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@ O The study of the relationship between graphs and R-modules is motivated by

several factors. Firstly, graphs are powerful tools for representing various alge-
braic structures and their properties. By relating graphs to R-modules, we can
leverage the visual and combinatorial nature of graphs to gain insights into the
properties and behaviors of R-modules.

Secondly, this relationship opens up new avenues for applying graph-theoretic
methods to problems in module theory and vice versa. For instance, graph inva-
riants can provide new perspectives on module invariants, and techniques from
module theory can be used to solve problems in graph theory. This interdiscip-
linary approach can lead to the discovery of novel results and the development
of new methods in both fields.

Moreover, understanding the interplay between graphs and R-modules has
potential applications in areas such as coding theory, where modules over rings
are used to construct error-correcting codes, and in the study of networks, where
graphs represent connections between different entities. Theoretical insights
gained from this relationship can also contribute to advancements in homologi-
cal algebra, representation theory, and other areas of mathematics.

In summary, the relationship between graphs and R-modules is important

because it provides a rich framework for exploring and solving problems in both
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graph theory and module theory, with potential applications in various mathe-
matical and practical domains.

In this section, we provide basic notions from graph theory and module
theory needed throughout this paper. An undirected graph G is said to be con-
nected if there is a path between any two distinct vertices. Let xand ybe distinct
vertices in G, the distance between x and y; denoted by d(x,y), is defined as
the length of a shortest path connecting xand y (d(x,x)=0 and d(x,y)=o
if no such path exists). The diameter of Gis
diam(G) = sup{d (x,y)|xand y are vertices of G} )

A cycle of length nin Gis a path of the form X —X, —X; —--—X, — X, where
¥ #X; when i# j.The girth of G, denoted by gr(G), is defined as the length
of the shortest cycle in G, provided G contains a cycle; and gr(G)=c0 when no
such cycle exists. A graph is said to be complete if any two distinct vertices are
adjacent. A complete graph with n vertices is denoted by K .

Let Mbe an R-module and S — M . The annihilator of Sis the set
{reR|rS=0} and it is denoted by Ann(S). An element xeM is called a
torsion element if Ann(x)=0. In case that Ann(x)=0, then x is called tor-
sion-free. An R-module M with Ann(M)=0 is known as a faithful R-module.

In this paper, R denotes a commutative ring with 1, A/ a unitary R-module,
and t(M) be the set of torsion elements of A It is worth noting that total
graphs of commutative rings were introduced and investigated in [1]. Those
graphs consider all elements of a commutative ring R as vertices, and for distinct
X,y € R, the vertices xand yare adjacent if and only if x+yeZ(R) [1]. Fora
recent book on graphs from rings, see [2].

The classic zero-divisor graph has been extended to modules over commuta-
tive rings [3]. Two elements m,ne M are adjacent if and only if
(mR:M)(nR:M)M =0 [3]. This extension is considered as a straightforward
generalization of the classic zero-divisor graph. In [4], the authors have linked
two different graphs to an R-module A/in regard to its first dual,

M" =Hom(M,R). Although these two graphs are not naturally generalizations
of the classic zero-divisor graph, there are some rooted interconnections be-
tween them and the classic one. In this paper, we introduce a further new gene-
ralization of the classic zero-divisor graph, which is more natural and elegant
than the preceding generalizations. In general, proofs of results are clearer than
those proofs given for the corresponding results on the classic zero-divisor
graph. Let I(R) denote the set of all ideals in R We introduce a mapping
#:M xM — I (R) that will be utilized for the generalization of the classic ze-
ro-divisor graph.

Definition 1.1. Let M be an R-module. For every two non-zero elements
X,y €M , wesay that x*y=y+x=Ann(Ann(x))Ann(Ann(y)).

For an R-module A4 let t(M)={xeM |xr =0 for some non-zero r e R} and
let t(M) =t(M)\{0}. Now we are ready to give our generalization of the clas-
sic zero-divisor graph. We link an undirected graph I'(M) to A with the set of
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vertices t(M )* such that for distinct elements X,y et(M )* , the vertices x and
yare adjacent provided that x*y=0.
As we notice in the aftermath, the graph T'(M) is a perfect generalization of

the classic zero-divisor graph.

2. Primary and Main Results on I'(M)

A simple graph G(V,E) is a pair of two sets: one is a finite nonempty set
V(G) of objects called vertices, and the other is a (possibly empty) set E(G)
of unordered pairs of distinct vertices of G called edges. A graph G'is said to be
connected if there exists a path between any pair of distinct vertices of G. The
distance between x and y; denoted by d(X,y), is defined as the length of the
shortest path connecting xand y(d(x,x)=0 and d(x,y)=c if no such path
exists). The diameter of G, denoted by diam(G), is sup{d (vu)lv,ueVv (G)}
A graph G'is called complete if there is an edge between each two distinct vertic-
es. A complete graph with n vertices is denoted by K .

