(wl’a)z) _ Ay
21 - '
0w, Aoyt I+ (M + 70 o)
m a9, (wl’ @, ) A
22
Ow, byt Ay + Moy
and therefore, the expectation matrix is given by
B
M=% &)
A B
where
= A and B= /1—”“. (10)
A + (g + 70 +ay) Aoy +
The eigenvalues of matrix A are the roots of the characteristic equation
X?—(A+B)X =0. (11)
The spectral radius p(M ) of matrix M obtained from Equation (11) is given by
p(M)=A+B=%, (12)

where
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NZ]’H (ﬂ‘mNm_*—:um)'f_ﬂ“m(ﬂ’H +(:UH T7u +aH))’

D=y +(tty + 70+ @) (A + 1)-
The probability of ultimate disease extinction is one if p(M )<1. This means
iy < (tyy + 70 + @) (13)
which reduces to
A

<le RE <1 (14)
(b + 74 +oty)

In the context of disease dynamics, especially for diseases where the basic re-
productive number R, >1 (or p(M)>1), there is a positive probability of a
major epidemic occurring. This probability is associated with a fixed point of the
offspring probability generating functions (pgfs) on the interval (0,1)".

To find this fixed point, denoted as (w,, @, ), we solve the following system of
equations ¢, (@, ®,)=c, and g,(wo,w,)=0w,.

Here, g,(@,®,) and g,(,®,) represent the offspring probability gener-
ating functions (pgfs) corresponding to infected human and mosquito popula-
tions, respectively. These functions describe the probabilities of ultimate disease
extinction for each population. The fixed point (,@,) gives us the probabili-
ties that the infected human and mosquito populations will eventually die out.

The trivial fixed point (1,1) (where both @, =1 and @, =1) always repre-
sents complete extinction of both infected populations. However, for R, >1,
there may exist another non-trivial fixed point (e, ®,) where o, @, (0,1).
This non-trivial fixed point corresponds to a scenario where the disease persists
in the population. So, let’s consider that (e, @,)#(1,1) and solve the following

system of equations.

Ay @0, + (U + 74 + )
Ay +(ﬂH T 7u +aH)

(15)
j“ma)la)z + :um —
e T
A+ H
Expressing @, intermsof @ in Equation (15) gives
W, =t (16)

An(l-@)+ 1y
Substituting the Equation (16) into Equation (15) and simplifying, we derive
the quadratic equation.
Ao + Ao+ Ay =0, (17)
where
A =2 (A + g + 70 + ),
Ay = 2oy (tt) = Ay (1t + 700 + 0ty
= (A + g + 7+ ) + g 7 ),
A= (s + 7+ 0)) (A + iy )-

(18)
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Solving Equation (17) for @, and then substituting its expression in Equation
(15) yields the following expressions for @ and ,:
(H + 70+ ) (A + )
ﬂm(ﬂH T Hy Ty +aH) ,
(#n ) (P + 1y + 70 +0t)
Ay (ﬂ’m + Hy ) .

We express @, and , in terms of the basic reproduction number (11) to

0)1 =
(19)

w, =

obtain

@y

_ Aoy [L]_'_ Hy 7y oy ,
I+ ty + 7w+ \ Ry ) Ay + pty + 7y +

(20)
0, :ﬂ_m[izj ot
A b \ Ry ) A+

The probability @, can be interpreted epidemiologically as follows: an in-
fected human will transmit the disease to a susceptible mosquito with a probability
Ay / (A4 + 4y + 7y + ) or die or recover before transmitting the disease with
probability (u, + 7y +ay)/(4y + iy + 7y +y ) - Similarly, the probability e,
has the following interpretation: an infected mosquito will transmit the disease to
a susceptible human with a probability A / (A + ty ) or die before transmitting
the disease with probability / (A + Hy, ) - If transmission of the disease from
the mosquito to the human is successful, then the probability that the infected

mosquito transmits the disease to another susceptible mosquito is (]7/ Re ) .
We calculate the probability of disease extinction using @, and w,. If
Y(0)=y, and X (0)=x, represent the initial sizes of infected humans and in-
fected mosquitoes respectively, then the probability of disease extinction is ap-

proximate

P, = (21)
t (j’H+:uH+7H+aH)R02 ﬂm"‘ﬂm)Roz

Therefore, the probability of a major disease outbreak P is expressed as fol-

X
0 630 :|:J’H + (4 + 74 +0¢H)7302T0[(/1m+,um7202 } _

lows.

