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Abstract

We consider a generalized form of the porous medium equation where the po-
o(¢S
rosity ¢ isafunctionoftime t: g=¢(xt): %— \Y, -(k(S)VS) =Q(S).

In many works, the porosity ¢ is either assumed to be independent of (or to
depend very little of) the time variable t. In this work, we want to study the
case where it does depend on t (and x as well). For this purpose, we make
a change of unknown function V =¢S in order to obtain a saturation-like
(advection-diffusion) equation. A priori estimates and regularity results are
established for the new equation based in part on what is known from the sat-
uration equation, when ¢ is independent of the time t. These results are
then extended to the full saturation equation with time-dependent porosity
¢ =¢(xt). In this analysis, we make explicitly the dependence of the various

constants in the estimates on the porosity ¢ by the introduced transport vec-
tor w, through the change of unknown function. Also we do not assume
zero-flux boundary, but we carry the analysis for the case Q=0.

Keywords

Porous Medium Equation, Porosity, Saturation Equation, A Priori Estimates,
Regularity Results

1. Introduction

The equation:

o(¢S)
ot

+V-(f(S)u)-V-(k(S)VS)=Q(S). (1.1)

which is often called the Saturation Equation, has been extensively studied in the
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literature with various simplifications (see for instance [1]-[5]). This can be seen
as a generalization of the commonly studied Porous Medium Equation (PME):
0S

E—A(S”‘):Q(S) (1.2)

(see for instance [4] [6]), where m>1.
Here we want to consider first the case of (1.1) where f(s)=0 (or u=0), ie

without the transport term, that is

A) v (k(s)vs)=a(s). (13)

Thus equation (1.3) is a special case of (1.1) and is a generalization of (1.2).

Equation (1.1) is obtained through modeling two-phase flow through a porous
medium. Here we consider the case where there are only two phases (the wet
phase and the dry phase) occupying entirely the pores of the medium, e.g. water
and oil, so that the sum of the saturations of the phases equals 1. We can think of
the saturation of a phase as being the “rate of presence” in the medium, in terms
of volume, of the phase, as compared to the total volume of the void. The satura-
tion equation is, in reality, coupled with a second equation relative to the Darcy
law (see [7]-[12] and the bibliography therein). In this work, we consider only the
saturation equation and assume that the Darcy velocity u is sufficiently regular
for our analysis. For other works close to the saturation problem, see, for instance,
[2] [13]-[15], among others.

In the literature, equation (1.1) is considered in the form

0S

p—+ V- (1(S)u)=V-(k(S)v8)=Q(8) (1.4)

either because one assumes that the porosity ¢ is independent of time t (or

changes little with time) or because one has buried the term SZ}[—(/j in the right

hand side of (1.1). In either case, unless one keeps track of this fact, one will lose
some information on the problem, especially during numerical treatment, when
the porosity does vary with time.

We would like to keep the presence of the porosity ¢ in the resolution of the
problem. In this analysis, ¢ will be present through the vector w :%f , and
through |w/ and |w| . So, for the analysis. we assume that all second order
partial derivatives of ¢ exist and are bounded on Qx(0,T;].

If, in (1.4), we make the additional assumption that u=0 and ¢=1, then we
obtain

0S

E—V(k(S)VS):Q(S), (1.5)

so that the classical porous medium equation (1.2) is a special case of (1.5) with

k(s)=ms"*

in that case.
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In this paper, we investigate the case where ¢ is allowed to change with time

and space:
6 =p(x.1). (1.6)

For an example of time-dependent porosity, we refer to [16] where the author
considers the case where the porosity ¢ is a function of time t (but not of the
spatial variable x ) for a one-dimensional Boussinesq equation for flow in an aq-
uifer. See also [17].

We will first study a case of (1.1) where there is no transport term 7e. we want

to study the generalized porous medium problem

@—v.(k(sws):Q(s) inQx(0,T,) (1.7)
—k(S)%:gl on 8Qx(0,T,) (1.8)
S(x,0)=S,(x) inQ, (1.9)

where Q) is a bounded domain of R", n=1,23,and T,>0.