First of all, we will show that our definition of T'"(M) is a generalization of
the definition of T'(R) in [5].

Theorem 2.1. Let R be a ring and X,yeR. Then X*y=0 if and only if
xy=0.

Proof For the forward direction, assume Ann (Ann (X))Ann (Ann(y)) =0.1It
is known that X € Ann (Ann (X)) and yeAnn (Ann ( y)) ,sowe have xy=0.

Conversely, assume Xy =0, but Ann (Ann (x))Ann (Ann ( y)) #0. Then we
have aeAnn(Ann(x)) and beAnn(Ann(y)) with ab=0.Now
xeAnn(y) and yeAnn(x), and we get aAnn(x)=bAnn(y)=0. This im-
plies that ay =bx=0.However, ab=0 assuresthat b¢Ann(x) and so
bx = 0, which is a contradiction.

Remark 1. For a ring R, if we take R as an R-module, then our graph is the
same as the graph in [5] by Theorem 2.1.

Here the torsion graph T'(M) is a simple graph whose vertices are the
non-zero torsion elements of A, and two distinct elements X,y are adjacent if
and only if x*y=0.

It is worth mentioning that Definition 1.1 is distinct from the notion of the
torsion graph in [6].

Indeed, the torsion graph G(M) is a simple graph whose vertices are the
non-zero torsion elements of A4 and two distinct elements X,y are adjacent if
and only if [x:M][y:M]M =0.

(x,y)el'(M) means X,y are adjacent in I'(M), and (x,y)eG(M)
means X,y are adjacent in G(M )

We illustrate the above observation with the next examples.

Example 1. Take R=7 and M =Z,. Now (1,2)eI'(Z,). But [LZ,]=Z
and [2,Z,]=2%,s0 [1Z,][2,Z,]Z,=2Z,+0 which means that
(L2)eG(M).
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. K[X,Y] K[X,Y]
Example 2. Let K be a field. Take R=—""—F and M =—7+——.
(X2,Y%) (X2,Y2,xY)
Nowlet x=X and y=Y.Now wehave Ann(x)= X2,Y), then
Ann(Ann(x))=(X). Also, Ann(y)=(Y?,X),then Ann(Ann(y))=(Y). This
implies that Xx*y 0. Also, (X,y)&I'(M).On the other hand, we have
[x,M] :<X> and [y,M]=M , hence [x,M][y,M]M =0 which gives that
(x,y)eG(M).

Theorem 2.2. Let R be a ring and M be an R-module. If Xet(M )* and
AN (x) is faithful, then X~y forall yet(M).

Proof. Let 0#xet(M )* , then Ann(x)=0 and Ann (Ann (X)) =0, so that
forany yet(M )* we have X~Yy.

Remark 2. Let R be an integral domain and A be an R-module. If Xe t(l\/l )* ,
then x:y forall yet(l\/l )*

We recall Ganesan’s Theorem: The ring Z(R) is finite if and only if either R
is finite or an integral domain. However, this does not hold for modules. That is,
it is not the case that if M is finite, then either A is finite or torsion-free. The
next example confirms this.

Example 3. Take R=7Z and M =Z®Z,. This gives t(M)= {(0,1),(0,0)}
and M is neither finite nor torsion-free.

Lemma 2.3. Let M be an R-module. If X*y=0, then x*ry=0 for all
reR.

Proof.Let xeM and (x,y)eT'(M).We get that x*y=0.Forany reR
we have Ann(x)< Ann(rx) which implies that
Ann(Ann(x)) 2 Ann(Ann(rx)) and hence y=0.

Theorem 2.2 in [7] states that F( R) is finite if and only if either R1is finite or
an integral domain. However, this is not the case for modules. This means there
is an R-module with infinite t(M) but I'(M) is empty (finite). The follow-
ing example demonstrates this.

KIXuXor] pm-
(X1X2,X3,---) (Xl)
Ann(Ann(xil,---, X )):(Xz, X3,~--). Now we get that T (M ) is empty and we

In

. We have

Example 4. Let Kbe a field and R =

have infinite torsion elements.

Definition 2.1. Let G be a graph. The girth of G denoted by g(G) is the
length of the shortest cycle in G. If G contains no cycles, then g(G)=c.

Note that if G contains a cycle, then g(G)<2-diam(G)+1 by [[8], Proposi-
tion 13.2].

In [7], it was shown that the diameter of F(R) does not exceed 3. In the
same manner, we show the diameter of I'(M) also does not exceed 3 under
the connectedness assumption.