2 Yo 2 Xo
Ppszl_Pextzl{/lw(#Hw+OfH)RoZ} {imwm&z} @
(ﬂ“H+luH+7/H+aH)RO (/1m+lum)7?’0

4. Law of Large Numbers

Following the same principles as those presented by E. Pardoux in [35], we pro-
pose a probabilistic model of dengue. We denote by P, i :ﬁ and i :m
standard mutually independent Poisson processes. Let’s suppose that each death
coincides with a birth and set
S (1)

N,

Sk (t):
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(=2,
RH(t)zﬁ/':/,f't),
s.()=20.
The evolution system of (S, (1) 1, (1), Ry (1)., (1), 1 (1)) becomes
S0 (1) =54 (0)+—— Py (1 Vi [ i <r>dr)+NiP6(ﬂHNH Jy 1 (ryer)+ A}H Py (440 M [ R ()
P S (010 ()0 ) P s [ (1)),
()= 5P 0V ()0 ) R 0 [ (1) )1 (0) P (A e S5 (1)1 ()
_NLHP4(yHNH [in, (r)dr), .
Ru (1= R (0)+ 51Ny (1))~ 5P s [ R (1))
S, (1) =5, (0)+ jjm Po N [y S (P P 4t NGy [ 1 (r) ) - Nimpg(szvmj;sm<r>m<r>dr)
RN o5 (1)),
1 (1)=1,(0)+ Aim AT ARRGINGEIE /jm P (1N [ 1 (1) ).
The processes B, 1=27 and 1=31 being standard mutually independent
Poisson processes, we define M, (t)=P,(t)—t, i=2,7 and i=9,11.
S (1) S (0) M 1 Vi [y i (1) M (s % [ 1 ()0 M (1 Vi o R ()
—NiHMz(ﬂHNHJ;SH( ()dr)—NiM (N 0 (£) ) (0,
o (6= 1 (0) Mo [ AN 1S4 (1)1 (P)ar | =M (1 N [ 1 (1))
M N ()M sV 1 (1)) 24 0), "
Ru(0)= R (0)+ 5 Ma M [ B (1)) M (s Vi o R (1) ),
50 ()=, 00+ 5~ Ma sV, 80 (1) )+ My [, [ 1 (1)
M (A 8 (1) e (1) = M sV, 8 (1) 2 (0),
()= 10 (0)+ Mo (A0 ;S0 (1) (1) ) M s,V [ (1)) (1)
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where
7 '”H.[ S, dr+,uH_[ (r)dr+yHI;RH (r)dr
—AHIOSH 1 (1) dr—ny;SH(r)dr

(1) =2 [ S0 (D)1 (r )dr—(uH +7H+aH)f;'H(f)dr’
2 (t) an ( r)dr = [, R 2
2 () :ymjosm( dr+/1mj'[J m( dr_/?‘mj;sm(r)lH(r)dr
~ tty [, S (r)dlr

(t) =2 [ S (1) 1y (r)dr = [ 1,0 (r) .

Let’s consider the processes

(26)

Let

Fo=0{Sy(r). Ly (r),Ry (), S, (r).1,(r),0<r<t}.

Lemma 4.1. The {M,(t) t>0} area F, -martingale which satisty
E[ M (t)]=0, i=2,7, i=911 and
BIM 0 | = 5B ([ 8 (1 ()er)
B[ (0 | 5B {on ;S (1))
EMWY:QEMpMMQ
Ewwﬁzimgpﬂmq
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I (0 = 5B 1 (1))
Bl (O [ =B [ R ()]
B[IM (O [ = {80 1) (). @)
1M (0 [ = 5B 50 (1))
B[ lMs 0 J= 5B (1))

Proof. Let’s demonstrate the case of {/\/{2 (t)} ; the remainder follows similarly.
The martingale property of {./\/l2 (t)} follows from the fact that forall 0<r <t