Unlike the case of the classical porous medium equation, we assume that

k(0)=k(2)=0, (1.10)

to account for the fact that, in this work, we have in mind an immiscible two-
phase flow (see, for instance, [7] [9] [10] [18]). We assume, for the purpose of this
analysis, that the porosity ¢ of the medium satisfies the condition

0<¢y <p(xt)<¢ <o forall(x,t)eQx[0,T,]. (1.11)

For the needs of the analysis in this paper, unless otherwise explicitly stated, we

make the following assumptions on k.

cé ifo<é<q
k(¢)=1c, if o, <é<a, (1.12)
¢ (1-¢)" ifa,<é<1

where 0<a1<%<a2<1,and O<pus<2.

This work will follow, in part, the layout of a chapter contribution by the author
in [19] with improved proofs and additional results.

This contribution is structured as follows. In section 2, the problem is reformu-
lated through a change of the unknown function. For completeness, we state and
establish some preliminary facts about the data. In particular, we revisit a lemma
which was proved in [2], for ¢=1, and reprove it for any ¢, for the use in the
context of this work. In section 3, we establish improved a priori estimates for the
new problem, which include non-homogeneous boundary conditions as well as
some regularity results for the solution of the new problem, with Lemma 3.7 being
new at our knowledge. In section 4, we go back to the full saturation problem (1.1)
and establish a priori estimates and regularity results for the case when the poros-
ity ¢ is not necessarily independent of the time variable t.

Standard mathematical notations are used in this paper. For example, we define
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“(0,TosL"(Q

(f.9)=(f.9), = JQ fgdx when this has a meaning, and |f| =|f HL,( @)

2. Reformulation of the Problem

We make a change of unknown function that absorbs the porosity ¢ in the first

term of (1.4) i.e. we make the transformation

V = ¢S, (2.1)

(see also [16] for the case of one dimensional flow in an aquifer). Because of the
assumption (1.11), we can always get back the saturation S by dividing by ¢.
Our approach has at least the advantage of making explicit the dependence of

constants, in the analysis, on the porosity ¢, both as a function of the temporal

V¢

variable t and the spatial variable x,through w= 7 and % , for instance.

Using this change of unknown function, (1.7) becomes

Lo e

We define the new functions:

e e e L 9

with v=¢s,and
Q=0 1) |-atet) @4

Now notice that
o5 @)

Substituting in (2.2) and using (2.4), we obtain

W_v.[ﬁ(v)vv_ﬁ(v)mj_é(v). (2.6)
ot ¢
With this change of unknown function we can rewrite (1.7) as follows,
oV ~ \% - ~
at+v.[k(v)v(;’]—v-(k(v)vv)zQ(v). (2.7)
Next, let
D(v)=k(v) (2.8)
F(v):lZ(v)v: D(v)v (2.9)
V¢
wW=—, 2.10
p (2.10)
then (2.7) takes the advection-diffusion equation form:
%+V~(F(V)W)—V‘(D(V)VV):Q(V), (2.11)

except that the function F does not satisfy exactly the same conditions as the
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fractional flow function from the saturation equation (1.1). Next, we have
(D(V)VV):n :%k(s)v@s).n

:%k(S)(SV¢+¢VS)-n (2.12)

=—g,+F(V)w-n,

when we use (1.8), (2.3), (2.9), and (2.10). Hence, we obtain the new advection-

diffusion problem:

%w~(F(v)w)—v-(D(v)vv):(j(v) on Qx(0,T,]
(F(V)w-(D(V)WV))-n=g, on 6Qx[0,T,] (2.13)
V (%,0) =V, (x)=¢(x,0)S,(x) onQ
We assume that:
g, € L"(0,T,,L" (6)). (2.14)

Remark 2.1 Even though the porosity ¢ is buried in the variable V , its pres-
V¢

ence in the equation is explicitly signaled by the vector w =

One can easily check that D verifies the following conditions.

D(0)=D(¢)=0, (2.15)
cé” if0<&<ag
D(£)2c, if <& <a,p (2.16)

C(p-¢&) ifap<i<y

where 0<a1<%<a2<1,and O<pu<2.