Theorem 2.4. Let R be a ring, M be an R-module, and T (M) be not empty
and connected. Then the diameter of T'(M)<3.

Proof. Let x,yeV (M) be distinct. If x*y=0, then d(x,y)=1. So suppose
that x*y is nonzero. If X*Xx=y#*y=0, then there exist e Ann(Ann(x))
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and Se Ann(Ann(y)) such that rs=0.Then s¢Ann(x) because
rAnn(x)=0. So we have two nonzero elements y and sx. Now Ann(s)c
Ann(sx), which implies that Ann(Ann(s));Ann(Ann(sx)). We know that
sAnn(y)=0 , which gives that Ann(y)cAnn(s), so Ann(Ann(s))g
Ann (Ann(y)). Given that y*y=0, this implies that y~sX. And because
Ann(Ann(sx))< Ann(Ann(x)) and x*x=0, we have sx~x. Immediately,
we have y ~sx~ X, which is a path of length 2, thus d(x,y)=

If x«x=0 and y=*y=0, wehave two cases. One is when
Ann(Ann (y)) < Ann(X), meaning there exists a e Ann(Ann(y)) with ax=0.
Since yeV (M), there exists ze M suchthat z*y=0.So we have
aAnn(z)=0 because z*y=0.Thisimplies that
Ann (Ann (Z)) c Ann(a)c Ann(ax) . Also, we have aAnn(y)=0, which gives
that Ann(y)< Ann(a)c< Ann(ax). Hence, Ann(Ann(ax))< Ann(Ann(y)),
and that means Ann(Ann(aX))Ann (Ann(z)) =0. Therefore, we have the path
X~ax~z~y,so d(xy)<3.

The second case is when Ann(Ann(y))< Ann(x). Then we have for all
acAm(Ann(y)), aeAnn(x). But we have Ann(x)Ann(Ann(x))=0,
which implies that Ann (Ann( ))Ann (Ann( )) =0. This contradicts
X*Yy#0. A similar argument holdsif y*y=0 and x*x=0.

Thus, we may assume that x*y, X*X, and y=*y are all nonzero. Hence,
there are z,weV(M) with zxx=wxy=0. If Ann(x)cAnn(y), then
Ann(Ann(y))gAnn(Ann(x)). As x*2=0, then y*z=0. So we have x~
z~y, and d(xy)=2.1If Ann( )z Ann(y), then there exists reAnn(x)
with ry=0.Thus, Ann(Ann(r))< Ann(Ann(x)).But
Ann(Ann(x))Ann(Ann(x))=0 implies that
Ann(Ann(r))Ann(Ann(x))=0. We know that
Ann(Ann(ry)) < Ann(Ann(r ) this leads to
Ann(Ann(ry))Ann(Ann(x))=0. Therefore, we have X~ry~w~y,and
d(x,y)<3.

Theorem 2.5. Let R be a ring, M be an R-module, and T'(M) be connected.
If T(M) contains a cycle, then gr(F(M )) <4,

Proof. Let x be a vertex in a cycle in T'(M) and x*y=0, then there is
zeM such that x*z=0. Now if X*y=0, then we have the following cycle
X~Z~Yy~x with girth 3 < 4. On the other hand, if z*y=0, then by Theo-
rem 2.4 there isa path z~w, ~Ww, ~ Y, so we have the following cycle
X~Z~W, ~W,~Yy~X withgirth4<4.

Theorem 2.6. Let R be a ring. Then Z(R)2 =0 if and only if T(M) is
complete for any non-torsion-free R-module M.

Proof. Assume Z(R)2 =0 and let M be a non-torsion-free R-module. Let
X,yet(M) . Then Ann(Ann(x))gZ(R) and Ann(Ann(y))gZ(R), hence
x#*y =0, which gives that I'(M) is complete.

Conversely, we can assume I'(R) is complete. Now let a,beZ(R), we have
a*b=0, then by Theorem 2.1 ab=0, so Z(R)2 =0.
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It should be noted that Theorem 2.6 assures that I'(Z,)# F((Zn)z). How-
ever, Proposition 1.2 in [9] implies that I'(Z,)= F((Zn )z) . This illustrates that
our definition of graphs for modules is distinct from the definition proposed in
[9].

Theorem 2.7. Let M be a simple R-module with a nonempty T'(M ). Then
(M) is complete if and only if (Ann (Ann(M )))z =0.

Proof. Because M is simple, then Ann(M)=Ann(x) for every xeM .
Thus, Ann(M )= P, where Pis a maximal ideal of R, and because
P c Ann (Ann ( P)) and Pis maximal, we are done. The converse is clear.

