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Abstract 
For the (2 + 1)-dimensional nonlinear dispersive Boussinesq equation, by using 
the bifurcation theory of planar dynamical systems to study its corresponding 
traveling wave system, the bifurcations and phase portraits of the regular sys-
tem are obtained. Under different parametric conditions, various sufficient 
conditions to guarantee the existence of analytical and non-analytical solutions 
of the singular system are given by using singular traveling wave theory. For 
certain special cases, some explicit and exact parametric representations of 
traveling wave solutions are derived such as analytical periodic waves and 
non-analytical periodic cusp waves. Further, two-dimensional wave plots of 
analytical periodic solutions and non-analytical periodic cusp wave solutions 
are drawn to visualize the dynamics of the equation. 
 

Keywords 
(2 + 1)-Dimensional Nonlinear Dispersive Boussinesq Equation, Bifurcations, 
Phase Portrait, Analytical Periodic Wave Solution, Periodic Cusp Wave  
Solution 

 

1. Introduction 

Many nonlinear phenomena in biology, fluid dynamics, chemistry, plasma 
physics, etc, can be described by nonlinear partial differential equations. Looking 
for explicit and exact solutions to nonlinear partial differential equations is a 
very meaningful and important task. These explicit and exact solutions may well 
describe various nonlinear phenomena in biology, fluid dynamics, chemistry, 
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plasma physics, etc. In the past decades, many methods for obtaining explicit 
and exact solutions have been established such as improved modified extended 
tanh-function method [1] [2], Lie Group Method [3] [4], hyperbolic function 
method [5] [6], Jacobi elliptic function method [7] [8], sine-cosine method [9] 
[10], extended Kudryashov’s method [11], improved sub-equation method [12] 
[13], enhanced (G'/G)-expansion method [14], extended (or improved) Hirota 
bilinear method [15] [16], Darboux transformation method [17] [18], Bäcklund 
transformation method [19], direct integration method [20], the ansatz method 
[21], method of separation of variables [22] and so on. However, the solution 
procedures become very complex and most of the methods fail or can obtain few 
special solutions as the degree of the nonlinearity is high. Therefore it is very 
important to do qualitative analysis of nonlinear partial differential equations. It 
can help one understand the dynamical properties of solutions even without ob-
taining any exact solution. 

The Boussinesq equation, which describes the propagation of water waves, is 
one of the most classical integrable nonlinear partial differential equations and 
has attracted the attention of many researchers. Yan [23] introduced a family of 
Boussinesq equations with fully nonlinear dispersion  

 ( ) ( ) ( ), : 0,n m
tt xx xxxx

B m n u u u− − =  (1) 

and presented some compacton solutions for m n= . Zhu et al. [24]-[26] re-
searched the following three types of Boussinesq-like equations  

 ( ) ( ) 0,n m
tt xx xxxx

u u u+ − =  (2) 

 ( ) ( ) 0,n m
tt xx xxxx

u u u− + =  (3) 

and  

 ( ) ( )2 2 0,n n
tt xx xxxx

u u u+ + =  (4) 

and obtained some soliton solutions by using the extended decomposition 
method. Zhang et al. [27] investigated a more generalized form of the Bous-
sinesq equations  

 ( ) ( ) 0,n m
tt xx xxxx

u a u b u+ + =  (5) 

and obtained several compacton and solitary solutions by using the integral ap-
proach. In 2022, Sun et al. [28] studied the Boussinesq equation in the following 
form  

 ( )2 12 0
3tt xxxxxx

u u u+ + =  (6) 

and derived the degenerate breather solutions through the generalized Darboux 
transformation. Yan [29] introduced a more generalized form of the (2 + 
1)-dimensional Boussinesq equation with fully nonlinear dispersion  

 ( ) ( ) ( ) ( ) ( ), , , : 0,m n k p

tt xx xxxx yyyy
B m n k p u u u uα β γ+ + + =  (7) 

where , , ,m n k p Z +∈  and , ,α β γ  are real parameters. Equations (1)-(6) are 
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only the special cases of Equation (7). By taking other different values of 
, , ,m n k p  and , ,α β γ , Equation (7) contains a lot of well-known equations as 

special examples. When 1m n= = , 0γ = , equation (7) becomes the Boussinesq 
equation for 2k =  and the modified Boussinesq equation for 3k = . Yan [29] 
and Wazwaz [30] respectively constructed some solitary pattern solutions for
m n k p= = = . Tian and Yu [31] obtained several compacton solutions of (7) for 
k p= . Up to now, various generalizations of the classical Boussinesq equations 
have been proposed and studied to probe the dynamical properties of water mo-
tions. Various exact solutions of the generalized Boussinesq equations have been 
constructed. Since looking for general solutions is much too difficult and only a 
few exact solutions can be solved, it becomes very important to do a qualitative 
analysis of the solutions. Here we focus on the traveling wave solutions to Equa-
tion (7) and discuss the dynamical behavior of the traveling wave solutions via 
bifurcation theory of planar dynamical systems. 

We introduce the traveling wave transformation  

 ( ) ( ) 1 2 3, , , ,u x y t u x y tξ ξ ω ω ω= = + −  (8) 

where 1ω  and 2ω  are real constants while 3ω  is the wave speed. Then Equa-
tion (7) is reduced to the following nonlinear ordinary equation  

 ( ) ( ) ( ) ( )2 2 4 4
3 1 1 2 0.m n k pu u u u

ξξ ξξ ξξξξ ξξξξ
ω αω βω γω+ + + =  (9) 

Integrating (9) twice with respect to ξ  and setting two integration constants 
as zero, we have  

 ( ) ( )2 2 4 4
3 1 1 2 0.m n k pu u u u

ξξ ξξ
ω αω βω γω+ + + =  (10) 

Without loss the generality, we suppose that m n≥ , k p≥ . We only consid-
er (10) for the case p n> . It can be similarly treated for another case p n≤ . 