For example,

1,(¢ 1, &Y 1 p
D =kl = > . — 1-2| = Ny U 2.17
)=y («J C¢[ ¢) a9 @17
if a, S%Sl, Le. if a,p<&é<g. Now, by (1.11), %ZQ, for some positive

constant C,, which we still call c,. The other inequalities in (2.16) are obtained
in the same manner.

We clearly have:

F’(v):;k’[;jv+;k{;j. (2.18)

So, we see that F'(0)=F'(¢)=0, when we consider (1.10) and (4.10).
Finally, define K by

K(v)=] D(r)dr. (2.19)

For the remainder of this paper, in order to simplify the analysis, we assume the

following, unless otherwise explicitly stated.

Q| =1. (2.20)

Therefore, the focus of this work is the problem:
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%+v-(F(v)w)—A1c(v)=Q(v) on Qx(0,T,]
(F(V)w-v(K(s)))-n=g, on 80 x[0,T,] (2.21)
V (%,0) =V, (x):=¢(x,0)S,(x) onQ

Under conditions (2.16), (1.10), and (4.10), we have the following lemma.
Lemma 2.2 If the function F is twice continuously differentiable near 0 and
¢, then

|F (Vz)_ F (V1) |2S C*(K(Vz)_ ’C(Vl))(vz _V1) (2.22)

forall 0<v,<v,<¢,where C =C"(x,¢)>0.

Lemma 2.2 has been proved in [2] for ¢=1 (the assumption ¢=1 is often
made for mathematical analysis purpose only), but here we give a proof for any
¢ andfor a,¢<v,<v,<¢ only.For 0<v, <v, <gg¢<1, the proof goes the same
way: see [19]. The constants «, and «, areasin (2.16).

Because IC isobviously Lipschtitz (and monotone increasing, since D(v)>0,
forall 0<v<4¢), the following holds:

[ (v,) — (v, < C™ (K (v, )~ K (%)) (v, —w,), (2.23)

for some C” >0 andforall 0<v,v,<¢.

Remark 2.3 Lemma 2.2 implies

F'(v)|<C{D(v). (2.24)

forall 0<v<g.

We also state the following result which was proved in in [2], based solely on
condition (2.16), for the case ¢=1.

Lemma 2.4 Under condition (2.16), we have

(v, —v,)"* < C(K(v,)=K(W))(v, —v), (2.25)

forall 0<v,v,<¢.

3. A Priori Estimates and Regularities Results

For a priori estimates (uniqueness) and some regularity results for Problem 2.21,
we need the Poisson Solution Operator T and some of its properties. We state
the properties we will need in this section and other sections to follow. For proofs

of these properties and more details see, for instance, [1] [2] [20].

3.1. The Poisson Solution Operator

Consider the elliptic boundary value problem:
-Aw=f-1, InQ

a—‘”zo on oQ (3.1)
on
w, = f,

with fe(Hl(Q))* . Then (see [21] [22]) problem 3.1 has a unique solution

weH'.
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We define the solution operator T :(Hl)* —H' by T(f)=w, where weH®
is the unique solution to (3.1), and f e (H 1)* .

A weak formulation of (3.1) is expressed as:
(V(TF).Ve)=(f.4)~ fotns (3.2)
forall geH'(Q).

This operator satisfies the following.
Proposition 3.1 The operator T , defined by (3.1), is linear, symmetric and

positive definite.
(Tf.g)=(f.Tg) forall f,ge(H?). (3.3)
We also have

(T, ) =[VTE[, +(TF) =[VTf [, + (), (3.4)

With this proposition in mind, we can define on (Hl)* the norm:

This is the same as the dual norm for H',when H' isequipped with the norm

H! = (vaHiz + (wsz)z )% (3.6)

=(Tf, f (3.5)

With these definitions we get the identity
2 2
( =t H(Hl)*- (3.7)

Proposition 3.2 Suppose fbelongs to (H 1)* , then

(Tf, f =||f H (3.8)
in the sense of the norm (3.6).
3.2. A Priori Estimates
A weak formulation of (2.21) is:
[%,ZJ—(F(V)W,VZ)+(VD(V),V;()—J'mgl;(da ~(0(v). ), (3.9)

forall yeH'(Q) and te(0,T,].

