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Abstract 
Buruli ulcer is the third most common mycobacterial disease worldwide, posing 
a significant public health burden, especially in impoverished regions of West 
and Central Africa, such as Benin. The management of Buruli ulcer (BU) in Af-
rica is often hindered by limited resources, delays in treatment, and inadequate 
medical facilities. Additionally, a portion of the population does not seek hospi-
tal care, which facilitates the continued presence of the pathogen in the envi-
ronment. This paper aims to investigate the role of environmental factors in the 
transmission of Buruli ulcer. We develop a mathematical model to describe the 
dynamics of Buruli ulcer transmission, incorporating the presence of the bacte-
rium in the environment. Theoretical results are presented to demonstrate that 
the model is well-posed. We compute the equilibria, including the disease-free 
equilibrium and the endemic equilibrium, and study their stability. To achieve 
this, we derive a threshold parameter called the basic reproduction number 0 , 
which determines whether the disease will persist in a human population. If 0  
is less than one, the disease will eventually die out; if 0  is greater than one, 
the disease will persist. Sensitivity analysis is performed to understand the im-
pact of various parameters on the dynamics of Buruli ulcer transmission and to 
identify the parameters that influence the basic reproduction number 0 . Fi-
nally, numerical simulations are conducted to validate the theoretical results ob-
tained from the mathematical analysis. 
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1. Introduction 

Mathematical models constructed for epidemic diseases are to study the nonlin-
ear process involved in the dynamics of infectious diseases and to determine the 
best possible way for its control. Among other infectious diseases, one can cite 
the Buruli ulcer (BU). The World Health Organization (WHO) defines Buruli 
ulcer (BU) as “an infectious disease involving the skin, caused by Mycobacte-
rium ulcerans, characterized by a painless nodule, papule, plaque or edema, 
evolving into a painless ulcer with undermined edges, often leading to invalidat-
ing sequelae. Sometimes bones are destroyed” [1]. After tuberculosis and leprosy, 
BU is the third most common mycobacterial disease. Incidences have increased 
recently, especially in West Africa [2] [3]. 

In 1997, WHO recognized BU as an emerging public health problem. In West 
Africa countries, the prevalence of Buruli ulcer has been increasing in recent 
years [1] [3]. Buruli ulcer-endemic foci are regularly associated with stagnant 
bodies of water (ponds, backwaters, and swamps). The disease takes various 
clinical forms, including ulcers, nodules, plaques, and oedematous indurations. 
Surgical excision followed by skin grafting is the recommended treatment [4]. M. 
ulcerans is an environmental mycobacterium associated with wetlands, especial-
ly slow-flowing or stagnant water [5] [6]. Aquatic insects may play a role in 
transmitting BU to humans [7] [8]. Naturally, acquired M. ulcerans infection in 
wild animals [9] suggests that the etiologic agent is an environmental organism. 
Bone lesions also exist [10]. Trauma is probably the most frequent means by 
which M. ulcerans is introduced deep into the skin or subcutaneous tissue [11], 
where a toxin is produced, causing massive necrosis of the skin. Buruli ulcer is 
therefore clinically primarily a disease of the skin. M. ulcerans also cause osteo-
myelitis: in Benin, patients have been reported to suffer from severe forms of os-
teomyelitis as a consequence of an M. ulcerans infection, sometimes necessitat-
ing amputation [12]. 

The mode of transmission of the disease in humans is attributed to an envi-
ronmental bacterium Mycobacterian ulcerans. However, this mode of transmis-
sion, remains uncertain because of the mysterious character of the bacterium. 
One possibility is that the disease is transmitted to humans by certain insects 
found in water. Nowadays, there is no established correlation between infection 
of humans and animals. For the treatment of the most serious cases, hospitaliza-
tion is necessary. Indeed, hospitalization is generally prolonged thereafter, 
reaching on average 3 months per patient, but can reach 18 months or more. 
Antibiotic treatment is unfortunately unsatisfactory. 

Several mathematical models are developed in order to better understand the 
evolution of Buruli ulcer within a human population. In [13], the authors for-
mulate a system governed by nonlinear mathematical equations. Analytical re-
sults show that the elimination of certain taxa, notably Oligochaeta worms, can 
effectively reduce mycobacterial transmission in aquatic ecosystems, unlike the 
elimination of the most abundant taxa. In [14], a mathematical model of Buruli 
ulcer with a saturated processing function is developed with the aim of theoreti-
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cally modeling the possible impact of challenges associated with the treatment 
and management of BU, such as delays in accessing treatment, limited resources 
and few medical facilities to deal with the very complex treatment of ulcer. Other 
authors such as [15] propose a mathematical model of Buruli ulcer transmission 
integrating optimal control strategies. [16] proposes a model of leprosy, a disease 
of the same category as UB. 

