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Abstract

The paper addresses tensile shock physics in compressible thermoviscoelastic
solids with rheology ie., in compressible polymeric solids. Polymeric solids
have elasticity, dissipation mechanisms and relaxation phenomena due to the
presence of long chain molecules in the viscous medium. Thus, the main focus
of this investigation is to study how the presence of rheology influences tensile
shock physics compared to the tensile shock physics in thermoelastic solids
with same elasticity and dissipation but without rheology. A traveling stress
wave in polymeric solids leaves nonzero stress signature behind it that natu-
rally influences density. Complete relaxation of the nonzero signatures of
stress and associated density change depends upon viscosity of the medium,
Deborah number, strength of the stress or velocity wave etc. These aspects of
the tensile shock physics in TVES with rheology are investigated in the paper.
The mathematical model for finite deformation, finite strain is derived using
CBL and CCM, and constitutive theories are derived using conjugate pairs in
the entropy inequality and the representation theorem. This mathematical
model is thermodynamically and mathematically consistent and has closure.
The solution of the IVPs described by this mathematical model related to ten-
sile shock physics in TVES with memory are obtained using space-time cou-
pled finite element method based on space-time residual functional for a
space-time strip with time marching. p-version hierarchical space-time local
approximations with higher order global differentiability in Apk-scalar prod-
uct spaces and use of minimally conforming spaces ensure that all space-time
integrals over space-time discretization are Riemann. This facilitates more ac-
curate description of the physics in the computational process. Model problem
studies are presented to illustrate various aspects of tensile shock physics in
compressible TVES with rheology.
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1. Introduction, Literature Review, and Scope of Work
1.1. Introduction and Literature Review

In a recent paper, Surana et al. [1] presented shock physics in compressible ther-
moviscoelastic solid (TVES) without rheology due to compressive stress and ve-
locity stimuli (pulse), using axial deformation of a TVE rod, fixed at one end and
subjected to a velocity pulse of duration 2At at the other end. Authors demon-
strated formation of compressive shockss of stress and density, their propagation,
reflection, and interactions. The key element of this shock physics is the continu-
ous change in stress and density over the support of the wave, which results in
continuous change in the wave speed along the base of the pulse. Faster moving
compression waves behind a wave result in piling up of the compression waves
resulting in a compression shock of stress as well as density. On the other hand,
faster moving waves ahead of a wave result in shallowing or rarefaction of the
wave. Authors showed that persistent oscillations behind a stress and density wave
in a TES are due to inability of the medium to dampen the vibrations of the ma-
terial points. The slightest amount of damping completely eliminates these oscil-
lations but at the expense of amplitude decay and base elongation of the stress and
density waves. Damping only influences amplitude and the base of the wave, the
wave speed remains unaffected. In another recent paper [2], authors investigated
shock physics in compressible thermoviscoelastic solid (TVES) with memory due
to compressive stress and velocity pulse. In a completely oscillation-free stress and
density evolutions of the waves in TVE solids, the oscillation behind the shock
wave reappears due to addition of rheology. Authors showed that these oscilla-
tions are due to unrelaxed stresses behind the wave, ie., due to rheology of the
solid medium. In order for the stresses behind a shock to completely relax (ie.,
become zero), a finite amount of time is required that depends upon relaxation
modulus, which in turn is a function of relaxation time (Deborah number, dimen-
sionless relaxation time). Higher De results in more pronounced oscillations be-
hind the stress or density wave that require longer time to relax (become zero). In
references [1] [2], it was shown that under compressive pulse loading the com-
pressive shocks of stress and density always appear behind the peak of the wave
and shallowing or rarefaction of the waves always occur ahead of the peak of the
wave. This is illustrated clearly and is explained to be due to density change along
the base of the pulse that results in changes in wave speed.

In a third recent paper [3], authors investigated tensile shock physics in
compressible TVES without memory. Axial deformation ofa 1D TVE rod without
memory was used to illustrate various aspects of shock formation, propagation,

reflection, and interaction due to a tensile velocity pulse loading. In this case,
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density always remain below its initial value before the commencement of the
evolution during evolution of the waves. The largest values of density are at the
commencement of the evolution. This phenomenon changes the shock formation
physics completely compared to [1] in which the pulse loading is compressive.
The authors simulated tensile shock formation, its propagation, reflection and
interaction. Stress and density variation along the base of the tensile pulse result
in tensile shock ahead of the peak of the pulse. The shallowing of the wave or
rarefaction occurs behind the peak of the pulse, this is precisely reverse of what
was reported by the authors in reference [1] for compressive loading. Since the
stress and density change along the base of the pulse are instrumental in the
formation of tensile shocks. It is perhaps beneficial to discuss this using an
illustrative tensile stress and density pulse and its propagation. This material that
follows has been presented in reference [3], but it is vital to include here for
understanding the tensile shock formation process, hence is included here. For
example, a propagating tensile stress wave will result in a continuous change in
density over the support of the wave (as it does in the case of compressive stress
waves [1]), resulting in a continuous change in wave speeds over the support of
the wave when the elastic constants remain unchanged. Consider the evolution of
deviatoric stress wave ( 403, ) and density p in 1D wave propagation of a tensile
stress pulse of duration 2At in a compressible TVE solid medium. The dimen-
sionless wave speed is unity. Attime 2At, the tensile stress pulse is completely in
the solid medium, as shown in Figure 1(a) (wave ABC). This causes a change in
density, as shown in Figure 1(b) (abc). Density decreases from its reference value
P, toitslowest value at b, corresponding to the peak stress at B shown in Figure
1(b), and then increases from its lowest value at b back to the reference value p,
at ¢ (following the change in stress from B to C in Figure 1(a)). Thus, from A to
B, the wave speed continuously increases from its reference value (lowest value)
at A (or a) to B (or b), its highest value, and then decreases from B (or b) back
to C (or c) to its reference value. Therefore, from A to B, the wave speed is
continuously increasing, whereas from B to C, it is continuously decreasing. Thus,
during further evolution in the portion AB of the wave, as we move from A to B,
wave speed is increasing, ie., points closer to A are moving slower compared to
points closer to B, resulting in shallowing of the portion AB of the wave (reduced
slope). The opposite happens in the region BC. From B to C, wave speed is
decreasing, meaning that the part of the wave closer to B is moving faster than the
part of the wave closer to C. This results in piling up of the waves (as in the
Riemann shock tube [4] [5]), causing steepening or increased slope of the portion
BC of the wave. We observe from Figure 1 that at t>2At (red color), shock
formation occurs ahead of the peak of the wave (portion BC) and rarefaction or
shallowing of the wave occurs behind the peak of the wave. When comparing these
results with compressive shock physics studies in ref [1], this phenomenon is
exactly opposite of what is observed in [1], where shock formation occurs behind

the peak of the wave.
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Figure 1. Schematic of 1D deviatoric tensile stress ( 4o;,) wave propagation: Evolution of

(4011) and density p.