We prove the theorem for any ¢, not just for ¢=1. Hence the theorem is
more general than its counterpart in [19]. To simplify the analysis, we will assume
that Q=0, unless otherwise stated. For a more general case, with
Qe L”(0,T,,L*(Q)), we can proceed as in [2].

Theorem 3.3 Let V, and V, be (weak) solutions to Problem 2.21, corre-
sponding to the initial conditions V" and V., respectively. Let ¢,, and g,
be the respective righthand sides of the corresponding boundary conditions. Then

sup Vs Vil + ) (K (Vi) v, =Vi)(r)de
m){\w—vf

(HY)

(3.10)

LZ(LZ(EQ)) }

Proof. We subtract the corresponding equation (3.9) for the triplet (Vl,Vl", 91.1) ,

< Cmax (l, .+ Hg1,2 —On :
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from the equation corresponding to the triplet (VZ,V2°, 9;,),andlet x=T(V,-V,)

to obtain
a(vist_vl):(vz—vl)J‘((F(vz)—F(Vl))W'VT(Vz—Vl))
(V) K09 (V) .
n(glz gll) )dO‘

Using the symmetry of the operator T and (3.8), we have

2

[TV V)V Vj

ot (3.12)

1d
:Ed—(T (V,=V,).V, -V,)

29l

Using (3.12), we can rewrite (3.11) as follows.
LR R S\AR VAR
=((F(V2)— ( ))W'VT(Vz V1)) ( (VZ)_’C(Vl))Q(Vz_Vl)Q (3.13)
+J- 9.~ 911) (Vz 1)d0',

where we have made use of (3.2). Now, we treat each of the two terms on the right
hand side of (3.13) separately. For the first term we obtain:

((F (V)= F (V)W VT (v, -V,))

1
<—_

ac’ (Vz)_ F (V1)HL2 +C HWH (V -V, )H (3'14)
1 2
T (Vz)_ F(Vl) % L‘”(L“} NZ _VlH(Hl)*’

by the arithmetic-geometric mean inequality. We have also used the fact that (3.4)
and (3.8) imply
[vT(v,-V,)

2 < H\/2 —V1H(H1)*- (3.15)
As for the second term, we have

(K (V) -K(V)),

=[], (1e(v,) = K (v,)) ey
S IMARE(A (3.16)
<[k (v,) - K£(v))

2’
by (2.20).

In the same way, one obtains:

‘(Vz _Vl)Q‘ = Q( 2~

<Pl B <OVl G7)

with the help of the Holder's Inequality.

Therefore, with the help of the arithmetic-geometric mean inequality, the
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second term on the right hand side of (3.13) can be bounded as follows.
‘(IC(VZ) - K(Vl))g (Vz *V1)g‘

! 2 ) (3.18)
< ?H’C(Vz) -K(MV)|z +C|V. _le(Hl)x .

We treat the last term of (3.13) in the following manner.

m(gl,z - gm)T (Vz _V1)do-‘ < Hng — O

L2(e) HT (V -V )H

o)

1
*Hgl,z - 91‘1 Lz(m HT V -V )HLZ(“Q)

(3.19)

Hgl? g“ 12(o0) +CHT V V)H

Hi(@)

EHgl,Z - gm L(ea) +C HVZ _V1H(H1) !

where we have used the Trace Theorem (see [23]) followed by (3.7).
Putting (3.13), (3.14), and (3.18) together, we obtain

2dt‘N Villway + (K (V) = K(W).V, - Vi)

2

—|F(V,)-F(V,) (3.20)

1
m—ﬁ\\/c(vz)f/c(vl) i

12

+CHW

1 2
() NZ _V1H(2H1)* + EHgl‘Z — 0 2ea)"

Finally, we hide the first two terms on the right hand side of (3.20) into the left
hand sides, thanks to (2.22) and (2.23), and then apply the Gronwall Lemma to
end the proof of the theorem.

The following corollary is an immediate consequence of Theorem 3.3.