Lemma 2.8. Let R be a ring and M be an R-module. Let X,y €t(M) . If there
exists reAnn(x) with ry#0, then xxry=0. Moreover, if X*x=0 and
rx+0, then X*rx=0.

Proof Assume X,Y € t( M )* and there exists r e Ann(x) with ry#0. Now
we have Ann (Ann ( X)) c Ann ( I’) c Ann ( ry) and consequently we have
Ann(Ann(x))=Ann(Ann(r)) 2 Ann(Ann(ry)). But it is known that
Ann (Ann (X)) NANN(x)=0, hence Xx*ry=0. To prove the second statement,
as above we can see Ann (Ann(rx)) c Ann (Ann (X)) ,s0 X*rx=0.

Theorem 2.9. For every faithful R-module M, if T(M) is not empty, then
(M) is connected.

Proof Let X,yet(M) .Since T(M) is notempty, there exist z,wet(M)
with z*w=0. We have seven cases:

Case 1: If Ann(x)c Ann(z), Ann(x)c Ann(w), Ann(y)c Ann(z), and
Ann(y)c Ann(w). Since M is faithful, there exist meM with rm=0 for
some reAnn(x). By Lemma 2.8, we have the path x~rm~z. In the same
way, we can find seAnn(y) and neM with sn#0, hence we have the
path y~sn~w. The above argument gives the path X~rm~z~w~sn~y.

Case 2: If Ann(x)c Ann(z), Ann(x)cAnn(w), Ann(y)c< Ann(z), and
Ann(y)z Ann(w). As the above case, we can find the path x~rm~w for
some reAnn(x) and meM, and x~an~z for some aeAnn(x) and
meM . Now, if Ann(w)c Ann(y), then y~z=0, hence we have the follow-
ing path x~rm~w~y. If Ann(w)zAnn(y) and Ann(y)z Ann(w), we
can find teAnn(y) with tw#0 and seAnn(w) with sy=0. Conse-
quently, we have the path y~tw~z~an~ x. In the same way, we can find a
path from xto yif we have Ann(x)c Ann(z), Ann(x)c< Ann(w),

Ann(y)z Ann(z),and Ann(y)c Ann(w).

Case 3: If Ann(x)c Ann(z), Ann(x)cAnn(w), Ann(y)g Ann(z), and
Ann(y)z Ann(w). As in case 1, we can find the path x~rm~w for some
reAnn(x) and meM and the path x~an~z for some aeAnn(x) and
neM . Of course, if Ann(z)< Ann(y), then we have w~y=0, consequent-
ly, we have the following path x~rm~w-~y, and if Ann(w)c Ann(y), then
we have z~y=0, consequently, we have the follsowing path x~an~z~y.
Thus, we can find ce Ann(y) with cz#0 to get the path
y~CZ~wW~z~an-~X.
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Case 4: Either Ann(x)g Ann(z), Ann(x)< Ann(w), Ann(y)c Ann(z),
and Ann(y)c Ann(w),or Ann(x)c Ann(z), Ann(x)g Ann(w),
Ann(y)<c Ann(z),and Ann(y)c Ann(w). This is the same as case 2.

Case 5: If Ann(x)z Ann(z), Ann(x)z Ann(w), Ann(y)c Ann(z), and
Ann(y)< Ann(w). This is as case 3.

Case 6: If Ann(x)z Ann(z), Ann(x)c Ann(w), Ann(y)g Ann(z), and
Ann(y)c Ann(w). From case 1, we can find x~rm~w and z~sn~y,
consequently, we have the path X~rm~w-~z~sn~y. This is the same if we
assume Ann(x)< Ann(z), Ann(x)g Ann(w), Ann(y)c Ann(z),and
Ann(y)z Ann(w).

Case 7: If we have  Ann(x)z Ann(z), Ann(x)g Ann(w),

Ann(y)z Ann(z),and Ann(y)z Ann(w). The above arguments give the path
X~rz~w~tz~y forsome reAnn(x) and teAnn(y).

The faithfulness condition in Theorem 2.9 cannot be removed as illustrated by
the next example.

K[Xl,Xz,-“] . Put M:R[Y]

Example 5. Let K be a field and R= .
(X1X2,X3,---,X2X3) (Xl)

Then we have the following.

o Ann(Ann(X,))=(X )

 Ann(Ann(X, )=

. Ann( (X )=

° Ann( (Y )= 21 )

o Am(AM(X,X, X, ):(xz) forall X, >3
o Amn(Ann(X,X, - x,n) =(X,) forall X, >3
e Ann{Ann

i
YX; - X, ))=(X5, X,-+) forall X;, >3
o Amn(AN(X, X, ))=(X; Xq,-) forall X; >3

So, we see I'(M) is not empty because we have the path X, ~ X;, but not
connected.
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