Let ( ) ( )( )
1
nu ξ φ ξ= , then we have  

 
( ) ( )

2 2 2 2

,

k p m
n n n

k n p n
n n

k k n p p n n

n k p

ξ

ξξ

µ φ φ φ νφ ωφ
φ

µ φ φ

− −

− −

   
− + − + +      

   = −
 

+  
 

 (11) 

where 
24 2
31 1

4 4 4
2 2 2

, ,ωβω αω
µ ν ω

γω γω γω
= = = . Let d

d
zφ

ξ
= . Then (11) is equivalent to the 

planar system  

 ( ) ( )
2 2 2 2

d ,
d

d ,
d

k p m
n n n

k n p n
n n

z

k k n p p n z n
z

n k p

φ
ξ

µ φ φ νφ ωφ

ξ
µ φ φ

− −

− −

 =

     − + − + +       

    = −
  
 +    

 (12) 
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which has the first integral  

 

( )
2

2

2

,

2 ,

k n p n
n n

m k n k m p n p
n n n n

H z k p z

k k p pn h
m k n k m p n p

φ µ φ φ

µν φ µω φ νφ ωφ

− −

+ + + +

 
  


= +

 
 + + + + = + + + + 
 


 (13) 

where h is an arbitrary constant. 
System (12) is a 7-parameter planar dynamical system depending on the pa-

rameter group ( ), , , , , ,m n k p µ ν ω . Suppose that ( )φ ξ  is a continuous solution 
of (11) for ( ),ξ ∈ −∞ ∞  and ( )lim aξ φ ξ→∞ = , ( )lim bξ φ ξ→−∞ = . Recall that 1) 
( )φ ξ  is called a soliton solution if a b= ; 2) ( )φ ξ  is called a kink or anti-kink 

soliton solution if a b≠ . Usually, a soliton solution of (11) corresponds to a 
homoclinic orbit of (12); a kink (or anti-kink) soliton solution of (11) corre-
sponds to a heteroclinic orbit (or a so-called connecting orbit) of (12). Similarly, 
a periodic solution of (11) derives from a periodic orbit of (12). Thus, to investi-
gate all possible bifurcations of soliton and periodic solutions of (11), we need to 
discuss all periodic annuli, homoclinic and heteroclinic orbits of (12). The bi-
furcation theory of dynamical systems [32] [33] plays a crucial role in the work. 

We notice that there are three possible singularities in the right hand of the 

second Equation in (12) for 0φ =  and sφ φ= ± , where 

n
k p

s
p
k

φ
µ

− 
= − 
 

. That is  

to say ξξφ  has no definition on the above straight lines in the ( ), zφ -phase 
plane, which implies that the analytical system (7) probably has singular travel-
ing wave solutions. In this paper, to remove the singularities, we first introduce a 
scale transformation to transform the singular system into a regular system. We 
then study the bifurcation sets and the phase portraits of the regular system by us-
ing the bifurcation theory of dynamical systems. We next analyse the impact of 
singularity on the analyticity of solutions of (12) through the singular traveling 
wave theory developed by Li and Liu [34]. Finally, we obtain some sufficient con-
ditions for the existence of analytical and non-analytical traveling wave solutions. 

The rest of the paper is organized as follows. In Section 2, we analyse the bi-
furcation sets and phase portraits of the regular system (14). In Sections 3 and 4, 
we discuss the impact of singularity on the analyticity of solutions of (12) based 
on the phase portraits of the regular system (14) obtained in Section 2 and give 
some sufficient conditions guaranteeing the existence of analytical and 
non-analytical traveling wave solutions. In Section 5, we obtain some explicit 
and exact traveling wave solutions of (7) for certain special cases. The simula-
tions and discussions are presented in Section 6. Finally, some conclusions are 
given in Section 7. 

2. Bifurcations and Phase Portraits of Regular System (14)  

In this section, we discuss the bifurcation parametric sets, bifurcation curves and 
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phase portraits of (12). 

Making the scale transformation d d
k n p n

n nn k pξ µ φ φ ζ
− − 

= +  
 

 in order to 

remove the singularity, then the singular system (12) is reduced to the following 
regular system  

 

( ) ( )
2 2 2 2

d ,
d

d ,
d

k n p n
n n

k p m
n n n

n k p z

z k k n p p n z n

φ µ φ φ
ζ

µ φ φ νφ ωφ
ζ

− −

− −

  
= +     


    = − − + − − +       
   

 (14) 

which has the same topological phase portraits as (12) except on the singular 
lines 0φ =  and sφ φ= ± . Both Equations (12) and (14) have the same first in-
tegral (13). The singular lines 0φ =  and sφ φ= ±  are invariant straight-line 
solutions of (14). 

For a given constant h, Equation (13) determines a set of invariant curves of 
(14), which contains different branches of curves. As the integration constant h 
varies, Equation (13) gives different families of orbits of (14) which correspond 
to different dynamical behavior. 

To study the bifurcations and phase portraits of (14), we shall first investigate 
its all equilibrium points. 

Equation (14) has two equilibrium points at ( )0,0O  and ( )1,0A φ+  for 

m n−  is odd and has three equilibria at ( )0,0O , A+  and ( )1,0A φ− −  for 

m n−  is even, where 1

n
m nωφ

ν
− = − 

 
. 

Equation (14) has two equilibrium points at 0 0,
6

S ω±  
± −  

 
 on the straight 

line 0φ =  when 3p n=  and 0ω < . 