Despite the numerous efforts already made, Buruli ulcer remains a public 
health issue in several countries, including Benin. Diagnosed patients are hospi-
talized for the entire duration of their treatment. 

However, how do environmental factors and individuals’ loss of follow-up in-
fluence the understanding of Buruli ulcer transmission dynamics, and what are 
the potential impacts of this integration on disease prevention and control strat-
egies? 

This work introduces a new mathematical model and intervention strategies 
that integrate the environment as well as individuals lost to follow-up (those 
who, due to lack of resources or for cultural reasons, do not return to the hospi-
tal) to explore the dynamics of Buruli ulcer. 

Section-wise, the paper is summarized as follows: The Buruli ulcer model is 
formulated in section 2 taking into account individuals lost to follow-up. The 
basic properties, stability and sensitivity analysis of the model as well as some 
numerical simulations to validate the theoretical results obtained are given in 
section 3. Basic control of Buruli ulcer using the different mortality thresholds 
and of bacterial shedding in section 4. The final section 5 concludes the paper 
and provides some discussions that highlight some relevant perspectives. 

2. Model Formulation 

In this section, we proceed with the formulation of a mathematical model for the 
environmental transmission of Buruli ulcer within a human population. 

We propose a deterministic compartmental model on the environmental 
transmission of Buruli ulcer. The population under consideration is grouped in-
to disjoint classes or compartments. We divide the human population into four 
states representing disease status. At any time t, there are the following epidemi-
ological statuses.  

1) Susceptible individuals S. This class contains human individuals who are 
susceptible to Buruli ulcer. 

2) Exposed individuals E. This class contains individuals who have come into 
contact with the contaminated environment but show no symptoms of the dis-
ease. They can after some time develop into illness or heal. Once sick, they can 
either decide to go to the hospital for treatment or to treat themselves at home.  

3) Infectious humans I. The class of human infectious humans contains indi-
viduals who, after contracting the infection, progressed to the disease. They went 
to the hospital to be diagnosed and were isolated for treatment.  

4) Lost individuals J. This class contains individuals who, after contracting the 
infection, progressed to the disease. After being diagnosed with the disease, they 
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left the hospital and decided to treat themselves by other means. 
5) Recovered individuals R. This class comprises human cases that recover 

from the infection, because recovery is accompanied with the acquisition of par-
tial immunity so that this class of individuals is partially protected against fur-
ther infection and they join the class of susceptible individuals after a period  

Thus, the total human population alive at time t is  

 ( ) ( ) ( ) ( ) ( ) ( ).= + + + +N t S t E t I t J t R t  (1) 

Also, there is an environment class (P), which represents the concentration of 
Mycobacterium ulcerans in the environment. The environmental class represents 
the reservoir of contamination in the community associated with individuals lost 
to follow-up who have decided to seek treatment by means other than the hos-
pital. 

The model is based on the following assumptions: 
We assume each sub-population of humans is submitted to the natural death 

rate μ. Susceptible individuals are recruited into the population at rate Λ. 
Transmission of Buruli ulcer disease within the human population occurs 
through contact between individuals susceptible to Mycobacterium ulcerans and 
the Mycobacterium ulcerans concentration in the environment. 

We assume that the transmission of Buruli ulcer is modeled by the mass ac-
tion. Thus, human susceptible individuals are infected at rate ( ) ( )λ P S t  where 
( )λ P  is the force of infection given by 

 ( ) ( ) ,λ γ=P P t  (2) 

where γ is the effective contact rate for Mycobacterium ulcerans in the environ-
ment. 

A flow diagram characterizing the full model is depicted in Figure 1. In the 
diagram, solid lines represent flow between compartments, the dashed lines rep-
resent the infected classes contaminating the environment, and new infections 
coming from the interaction of susceptibles with the environment. 

 

 
Figure 1. Structure of the model. 

https://doi.org/10.4236/am.2024.158030


C. C. Yadouleton et al. 
 

 

DOI: 10.4236/am.2024.158030 481 Applied Mathematics 
 

This transmission model is expressed by the following deterministic system of 
nonlinear ordinary differential equations:  

 

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )

1

2

1 2

Λ ,
,

,
,

1
.

ρ γ µ
γ ε µ
ε µ α
ε µ θ
ε α θ µ ρ
ω µ

 = + − −


= − +
 = − +
 = − +
 = − − + + − +


= −













p

S t R t S t P t S t
E t S t P t E t
I t p E t I t
J t p E t J t
R t p p E t I t J t R t
P t J t P t

 (3) 

A complete list and description of all variables and parameters in system (3) is 
summarized in Table 1 and Table 2, respectively. For biological reasons, all the 
parameters are assumed nonnegative. 