]E[PZ(/IH/\/’H [is, (r)lm(r)dr)— AP (r)lm(r)dr)m]

(28)
=/1HNHIE}[_|':SH (r)|m(r)dr|f,]

We now establish that identity. For n>1,0<v <t, let

v, ifv<r;

[v], =

r+%0—r} Wr+%@—¢)£v<r+5ﬁiﬂ—r)

Let 7 =0 {Sy (). (5).Ry (5),5,(8), 1 (5), 05V s} and
A (8)= ANy [ S ([V], )1 ([V], )d (29)

Forall a,beR if a<b,thenlet Pz(( ]) P,(b)-P,(a),and
vk=r+%(t—r).Wehave

P (A (D) =P (A r))=Pz(Aw(r),Aw(t)J

Py (e [ 8 (11, ) o (11 )2 N 1 (1, ) 1 (], )
%(ﬂ.N'jS ﬂﬂ”dvl N’IS ( ﬁmﬂvLyN+ﬁHNhfSHﬂvkﬁmQﬂJd{

By applying the Riemann sum, we get

P (A)- PZ(A](I’))= PZ(A](I’),A]('[)]

=kzn;Pz(A1 (Vi) A (Vs ) + A0 N t_TrSH (Yt (VH)}
zépz(/sh(vk,lm(vk)]-
Hence
B[P, (A, (1) -P.(A (M) %]
=EL§1P2(( (Vees) A (%)) }
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:E{iE[PZ[(A(Vk_I),A](vk_1)+/1HJ\/HSH (vk_l)lm(vk_l)t_TrDl V“jm}

k=1

5| A, ()1 ) S 1
=B[A,(t)-A (1) 7]
Therefore,

E(R, (A (1)-P (A (N)IF)=E(A{t)-A(r)| %) (30)

As n tends to infinity, we obtain (28). The martingale property implies that

EM, (t)=0. Now we are going to focus on the expression of |/\/l2 (t)|2)
For all t>0, for all natural number n>t, and for all 0<i<n, we define
t :E , Vi =1,_n we have

n
0=t, <t <---<t, =t

a discretion of the interval [0;t].
M =M (1) - M 1)
+2 3 [M(6) =M (6)][M (1) - M (1)

I<i<j<n

B0 )= ZE(M () - M (1)

because
E(MQ(ti)_MZ(tifl)):E(MQ(tj)_MQ(tj—l))zol (31)
and
My(t)-My(t,) L /\/IZ(tj)_'A/lQ(tjfl) fori= j.
8[lm Of |- B3 () - M 1) ()
As n— oo,

n

2

i=1

/\/lz(ti)_/\/’?(ti—l)r _> |A/V’2( |
<r<t
where AM,(r) denotes the jump of the process M, at time . So

e[ (07 ]-5 T e )

O<r<t

Indeed, as soon as t, —t_, <1,since 0<S,(r),I,(r)<1

M) M0 5 Ra(0) R 4 (Li;lsH QIRGEY
< Ni§|p2 (6) =Py (t)f + 22 (t ~t4)
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Hence (M, (t))tZO is a bounded martingale in L?, then |Mﬁ° (t)|2 uniformly
integrable. But

> [ar (r)f = Z(AHJ\/H JoSu (1)1, (r)er).

O<rs<t

This equality is justified by the properties of the martingale M, (r).

B(M (1) )= (Z lam, (1) ]

o<rs<t

:E(NLHZPZ(NH 12,8 (s) |m(s)ds)]
NLE(L;@HSH ()10 (5)ds).