Denote that  

( )

32 1
,

m n p
n n

s s
nY

p k p
νφ ω φ

−
− 

= +  −  
 

and  

( ) ( ) ( )
2 31 .

m n p
n ns s

nZ
p k p

ν φ ω φ
−

− = − + − −  
 

Equation (14) has two equilibria at ( )1 ,sS Yφ± ±  on the straight line sφ φ=  
for 0Y >  and has two equilibria at ( )2 ,sS Zφ± − ±  on the straight line sφ φ= −  
for 0Z > . 

Let ( ),e eM zφ  be the coefficient matrix of the linearized system of (14) at the 
equilibrium point ( ),e ezφ  and let ( ) ( )( ), det ,e e e eJ z M zφ φ= . By the theory of 
planar dynamical systems, we know that the equilibrium ( ),e ezφ  is a saddle (or 
center) if 0J <  (or >0); it is a cusp if 0J =  and the Poincaré index of 
( ),e ezφ  is zero. Thus, ( )0,1,2iS i± =  all are saddles. 
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Denote that 0 0,
6

h H ω±  
= ± −  

 
, ( )1 1,0h H φ± = ± , ( )2 ,sh H Yφ± = ±  and 

( )3 ,sh H Zφ± = − ± , where ( ),H zφ  is defined by (13). It is obvious that 

( )0 0,0 0h H± = = . 

Here we are considering a physical model where only bounded solutions are 
meaningful. Thus we only pay attention to the bounded solutions of (14). In 
other words, we only consider the case when (14) has at least one center. Hence, 
we next assume that 0α < , 0β < , 0γ >  and 1 2 3 0ωω ω ≠ . The other cases 
can be treated by the similar method. Suppose that 1 2,l l Z +∈ . By using the 
above facts to do qualitative analysis, we obtain the following results. 

Case I. 12 1m n l− = − , k p= . 
In this case, there is a unique singular straight line 0φ = . For a fixed 0α < , 

there exists a unique bifurcation curve 
4
1

0 4
2

:L βω
γ

ω
= −  which divides the second 

quadrant of the ( ),β γ -parametric plane into two subregions  

( ) ( )
4 4
1 1

1 14 4
2 2

, | 0, ; , | 0,0 .B Cβω βω
β γ β γ β γ β γ

ω ω
   

= < > − = < < < −   
   

 

Except on the singular line 0φ = , Equation (14) has a unique equilibrium 
point A+  which is a center for ( ) 1, Bβ γ ∈  and a saddle for ( ) 1, Cβ γ ∈ . We 
only consider this case when ( ) 1, Bβ γ ∈  since we only study bounded solutions 
of (14). 

1) When 3p n<  and ( ) 1, Bβ γ ∈ , Equation (14) also exists another equilib-
rium point ( )0,0O  besides A+ . O is a saddle point (or a cusp) when p is odd 
(or even). Equation (14) has a family of periodic orbits defined by ( ),H z hφ =  
for ( )1 ,0h h+∈ . These periodic orbits encircle the center A+  and form a peri-
odic annulus. Moreover, Equation (14) has a homoclinic orbit defined by 

( ), 0H zφ = . The homoclinic orbit is homoclinic to the saddle O and is a 
boundary curve of the periodic annulus. 

2) When 3p n=  and ( ) 1, Bβ γ ∈ , Equation (14) has two other equilibrium 
points 0S ±  on the singular line 0φ =  besides A+ . 0S +  and 0S −  both are 
saddle points. Equation (14) has a family of periodic orbits defined by 

( ),H z hφ =  for ( )1 ,0h h+∈ . These periodic orbits encircle the center A+  and 
form a periodic annulus. Moreover, Equation (14) has two heteroclinic orbits 

0 0S S+ −  and 0 0S S+ −  defined by ( ), 0H zφ = . These two heteroclinic orbits form a 
two-point heteroclinic cycle 0 0 0S S S+ − +  which is a boundary curve of the periodic 
annulus. 

3) When 3p n>  and ( ) 1, Bβ γ ∈ , Equation (14) has no other equilibrium 
point besides A+  and has a family of large-scale periodic orbits defined by 

( ),H z hφ =  for ( )1 ,0h h+∈ . These periodic orbits encircle the center A+  and 
form an unbounded periodic annulus. 

Based on the above analysis and with the help of the mathematical software 
MAPLE, we can obtain the phase portraits of (14) shown in Figure 1. 
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Figure 1. The phase portraits of (14) in Case I for ( ) 1, Bβ γ ∈  (1)-(3) p is even; (4)-(6) p is odd. 
 

Case II. 12 1m n l− = − , 22 1k p l− = − . 
In this case, there exist two singular straight lines 0φ =  and sφ φ= . For a 

fixed 0α < , the second quadrant of the ( ),β γ -parametric plane is divided into 
three subregions  

( ){ }
( ){ }
( ){ }

2 2

2 1 2

2 1

, | 0, Δ ;

, | 0, Δ Δ ;

, | 0, 0 Δ

B

C

D

β γ β γ β

β γ β β γ β

β γ β γ β

= < > −

= < − < < −

= < < < −

 

by the bifurcation curves 1 1: Δ 0L γ β+ =  and 2 2: Δ 0L γ β+ = , where  

( )( )
( )( )

24 2 4
11 1 1

1 24 2 4 2
2 3 2 3

Δ , Δ .

k pk p
m nm n m k m pk k

p p n k n p
αωω αω ω

ω ω ω ω

−−
−−  + + 

= − = −    + +   
 

On the φ -axis in the ( ), zφ -phase plane, the system (14) has two equilibri-
um points O and A+ . A+  is a saddle for ( ) 2 1, D Lβ γ ∈ ∪  and a center for 
( ) 2 2 2, B C Lβ γ ∈ ∪ ∪ . We do not consider the case ( ) 2 1, D Lβ γ ∈ ∪  since we 
only pay attention to the bounded solutions of (14). The phase portraits of (14) 
are displayed in Figure 2.  