Published works on wave propagation and shock physics in compressible solid
continua are virtually nonexistent. Stress waves in incompressible solid continua
without dissipation have been studied most abundantly, for example by Surana et
al [6] [7]. Achenbach [8] presented wave propagation in elastic solids; in [9], the
authors provide an introduction to continuum mechanics and elastic wave
propagation; in [10], the authors discuss the propagation of weak shock waves in
compressible hyperelastic solids using the theory of singular surfaces. Interfacial
wave propagation in initially stressed compressible hyperelastic materials is discussed
in [11]. Stress waves in solids, their transmission, reflection, and interaction, as well
as fracture caused by them, are presented in [12]. Wave propagation in 2D
viscoelastic metamaterials is considered in [13]. Modeling of wave propagation in
elastic solids via a higher-order accurate implicit mesh discontinuous Galerkin
method is presented in [14]. Wave propagation in functionally graded materials
by the modified smooth particle hydrodynamics (MSPH) method is discussed in
[15]. While the equation of state is part of the mathematical model in reference
[15], the influence of compressibility on wave propagation and density is not
demonstrated in the paper. Linear and nonlinear elastic wave propagation is also
reported in [7]. We point out that there are many other published works on wave
propagation that are not cited here as they are not related to the work presented
in this paper.

To our knowledge, the mathematical models based on CBL of CCM with finite
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strain, finite deformation for compressible TVES with memory and their accurate
solution for wave propagation have not been reported in the published literature.

This in fact is the motivation for the present work.

1.2. Scope of Work

This paper presents investigations related to the tensile shock physics of stress and
density waves in compressible thermoviscoelastic solids with memory (polymeric
solids) under tensile loading. Tensile shocks of stress and density are formed due
to variations of stress and density along the base of the applied velocity or stress
pulse. Investigation of the formation, propagation, reflection, and interaction of
stress and density waves with tensile shocks due to applied tensile loading in
compressible TVES with rheology is the main objective of the work presented in
this paper. The mathematical model consists of the CBL of CCM for finite
deformation, finite strain, compressible thermoviscoelastic solids with memory
derived using contravariant second Piola-Kirchhoff stress tensor and Green’s
strain tensor. The nonlinear dissipation mechanism is incorporated using the rate
of Green’s strain tensor up to order n. Rheology or memory mechanism is due to
contravariant second Piola-Kirchhoff stress tensor and its time derivatives of
order m. In the present work, we consider n=1 and m = 1 in the model problem
(for simplicity). In the mathematical model, additive decomposition of the ol
is considered to address volumetric and distortion deformation physics that are
mutually exclusive. Constitutive theory for equilibrium stress tensor eO'[U] , is
derived using contravariant Cauchy stress tensor in Eulerian description and the
constitutive theory for contravariant Cauchy stress tensor in tern is derived using
entropy inequality in Eulerian description and Helmholtz free energy density.
Constitutive theory for o is derived using conjugate pairs in the entropy
equality and representation theorem [16]-[27].

The mathematical model derived in this paper is both thermodynamically and
mathematically consistent, has closure, and is ideally suited for investigating
tensile shock physics in thermoviscoelastic solids (TVES) with rheology. Solutions
of the mathematical models are obtained through a space-time coupled finite
element method, leveraging the space-time residual functional for a space-time
strip with time marching [28]. The integral form derived from this method
guarantees unconditionally stable computational processes. The local approxi-
mations for the space-time elements are p-version hierarchical in higher order

scalar product Hgl’k)

spaces in which p=(p,,p,) and k=(k;k,), in space
and time, ensure that the local approximations in space and time maintain the
desired higher-order global differentiability with the desired degree of polynomials.
In this computational methodology with minimally conforming approximation
spaces [28] [29], accurate a posteriori computation of the L, norm of the space-
time residual functional is possible. The proximity of this norm to zero is a
measure of the accuracy of the solution. Generally, computed solutions with this

norm of the order of 0(10’6) or lower yield sufficiently converged solutions.
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Only upon obtaining a converged solution for the current space-time strip, the
solution is time-marched to the next space-time strip. This approach ensures a
converged solution for each space-time strip, hence converged solutions for the
entire evolution.

It was discussed in reference [1] that the compressibility in solids is due to the
deformation gradient tensor. The density in the current configuration is determined
by the conservation of mass. Consequently, thermodynamic pressure in compre-
ssible solids arises from density changes due to CM. The inclusion of ea[o] , which
depends on thermodynamic pressure, is essential in the mathematical model
because its absence would result in incorrect force balance in the balance of linear
momenta (BLM). While the study of tensile shock physics can be conducted
without ea[o] , but the results obtained would be in error due to incorrect force
balance in the BLM. In the present work, we have employed a simple equation of
state that is dependent solely on density. Model problem consisting of an axial rod
of TVE material with rheology fixed at left end and subjected to a velocity pulse
of time duration 2At at the right end is used to simulate and demonstrate

various aspects of tensile shock physics.