Corollary 3.4 Under the conditions of Theorem 3.3, we have

I (v,) - K (V) () sc{ 0\, o +]9:. -9 LZ(LZ(EQ})}, (3.21)
-+ 2
HVZ 2|_2+// 12+ u < C{Hvz0 7V10 ( +Hg12 911 LZ(LZ(CQ))} (3-22)
and
2
S R R R (.29

The following two regularity results help establish a priori estimates that were
not established in [2] for the case ¢=1.

The following lemma gives regularities on the solution V of (2.21).

Lemma 3.5 Let V be the solution to Problem 2.21. Then

Ml + D(V)VVf ) <C (3.24)
where C= C( O,N o 0. )
Proof. If we let =V in (3.9) we obtain, in a distributional sense,
(aa\t/ VJ (F(V)w, V) +(VK(V),VV)-[_gVdo =0, (3.25)
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which can be rewritten as follows.
E&ME +D(V)VVi =(F(V)w,VV)+[ gVdo, (3.26)

since K'(V)=D(V) by (2.19). Now F(V)=D(V)V, by (2.9) and (2.8), so that
we get, by (3.26),

2dt‘NHL2+H\/7VVH (W.D(V)WV)+[_gVdo
+EH\/WVVHLZ +av ], (vol,. (622))
<o, IV +3
<o VI + 5 NOV

We hide the second term on the right hand side of (3.27) into the like term on
the left hand side, Apply the Gronwall Lemma over the interval [0,t], 0<t<T,,

‘ (3.27)
ot lav|, (vol,,(62))

2
Lt lav|, (vol,,(62)).

and then take the supremum over [0,T,], to get

V.o + WD)V

L2 L2

(3.28)
<[l o) TolV L )+ Sl (vol,. (222).
Hence (3.24).
Remark 3.6
1. Lemma 3.5 states that, if V is a weak solution of Problem 2.21, then
Vel (0T, 5 (Q)), (3.29)
and
K(V)e?(0T;H (Q)). (3.30)
The latter is true because
[vEW)]. =[P(v)vV], =|
(3.31)

sl

2. Notice that, in the proof of Lemma 3.5, condition (2.16) was not used. This
point will be of great importance later when we tackle the proof of existence and
uniqueness for Problem 2.21, in a sequel of this paper.

The next lemma proves the following regularity results for (K(V)) and

(IC(V ))t :

K(V)eLl*(0,T,;H(Q)) (3.32)
and

(K(V)), e (0T (). (3.33)

Lemma 3.7 Let V be a weak solution of Problem 2.21. Then
Vo)V, e[ <C. (3.34)
(2 (1)

where >0 and € =C(V° ) Wl Joil. J(8)]. )
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Proof-Set y = ( (v )) in (3.9) to get

()OSR EDTE)
L9.(K (V))tda—O.

Rewriting (3.35), we get
HJD(V)Vt z+fva1c (336

=(F(V)w-v(K(V))), + ,3991( (V)), do

By the product rule,

(F(V)W,V(IC(V))‘):%(F(V)W,V(IC(V)))—((F(V)W)‘,V(IC(V))). (3.37)

The last term on the right hand side of (3.37) is rewritten as
(F(V)w), V(EWM))) = (F(V)Vw+F(V)w, V(KV))). (3.38)

Therefore (3.37) becomes
(F(V)w.v(K(v)))
< %(F (v)w,v(/c(v)))+\(F'(v )vtw,v(/c(v)))‘

H{(FVv)w, v (W) (3:39)

F) |

VPV e
(k)

s%(F(v)w,v(/c(v)))+%

12’

+CF (v )wff, +¢ ()

where C isasin (2.24).
The boundary term in (3.36) is handled as follows.

L0(K(v)) do= %(jm gllC(V)dcr) [ (9.),K(V)do (3.40)

Using the Trace Theorem (see for instance [23]) on the second term of the right
hand side of (3.40), we obtain:

_g,(K(v)) do< %( B gllC(V)da)+CH(gl)th lc(v) (3.41)
Combining (3.36), (3.39) and (3.41), and using (2.24), we obtain
H\/Wv +f7Hv1c ’
fH\/iv +C|F(v +C(HWHL,3 . ) V(W) (3.42)

d

+(FV)wv (K (V)))+*( 0K (V)do)+Cl(a) ] JK(V)
Next hide the first term on the right hand side of (3.42) in the like term on its

left hand side, apply the Gronwall Lemma, and take the sup over the interval

[0.T,] to get
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oww|

2
<
<c sup( wlie)

+ c[(F (Vo)W ,v(;c(v")))‘ v (ko) (ZLZ)] (3.43)
+ fﬁiﬁ"Jm gl(lC(V))do" + Um gIIC(V")da‘
) HI(Q))(T)dT’

Next, we bound the first term on the right hand side of (3.43).