Case III. 12 1m n l− = − , 22k p l− = . 
In this case, there exist three singular straight lines 0φ =  and sφ φ= ± . For a 

fixed 0α < , there are the same bifurcation curves and bifurcation sets as in 
Case II. Except on the singular line 0φ = , Equation (14) has a unique equilib-
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rium A+  which is a saddle for ( ) 2 1, D Lβ γ ∈ ∪  and a center for 
( ) 2 2 2, B C Lβ γ ∈ ∪ ∪ . The pase portraits of (14) are shown in Figure 3. 

 

 

Figure 2. The phase portraits of (14) in Case II. 
 

Case IV. 12m n l− = , k p= . 
In this case, there exists a unique singular line 0φ = . For a fixed 0α < , there 

are the same bifurcation sets as in Case I. We only consider ( ) 1, Bβ γ ∈ . For 
( ) 1, Cβ γ ∈ , it can be similarly discussed. Except on the singular line, system (14) 
has two equilibrium points A+  and A− . A+  is a center and A−  is a saddle 
when p is even; A+  and A−  both are centers when p is odd. The phase por-
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traits of (14) are displayed in Figure 4. 
 

 

Figure 3. The phase portraits of (14) in Case III. 
 

Case V. 12m n l− = , 22 1k p l− = − . 
In this case, there exist two singular lines 0φ =  and sφ φ= . For a fixed 

0α < , there are the same bifurcation sets as in Case II. Except on the singular 
lines, system (14) has two equilibrium points A+  and A− . A+  is a saddle for 
( ) 2 1, D Lβ γ ∈ ∪  and a center for ( ) 2 2 2, B L Cβ γ ∈ ∪ ∪ . A−  is a center when p 
is odd and a saddle when p is even. The phase portraits of (14) are shown in 
Figure 5 and Figure 6, respectively.  
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Figure 4. The phase portraits of (14) in Case IV for ( ) 1, Bβ γ ∈ : (1)-(3) p is even; (4)-(6) p is odd. 

 

 

Figure 5. The phase portraits of (14) in Case V and p is even. 

https://doi.org/10.4236/am.2024.158033


D. H. Feng et al. 
 

 

DOI: 10.4236/am.2024.158033 553 Applied Mathematics 
 

 

Figure 6. The phase portraits of (14) in Case V and p is odd. 
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Case VI. 12m n l− = , 22k p l− = . 
In this case, there exist three singular lines 0φ =  and sφ φ= ± . For a fixed 

0α < , there are the same bifurcation sets as in Case II. Except on the singular 
lines, (14) has two equilibrium points A+  and A− . When p is odd, both of 
them are centers for ( ) 2 2 2, C L Bβ γ ∈ ∪ ∪  and saddles for ( ) 1 2, L Dβ γ ∈ ∪ . 
One is a center and another is a saddle when p is even. The phase portraits of (14) 
are displayed in Figure 7 and Figure 8, respectively.  

 

 

Figure 7. The phase portraits of (14) in Case V and p is odd. 
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Figure 8. The phase portraits of (14) in Case V and p is even. 

3. Existence of Analytical Traveling Wave Solutions  

We discuss the existence of analytical traveling wave solutions of (7). As men-
tioned above, the singular traveling wave system (12) has the same orbits as the 
regular system (14) except on the singular straight lines 0φ =  or sφ φ= ± . The  

transformation of variables d d
k n p n

n nn k pξ µ φ φ ζ
− − 

= + 
 

 only derives the dif-

ference between the parametric representations of the orbits of (12) and those of  
(14) when 0φ ≠  and sφ φ≠ ± . Each solution of (14) is analytical because (14) is 
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an analytical system. Thus the traveling wave solutions of (12), which corre-
spond to those orbits far from the three singular lines in the ( ), zφ -phase plane, 
are analytical. 

When an orbit of (14) is close to, even crosses the singular line 0φ = , does it 
correspond to an analytical solution of (12)? For example, for the case 
( ) 1, Bβ γ ∈  and 3n p n< < , there is an orbit of (14) which intersects with the 
singular line 0φ =  at the origin O (see Figure 1(1) and Figure 1(4), etc.). We 
here consider the case in Figure 1(1). The same conclusions can be drawn for 
other similar cases by the same method. It follows from Figure 1(1) that Equa-
tion (14) has an analytical homoclinic orbit 0

1Γ  defined by ( ), 0H zφ =  and a 
family of analytical periodic orbits 1

hΓ  defined by ( ),H z hφ =  for ( )1 ,0h h+∈ . 
The orbit 0

1Γ  intersects the φ  axis at ( )0
1 ,0φ  ( 0

1 0φ > ) besides the origin. An 
analytical homoclinic orbit of the regular system (14) is not always an analytical 
homoclinic orbit of the singular system (12) because of the difference between 
the time scales ξ  and ζ . We have the following conclusion on 0

1Γ . 
Lemma 3.1. Suppose that 12 1m n l− = − , 3k p n= < , ( ) 1, Bβ γ ∈ . The orbit 

0
1Γ  is an analytical periodic orbit of the singular system (12) although it is an 

analytical homoclinic orbit of the regular system (14).  
Proof. Assume that ( ) ( )( )0 0

1 1, zφ ξ ξ  is the solution of (12) defined by the orbit 
0
1Γ  with the initial value condition ( ) ( )( ) ( )0 0 0

1 1 10 , 0 ,0zφ φ= . From ( ), 0H zφ = , 
one obtains  

 ( ) ( )( )
( )
( )

32
0 2
1

2 1 ,
1

n p m n
n n

n pnz
p n p m p

νωξ φ φ
µ ω

− −+−
= ± +

+ + +
 (15) 

where ( )0 0
1 10,φ φ ξ φ = ∈  . Taking ξ  as a time variable and letting 1T  be the 

time that the solution ( ) ( )( )0 0
1 1, zφ ξ ξ  moves from ( )0

1 ,0φ  to the origin along 

the orbit 0
1Γ . It follows from the first Equation in (12) that 

dd
z
φξ = . Then one 

can derive from (15) that  

 
( ) ( )

0 0
1 1 1

1 00 00 1

dd lim d ,
T

T
z

φ φ

φφ

φξ φ φ
ξ+→

= = = Ω∫ ∫ ∫  (16) 

where  

( )
( )( )

( )
( )

2

3
2

1
2 .

