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Abstract 
Normalizable analytic solutions of the quantum rotor problem with divergent 
potential are presented here as solution of the Schrödinger equation. These 
solutions, unknown to the literature, represent a mathematical advance in the 
description of physical phenomena described by the second derivative opera-
tor associated with a divergent interaction potential and, being analytical, guar-
antee the optimal interpretation of such phenomena. 
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1. Introduction 

The hindered rotations are of crucial relevance in quantum mechanics due to the 
ability to describe phenomena ranging from the behavior of molecules, through 
the inversion of chirality and arriving at the coupling of angular momenta and 
their applications in quantum composition [1]-[11]. Despite the fact that the ro-
tation operator, or the second derivative operator on a cyclic coordinate, is closely 
linked to the principles of physics and their interpretation, the only analytical so-
lutions known in the literature are those with constant potential [12]-[19]. In 
other words, we have a single basis set to expand the solutions of physics equations 
such as Schrödinger’s. Consequently, for non-constant rotation potentials, the 
only possible approach is that which leads to numerical solutions of the problem 
addressed. 

As is well known, numerical solutions make the process of understanding the 
physics of the problem an even greater challenge and, when the solutions repre-
sent the starting point of other problems as in the case of the study of chemical 
reactions, the complexity of the numerical treatment, together with the propagation 
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of the error, with a certain frequency they give results without significance. It is 
with this problem in mind that, in this article, the analytical solutions of the rota-
tional quantum mechanical problem with divergent potential at +∞ for a specific 
value of the angle that describes the rotation are described. 

The article is divided as it follows. In the next section, the problem is mathe-
matically formalized and the solutions are calculated by dividing them into even 
and odd types. The section “Remarks and perspectives” continues the article pre-
senting some important observations. Appendixes “c coefficients” and “ ,i ms ” con-
clude the paper offering useful information for the reader that wants to build up 
the solutions of the problem. 

2. Theory 

The Schrödinger equation solved here is defined mathematically by the free rotor 
operator 

( )2

2

d
d

φ
φ
Φ

− i                            (1) 

plus an interaction potential ( )φV  appropriately chosen to represent the hin-
dered rotation. Following, this potential is presented and the eigenfunctions ana-
lytically calculated. 

2.1. Hindered Rotational Potential 

Being able to encounter square-integrable analytical wavefunctions for the Schrö-
dinger Equation presented above is strictly dependent on the mathematical ex-
pression used to represent Hindered Rotational Potential. Thinking about a gen-
eralization os the free-rotor quantum problem, the chosen function is so that the 
Schrödinger Equation becomes: 

( ) ( )
( ) ( )

2

2

d cos
0.

1 cosd
φ φ

λ φ
φφ

 Φ
− + − Φ =  − 

i
i i               (2) 

A graphical representation of this potential is given in Figure 1. Let’s observe that 
the square-integrable zero nodes wave-function ( ) ( )0 1 cosφ φΦ = −  is eigenfunc-
tion of Eq. (2) with eigenvalue 0. Due to the fact that it has no nodes, it can be stated 
that it is the eigenfunction associated with the smallest eigenvalue of the Equation. 

It’s convenient to search the remaining eigenfunctions in the form  
( ) ( ) ( )0φ φ φΦ = Φi iP  and expanding ( )φiP  in sum of sine and cosine functions 

(See next two subsections). Substituting so defined ( )φΦi  into Eq.(2), and 
dividing it by ( )0 φΦ , it is found that 

( ) ( )
( )

( ) ( )
2

2

d 2sin d
  0.

1 cos dd
φ φ φ

λ φ
φ φφ

− − − =
−

i i
i i

P P
P              (3) 

As well know, the symmetry in variable φ  expressed by Eq. (2) and Eq. (3) 
permits to demonstrate that the searched eigenfunctions are of two types: the sym-
metric or (even ones), expressible as sum of cosine functions, and the anti-sym-
metric (or odd) ones, expressible as sum of sine functions. Analytic expression 
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and associated eigenvalues are given in the next two subsection, respectively.  
 

 
Figure 1. Hindered Rotation Wave-functions. Blue curve represents the potential 

( ) ( )( )cos 1 cosφ φ−  while red and dark-green curves represent the firsts even eigenfunc-

tions. 

2.2. Even Solutions 

Even solutions are searched in the form ( )max
, ,0 cos φ

=
=∑M

Even i i mmP c m . Substituting 
in Eq. (3), it is obtained 

( ) ( )( ) ( ) ( )
max max

2
, ,

0 0
2sin sin 1 cos cos 0.φ φ φ λ φ

= =

   + − − =   ∑ ∑
M M

i m i i m
m m

mc m m c m  (4) 

Employing some trigonometric equalities, the above equation can be conven-
iently rewritten as 

( ) ( ) ( )( )
max

,
0

0 ,+ −
=

= + +∑
M

i m
m

c C m C m C m                (5) 

( ) ( )( ) ( )( )2 cos 1 ,λ φ+ = − + +iC m m m m               (6) 

( ) ( ) ( )22 cos ,λ φ= − iC m m m                   (7) 

( ) ( )( ) ( )( )2 cos 1 .λ φ− = − − −iC m m m m                (8) 