 
Table 1. Variables with units for system (3). 

Symbols Description Units 

S Susceptible human indiv 

E Exposed human indiv 

I Infectious human indiv 

J Lost human indiv 

R Recovered human indiv 

P Free M. ulcerans concentration in the environment cell·ml−1 

N Total number of human population indiv 

 
Table 2. Parameters with units for system (3). 

Symbols Description Units 

Λ Recruitment into susceptible humans indiv·day−1 

β Buruli ulcer disease transmission rate from day−1 

ρ Rate of loss of immunity day−1 

p1 Proportion of exposed individuals who become day−1 

 infectious and go to the hospital  

p2 Proportion of exposed individuals who are non diagnostic day−1 

 in the hospital. They are lost infectious  

α Recovery rate of infectious humans day−1 

θ Recovery rate of lost infectious humans day−1 

μ Natural mortality in the human population day−1 

μp 
Natural mortality rate of Mycobacterium ulceran in the  

environment 
day−1 

ω Shedding rate of infected humans to the environment day−1 

γ Environmental infection rate day−1 

ε Proportion of exposure that becomes infectious day−1 
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3. Model Analysis  

In this section, we present all the theoretical results of the system (3). We study 
the basic properties which are essential in the proof of stability results and de-
termine the asymptotic behaviour of our model. 

3.1. Basic Properties  

We start by proving that the model is well-defined and respects a biological real-
ity. The right-hand side of System (3) is a continuously differentiable map 1 . 
Then, by the Cauchy Lipschitz theorem, system (3) has a unique local positive 
solution. 

Theorem 1. Let ( ) ( ) ( ) ( ) ( ) ( )( )( ) 6
0 00, 0 , 0 , 0 , 0 , 0 , 0 += = ∈ × t X S E I J R P  

and for ] ]0,∈ +∞T , [ [ ( ) ( ) ( ) ( ) ( ) ( )( )( )0, , , , , , ,=T X S t E t I t J t R t P t  the max-
imal solution of the Cauchy problem associated to System (3). Then, [ [0;∀ ∈t T , 

( ) 6
+∈X t .  

Proof. Let ( )X t  be a solution of system (3). Suppose ( )0 0>X  and prove 
( ) 0>X t  for all 0≥t . 
Since ( )X t  is continuous and ( )0 0>X , there exists 1 0>t  such that 
( ) 0>X t  for all ] [10,∈t t . Let us prove that 1 = ∞t . 
Let us suppose 1 < ∞t , there exists 2 1≥t t  such that at least one of compo-

nents of X is equal to 0 in time 1t . Let us pose 

( ) ( ) ( ){
( ) ( ) ( ) }

*
1 2 2 2

2 2 2

inf 0 / 0 or 0 or 0

or 0 or 0 or 0

= ≥ = = =

= = =

t t S t E t I t

J t R t P t
 

Let us suppose ( )* 0=S t , from the first equation of system (3), one has:  

 
( ) ( ) ( )( ) ( )

( ) ( ) ( )
*

*

* *
0

Λ 0 for all 0, ,

0 exp d .

ρ µ γ

µ γ

 + > ⇒ > − + ∈ 
 ⇒ > − −  ∫



t

R t S t P t S t t t

S t S t P s s
 (4) 

Since ( )0 0>S , one has ( ) 0>S t , this is absurd ( )* 0=S t . Thus, ( )S t  
remains positive. Similarly, we prove that all components ( )X t  are always 
positive.  

Theorem 2. The following sets are positively invariant and attractive for the 
System (3)  

 
Λ Λ, and ,
µ µµ

+ +
    Ω = ∈ ≤ Ω = ∈ ≤   

    
 N P

p

wN N P P  (5) 

Proof. The dynamic of the total human population satisfies  

 ( ) ( )Λ .µ= −N t N t  (6) 

Then, solving the equation, we get  

( ) ( )Λ Λ0 e , 0,µ

µ µ
− 

= + − ∀ ≥ 
 

tN t N t  

where ( )0N  is the initial value of ( )N t . It implies that  
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( ) ( )Λ Λ, , if 0 .
µ µ

+≤ ∀ ∈ ≤N t t N  

The dynamic of the pathogenic population also satisfies  

 
( ) ( ) ( )

( )Λ .