2. Mathematical Model

For finite deformation, finite strain physics in TVE compressible solid matter with
rheology, we consider CBL of CCM derived using the contravariant second Piola-
Kirchhoff stress tensor ¢'*) and the covariant Green’s strain tensor & in
Lagrangian description. The dissipation mechanism is described by the convected
time derivatives of the Green’s strain tensor up to order 2 ( &) :1=1,2,---,n). The
relaxation or rheology physics is incorporated by considering convected time
derivatives ol :1=1,2,---,m of the deviatoric contravariant second Piola-Kir-
chhoff stress tensor, each rate results in a characteristic time constant, relaxation
time. Thus, in this constitutive theory, we have a spectrum of relaxation times, a more
suitable model of the physics of rheology [30]. o™ s used as the constitutive
tensor with 3[i];i =01,---,n, | 0'[”; j=0,1,---m-1 and @ as its argument
tensors. Conservation of mass (CM), balance of linear momentum (BLM), balance
of angular momentum (BAM), and the first and second laws of thermodynamics

[31] [32] are given in the following:

po(¥) =3l p(x1) )

P eI - ®
oy =0 (3)
pocV%—Vq o 1€ =0 (4)

25 (B—f—ng—fj—a["l éy +%so 5)

where p, is the density at a material point in the reference (or initial)
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configuration, p(X,t) is the density at a material point at X; in the current
configuration, [J] is the deformation gradient tensor, u are displacements in
the fixed x-frame, F’ is the body force vector per unit mass, o is the symmetric
contravariant second Piola-Kirchhoff stress tensor, V is the gradient operator,

is the specific heat, eis specific internal energy

€ is the permutation tensor, c,

density, g isthe heatvector, ¢ isthe Helmholtz free energy density, 7 is the
entropy density, € is the absolute temperature, and ¢ is the temperature
gradient vector. We consider the additive decomposition of the stress tensor o

into equilibrium ( e0'[0]) and deviatoric (4 o ) stress tensors:
P . P ) ol (6)

The constitutive theory for o!” describes volumetric deformation and the

e
constitutive theory for o!” describes distortional deformation physics. Following

references [31] [32], the constitutive theory for o can be derived using

e
thermodynamic pressure p(p,6) and contravariant Cauchy stress tensor, and

we can write:

[ ]=Plp(e0) 3T 13]] )

Thus, we note that ,o'” is not a pressure field. The reduced form of the

e

entropy inequality [32] is given by:

o4+ 33 <0 (8)

We note that (8) is satisfied if ol :é‘[o] >0 (ie, the rate of work is positive)

and %S 0. From the rate of work conjugate pair in conjunction with the

axioms of constitutive theory [31] [32], we conclude that the deviatoric contravariant

second Piola-Kirchhoff stress tensor is the constitutive variable and the Green’s

strain tensor is its argument tensor. Likewise, the conjugate pair % suggests

that q isconstitutive tensorand g and @ itsargument tensors. The presence
of memory effects necessitates the inclusion of a memory modulus, which dictates
that the constitutive theory for da[o] must be represented as a differential
equation in time. Consequently, it is essential to consider both ¥ and d o,
with o serving as a constitutive tensor that incorporates 6" as one of its
argument tensors, among others. We generalize this to include

da[j]; j=0,1,---,m convected time derivatives in place of da[o] as argument
tensors. The constitutive theory for the deviatoric contravariant second Piola-
Kirchhoff stress tensor is derived by considering o™, convected time derivatives
of 90'[0] of order m, as the constitutive tensor with the following argument

tensors:
da[’“]=da["‘](‘-;[i];do—[”;a); i=0,1,---,n; j=0,1,--,m-1 (9)

In an insulated system, entropy production and the resulting temperature rise
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are solely attributed to dissipation. This dissipation is minimal for non-cyclic
external stimuli, indicating that non-isothermal effects may not need to be
considered in the context of deformation physics. However, we present a derivation
of the constitutive theories that includes the variable &. Using (9) in conjunction
with the representation theorem, the constitutive theory for o™ can be
derived using the derivation presented in [31] [32]. The basic steps are outlined
in the following.

Let “gi ;i=1,2,---,N be the combined generators of the argument tensors of
d a[m] in (9) that are symmetric tensors of rank two and let ° | I j=1,2,---,\M
be the combined invariants of the same argument tensors in (9), all in the current
configuration. Then |, "gi ;i=1,2,---,N constitute the complete basis (integrity)

of the space containing constitutive tensor o™ . Hence, d o™ canbe expressed

as a linear combination of I, “gi ;i=1,2,---/N in the current configuration
N . .
do_[m]:o'gol_i_Zo'ql(o'gl) (10)
i-1
in which
e ="¢"("1,0); j=12-+M; i=01-N (11)

We note that in the constitutive theory (10), “qi :i=0,1,---,N are not
material coefficients. These are simply coefficients in the linear combination in
(10) that show dependence on invariants ”[j; j=1,2,---;M and 6 (for non-
isothermal case). To determine material coefficients, "qi :i=0,1,---,N are
expanded in Taylor series in “[j; j=1,2,---;M and 6@ about a known con-
figuration Q. These are then substituted in (10) and terms are rearranged so that
each term has quantities in the current configuration multiplied with quantities
or coefficients in the known configuration () . The quantities in the known
configuration are the material coefficients. We can obtain the following [31] [32].

Consider constitutive theory (10). We expand each ”in ;i=0,1,---,N in Taylor
series in ”[j; j=1,2,---,M and O aboutaknown configuration  and retain

only up to linear terms in "If 7 1J=1,2,---,M and @ (for simplicity).

i i M 6% - i
c i _ o Z o) _oy!
a—a|+ - I—I|
% ~QZ ‘(~ o

iy et (12)
+8ag (0-0l,); i=01-N
Substitute “¢';i =0,1,---,N fr;m (12) in (10)
o= e ST (1) e (o-0k)
N, 8“;:i i ori a";‘ i "
+§ JQ{I|Q+§6"I:] Q("l’—“[’|ﬂ)+ ) Q(9—6’|Q) °g'

collecting coefficients (those terms that are defined in known configuration Q)
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of 1,71, “gi,(9—9|g)“gi and (9—H|g)l and defining new coefficients we

can write the following.

0°a’° 0°a’°
O_O o-aO _ Z (O'IJ )' o
~1 |Q ~ |Q Jz:;aap ~ |g ~ 8o
M o i ) o i
JDI - Gal _Zagq] (U,I..J| )! Ggij :aaqj (14)
o S|\ Tl o',
i:1121”'1N; j:1121'”1M

dU[m]:O'O|QI+§:U§j(UII) ii (Ulj)agi"'ZN:GDi(agi) (15)
o =i a1 i1

This constitutive theory (15) is based on integrity (complete basis), the
representation theorem, and the conjugate pairs in the entropy inequality, hence
it is thermodynamically and mathematically consistent constitutive theory. The

coefficients “a;, °c;, °b, are the material coefficients that can be functions of

Cijs
7| o i=1, 2,-{-, MJ and (9|Q . This constitutive theory requires (M +N +MN)
material coefficients.