+ v (Ko
L2 L2

L°° L2

(F(V)w,v(K(V)) ‘+HF(V)

+Cfa) ] (e

C@%(F(V)W,V(K(V))‘:Tg) »
3.44
<2V () - WL)IF WL

Using the Trace Theorem (see [23]), we handle the fifth term on the right hand
side of (3.43) as follows.

[ (V)dof <, Sy H oclal

<C 4{“& (V)

<gIvew Hg(m +ClIO ), Nl

2 1
VI ol (3.45)

where we have used the arithmetic-geometric inequality and chosen e>0 so that

c i<l
2 4
With the help of Holder Inequality, the last term, on the right hand side of

(3.43), can be dealt with as follows.
I, ) (v

by Lemma 3.5, if we assume that (g,), is bounded in 6Qx(0,T,].

)V fo Ly S (l(0)])  (346)

Also, by Lemma 3.5 and the regularity assumption on F,

|F(v )HB(LZ) <C, (3.47)

so, combining (3.43) through (3.47), and then hiding the appropriate terms, we
get the lemma.

Remark 3.8

1. Unlike Lemma 3.5, Lemma 3.7 does use conditions (2.16) in its proof.

2. By (3.34), we have

J(cv)),

=Ipv)

Wl -NBE1 Y
sqw—__mgm

() (1)

(3.48)
<C.

Hence (3.33).
3. According to (3.30), K(V) is smoother than V, the solution to (2.21), so

this explains why, in numerical approximations of Problem 2.21, one often
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approximates first IC(V), and then uses the invertibility of the function K to
find V (see, for example [3] [4] [20] [24]).

We state and prove below another well-posedness theorem that gives unique-
ness for K(V) in L"(0,T,;L*(Q)) and L*(0,T,;H*(Q)), thus uniqueness for V .
A similar result was established for (1.4) in [2] for ¢=1.

Theorem 3.9 Under the conditions of Theorem 3.3

sup (K (V) = K(V).V, =V,) + 0|V (K (V) - K ()|

oat<Ty F()
<fiefur) ()0 ) o -

with 7 a positive constant, and C=C(|w|_.|w,|

2+,¢
+H912 011

i (3.49)
(12 ))}

(@) )

Proof.In (3.11), replace T(V,-V,) with K(V,)-K(V,), to get
(w,;c(v ] ((F(V,) - F(V))w, v (K(V,) - K (W)
(VK (V) =K ()Y (K (V) - KV ))) (3.50)

(K(
= Jua(9:2 = 9 ) (K (V2) = (V) ) do

which can be rewritten as

2

(208w, ) -0,
=((F(V,)=F(V)w,V(K(V,)-K(V,))) (3.51)
+ [ 912 = 00) (K (V2) - K())dor
Using the product rule, we can rewrite the first term on the left hand side of
(3.51) as follows:

(w,m(vz)—x(vl)]

:%(/c(vz) (VN V)~ (K (V)= K (W)), Vs V).

(3.52)

Next, we rewrite (3.51) using (3.52).
d
a(/C(VZ ) - IC(V1)'V2 _Vl) + HV(K(VZ ) - IC(V1))

= ((F (Vz)_ F (Vl))W,V(/C(VZ) - K(Vl))) + ((’C(Vz) _K:(Vl))t Vs _V1) (3.53)

4] (0~ 8,)(K(V,) - K£(%))dor,

2

LZ

or

2

(K (Vo) =K (V) V, =V, )+ HV(K(Vz)’IC(Vl))
2)’IC(V1))

1
% HVZ _V1H|_2+ﬂ +gHgl,2 —On :

13(00)