µ

µ
µ

= −

≤ −



p

p

P t wJ t P t

w P t
 (7) 

Then, using Gronwall Lemma (Appendix A), we get  

( ) ( )Λ Λ0 e , 0,µ

µµ µµ
− 

≤ + − ∀ ≥  
 

pt

p p

w wP t P t  

where ( )0P  is the initial value of ( )P t . It implies that  

( ) ( )Λ Λ, , if 0 .
µµ µµ

+≤ ∀ ∈ ≤
p p

w wP t t P  

This achieves the proof.   
Corollary 1. System (3) is a dynamical system in the biological feasible com-

pact set  

 ( ) 6 Λ Λ, , , , , | and
µ µµ+

  Ω = ∈ ≤ ≤ 
  

d u
p

wS V R I I P N P  (8) 

  
Proof. It is a straightforward consequence of Theorem 1 and Theorem 2.  

3.2. Determination of Equilibrium Points and Study of Stabilities  

Herein, we determine equilibria of system (3) and we study their stability. 

The Disease Free Equilibrium (DFE) and Its Stability 
The disease-free equilibrium point is obtained by solving all equations of system 
(3) equal to zero with 0= =I J . Note that 0= =I J  implies 0= = =E R P  

and * Λ
µ

= =S S . So, the disease free equilibrium is given by:  

 ( )*
0 ,0,0,0,0,0=Q S  (9) 

Now, let us study the stability of the DFE. The stability of the DFE depends on 
the basic reproduction number. In epidemiology, the basic reproduction number 

0  is one of the most important quantities for disease control, which is defined 
as the expected number of secondary case produced, in a completely susceptible 
population, by a typical infective individual. We use the method of Van den 
Driessche and Watmough [17] to compute the basic reproduction number of 
system (3). 

Infected humans and Mycobacterium in the environment of system (3) can be 
rewritten as follows:  

 ( ) ( )d ,
d

= − 
X X X
t

 (10) 

where ( )T, , , ,=X E I J R P , ( ) X  is the incidence rate of new infections, and 
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( ) X  is the transfer rate of individuals into, and out of, each sub-population 
defined as follows:  

( )

( )
( ) ( )

1

2

1 2

0
and0

10
0

µ εγ
ε

ε µ θ
ε µ ρ

µ

+  
   − +  
   − + += =
   − − − + +  
   − +   

 

p

EPS
p E I

p E J
p p E R

wJ P

 

The Jacobian matrices of F and V at the disease-free equilibrium Q0 are, re-
spectively,  

Λ0 0 0 0

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

γ
µ

 
 
 
 

=  
 
 
 
 

F  

and 

( )

1

2

1 2

0 0 0 0
0 0 0

0 0 0
1 0 0 0

0 0 0

ε µ
ε µ α
ε µ θ

ε µ ρ
µ

+ 
 − + 
 − +=
 
− − − + 
 − p

p
pV

p p
w

 

The next generation matrix 1−FV  is  

( )( ) ( )
2

1

Λ Λ Λ0 0

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

γε γ γ
µµ µ θ µ ε µµ µ θ µµ

−

 
 + + + 
 

=  
 
 
 
  

p p p

p w w

FV  

The basic reproduction number is the spectral radius of the next generation 
matrix, 1−FV :  

 ( ) ( )( ) ( )( )
*

1 2 2
0

Λ γε γε
ρ

µµ µ θ µ ε µ µ θ µ ε
−= = =

+ + + +


p p

p w p wSFV  (11) 

Following Van den Driessche and Watmough [17], we have the following re-
sult about the local stability of the pest free equilibrium Q0. 

Proposition 3. The disease free equilibrium Q0 is locally asymptotically stable 
when 0 1≤R  and unstable when 0 1> .  

3.3. Sensitivity Analysis  

Mathematical models are useful to understand the behaviour of an infection 
when it enters a community and investigates under which conditions it will be 
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wiped out or continued. Buruli ulcer, is a disease that is increasingly of interest 
researchers with the aim of reducing the morbidity and costs associated with the 
disease and to prevent long-term disabilities. After formulation of our model, it 
is important to study the relationship between parameters and variables of our 
model through sensitivity analysis. 

Sensitivity analysis on a model aims to identify the most influential input fac-
tors on the output(s) of interest, whether in direct effect or in interaction effect 
with other factors. The input factors of the sensitivity analysis are most often 
model parameters whose precise values are uncertain. 

In this part, we examine the effect of system parameters (3) on the basic re-
production number 0  to confirm their impact on Buruli ulcer transmission. 
To do this, the sensitivity index of each parameter of the model which is linked 
to the 0  reproduction number will be calculated. We use the formula pre-
sented in [18],  

 0 0

0

Γ ∂
= ×

∂
 

p
p

p
 (12) 

From this formula, we can deduce that sensitivity indices are useful for as-
sessing the relative change of a state variable in response to a variation of a pa-
rameter. We will now calculate the sensitivity indices with respect to the model 
parameters using Equation (12). 