A simplified linear constitutive theory

We consider an ordered rate constitutive theory of up to orders m and n that is
linear in the components of 8[0], 8[i]; i=1,2,---,n and , 0'[”; j=01,---,m-1
tensors. This constitutive theory will contain generators 1, &> &
i=1,2,---,n, da[”; j=0,1,---,m-1 and invariants tr(e[o]), tr(a[i]);
i=1,2,---,n, tr(da“]); j=0,1,---,m-1. Using (15) and only retaining these
generators and invariants, we can write (after introducing new notation for

material coefficients):
g o™ = c |Q |+ a6, + aztr(s[o] ) 1+ ébilg[i] + ig‘biztr(g[i]) I
-1 . m-1 .
Z ( [‘])+Z(:)cftr(do-[‘])l
) =

We can rewrite (16) in the following form using more familiar notation for the

(16)

material coefficients and neglecting the last term (as done usually in the published
works).

+iﬁ,l(do- ) g0|9|+§,277i (s[i])+gkitr(3[i])l (17)

i=1

A,1=1,2,---,m, in the spectrum of relaxation times. 7, and k; are the first
and second viscosities associated with strain rates &) (i=1,2,---,n), where 7,
and «, are similar to Lamé’s constants in linear elasticity. For heat flux q the
following simple heat conduction law is commonly used (see [31] [32] for a more

comprehensive constitutive theory for q).
q=—kg (18)

The simplest possible constitutive theory can be obtained from (17) by
considering n=1 and m=1 (neglecting o,):
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50+ 2,40 ) = 2o () + ot (i ) 1+ 2 (19 )+ mitr ()1 (19)

In which:
=27 R1-00). B1=[*9]+D) W:[%

with [d JJ being the displacement gradient tensor and

-7 .
& :D%[%]] - %[%J] = (m [B1+0T m)

[J ] being the velocity gradient tensor in Lagrangian description.

This mathematical model ((2), (4), (18), and (19)) consists of 13 equations:
BLM (3), FLT (1), constitutive theories for da[o] (6) and g (3) in thirteen
variables: u (3), 6 (1), 4 ol (6) and g (3), hence the mathematical model
has closure.

This mathematical model can be used to study 3D compressible deformation
physics of TVES with memory. To illustrate the shock physics of deviatoric stress
and density waves more clearly, it is necessary to consider a model problem in
which dispersion and boundary effects causing transmission and reflection do not
contaminate the solution. For this reason, we consider 1D stress wave propagation
in compressible thermoviscoelastic medium with memory. Furthermore, if we
consider an insulated system, then the entropy generation is only due to viscous
dissipation, which leads to extremely small temperature changes (for non-cyclic
loads) that have virtually no effect on mechanical deformation. Thus, with this
assumption, we can eliminate the energy Equation (4) and temperature 6 asa
dependent variable in the mathematical model.

As pointed earlier, in the Lagrangian description, CM is not part of the
mathematical model as p(X,t) in the current configuration is deterministic using
CM (1). Thus, for the 1D case, we have displacement u, and deviatoric con-
travariant second Piola-Kirchhoff stress 0'1[2] as the only two dependent variables
in the balance of linear momenta in the X, direction and the constitutive theory
for | 0'1[2] defined using (19). Thermodynamic pressure is only a function of p
and is known when [J ] is known (Equation (7)).

For 1D finite deformation, finite strain deformation we have:

[J]=J=|J|=[ +%J (20)

2
ou, 1fou Y
o = TS| o (21)
ox, 2\ 0x
0]
s _ Loy 0V Ouy OV, m_2o0 [0]
0] = Ean _T_a"'a_xla’ 491 _a(do'n ) (22)
where
o _ofou .
ox, ot\ ox
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Using (20)-(23) and (6), the mathematical model for 1D wave propagation in a

compressible TVE medium with memory can be written as:

Po—77 o _/70':1b -2 1"'% eal[g] -2 +5U1 d 1[(1)] =0 (24)
ot? 0%, 0%, 0% 0%,

ol = p(gj} (25)
1+
OX,
011] N ji( 011) 6u1 6ul +C, ﬂ ouy oV (26)
é’x1 2 0%, oX 0% OX
and
v, :% Y (x1) e Q, =0, xQ, 27)

in which C, =2n,+x, and C, =21 +k,. C, and C, are material coefficients
for elasticity and dissipation. Further details on the equilibrium contravariant
second Piola-Kirchhoff stress tensor are given in the following.

In (25), we choose a simple equation of state p( p) given in the following:

p(p):C[ﬁ—lJ (28)

Po

in which Cis the bulk modulus. From (28), we note that increasing p implies

AN 1, yielding positive p, confirming that (28) has correct physics.

p%ubstituting (28) in (25) and then (25) in the third term of BLM (24), we can
obtain the following (assuming Cto be constant):

i 1+ 6u1 [o] _ ap(p) (29)
% ox )° %

in which p(p) canbe written as follows (using CM):

p(p)zc[p%— J:C[[ugij —1} (30)

We substitute (30) in (29) to obtain

iKH%J 01[?]}(3 —%iu; (31)
24 X ), (1+ ou, J oX
%

Equation (31) can be used in the balance of linear momentum (Equation (24))
to obtain the final form of the BLM. If we consider thermodynamic pressure to be
positive when compressive (28) then we should change the sign of the third term
in (24). We do so in (24) and then write (32). The final form of the CBL and the

constitutive theory are given in the following for 1D wave propagation in a TVES

medium with memory.
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2
p 2 pErac|o— L Ul o Mg ()
ot 1 ou, OX; X %,
o
[0] ?

o042, 00 o | M LM o | O O OV, (33)

ot ox 2 0x X, 0% 0%

ou,

=2 v (x0)0, =0, 0, <

in which C, is the elastic coefficient and C, is the damping coefficient.