H

This completes the demonstration.
Now we are going to state a proposition that will be used subsequently.
Proposition 4.1. Let {N (t) > 0} be arate A Poisson process. Then
t'N (t)—) A as as toow.
Proof YneN, n2>1,

LS ()N G-2) > 2 0o

Since, Vi=1,n, N (i)=N(i—1) follows a Poisson distribution with parameter

2.
Forall t>0
O 12 - 1)
MO BT ) )t
SN+~ N () TN [+ TN () > 2= 220, t—>se
Likewise
[t][tt]lN([t]) >0, t— 4w,

Hence the result. 0

Corollary 4.1. As N, > o, N, > x, VT >0,

sup | 31,0+ S (0] >0

0<t<T
in probability.
Proposition 4.2. As N,, >x, N, —>o, VT>0,

sup{zp\/lk )+ é|/\/lk(t)|}—>0

0<t<T

Proof. Proof We consider the term M, . Since the proportions S, (t) and
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I, (t) take values in the interval [O,l] , we have
r=N, .[SAHSH (s)1,(s)ds < j;/\/H/lHds
then

M (0] 5 M (1)

sup [ M, ()] < sup M, (r)).

1
0<t<T W 0<r<NyAuT
The Law of Large Numbers for Poisson processes (see below) tell us that for all
t>0,
P, (Nt)
N

—t as.as N — 0.

We have a sequence of increasing functions that converges to a continuous func-
tion. Therefore, according to the second Dini’s theorem, this convergence is uni-

form over any compact intervalin R.

vT>0, -1 sup IM,(r)|—>0 as.
H 0Sr<ag NyT
The other cases are demonstrated similarly. This completes the proof. U

Theorem 4.1. Law of Large Numbers.

If (SH (0).1,(0),R, (O)'Sm(o)’Im(0))_)(SH,O’iH,O'rH,O’Sm,O’im,O) a.s
N, > and N, — oo, then

Osgltlg {|SH (t)_SH (t)|+|IH (t)_iH (t)|+|RH (t)_ Iy (t)|
80 (1) =8 (O] + |1 (1) =i ()]} > 0 5.,

where {(SH (t).iy (t),ry (t),5p ()i (t)),tZO} is the unique solution of the
ODE

ds, (t .
';t( ):,uH = Sy ()i (1) = 184 (1), t>0
di, (t . .
%%SH (O (€)= (i + 70+t )iy (1), 10
t
der—t():}/HiH (t)—pyry (1), t>0 (33)
dsg—ft):ﬂm_zmsm (V)i (€)= 5, (1), 10
di (t
'"ét( ) s (V)i () i (1), €50
where
S (0) =54.0:14 (0) =iy o,
S0 (0)=S50:0 (0) =10
ry (0)=ry,
Proof. Define
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s (t) Su (1)
iy (1) 1 (1)
X(t)=|ry (t) |, Xy (t)=|Ry(t)|, (34)
sn (1) Sn (1)
Iy (t) I (1)
Mg () + Mo (1) - M (1)
Mo (1) = My (1) = M (1) - M (1)
Yar(t)= M, (1) =M (t)
Mll(t)_MQ(t)
A/le(t)_/\/lu(t)
X (0= (0 -5 (1) 39
and finally
X My = Ay X Xs — fy %
X, XX —(fy + 70 + 0ty )%,
Flx|= “Ha X3t Yu X,
Xy Uiy = A Xy Xp = i Xy
Xs A Xy X = HyXs

For 0<x <1 and 0<x' <1, i=15 wehave

X X X\ (%
X, X X | %
Fl X3 [—F| X [|<Cll %5 |—] %5 I,
X Xy X || X
Xs Xs %) \%

where C is a constant depending on A, ,, @y, Vy»> A, and g, . We

have
X (1) =X (o)+j;[F(x (r)-F(x3 (r))}dHYNHm (t).
From Proposition 1, for all T>0, stpy..; [V (t)| >0 as.as A, >0,
N, > . Let ey (t)=supy,. Y7 (r)" We have
[%3% <% @)+ e (nfar +e (0
It then follows from Gronwall’s Lemma that

X (r)" < (IIW;" (0)||+ nm (t))exp(Ct).

sup

o<r<t

The result then follows from the assumption " )?AA/[:‘" (0)” — 0, plus the fact that
eyt () >0 as. Ny >o, N, >o. O

5. Numerical Simulations of the Stochastic Model
5.1. Numeric Simulation of CTMC Model

In this section, we examine the disease dynamics using the stochastic model,
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utilizing the parameter values listed in Table 1. The multi-type branching process
assumes that the susceptible populations are sufficiently large and are at disease-
free equilibrium. Thus, the initial conditions for susceptible human hosts and
mosquitoes are as follows: S, (0)=0.9 and S (0)=0.9 respectively and the in-
itial conditions for the infectious are respectively 1,,(0)=0.1 and 1 (0)=0.1.