 

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

1 0,

1 0,

1 0,

0,

0,

γ

ω

µ

ξ

θ

γ
γ

ω
ω

µ
µ

ξ µ
ξ µ ξ

θ θ
θ µ θ

∂
Γ = × = >

∂

∂
Γ = × = >

∂

∂
Γ = × = − <

∂

∂
Γ = × = >

∂ +

∂
Γ = × = − <

∂ +


























p

p

p

 (13) 

The analytical expression of the sensitivity indices for the parameters of model 
(3) is presented in (13). We found that the , ,γ ω ξ  parameters all have positive 
sensitivity indices, meaning that 0  are increased by an increase in parameters. 
The other parameters ,θ µ p  all have negative values, meaning there is a de-
crease in 0  as the parameters increase.  

We will analyze the sensitivity of the variables S, E, I, J, R and P using the 
E-fast method. This method identifies which parameter uncertainties most in-
fluence the variability of model outputs. It highlights first-order effects (main 
effects) and total effects (which include interactions between parameters) by de-
composing the variance of the model results into individual effect components 
as well as their interaction. 

In Table 3, page 13, we provide value ranges for the model parameters. 
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Table 3. Parameters values used for numerical simulations of the system (3). 

Symbols 
Values used for Values used 

References 
sensitivity analysis for numerical simulations 

Λ [ ]0.001;0.2  0.1 Assumed 

γ [ ]0.0001;0.0015  0.0001 Assumed 

ρ 20;1.1 10− ×   0.011 [14] 

p1 [ ]0.01;0.3  0.2 Assumed 

p2 [ ]0.01;0.1  0.1 Assumed 

α 51.6 10 ;0.5− ×   0.5 [19] 

θ [ ]0.1;0.25  0.25 Assumed 

μ 4.5 × 10−5 4.5 × 10−5 [20] 

μp [ ]0.1;0.8  0.2 - 0.75 [20] 

ε [ ]0.01;0.022  0.011 Assumed 

w [ ]30;100  40 - 100 Assumed 
 

Figure 2 presents the sensitivity analysis (E-fast method) of all system varia-
bles (3). The gray part of Figure 2 shows the first-order sensitivity index (main 
index), while the sum of the two parts (gray and blue) shows the total sensitivity 
index. It illustrates the sensitivity of the parameters on the output variables S, E, 
I, J, R and P. We see that the parameters γ and μ are the most sensitive parame-
ters for all the output variables except S. xi is the most sensitive parameter for 
the population of those exposed E of the infected I and the infected lost to fol-
low-up J. For the aquatic ecosystem M. ulcerans ω and µ p  are the most sensi-
tive parameters  

It is important to always have 0 1≤ , in this case, Buruli ulcer no longer 
spreads within the human population. Now, to determine parameters that im-
pact negatively or positively the basic reproduction number 0  and to com-
plete the results obtained in (13) we will use the Latin Hypercube Sampling (LHS) 
method and Partial Rank Correlation Coefficient (PRCC) compared to  . The 
PRCCs provide indications on the relative importance and nature (positive or 
negative) of the impact of each parameter on the model outputs.  

Parameters with high PRCCs (in absolute value) are identified as having a sig-
nificant influence on the model. 

Figure 3, page 11 shows the LHS-PRCC analysis on basic reproduction num-
bers 0 . One can observe that 0  is more impacted specifically by parame-
ters , ,γ ωΛ  which have positive effect on 0  while ,µ µ p  and θ  which 
have a negative effect. Since µ p , represents bacterial mortality rate, keeping 

0  below 1 amounts to increasing the mortality of free bacteria in the envi-
ronment and reducing the infection rate.  

The local asymptotic stability of the disease-free equilibrium Q0 does not guar-
antee the complete elimination of the disease within a human population. Only the 
global asymptotic stability of the disease-free equilibrium Q0 ensures that the dis-
ease either dies out or persists within a human population. We are now going to 
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study the global asymptotic stability of the disease-free equilibrium Q0. 
 

 

Figure 2. Efast sensitivity analysis of Buruli ulcer model. 
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Figure 3. PRCC sensitivity analysis of 0 . 
 

Theorem 4 The disease-free equilibrium Q0 is globally asymptotically stable if 

0 1≤ .  
Proof. Let ( ), , , , , Τ=X S E I J R P  and consider a Lyapunov function,  

 ( ) ( )2 .ε
µ θ

µ ε
= + + +

+
X p wV E wJ P  (14) 

Direct calculation leads to  

( )

( )( ) ( )( ) ( )( )

( ) ( )( )

2

2
2

2 1

ε
µ θ

µ ε
ε

γ µ ε ε µ θ µ θ µ
µ ε

γε
µ µ θ

µ µ θ µ ε

= + + +
+

= − + − − + + + −
+

 
= + − 

+ +  

   

p

p
p

p wV E wJ P

p w PS E w p E J wJ P

p wSP

 

Therefore 

( ) ( )( )
( ) ( )

*
2

0 0

1 since

1 whenever 1.