3. Solutions of the PDEs in the Mathematical Model

The system of three partial differential equations in the mathematical Models (32)-
(34) are systems of nonlinear partial differential equations (PDEs) that constitute
initial value problem (IVP) in which the dependent variables u,, , 0'1[2] ,and v
exhibit simultaneous dependence on space coordinates X, and time £ We consider
a space-time coupled finite element method based on a space-time residual fun-
ctional for a space-time strip with time marching for obtaining solutions of the
PDEs (32)-(34) constituting the mathematical model. It is shown in reference [28]
that the space-time differential operators in the IVPs are either non-self-adjoint
or nonlinear, for which all other space-time methods of approximation (Space-
Time Galerkin Method (STGM), Space-Time Petrov-Galerkin Method (STPGM),
Space-Time Weighted Residual Method (STWRM), Space-Time Galerkin Method/
Weak Form (STGM/WE)) yield space-time variationally inconsistent integral forms
that do not ensure unconditionally stable computations during the evolution. Only
the space-time integral form based on space-time residual functional is space-time
variationally consistent, hence yields unconditionally stable computational processes
during the entire evolution. Basic steps of the computational process based on
space-time residual funtional used in this work are given in the following (see
reference [28] for more details).

Let t=0 be the time at which the evolution commences. Let At be an
increment of time. The space-time domain Q) =Q, xQ" =[0,L]x[0,At], of
the first space-time strip shown in Figure 2(a) and Figure 2(b), is discretized
using nine-node p-version hierarchical space-time finite elements in which the
local approximations are of higher degree and higher order, yielding higher-order
global differentiability in space and time. Hence, they are in higher-order scalar
product space Hgit’k) » P=(p.p,), k=(k,k,), where one and two refer to
space and time, respectively.

Let (u ): s (v );, and (d O-l[(l)]); be the local approximations of u,, Vv,, and

401, over space-time element Qf, such that

(u), :g(ul):w (V). :L;J(Vl):’ (do-l[g])h :U(daﬁ]): (35)
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OpenBoundary ¢ n
¢ / A
/ ®
s e 3
d )
tan a p-version space-time
(BC) | m Qi H3 (BC) : ’ ’ element €25,
n
e
to - -
x =0 (1Cs) z=1L “
g in OT . . . . . =~ .
(a) A space-time domain €2 (b) Discretization of n'* space-time strip "Q,; in

space-time element

Figure 2. Space-time domain; discretization of n space-time strip.

in which (u),, (v,),,and (Td 0'1[2])1 are approximations of U,, V;,and ol

over the discretization (Q()) of QO
(a¥ )T o, (36)
The local approximations over a space-time element QF, can be written as
(w); = XN (Emiar ],
(w), = XN (&), (37)
(dffu) Z|1N ( ){ }

where N, N, and N are approximation functions for an element Q°,
mapped in the natural coordinate space (g‘ , 77) in a two-unit square, and {5,95 ,
]

{5?}v ,and {5.9

. 0
, , } are the corresponding degrees of freedom for u, v; and ,o7,".
o

Substituting (37) in either (32)-(34) yields three space-time residual equations
(functions) E;, E;,and Ej V xteQf or £7eQ,, . The space-time
finite element method based on the residual functional utilizes residual equations
Ef, ES,and E{ overanelement Q,.Following references [28], we can write
the space-time residual functional for an element e with domain Q°,

I° =i(Ef, Ef)ﬁe (38)

i-1
— T
and the space-time residual functional for the discretization (let)) of the first
space-time strip is given by
3
ST =YY (E ), 69
e e i=l a
An extremum of / requires that we set Sl =0 (a necessary condition)

provided 7is differentiable in its arguments, then J1 is unique.
Zél = ZZZ(EfﬁEf)ﬁe
e i=1 (40)

~25 3 {u.) =22.19}, ={9} =0

e i=1
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Let
(3)=(), ol ol )

T

be the total degrees of freedom for (Q(xlt)) . Then {g} in (40) is a nonlinear
function of {5} as the PDEs in the mathematical models are nonlinear. We
obtain a solution {5} that satisfies (40) using Newton’s linear method with line

search (see reference [28] for details).

4. Model Problem and Their Solutions

First, we non-dimensionalize the PDEs (32)-(34) in the mathematical model. We
write the PDEs (32)-(34) with a hat (") on all quantities, indicating they all have

their usual dimensions or units.

~ 2’\ 0
T A
of {1 aﬁlj K| KL K
.

5[0 Aé(“o:l[(l)]) ~(ea, 1(ad, Y ) = (&%, ad, o
008+ h— =G, _l+E — | |*C| St (43)
%

W= V()A(,f)eQM:QAxQA (44)

% Po U,
X =" Po = v U=
LO (pO)ref LO
& )
1[(1)] = Tll ' t :V_’ 7y = Po :(Po),ef Vé!
0E . C A (45)
Vo = >, E=2, n=-2, ﬂzizDe,
(po)ref E o t,
~p ) A A
Flb_F_l, FO=V—O, C:EZ3
F L 7, E

Using (45) in (42)-(44), we can obtain their following dimensionless forms:

oV 1 o 0 ou
P PR+ e —[( +a—xijda£2]}o (46)

g 0eol) (e 1w ) n(ov au o
ol ipe— —Jop| o | | L 2 (47)
Rel ox, ox ox

W=t V(xt)eQ, =Q, xQ (48)
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where

Re = prerOLO
o

(49)

Re is the Reynolds number and 27 is the dimensionless damping

coefficient (we note that Rl will be referred toas C, in all the later studies). £
€

is the dimensionless modulus of elasticity. Deborah number De is the dimen-
sionless relaxation time.

We consider a one-dimensional rod with a constant cross-section along its
length, made of compressible thermoviscoelastic (TVE) solid material with
memory. The rod has a dimensionless length L =1 and is fixed at the left end
(x, =0). It is subjected to a compressive stress or a velocity pulse of duration
2At at the right end (X, = L). Figure 3(a) shows the schematic and the loading
at X, =L.If we assume that all points at a cross-section of the rod displace in the
X, direction by the same amount, then the problem becomes one-dimensional
and we can idealizeitbyaline from X =0 to x =L (Figure3(b)).Figure 3(c)
shows the first space-time strip ﬁ(jt) =[0,L]x[0,At].

v =0 | U(t)

1 L | Qw: [O’L]

(a) polymeric solid domain

v = 0 U(t)

>
L |

(b) Mathematical idealization of solid domain

t=At 14

open boundary at t = At

v =0 ek x % —-- v of figure (d)
(BC) —7 (BC)
t=0 & (L=1)
z=0 =1L
L ICs
(c) Disretization of first space-time strip using 10 space-time p-version finite elements
v ov 0
. )t -
B At A and C: v =0 and 5% 0
A C

t=0 t=At i=2At
(d) Velocity (v;) pulse of duration 2At

Figure 3. 1D solid domain, idealization of 1D solid domain, discretization of first space-
time strip with space-time finite elements and applied disturbance.