In Figure 1, the basic reproduction number is R, =1.1447, and the probabil-

ity of a major outbreak is given by P, =1-P, =0.1315.
CTMC CTMC CTMC
—— 0.2 0.025
— R
H H
T 0.95 Toas & 002
S 09 < 2 0015
S £ 01 S
€ = € /\
S 0.85 8 o 0.01 \
s S s
o o
S o8 S 005 S 0.005 \
\’\/\/«
0.75 0 0
0 50 100 0 50 100 0 50 100
Times (days) Times (days) Times (days)
CTMC CTMC
1.05 0.2
: —
M
S T 2015
- ‘s
o
o 095 e
S L 01
S S
S 0.9 )
<Y <3
= S 005
S 085 <
08 0 MW

o

50 100 0 50 100
Times (days) Times (days)

Figure 1. CTMC trajectories for dengue extinction.

Remark 5.1. The stochastic model allows for determining not only the extinc-
tion of a disease or the emergence of an epidemic but also the probability of these
events. This is achieved by applying the theory of multitype branching processes,
particularly when the epidemic starts with a small number of infected individuals,
a scenario that deterministic models cannot address (Allen and van den Driessche
2013). The stochastic model suggests that it s possible for the disease to die out, as

depicted in Figure 1, while the deterministic model guarantees that the dengue
epidemic will occur.

5.2. Highlighting the Law of Large Numbers

In this section, we highlight the law of large numbers by varying the population
size in an increasing manner and observing the behaviour of each curve for the

two models (deterministic model and stochastic model).
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Figure 2 and Figure 3 demonstrate the Law of Large Numbers for A/, =10*,
N, =10*, N, =10°,and N, =10° respectively.

Stochastic Dengue Model with Poisson Process

” 10000 T T T T
kS, I
S H
IS R
< H
& 5000 | s 1™
o m
o
g Im fd
g S
S /
3 -
0 A 1 1 1 1 1 1
0 50 100 150 200 250 300 350 400
Times (days)
Deterministic Model of Dengue
o 10000 T T T T ! T T
3 I
N H
E g
'S 50001 s
.
) I
o) m e
3 /"
ok j 1 1 1 I 1 1
0 50 100 150 200 250 300 350 400
Times
Figure 2. Illustrating the law of large numbers for A/, =10* and N, =10".
105 1 0% Stochastic Dengue Model with Poisson Process
£
g S
RS} I
S H
2 o
5 O Sn
3 [
8 M e
S vy
2 P
0 e 1 1 1 1 1 1
0 50 100 150 200 250 300 350 400
Times (days)
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g S
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Figure 3. Demonstration of the law of large numbers for A,, =10° and N, =10°.
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Remark 5.2. As N and N, become larger and larger, the amplitude of
variations in the curves of the stochastic model depicted in Figure 2 and Figure 3
becomes almost negligible. In other words, the stochastic model converges to-

wards the deterministic model. Thus, the Law of Large Numbers is satisfied.

6. Conclusion

In this article, we formulated and analysed a continuous-time Markov chain
(CTMC) model, exploring the asymptotic behaviour of the stochastic model for
large populations using the Law of Large Numbers (LLN). Our main finding is
that disease extinction is possible when 7R, exceeds one, and we determined the
population threshold beyond which a deterministic model becomes suitable. In
the context of a dengue epidemic, the corresponding stochastic model is applica-
ble for small population sizes. However, for very large populations, transitioning
to the deterministic model simplifies the study complexities. Nevertheless, several
intriguing topics remain unexplored. As dengue fever spreads, individuals accu-
mulate infection-related knowledge. Therefore, our future research aims to inves-
tigate the impact of memory on our model dynamics using new generalized and
fractal fractional derivatives, as well as a novel numerical method for solving EDFs
with the GHF derivative, introduced by Khalid Hattaf et a/ in [36] and [37].
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