γε
µ µ θ

µ µ θ µ ε

µ µ θ

 
≤ + − ∈Ω 

+ +  
= + − ≤



 

p
p

p

p wSV P S

P

 

Furthermore,  
*

00 0 or and 1= ⇔ = = = V P S S  

Thus the largest invariant set   such as ( ){ }, 0⊆ ∈Ω = X V X  is the 
singleton Q0. By LaSalle’s Invariance Principle, Q0 is globally asymptotically sta-
ble in Ω. 
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This achieves the proof.  
Theorem 4 completely determines the global dynamics of system (3) in Ω 

when 0 1≤ . It establishes the basic reproduction number as a threshold pa-
rameter. If 0 1≤ , all the solutions in the feasible region converge to the disease 
free equilibrium Q0, and the Buruli ulcer will die out from the population irre-
spective of the initial conditions. If 0 1> , the disease free equilibrium Q0 is 
unstable and the system is uniformly persistent, and a Buruli ulcer epidemic will 
become endemic. 

Now, we will illustrate our theoretical results by numerical simulations. 
For numerical simulations, we use parameters values consigned in Table 3. Initial 

conditions are ( )0 300=S , ( )0 200=E , ( )0 150=I , ( )0 100=J , ( )0 100=R  
and ( )0 100=P . Figure 4, page 14 presents the trajectories of system (3) when 

0.1Λ = ; 0.0001γ = ; 0.011ρ = ; 1 0.2=p ; 2 0.1=p ; 0.5α = ; 0.25θ = ; 
0.00045µ = ; 0.5µ =p ; 0.011ε = ; 30=w  so that 0 0.531 1= ≤ . From this 

figure, it clearly appears that the trajectories of system (3) converge to the dis-
ease free equilibrium Q0 as shown in Theorem 4. This means that the disease 
disappears within a human population.  

3.4. Endemic Equilibrium (EE) and Its Stability  

Endemic equilibrium is obtained by solving the following system:  

 

( )
( )
( )

( ) ( )

1

2

1 2

Λ 0
0
0
0

1 0
0

ρ γ µ
γ ε µ
ε µ α
ε µ θ
ε α θ µ ρ

µ

 + − − =
 − + =
 − + =
 − + =
 − − + + − + =


− = p

R SP S
SP E
p E I
p E J

p p E I J R
wJ P

 (15) 

The resolution of Equation (15) leads to ( ), , , , ,=Q S E I J R P  where  

( ) ( )( )( )( )2
0 1Λ , ,

µµ µ θ µ α µ ρ µ ερ
µ γ

+ + + + −+
= =

+




pRS E

P
 

( )1 21 2 1
, , ,

ε α θε ε
µ α µ θ µ ρ µ

− − + +
= = = =

+ + + p

p p E I Jp E p E wJI J R P  

where  

( )
( ) ( ) ( )( )

4 3
2

2
1 21

γ ε µ µ µ ρ α θ ε

µ ρε α ρ ε θ θ ε ρ

= + + + +

+ + + + + + +



+ 

 pw p

p p
 

So, we have the following result: 
Theorem 5. System (3) has a unique endemic equilibrium when 0 1> .  
Now, let us study the stability [21] of the endemic equilibrium Q . 
Theorem 6. Endemic equilibrium Q  is globally asymptotically stable when 

0 1> .  
Proof. The proof of this Theorem is given in Appendix B.  
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Figure 4. Numerical simulations for system (3) when 0.1Λ = ; 0.0001γ = ; 0.011ρ = ; 1 0.2=p ; 2 0.1=p ; 
0.5α = ; 0.25θ = ; 0.00045µ = ; 0.5µ =p ; 0.011ε = ; 30=w  so that 0 0.531 1= ≤ . 
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Figure 5. Numerical simulations for system (3) when 0.1Λ = ; 0.0001γ = ; 0.011ρ = ; 1 0.2=p ; 2 0.1=p ; 
0.5α = ; 0.25θ = ; 0.014µ = ; 0.1µ =p ; 0.011ε = ; 40=w  so that 0 3.54 1= ≥ . 
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Figure 5, page 16 presents the trajectories of system (3) when 0.1Λ = ;
0.0001γ = ; 0.011ρ = ; 1 0.2=p ; 2 0.1=p ; 0.5α = ; 0.25θ = ; 0.014µ = ;

0.1µ =p ; 0.011ε = ; 40=w  so that 0 3.54 1= ≥  From this figure, it clearly 
appears that the trajectories of system (3) converge to the endemic equilibrium 
Q  as shown in Theorem 6. This means that the disease persists within a human 
population.  