This strip is discretized (uniformly) using nine-node p-version hierarchical
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space-time finite elements with higher global differentiability. Since the initial
value problem contains up to second-order derivatives in space and time,

k, =k, =3 (solution of class C? in space and time) is the minimally conforming
space for which the space-time integrals over the discretization ((_Zglx)t) )T are
Riemann integrable. When k; =k, =2 (solutions of class C* in space and time),
the space-time integrals over (Ez“) )T are Lebesgue integrable. The applied

(x)
disturbance v, is a tensile velocity pulse of duration 2At at x=1.

ov
At t=0, the conditions are as follows: v, =0 and El: 0. At t=At, we

" ov
have v, =v; and —1=0. At t=2At, the conditions revert to v, =0 and
Xl

ov.

6_1 =0.For t=>2At, it remains that v, =0. Similar conditions would hold if we
%

were to consider a tensile stress pulse of 0'1[(1)]. This description of velocity v,

(or stress o-l[f] ) is of class C* in time.

We choose the following material properties and reference quantities:
L, =1 (po)ref =1240 v, =116.05 7, =372

p=1240 E =16.7x10° 7 =129.51

Ep = (), ¥V =16.7x10° t, =8.6169x10°°

Do |0:0004 when J, =3.44677233x10°°
0.0006 when /, =5.17015854x10™°

5. Model Problem Studies

In this section we consider the following studies.

1) Tensile stress and density waves in linear TVES with rheology

2) Tensile shock front in compressible TVES with memory (non linear TVES
with memory)

3) Tensile shock physics in compressible TVES with rheology due to rectangular
velocity pulse

Details of each of these investigations are presented in the following. In all
studies, we use a uniform 30 nine-node p-version space-time element discretization,
At =0.1, and p-levels of seven in space and time (unless specified otherwise) for
a space-time strip. Convergence studies conducted confirm that increasing p-
levels beyond seven does not result in measurable improvements in the calculated
solution. Newton’s linear method for solving nonlinear algebraic equations is
considered converged when max |gi | <A,with A=0 (10‘6) . Computed evolution
for a space-time strip is considered converged to the true solution of the IVP when
I1<O (10"8) or lower for the discretization (Q_)(Xit) )T for the i-th space-time strip.
All computed solutions reported in the paper satisfy these criteria. In all studies
we use At=0.1 unless specified otherwise. In the graph presented for model

problems, the pair of numbers in the upper left or right corner represent the
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abscissa (x-coordinate) and ordinate (value of the quantity) represents the peak
values. Color legends correspond to the graphs. This information is included for

the quantitative comparison of the peak values and their locations.

5.1. Tensile Stress and Density Waves in Linear TVES with
Rheology

In linear TVES with rheology, due to small strain and small deformation physics,
the material is nearly incompressible, hence density remains approximately
constant during the evolution. If the elasticity, ie., stiffness does not change
during deformation, which is the case in linear viscoelasticity, then the wave speed
remains the same for TES as well as for TVES with and without memory,
regardless of the extent of dissipation and memory. However, the stresses will
differ in TES, TVES without memory, and TVES with memory. We expect TVES
without memory to have lower stress compared to TES due to viscous dissipation
that causes amplitude decay and base elongation, and TVES with memory to have
higher stresses compared to TVES without memory due to additional elasticity of
the long-chain molecules.

Figure 4(a) and Figure 4(b) show the plots of | 0'1[2] versus X, at t=7At
and 18At (after reflection from the boundary at X, =0). We clearly observe
larger peak values of 0'1[(1)] for TVES with memory compared to TVES without
memory ( De =0). Since the energy imparted to the rod by velocity pulse is fixed,
larger peak values of 01[2] must be accompanied by a reduction in the base of
the wave so that energy content of the wave remains the same as for the imparted
velocity pulse. We clearly note progressive peak increase and base reduction from

the results in Figure 4(a) and Figure 4(b) as De is increased.
Even though for infinitesimal deformation, the material is assumed incompressible

ou
we know that a—l # 0, which must be the case to have strain and stress. Thus,

a change in density due to

Po(X,t)

1+ o,
0%,

p(xt)=

is inevitable. Figure 5(a) and Figure 5(b) show plots of p versus x at
t=7At and 18At. Density values follow stress | 01[2] , 1.e, an increase in tensile
d o-l[?] results in an reduction in p . By reducing V', we can obviously reduce
the change in density, suggesting that we are approaching the incompressible
case. We clearly observe the same wave speed for TES, TVES with and without
memory. As expected, an increased Deborah number results in increased peak
stress value but further reduction in the base of the wave. We shall see in the
study presented in section 5.2 that finite deformation, finite strain, deformation
physics for compressible TVES with rheology is drastically different from what
we have observed here for infinitesimal deformation (linear viscoelasticity with

memory).
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Coordinate x;
(a)
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Coordinate x;

(b)

Figure 4. (a): do][g] versus X, at t=7At; (b): 0'1[2] versus X at t=15At —Linear
Case—Thermoviscoelastic with C, =0.0009.