1
n p m n

n n

p n p
n

n p
m p

µ
ωφ

ν
φ φ

ω

− −

+ +
−Ω =

+
+

+

 

The integral in (16) is an improper integral since its integrand function 
( )φΩ  is unbounded in the right neighborhood of 0φ = . On the other hand, 

we have  

( ) ( )( )3
2

20

1
lim .

2

n p
n

p n p
nφ

µ
λ φ φ

ω+

−

→

+ +
= Ω =

−
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The improper integral in (16) is convergent since 0λ >  and 
30 1

2
n p

n
−

< <   

from 3n p n< < . Hence 1T  is a finite constant. That is to say, the origin O can 
be reached within a limited time, which means that O is a regular point rather 
than a singular point of (12) although it is a saddle of (14). Therefore the orbit 

0
1Γ  is an analytical periodic orbit rather than a homoclinic orbit of (12).   
From Lemma lemma 3.1, an analytical homoclinic orbit of the regular system 

perhaps corresponds to an analytical periodic orbit of the singular system. Ac-
cording to the above analysis and the phase portraits obtained in Section 0, we 
draw the following conclusions on the existence of analytical traveling waves of 
(7). 

Theorem 3.2 (Analytical Periodic Travelling Waves)  
1) Equation (7) has at least one family of analytical periodic travelling wave 

solutions corresponding to ( ),H z hφ = , )10,h h+∈   or ( 1 ,0h h+ ∈  , if any one 
of the following conditions holds.  

a) 12 1m n l− = − , 3n k p n> = >  and ( ) 1, Bβ γ ∈  (see Figure 1(1) and Fig-
ure 1(4)); 

b) 12 1m n l− = − , 3n p n> > , k p>  and ( ) 2, Bβ γ ∈  (see Figure 2(7) and 
Figure 3(7)); 

c) 12m n l− = , 3n k p n> = >  and ( ) 1, Bβ γ ∈  (see Figure 4(1) and Figure 
4(4)); 

d) 12m n l− = , 3n p n> > , k p>  and ( ) 2, Bβ γ ∈  (see Figure 5(5), Figure 
6(10), Figure 7(7) and Figure 8(7)).  

2) Equation (7) has at least one family of analytical periodic travelling wave 
solutions corresponding to ( ),H z hφ = , )10,h h−∈   or ( 1 ,0h h− ∈  , if any one 
of the following conditions holds.  

a) 12m n l− = , 3n k p n> = > , p is odd and ( ) 1, Bβ γ ∈  (see Figure 4(4)); 
b) 12m n l− = , 22 1k p l− = − , 3n p n> > , p is odd and  

( ) 2 2 2 2, D C L Bβ γ ∈ ∪ ∪ ∪  (see Figure 6(1), Figure 6(4), Figure 6(7) and Fig-
ure 6(10)); 

c) 12m n l− = , 22k p l− = , 3n p n> > , p is odd and ( ) 2, Bβ γ ∈  (see Figure 
7(7)).  

4. Existence of Non-Analytical Travelling Wave Solutions  

In Section 3, we have come to the conclusion that the analytical orbits of (14), 
which are far from the singular straight lines 0φ =  and sφ φ= ±  or intersect 
with the singular straight lines at the origin, are still analytical orbits of (12). In 
this section, we discuss the dynamical behavior of the orbits that are infinitely 
close to the singular line or intersect the singular lines at other points except the 
origin. 

We study these cases in which there exists uncountable infinity many periodic 
orbits being infinitely close to the singular lines 0φ =  or sφ φ= ± . We confine 
our attention to the case in Figure 1(2) for example. The same results can be 
drawn for other similar cases by the same method. We see from Figure 1(2) that 
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Equation (14) has a family of periodic orbits on the right-half ( ), zφ -phase 
plane defined by ( ),H z hφ =  for ( )1 ,0h h+∈ . These orbits are infinitely close 
to the singular line 0φ =  as 0h −→ , which leads to the waveforms of periodic 
cusp waves. We point out the following lemma on periodic cusp waves, whose 
proof is similar to Theorems 3.1 and 3.2 in [34]. 

Lemma 4.1. The boundary curves of a periodic annulus are the limit curves of 
closed orbits inside the annulus. If these boundary curves contain a segment of 
the singular straight line 0φ =  of (12), z ξφ=  rapidly jumps in a very short 
time interval ξ  along this segment and near this segment.  

Let ( ) ( )( ), yφ ξ ξ  be the solution of Equation (12) corresponding to the 
closed orbit near the singular line 0φ = . From Lemma lemma 4.1, ( ) ( )z ξ φ ξ= ′  
quickly changes its symbol from negative to positive near 0φ =  and the wave-
form of ( )φ ξ  forms a periodic cusp wave. Based on the phase portraits in Sec-
tion 0, we have the following conclusions. 