4. Impact of Bacterial Mortality and Excretion Rates on the  
Dynamics of Buruli ulcer Transmission 

The aim of this section is to study how the mortality rate and excretion of bacte-
ria into the environment impacts the dynamics of Buruli ulcer transmission. 

Figure 6 presents the time evolution of basic reproduction number as func-
tion of the bacteria in the environment mortality and shedding rate respectively. 
Ones can see in this figure that the values of the basic reproduction number less 
or greater than one depends strongly on these two parameters of the model. For 
the values taken for our numerical simulations, we can estimate a mortality 
threshold value above which the basic reproduction number R0 is always less 
than one: this corresponds to a situation of disease free equilibrium. Biological 
or chemical control in an aquatic ecosystem can be a means of having a bacterial 
mortality rate in the environment higher than this threshold value. On the other 
hand, we have a threshold value for the excretion rate: this means that if we ed-
ucate the population to be screened and accept hospitalization during treatment, 
we can limit the excretion rate of the bacteria. in the environment and therefore 
better control the disease. 

 

 

Figure 6. Basic reproduction number 0  as a function of µ p  and ω  when Λ 500= ; 0.0001γ = ; 0.011ρ = ; 1 0.2 30=p ; 

2 0.1 30=p ; 0.5 30α = ; 0.25 30θ = ; 0.014µ = ; 0.001ε = ; 100 30ω =  (when we plot the basic reproduction number as 
function of ω ; 0.08µ =p ). 
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More informing the population about the disease, the importance of getting 
tested, and receiving treatment in hospital, along with biological or chemical 
control measures, are two approaches that will help us better control the spread 
of Buruli ulcer among the human population. Thus, to opt for a chemical con-
trol method to eliminate the bacteria in the environment, it would be ideal to 
assess the environmental impact of this measure using the approach proposed in 
[22]. 

5. Conclusion and Discussion  

In the present work, we present a deterministic mathematical model for the 
transmission of Buruli ulcer whose aim was to highlight the impact of bacte-
riumpresent in the environment on the spread of the disease within a human 
population. Model uses nonlinear differential equations and regroups each hu-
man according to their epidemiological status. The particularity of this model is 
that it considers that once diagnosed, the patient is hospitalized until complete 
recovery. But the socio-economic nature of our study environment leads people 
to avoid hospitals even if it means treating themselves: it is this class of popula-
tion considered as patients lost to sight who therefore contribute to the spread of 
the infection releasing bacterium into the environment. The obtained model is 
analysed by determining the steady states. We show that the model analysis is 
carried out in terms of the basic reproduction number R0, which summarizes the 
dynamics of the system: If it is less than one, the disease disappears within a 
human population; when it is greater than one, the disease is endemic. We use 
sensitivity analysis that highlights how parameters affects the basic reproduction 
number R0 and how parameters affects the output of the variables. Numerical 
simulations were made to validate the mathematical results obtained. As we ob-
serve in Figure 4 and Figure 5, the numerical results are in agreement with the 
theoretical results. 

Our main result is that the control of the spread of Buruli ulcer within a hu-
man population depends mostly on the environmental management and sensi-
tisation of the human population. Lack of knowledge of the disease plays an im-
portant role in its spread. the human population must know that, faced with this 
disease, they must go to the hospital and agree to remain hospitalize until com-
plete recovery: awareness campaigns must be multiplied in this direction. Con-
trolling the spread of the epidemic within the human population remains a chal-
lenge. At the end of our study, it suffices to maintain a basic reproduction num-
ber 0  lower than 1. We carry out sensitivity analysis of 0  to find out the 
degree to which the parameters influence the basic reproduction number 0 . 
We show a monotonic decrease of 0  when µ p  increase. This means that the 
clearance of the environment will reduce the spread of Buruli ulcer epidemic. 
According to Figure 6, we have identified a threshold for the excretion rate be-
low which we can control the progression of the disease, and a threshold for 
bacterial mortality above which we can also control the spread of Buruli ulcer 
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among the human population. However, the complete eradication of Mycobac-
terium in the aquatic ecosystem is not feasible in practice. An approach in our 
future work could involve combining these factors with the control of water 
bugs in an optimal control model to determine the best strategy for controlling 
Buruli ulcer in the population. 
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Appendix A. Classical Differential Version of Gronwall  
Lemma  

Lemma 7. Suppose that a function x of class ( )1 ,IC , where I is an interval 
of  , verifies  

 ( ) ( ) ( ) ( ) ,≤ +x t a t x t b t  (16) 

where a and b are continuous functions from I into  , and ( ) 0=x t x  for 

0 ∈t I . Then we have the inequality  

 ( ) ( ) ( )( ) ( ) ( )( )
0 0

0 exp d exp d dσ σ≤ +∫ ∫ ∫
t t

t

t

t s
x t x t a s s b s a s  (17) 

Appendix B. Proof of Theorem 6  

Let ( ), , , , , Τ=X S E I J R P  and consider a Lyapunov function,  

 

( ) 1

2 3

4 5

ln ln

ln ln

ln ln .