5.2. Tensile Shock Front in Compressible TVES with Memory
(Non Linear TVES with Memory)

We apply a tensile velocity pulse of maximum amplitude v" =0.1 and of base
2At at the right end of the rod (X, =1.0). Figures 6(a)-(d) show plots of o-l[g]
versus X, for t=2At5At10At, and 15At. We have chosen a damping
coefficient of 0.0009 and Deborah numbers of 0.0004 and 0.0006 for this study. At
t = 2At, the tensile stress pulse has just entered the rod (Figure 6(a)). Even at this
early stage in the evolution, the stress wave in TVES without rheology is moving
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08 : L | |
0 0.2 04 0.6 0.8 1
X
(a)
r= 18At (0.829885,0.907146)
1.05 | (0.837931,0.919205) |
' (0.843678,0.934940)
1
Q.
2 0.95
&
[
A
09 - |
0.85 De <0 ]
De = 0.0004
De =0.0006 |
0.8 ‘ ! I L
0 0.2 0.4 0.6 0.8 1

X

(b)
Figure 5. (a): p versus X at t=7At; (b): p versus X at t=15At —Linear
Case—Thermoviscoelastic with C, =0.0009.

slower than the stress wave in TVES with rheology. In Figure 6(b), we observe the
formation of a stress front or shock front ahead the peak of the wave. The shock
front is more pronounced in the case of TVES with rheology due to higher stresses
(obvious from the peak values in Figure 6(a) and Figure 6(b)). Increased stiffness
due to the tensile stress field [1] [33] and reduced density result in higher wave
speed in the case of TVES with memory.

In our earlier paper [3] on tensile shock physics, we showed that in the case of

compressible TES, there are oscillations in the evolution of | o-l[f] behind the
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Figure 6. (a):
dcrl[g] versus ¥ at t=10At; (d): dal[g]
Thermoviscoelastic with C, =0.0009.

dal[g] versus X, at t=2At; (b): dal[g] versus X, at t=5At; (c):

versus X, at t=15At —Nonlinear Case—
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shock front. We explained that their presence is due to vibrations of material
points in the neighborhood of the shock front. In the absence of dissipation, there
is no mechanism of dampening these except when the shock moves further from
these locations, resulting in these material points receiving less energy for
excitation. In reference [3], we also showed that the addition of even very mild
dissipation completely eliminates these oscillations, as the vibrational energy of
these material points is now converted into entropy. From Figures 6(a)-6(d), we
note that for De =0, the 0'1[2] versus X, plot has no oscillations behind or
ahead of the peak due to dissipation converting vibrational energy into entropy.
However, when De # 0, we observe the appearance of oscillations ahead of the
peak as well as behind it but more pronounced ahead of the peak. These are stresses
that have not relaxed yet. We see more intense stress and density oscillations close
to the shock front. These diminish as we move away from the shock front, as at
these locations stresses have had time to relax some. Furthermore, for
De =0.0006 , the magnitude of the oscillation is higher compared to
De =0.0004 , as expected, because at De =0.0006, longer time is required for
relaxation compared to De =0.0004 .

Figure 6(c) at t =10At shows the shock front at the impermeable boundary
(% =0). The shock front for De=0 is moving slower and hence has just
reached the boundary x, =0 at t=10At, whereas for De # 0, the shock front
has already reflected and we see the reflected waves. Reflected shock fronts
propagating towards X, =1.0 are shown in Figure 6(d) for t=15At. We
observe the shock front is always ahead of the wave with oscillation in | 0'1[2] in
the vicinity of the shock front, with the highest peak immediately adjacent to the
shock front. We note that a higher De results in a higher magnitude of
oscillations. Lower wave speed of u0'1[2] versus X, for De=0 compared to
De#0 canbe observed. Since De=0.0004 and De=0.0006 are fairly close,
we don’t observe appreciable increase in wave speed for De =0.0006 compared
to De=0.0004 . Figures 7(a)-(d) show the density p versus X, graphs for
t = 2At,5At,10At, and 15At. These follow exactly the same pattern as the | 0'1[?]
versus X, graphs in Figures 6(a)-(d).

5.3. Tensile Shock Physics in Compressible TVES with
Rheology Due to Rectangular Velocity Pulse

In this study, we consider a rectangular tensile velocity pulse of duration 4At
with a peak value of V" =0.1, as shown in Figure 8. For 0<t<At and
3At <t <4At, v(t) isa cubic distribution with the values 0, v and V', 0,and

dv,
zeroslopes(d—::O)at t=0, t=At, t=3At,and t>4At.For At<t<3At,

v=Vv" and v(t) =0 for t>4At. This problem, in similar form, has been used
as a model problem in reference [15] for compressive loading. The physics
considered in ref [15] is not clear, hence the solutions presented in reference [15]
cannot be compared with those presented here, also the loading in the present

study is tensile. We elaborate more in the following.
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Figure 7. (a): p versus x at t=2At; (b): p versus X, at t=5At; (c): p versus

X, at t=10At; (d): p versus x at t=15At —Nonlinear Case—Thermoviscoelastic

with C, =0.0009.
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0

Figure 8. Rectangular tensile velocity pulse of duration 2At.

The discretization for a space-time strip, p-levels in space and time, as well as
orders of approximation space in the space and time, are considered the same as
used for the first model problem. Evolution is computed by time marching. We
use designation “linear” on the graphs to refer to small deformation incom-
pressible physics but with dissipation and memory, and the designation “nonlinear”
for finite deformation, finite strain, compressible physics with dissipation and
memory. Figures 9(a)-(d) show plots of | o-l[f] versus X, for t=4At,8At,15At,
and 17At. At t=4At, the stress wave is completely in the medium. Figure 9(b)
shows further evolution of 61[2] . Figure 9(c) shows the stress wave after reflection
from the impermeable boundary at x, =0.Figure 9(d) show further evolution
of stress wave after reflection. Corresponding density p versus X, graphs
are shown in Figures 10(a)-(d). We observe similar behavior as discussed
earlier for a velocity pulse of duration 2At. We summarize these in the
following.

1) Wave speed is higher in nonlinear TVES with memory compared to the
linear case due to the tensile stress field resulting in increased stiffness and reduced
density.

2) Formation of shock front ahead of the wave before and after reflection.

3) Persistent oscillations in the neighborhood of the shock front due to rheology
(unrelaxed stress).

4) The constant V' (hence constant stress 0'1[[;]) region initially persists
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Figure 9. (a): dal[(l)] versus ¥ at t=4At; (b): 4oiJ versus x at t=8At; (c):
4ol versus x at t=15At; (d): dol[g] versus X at t=17At — C, =0.0009 —
De =0.0004 .
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(Figure 9(a) at t=4At) but slowly disappears during evolution resulting in
oscillations ahead of the shock front as well. In Figures 9(b)-(d), we see
oscillations in 61[2] behind the shock front as well as ahead of the shock front.