L2

2

LZ

(3.54)
+e(v) -k (v)),

2

+ cfH/c(vz)—ic(vl)HHi,

where y,6>0,and
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11
—+
v 2+u

=1 (3.55)

with x asin (2.16). Here we have used the Trace Theorem followed by the arith-
metic-geometric inequality. Now

HIC(Vz)fK(Vl) ,2.|1 = HIC(Vz)flC(VJ : (3.56)

(V) -kM))[;

2’

so choosing &>0 in (3.54) such that ng = %, and then hiding the appropriate

terms from the left hand side to the righthand side, we obtain
d

E(K(Vz)_lc(\ﬁ)'vz _V1)+%HV(IC(V2)_IC(V1))
_’C(V1))I v

+HIC(V2)7’C(V1) iZ}

after also hiding the second term on the righthand side of (3.54) in the like term
on its left hand side.
Next, we integrate (3.57) over the interval [0,t], with 0<t<T,, and then take

the supremum over (0,T,] to obtain:

2

L2

<C|(F(v,) —F(V

(3.57)

_V1H

\24u

+C{Hglz 911

L%(002)

iﬂE(K(Vz)_K(VJ' 2 IC(VZ)—/C(VI)) ;(T)dr
<31 NF ) —F () (2)ae
00 K@), Ve Vil (7)o (3.58)

+C(k(v))- /c(v;’)v -v?)

+C{Hg12 011 +HIC ’C(V1)H2L2(Lz)}'

L2( 12(c0))

with 7 a positive constant. By Holder inequality and (3.55),

IR AN

Lz+;

(3.59)
< H(IC(VZ)_ (Vl))t Ly(Ly)‘Nz _VlHLZ*“(LZ"‘]
Also, by (3.55), y<2, so that
((v,) - (w)), o) S (R (v,) - (), oy <G (3.60)

by (3.33).
Finally, using (2.22), Theorem 3.3, and Corollary 3.4, we get Theorem 3.9.
Remark 3.10 Even if the porosity of the medium is not a function of t, but still
remains a function of the spacial variable, this analysis has the advantage of show-

ing some explicit role of the porosity ¢ in the advection (transport) through the
Ve

presence of the vector W=—— in the new equation.

4. The Full Saturation Equation

Up until now in this work, we have investigated the saturation equation (1.1) as-

suming that there is no transport term, ze. the pure parabolic problem 1.7. With
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the change of the unknown function, a transport term was introduced and the
transformed problem looked like a saturation problem (advection-diffusion prob-

lem). Now we consider the full saturation problem:

@w-(f(s)u)—v-(k(s)vs):Q(s) inQx(0,T,) (4.1)
(f(s)u-k(S)vS)-n=qg, onaQx(0,T,) (4.2)
S(x,0)=S,(x) inQ, (4.3)

where Q is a sufficiently regular, bounded domain of R", n=12, T,>0, and

0<S,(x)<1 on Q. Here u is the so-called Darcy velocity and f is the
o¢

fractional flow function. We still assume that E is not necessarily 0.

One assumption often madeon f is

f'(0)=f'(1)=0, (4.4)
see for instance [2]-[4].

4.1. The Transformed Problem

With the transformation, V =¢S, made in section 2, if we put

o(v ()= 1 [V ('")] “1(s(2) @s)

#()
equations (4.1) through (4.3) become

S v (g(vV)u+F(V)w)

—AK(V)=Q(V) inQx(0,T,) (4.6)
(g(V)u+F(V)w-D(V)VV)-n=q, onaQx(0,T,) (4.7)
V(x,0)=V,(x), inQ, (4.8)

where V,(x):=¢(x,0)S,(x),and F, D,and K are defined by (2.9), (2.8) and
(2.19), respectively.

Recall that
w=Y? (4.9)
¢
We make the more or less restrictive condition
k'(1)=0. (4.10)

However, this condition is not that restrictive, since, in the modeling of two-
phase flow through porous media, conductivity functions that satisfy this condi-
tion are proposed (see for example [18]).