      = − − + − −      
      

      + − − + − −      
      

      + − − + − −      
      

X S EV S S S a E E E
S E

I Ja I I I a J J J
I J

R Pa R R R a P P P
R P

 (18) 

A direct computation leads to  

[ ] ( )

( ) ( )

1 2 3
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1

2 1 3 2
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1 1 1 1
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1 Λ 1

1 1

1
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At the endemic equilibrium point, we have the following relations:  

 

( )
( )
( )

( ) ( )

1

2

1 2

,
,
,
,

1 ,
.

ρ γ µ
γ ε µ
ε µ α
ε µ θ
ε α θ µ ρ

µ

Λ = − + +
 = +
 = +
 = +
 − − + + = +


= p

R SP S
SP E
p E I
p E J

p p E I J R
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 (19) 

Using relations (19), we have  
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( )

( ) ( )

1

2 1 3 2

4 1 2

5

2

11 1 1 1

11

1 11 1

11 1

11

1
, , , , ,

µ γ ρ

γ

ε ε

ε α θ

µ

   = − − + − + −    
 

 + − −   
 
      + − − + − −         
   + − − − − + − + −    
   + − −    
 −
 = +
 
 

V S x PS vx R u
x

a PS vx y
y

a p E y z a p E y t
z t

a p p E y u I z u J t u
u

a wJ t v
v

x
S G x y z t u v

x

 

where  

( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( )

( )

( )

1 2 1 1

2 3 3 4

4 5 6 7

5 8

2

1 1, , , , , 1 1 1 1

1 11 1

11

11

(1 ) , , , , ,µ

  = − − + − + − −            
   + − − + − −            
 + − − + − + −     
 + − −     
 −

= + 
 

G x y z t u v b vx b u a b vx y
x y

a b y z a b y t
z t

a b y u b z u b t u
u

a b t v
v

xS G x y z t u v
x

 

and  

1 2 3 1 4 2, , ,γ ρ ε ε= = = =b PS b R b p E b p E  

( )5 1 2 6 7 81 , , ,ε α θ= − − = = =b p p E b I b J b wJ  

The development of ( ), , , , ,G x y z t u v  leads to  
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( ) ( ) ( )
( ) ( ) ( )
( )

( )

1 1 1 1 1 2 2 3 4 4 5

2 3 4 6 3 4 4 7 5 8 1 5 8

4 5 4 6 4 7 2 1 2 1 1 2 3

2 1 1 1
4 5 4 6 4 7 5 8

3 4 4 5 4 6 4 7 5 81 1

, , , , ,

1

= − + + − + + +

+ − + + − + + + −

+ − − − + + − + +

+ + + + − − −

− − − −

+

− −

G x y z t u v vx b a b y a b a b a b a b

z a b a b t a b a b a b v b a b

u a b a b a b b b b a b a b
b a b vx ba b a b a b a b u
x y x

a b y a b y a b z a b t a b ta b vx
z t u u u v

 

The positive constants 1 2 3 4, , ,a a a a  and 5a  are chosen such that:  

 

1 1 1

1 1 2 3 3 4 4 5

2 3 4 6

3 4 4 7 5 8

1 5 8

0,
0,

0,
0,

0.

− + =
− + + + =− + =
− + + =

− =

b a b
a b a b a b a b
a b a b
a b a b a b

b a b

 (20) 

The resolution of system (20) gives:  

1 1
1 2 4 3 5

2 8

1, 0, ,= = = = =
b ba a a a a
b b

 

and ( ), , , , ,G x y z t u v  becomes 

 ( ) 1 2
1 1, , , , , 4 1 ,   = − − − − − − − +     

vx y t uG x y z t u v b b u
y x x v x x

 

and  

 
2

1 2
(1 ) 1 14 1 ,µ

   −  = − + − − − − − − − +        


x vx y t uV S b b u
x y x x v x x

 

where  

 1 2, .γ ρ= =b PS b R  

Using the arithmetic-geometric means inequality leads to  

 1
14 0 

− − − − ≤ 
 

vx y tb
y x x v

 

and 2
11 0 − − + >  

ub u
x x

. Consequently 0≤V . By LaSalle’s invariance princi-

ple, one can conclude that the endemic equilibrium is globally asymptotically  
stable in Ω. Since Ω is absorbing, this proves the global asymptotically stability 
in the nonnegative orthant. 

This concludes the proof.  
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