5) In Figure 9(c) and Figure 9(d), the flat portion of the wave (constant | o-l[g]
region) completely disappears.

6) In all reported solutions, the space-time residual functional for the
discretization of each space-time strip is 0(10’8) or lower, and the use of
minimally conforming space ensures that the reported solutions indeed satisfy

PDEs with higher degrees of accuracy.

6. Summary and Conclusion

This paper presents investigations of various aspects of the tensile shock physics
in compressible TVES with rheology using mathematical model for finite defor-
mation, finite strain deformation physics based on CBL and CCM. The math-
ematical model considers Green’s strain tensor £!° and its rates &l';
i=1,2,---,n up to order nfor describing ordered rate mechanism of dissipation
and deviatoric contravariant second Piola-Kirchhoff stress tensor | o' and its
rates d0'[”; j=0,1,---,m up to order m describing spectrum of relaxation
times. The constitutive theories are derived using entropy inequality and the
representation theorem. The mathematical model describing IVP is thermo-
dynamically and mathematically consistent and has closure. The solutions of the
IVPs resulting from the mathematical model is obtained using space-time coupled
finite element methods based on space-time residual functional for a space-time
strip with time marching. To the author’s knowledge, the work presented in this
paper has not been reported in the published literature. We provide a summary
of the research and offer conclusions based on our findings.

1) The mathematical model used is thermodynamically and mathematically
consistent.

2) Space-time coupled finite element method based space-time residual functional
yields unconditionally stable computations. Use of higher-order scalar product
spaces in space and time is essential to maintain Riemann integrals over space-
time discretization and when space-time residual functional | — 0, the calculated
evolution approaches the theoretical solution.

3) We have shown that in case of TVES without memory, there are no
oscillations in the vicinity of the shock fronts of stress or density. This is due to
dissipation dampening the vibrations of the material points. The oscillations in
stress and density reappear for TVES with memory in the vicinity of the shock
front due to the presence of unrelaxed stresses. When the shock front moves away
from a location, stress and density relax at that location based on memory
modulus which is the function of relaxation time. We have shown in the model
problem studies that higher relaxation time resulting in higher Deborah numbers
has more pronounced peaks of the oscillations in stress and density behind the
shock front compared to lower De due to higher values of unrelaxed stress and

density.
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Figure 10. (a): p versus X, at t=4At;(b): p versus X, at t=8At;(c): p versus
X at t=15At;(d): p versus X at t=17At —C, =0.0009 — De =0.0004 .
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4) Higher stiffness, hence higher elasticity, and lower density due to tensile
loading will result in higher wave speed. In the present model problem studies,
tensile stress increases stiffness and lowers density rsulting in higher wave speed
compared to TVES without memory.

5) Shock front formation due to piling up of higher speed waves is clearly
demonstrated in the model problem studies.

6) Propagation of shock fronts, their reflection from the impermeable boundary
and reversal of the shock front so that is always ahead of the traveling wave is
clearly illustrated in the model problem studies.

7) Study of square wave propagation illustrates interesting aspect of the dis-
appearance of the constant stress and density (corresponding to constant velocity)
portion of the wave upon evolution (Figures 9(a)-(d), Figures 10(a)-(d)). We
also note that in this study oscillation exists on both sides of the shock (i.e., behind
the shock as well as ahead of the shock), Figure 9(c) and Figure 9(d), due to
constant velocity or stress region forcing a sharp change.

In conclusion, the work presented in this paper addresses all aspects of tensile
shock physics of stress and density waves in compressible TVES with rheology:
formation, propagation, reflection, interaction, influence of dissipation, and role
of change of stiffness on shock speed. We note that: 1) mathematical models are
precisely based on CBL of CCM and the constitutive theories are derived using
conjugate pairs in entropy inequality and the representation theorem, hence the
complete mathematical model(s) are thermodynamically and mathematically
consistent. 2) The space-time coupled finite element method based on the space-
time residual functional in higher-order scalar product spaces with minimally
conforming spaces ensures that all space-time integrals over discretized space-
time domain are Riemann. This improves convergence of the computed solutions
to the true solution and permits accurate computations of a posteriori errors based
on space-time residual functional. The solutions reported in the paper are nearly
as accurate as theoretical solutions, with the space-time residual functional for
each space-time discretization consistently achieving 0(10’8) or lower. The
high accuracy of the computed solutions is achieved by using minimally conforming
spaces, which ensure that the physics is correctly represented in the computational

process.
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List of Symbols
C Bulk Modulus
C, Elastic Coefficient
G, Damping Coefficient
X, %, {X deformed Coordinates
X, X, {x undeformed Coordinates
[J] Deformation gradient tensor
19 Determinant of [J]

displacements in Lagrangian description
velocities in Lagrangian description

density at time t,

(20 )ref reference density
P density in Lagrangian description in the current configuration
n specific entropy in Lagrangian description
o Reference Dissipation
A Relaxation time
ty Reference time
e specific internal energy in Lagrangian description
p thermodynamic or Mechanical Pressure in Lagrangian description
4 temperature in Lagrangian description
E Elastic modulus
a, q, {a} heat vector in Lagrangian description
g, 0> { g} temperature gradient tensor in Lagrangian description
o, ol Second Piola-Kirchhoff stress tensor
o, . 01[2] Equilibrium part of the Second Piola-Kirchhoff stress tensor
o, § 01[2] Deviatoric part of the Second Piola-Kirchhoff stress tensor
o, o Cauchy stress tensor
eo-(o) Ve al(f) Equilibrium part of the Cauchy stress tensor
,0%, ol Deviatoric part of the Cauchy stress tensor
€[] Green’s strain tensor (convected time derivative of order zero)
h) first convected time derivative of the covariant Green’s strain tensor
i convected time derivative of order i of the covariant Green’s strain tensor
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Abbreviations
CBL Conservation and Balance Laws
CCM Classical Continuum Mechanics
TES Thermoelastic Solid
TVES Thermoviscoelastic Solid
BVPs Boundary Value Problems
IVPs Initial Value Problems
CM Conservation of Mass
BLM Balance of Linear Momenta
BAM Balance of Angular Momenta
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