Theorem 4.2 (Non-analytical Periodic Cusp Waves)  
1) Corresponding to ( ),H z hφ = , )10,h h+∈   (or ( 1 ,0h h+ ∈  ) defined by 

(13), Equation (7) has at least one family of non-analytical periodic waves; when 
h varies from 1h+  to 0, these periodic waves will gradually lose their analyticity, 
and evolve from analytical periodic waves to non-analytical periodic cusp waves 
and finally approach to a periodic cusp wave, if any one of the following condi-
tions holds.  

a) m n> , 3k p n= = , ( ) 1, Bβ γ ∈  (see Figure 1(2), Figure 1(5), Figure 4(2), 
Figure 4(5)); 

b) m n> , k p n> > , 3p n≤ , ( ) 2, Lβ γ ∈  (see Figure 2(4), Figure 2(5), 
Figure 3(4), Figure 3(5), Figure 5(3), Figure 6(7), Figure 6(8), Figure 7(4), 
Figure 7(5)); 

c) m n> , 3k p n> = , ( ) 2, Bβ γ ∈  (see Figure 2(8), Figure 3(8), Figure 
6(11), Figure 7(8)).  

2) Corresponding to ( ),H z hφ = , ( 1 2,h h h+ + ∈   or )2 1,h h h+ +∈  , Equation (7) 
has at least one family of non-analytical periodic waves; when h varies from 1h+  
to 2h+ , these periodic waves will gradually lose their analyticity, and evolve from 
analytical periodic waves to non-analytical periodic cusp waves and finally ap-
proach to a periodic cusp wave, if m n> , k p n> >  and ( ) 2, Cβ γ ∈  (see 
Figures 2(1)-(3), Figures 3(1)-(3), Figure 5(1), Figure 5(2), Figures 6(4)-(6), 
Figures 7(1)-(3), Figure 8(3), Figure 8(4));  

Remark 4.3. Corresponding to ( ),H z hφ = , ( 1 ,0h h− ∈   (or )10,h−  or 

( 1 2,h h− −   or )2 1,h h− − ), we also have the similar results as the Theorem 0.4. We 
omit these statements to save the space.  

We consider the last cases in which the regular system (14) has uncountable 
infinity many unbounded open orbits hΓ  which are infinitely close to the sin-

gular lines 0φ =  or sφ φ= ± , with d
d

z φ
ξ

= → +∞  as 0φ →  (or sφ± ) for  

( ), hzφ ∈Γ . The case in Figure 1(1) is taken as an example. Similar conclusions 
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can be derived for those similar cases by using the similar method. We see from 
Figure 1(1) that Equation (14) has uncountable infinity many open orbits hΓ  
defined by ( ),H z hφ =  for ( )0,h∈ +∞ . These open orbits lie in the right-half 
( ), zφ -phase plane and intersect the φ -axis at ( ),0hφ . Assume that 

( ) ( )( ),h hzφ ξ ξ  is the special solution of (12) under the initial condition 
( ) ( )( ) ( )0 , 0 ,0h h hzφ φ= . It follows from (13) that  

 ( ) ( )( ) ( )( ) ( )( )
1

2
,

k n
h h h hnz k p gξ µ φ ξ φ ξ φ ξ

−− 
= ± + 

 
 (17) 

where  

( ) 22 .

m k n k m p n p
n n n nk k p pg h n

m k n k m p n p
µν φ µω φ νφ ωφφ

+ + + + 
 = − + + + + + + + 
 

 

Let hT  be the time that the phase point ( ) ( )( ),h hzφ ξ ξ  spend moving from 
the initial position ( ),0hφ  to the singular line 0φ =  along the open orbit Γh . 
From (17) and the first Equation in (12), we have  

 
( )

( )
( )( )

( )

( )

2

0 00

d
lim d .

h h

hh

k n
h n

h
h

k pT
z g

φ ξ φ

φφ ξ

φ ξ µ φ φ φ
ξ φ+

−

→

+
= =∫ ∫  (18) 

The improper integral in (18) is convergent since ( ) )0, hg Cφ φ∈   and the 
singular point hφ φ=  is a simple real root of ( )g φ . Thus hT  is a finite posi-
tive number for every fixed ( )0,h∈ +∞  and the solution ( )hφ ξ  only exists in 
the finite time interval ,h hT T −   with ( ) 0h hTφ ± =  but the derivative  

( ) ( )d
d

h
h h hT z Tφ

ξ
± = ± = ±∞ . Thus the open orbits hΓ  of the regular system (14)  

correspond to the breaking wave solutions (i.e., the so-called blow-up solutions) 
of the singular traveling wave system (12).  

Theorem 4.4 (Non-analytical Breaking Waves) Corresponding to ( ),H z hφ = , 
( )0,h∈ +∞  or ( )10,h h−∈  or ( )20,h h+∈  or ( )30,h h+∈ , Equation (7) has at 

least one family of breaking waves, if any one of the following conditions holds.  
1) m n> , k p=  and ( ) 1, Bβ γ ∈  (see Figure 1 and Figure 4); 
2) 12 1m n l− = − , 22 1k p l− = −  and ( ) 2 2, B Cβ γ ∈ ∪  (see Figures 2(1)-(3) 

and Figures 2(7)-(9)); 
3) 12 1m n l− = − , 22k p l− =  and ( ) 2 2 2, B L Cβ γ ∈ ∪ ∪  (see Figure 3); 
4) 12m n l− = , 22 1k p l− = −  and ( ) 2 2 2, B L Cβ γ ∈ ∪ ∪  (see Figure 5 and 

Figure 6); 
5) 12m n l− = , 22k p l− = , p is odd and ( ) 2, Bβ γ ∈  (see Figures 7(7)-(9)); 
6) 12m n l− = , 22k p l− = , p is even and ( ) 2 2 2 2, B L C Dβ γ ∈ ∪ ∪ ∪  (see 

Figure 8).  