We define the vector G by

G(V)=g(V)u+F(V)w. (4.11)

Then, letting Q=0, problem (4.6)~(4.8) becomes

%w.e(v)wc(v):o in Qx(0,T,) (4.12)
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(G(V)-D(V)VV)-n=q, onaQx(0,T,) (4.13)
V (x,0)=V,(x), inQ. (4.14)
We have
g'(V)=—t(v),. (4.15)
Therefore
9’(0):%f’(0):0, (4.16)
and
9’(¢)=%f’(1)=0, (4.17)
by (4.4). Thus (2.22) holds for F replaced with g and we have
|9 (v,)-g(w)) <C(K(v,)-K(w))(v, -w), (4.18)

where, for convenience, we call the constant C” again, quit to take the maximum
of the two constants.

We note thatif w=0 (thatisthe case when ¢=1), then we get the saturation
equation (1.4), and if u=0, we get the pure parabolic equation (1.7).

We see that, for problem (4.12) - (4.14), conditions for Theorem 3.3 and Theo-
rem 3.9 are satisfied, therefore the conclusions of these two theorems hold. We
state these facts as corollaries.

Corollary 4.1 Under the conditions for Theorem 3.3, assume that (4.4) holds.
Let V, and V, be solutions of Problem (4.12) - (4.14) corresponding to the ini-
tial conditions V,° and N, respectively and the boundary conditions §,, and
,, respectively. Then
sup [V, ~Vi [ + [P(K(V,) - KWV, -V,)(2)dz

0<t<Ty
<C {M —v1°

where C:C( u x).
Corollary 4.2 Under the conditions of Corollary 4.1, we have

sup (K (V,) = K(V,).V, ~Vi) + 7|V (K (V) = K (W)
2 (4.20)
(¥ vﬂ))}

0<t<Ty
ey D)

<cfitur)- ) v ) v
with 7 a positive constant and C :( ,

Also the conclusions of Lemma 3.5 and Lemma 3.7 hold for Problem (4.12) -
(4.14) as well.

(4.19)

2

(1% m))}

+H912 gm

L2 LZ)

2+;¢
+[ 6., - 6.s

4.2. Back to the Initial Problem

Finally we go back to the initial saturation problem (4.1) - (4.3).
Because of (1.11) and (2.1), some of the estimates we proved for V transfer
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directly to S, the solution of (4.1) - (4.3). For example, we have:

2 H+2
V2 _ i < {1j HVZ _V1
L“*Z(L"*Z) ¢0

$ ¢

1+2 1+2
e = (4.21)

L/’*Z(L/“z) 1

Hsz =S

by (1.11).

So that, by (3.22), we obtain the following.

Corollary 4.3 Suppose that S, and S, are solutions of Problem (4.1) - (4.3)
corresponding to the initial conditions S and S;, respectively. Assume ¢, =0.
Then

s, s (4.22)

+2
‘LZM(LN,Z) <C (¢,

52 -]

2
(Hl(Q))k

o)

This resembles a result (established for (1.4) for ¢=1) in [2], except that the
constant depends now on ¢ explicitly. making (4.22) more general than the one
in [2].

Other estimates for S will depend on the smoothness of ¢, through the vec-

tor w and w,, for instance, when ¢ isafunctionof t or x,orboth.

5. Conclusion and Perspectives

In this paper, we have investigated the saturation problem (4.1) - (4.3), first by
analyzing the case u=0, through a change of unknown function, change that
introduced the term w= %fb , which we mathematically interpret as a transport
term. A physical interpretation might come with a numerical treatment of the
transformed problem. A priori estimates have been established as well as some
regularity results. The latter results will be useful for regularization and numerical
treatments of the problem. Because of the degenerate nature of the problem, we
often opt for a regularization before a numerical treatment can be considered. In
a forthcoming paper, we investigate a regularization of the problem in the line of
[2] that follows the outline of a contribution chapter of the author in [19]. For the
numerical approximation, a question naturally comes into mind: How will the
introduction of a new transport term influence the performance of the various
schemes proposed for the solution of the saturation problem (4.1) - (4.3)? Our
perspective is to investigate this aspect of the problem in the very near future, as
well as the full pressure/saturation system when the porosity is not independent
of the time variable, based on error analyses for the proposed numerical methods

that will follow in a sequel of this work.
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