5. Explicit Exact Analytical and Non-Analytical Traveling  
Wave Solutions  

In this section, we construct some explicit exact parametric representations of 
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analytical and non-analytical traveling wave solutions of (7) for certain special 
conditions. 

1) 12 1m n l− = − , k p n= > , ( ) 1, Bβ γ ∈ . 
a) When 2m k p n= = = , and n is odd, for 0h = , from the first integral (13), 

one obtains  

 
( )

4 .
4 1 3

z ν ωφ φ
µ ν

 = ± − − +  
 (19) 

Substituting (19) into the first Equation in (12) leads to  

 
( )0 0

d d ,
4 14

3

φ ξφ ν ξ
µωφ φ

ν

± = ±
+ − − 

 

∫ ∫  (20) 

which gives an analytical periodic solution of (12)  

 ( ) ( )
2

1
4 sin .
3 16 1
ω νφ ξ ξ
ν µ

 
= −   + 

 (21) 

So ( )2 , ,2 ,2B n n n n  has an analytical periodic wave solution (see Figure 1(1))  

 ( ) ( )( ) ( )

1
1

2
1 1

4, , sin .
3 16 1

n
nu x y t ω νφ ξ ξ

ν µ

  
 = = −    +  

 (22) 

b) When 2m n= , 3k p n= = , and n is odd, the regular system (14) has a 
two-point heteroclinic cycle defined by ( ), 0H zφ =  in (13), which corre-
sponds to a non-analytical periodic cusp wave solution of (7) (see Figure 
1(5))  

 ( ) ( )

1
2

1 1
2

5, , , ,
4 30 1 2 2

n T Tu x y t ω νξ ξ
ν µ

   = − − ∈ −    +   
 (23) 

with the period ( )1
5   6 1T ω µ
ν

= − + . 

c) When 4m n= , 3k p n= = , and n is odd, for 0h = , ( )4 , ,3 ,3B n n n n  has a 
non-analytical periodic cusp wave solution (see Figure 1(5))  

 ( )
( )( )

( )

1
1

1 1 2 2
3 1

1 1

3 1 cn ,
, , 1 , ,

1 cn , 2 2

n
n

k T Tu x y t
k

σ ξ
ρ ξ

σ ξ

 −   = − ∈ −  +   
 (24) 

with the period ( )1
2 1

1

2 cn 2 3,T k
σ

−= − , where 
( )

1
1

2 3
21 1

ρν
σ

µ
=

+
, 3

1
7
4
ωρ
ν

= − , 

1
1

6 2
k =

−
. 

2) 12 1m n l− = − , 22 1k p l− = − , ( ) 2, Lβ γ ∈ . 
a) When n Z +∈ , for 0h = , ( )6 3,4 2,10 5,8 4B n n n n+ + + +  has a  

non-analytical periodic cusp wave solution (see Figure 2(4))  
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 ( )
1

4 22 3 3
4 , , , ,

12 2 2
n T Tu x y t ω ξ ξ
+   = − ∈ −      

 (25) 

with the period 3
16   3
3

T ω
ν

= − . 

b) When n is odd, for 0h = , ( )2 , ,4 ,3B n n n n  has a sawtooth-shaped period-
ic cusp wave solution (see Figure 2(5))  

 ( )
1

4 4
5 , , , ,

6 2 2

n T Tu x y t ω ξ ξ
   = − ∈ −       

 (26) 

with the period 4
3   6T ω
ν

= − . 

c) When n is odd, for 0h = , ( )2 , ,3 ,2B n n n n  has a periodic cusp wave solu-
tion (see Figure 2(4)):  

 ( )
1

2 5 5
6 , , , ,

12 2 2
n T Tu x y t ω ξ ξ   = − ∈ −      

 (27) 

with the period 5
4   5T ν
ν

= . 

3) 12m n l− = , k p n= > , ( ) 1, Bβ γ ∈ . 
a) When n Z +∈ , for 0h = , ( )3 , ,2 ,2B n n n n  has an analytical periodic wave 

solution (see Figure 4(1))  

 ( )

1

2
2 2

7
2

2

1sn ,
2, , ,
12 sn ,
2

n

u x y t
ρ σ ξ

σ ξ

  
  

  =
  −  

  

 (28) 

where 2
5
3
ωρ
ν

= − , 
( )

2
2 10 1

ρ ν
σ

µ
=

+
. 

b) When n is even, for 0h = , ( )4 , ,3 ,3B n n n n  has a non-analytical periodic 
wave solution with the same representation as (24) (see Figure 4(2)). 

c) When n is even, for 0h = , ( )2 , ,3 ,3B n n n n  has a non-analytically periodic 
cusp wave solution with the same representation as (23) (see Figure 4(2)). 

d) When n is odd, for 0h = , ( )3 , ,3 ,3B n n n n  has two non-analytical period-
ic cusp wave solutions (see Figure 4(5))  

 ( ) ( )

1

6 6
8

3, , cos , , ,
2 9 1 2 2

n T Tu x y t ω ν ξ ξ
ν µ

±
     = ± − ∈ −     +    

 (29) 

with the same period 6
13T µ

ν
+

= π . 

e) When n is odd, for 0h = , ( )5 , ,3 ,3B n n n n  has two periodic cusp wave so-
lutions (see Figure 4(5)):  

 ( )
1

7 7
9 3 3 3

1, , cn , , , ,
2 22

n T Tu x y t ρ ρ σ ξ ξ±     = ± ∈ −       
 (30) 
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with the same period 7
3 3

2 1
2

T K
ρ σ

 =  
 

, where 4
3

2ωρ
ν

=
−

,
( )3 6 1
νσ
µ

=
+

. 

4) 12m n l− = , 22 1k p l− = − , ( ) 2, Lβ γ ∈ . 

a) When n is odd, for 0h = , ( )3 , ,3 ,2B n n n n  has a non-analytical periodic 
cusp wave solution (see Figure 5(3)):  

 ( )

1

8 84
10

2 5, , cosh 1 , , ,
5 72 2 2

n T Tu x y t ω ων ξ ξ
ν

     = − − ∈ −       −      
 (31) 

with the period 14
8

72 72 cosh
5 2

T
ων

−−  =  
 

. 

b) When n Z +∈ , for 0h = , ( )8 4,4 2,10 5,8 4B n n n n+ + + +  has a  
non-analytical periodic cusp wave solution (see Figure 5(3))  

 ( )
1

2 1
2 9 9

11
21 3, , , , ,
252 6 2 2

n T Tu x y t ων ωξ ξ ξ
+ − −  = + ∈ −     

 (32) 

with the period 
( )

9

6 15 7
T

ν

−
= . 

c) When n is odd, for 0h = , ( )3 , ,4 ,3B n n n n  has two periodic cusp wave so-
lutions (see Figure 6(8))  

 ( )
1

2 10 10
12

210 6, , , , ,
420 6 2 2

n T Tu x y t ων ωξ ξ ξ
 − −  = + ∈ −     

 (33) 

with the period 
( )

10

2 77 35
T

ν

−
=  and  

 ( )
1

2 11 11
13

210 6, , , , ,
420 6 2 2

n T Tu x y t ων ωξ ξ ξ
 − −  = − ∈ −     

 (34) 

with the period 11
352T
ν

= . 

5) 12m n l− = , 22k p l− = , ( ) 2, Lβ γ ∈ . 
a) When n is odd, for 0h = , ( )5 , ,5 ,3B n n n n  has two sawtooth-shaped pe-

riodic cusp wave solutions (see Figure 7(5))  

 ( )
1

12 124 4
14

15 2, , sinh , , ,
8 135 2 2

n T Tu x y t ω ων ξ ξ
ν

±
    = ± − ∈ −     −     

 (35) 

with the same period 14
12 4

135 22 sinh
2 3

T
ων

−−  
=  

 
. 

6. Simulations and Discussions  

In this part of the manuscript, we present the simulations of some typical new 
solutions of Equation (7) which can help us better understand the previous con-
clusions in Sections 8 and 8 (see Figure 9). 
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Figure 9. Dynamics of the exact solutions for 1µ = , 1ν = , 1ω = − , 1n = . 
 

Sub-Figure 9(1) shows the behavior of the solution ( )7 , ,u x y t  with parame-
ters 1µ = , 1ν = , 1ω = − , 1n = . Here we observe the analytical periodic wave 
solution. The orbit corresponding to this periodic solution is a periodic orbit of 
the singular system (12) but is a homoclinic orbit of the regular system (14). A 
homoclinic orbit of a regular system usually gives rise to an analytical solitary 
wave solution. A solitary wave and a periodic wave have completely different 
dynamic properties. It is the singularity that causes an analytical homoclinic or-
bit of the regular system to become an analytical periodic orbit of the corre-
sponding singular system. The wave plot of Figure 9(1) verifies the correctness 
of Theorem theorem 3.2. 

Sub-Figure 9(2) shows the behavior of the solution ( )2 , ,u x y t  with parame-
ters 1µ = , 1ν = , 1ω = − , 1n = , which presents the non-analytical periodic 
cusp wave solution. The orbit corresponding to this periodic cusp wave is a 
two-point heteroclinic cycle of the regular system (14) but gives rise to a 
non-analytical periodic cusp wave solution for the singular system (12). 

Sub-Figure 9(3) and Figure 9(4) show the behaviors of solutions ( )5 , ,u x y t  
and ( )14 , ,u x y t+  respectively with parameters 1µ = , 1ν = , 1ω = − , 1n = , 
which present two non-analytical sawtooth-shaped periodic cusp wave solutions. 
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The orbits corresponding to the two periodic cusp wave are two four-point het-
eroclinic cycles of the regular system (14). Each of the two heteroclinic cycles 
sequentially connects to four equilibrium points: 0 0 1, ,S S S+ − −  and 1S +  but gives 
rise to a saw-shaped periodic cusp wave solution for the singular system (12). 

7. Conclusions  

In this paper, the (2 + 1)-dimensional nonlinear dispersive Boussinesq equation 
has been investigated. It is very difficult to directly study the dynamic properties 
of the corresponding traveling wave equation since it is a singular system with 
three possible singularities. So a scale transformation is introduced to remove 
the singularities and transform the singular system into a regular system. Then 
the bifurcations and phase portraits of the regular system are discussed by using 
the bifurcation theory of dynamical system. By using the phase portraits of the 
regular system and utilizing the singular traveling wave theory to analyze the 
impact of singularity on the analyticity of the solutions of the original equation 
(7), some sufficient conditions for the existence of analytical and non-analytical 
solutions are obtained. Many explicit and exact traveling wave solutions are giv-
en which can verify the correctness of the conclusions in Sections 8 and 8. 

The method used in this paper is very effective and can also be used to study 
other nonlinear equations with singularities. 
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Appendix. Main Variables Used in This Paper 

Some main variables used in this paper are listed in Table A1.  
 

Table A1. Main variables used in this paper. 

4
1
4
2

βω
µ

γω
=  

2
3

4
2

ω
ν

γω
=  

2
1
4
2

αω
ω

γω
=  

n
k p

s
p
k

φ
µ

− 
= − 
 

 1

n
m nωφ

ν
− = − 

 
 0 0,

6
h H ω±  

= ± −  
 

 

( )1 1 ,0h H φ± = ±  ( )2 ,sh H Yφ± = ± ±  ( )3 ,sh H Zφ± = − ±  
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