Observing these equations, and, in particular, Eq. (6), it can be seen that the 
series can be interrupted for a positive (integer) value of max =M i . Doing this, 
equation presents the term ( )( )cos 1 φ+i  multiplied by ( )2λ+ = − +iC i i . To 
make this term equals to zero, the only way is to assume ( )2λ = +i i i . At this step, 
the coefficients ,i mc  are determinable following the standard procedure described 
in Appendix A where the indetermination on ,0ic  is resolved considering the 
normalization ( ) 2

1φΦ =i . 
The first five normalized even eigenfunctions are reported in Table 1 and 

plotted in Figure 1. Finally, it follows the three-term recurrence relationship. 
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( )( ) ( )( )
( ) ( )

,

3 2 3 2
, 1 , 1

2 2 1 2 3 cos 2

2 1 2 5 2 3 2 1 .+ −

+ + +

= + + + + −

Even i

Even i Even i

n n x P

n n P n n P
        (9) 

 
Table 1. Normalized explicit expressions for the first five even solutions of Eq. (2). 

i λ  Explicit expression 

0 0 ( )( )1 cos 3φ− π  

1 3 ( )( )02 3cos 2 5φΦ +  

2 8 ( ) ( )( )03 10cos 2 16cos 9 35φ φΦ + +  

3 15 ( ) ( ) ( )( )02 7 cos 3 12cos 2 15cos 8 21φ φ φΦ + + +  

4 24 ( ) ( ) ( ) ( )( )0 18cos 4 32cos 3 42cos 2 48cos 25 33φ φ φ φΦ + + + +  

2.3. Odd Solutions 

Similar to the even eigenfunctions, the odd solution are expanded in sums of sine 
functions defining ( ), ,1 sin φ∞

=
=∑Odd i i mmP s m . Consequently, we have 

( ) ( ) ( )( ) ( ) ( )2
, ,

1 1
0 2sin cos 1 cos sinφ φ φ λ φ

∞ ∞

= =

  = − − −   ∑ ∑i m i i m
m m

ms m m s m  (10) 

that, with trigonometric manipulations, becomes 

( ) ( ) ( ),
1

0 ,
∞

+ −
=

= + +  ∑ i m
m

s S m S m S m                (11) 

( ) ( )( ) ( )( )2 sin 1 ,λ φ+ = − + +iS m m m m               (12) 

( ) ( ) ( )22 sin ,λ φ= − iS m m m                  (13) 

( ) ( )( ) ( )( )2 sin 1 .λ φ− = − − −iS m m m m              (14) 

Apparently, this problem is similar to the one about of the even solutions and 
that the expansion ,Odd iP  can be stopped for a particular value of m. But there is 
a crucial difference in the sums. The odd ones start with 1=m , while the even 
ones start with 0=m . Its because ( )sin 0 0φ =  and no contribution to the 
expansion is given. In other words, ,0is  is 0 and this has consequences on the 
rest of the coefficients, as it can be seen stopping the series to 1=m : 

( ) ( ) ( ) ( ),1 ,13 sin 2 2 1 sin 0.λ φ λ φ− + − =i i i is s             (15) 

As it will be evident, the absence of ,0is  in the multiplicative coefficient of 
( )sin φ  makes the equation inconsistent. Similar results are obtained considering 

other values for the maximum value of m. This means that the series cannot be 
stopped and that the odd eigenfunctions are expressed by a sum of infinite 
weighted terms of the type ( )sin φm . 

With some tedious but not impossible mathematical steps, Eq.(11) is rewrite as 

( )( ) ( ) ( )2 2
, 1 , 1 ,

1
1 2 sin 0λ λ φ

∞

+ −
=

 − − + + − = ∑ i i m i m i i m
m

m s s m s m       (16) 

where, as observed above, ,0 0=is . The Three Terms Recurrence Relationship 
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( )( ) ( )2 2
, 1 , 1 ,1 2 0λ λ+ −− − + + − =i i m i m i i mm s s m s  establishes the role for the 

convergence of the expansion ,Odd iP  that is obviously strictly dependent on the 
value of λi . In particular, the equation 

2
, 1 , 1

2 2
,

11
2 1 1

λ
λ λ

+ −+ −
= = +

− − − −
i m i m i

i m i i

s s m
s m m

              (17) 

must be true for each value of m. Conveniently, λ  is here replaced with 
( )2+i i , expression that was encountered in the subsection above, obtaining 

( )
( )( ) ( )( )

2
, 1 , 1

,

2 11 .
2 1 1 1 1
+ −+ − +

= = +
+ + − − + + − −

i m i m

i m

s s m i i
s m i m i m i m i

      (18) 

This last equation shows that for the odd solution i cannot assume integer 
values. Moreover, the value of first odd eigenvalue is between those of the firsts 
two consecutive even eigenvalues for which 0=i  and 1=i , respectively. 
Therefore, 0 1< <i . Observing that 

2
, 1 , 1

2
, ,

2
1

λ
λ

+ −−
= −

− −
i m i m

i m i m

s sm
s sm

                   (19) 

and that to guarantee the convergence of oddP  series it must be 

, 1

,

1+ <i m

i m

s
s

                         (20) 

for →∞m , it is deduced that 
2

, 1
2

,

1 2 1.
1

λ
λ

−−
− < − <

− −
i m

i m

sm
sm

                  (21) 

With some algebraic manipulations, this last equation becomes 

1
2 2

2 23 1
1 1λ λ

−+ > > +
− − − −

m

m

s
sm m

               (22) 

or 

( )( ) ( )( )
12 23 1 .

1 1 1 1
−+ > > +

+ + − − + + − −
m

m

s
m i m i s m i m i

        (23) 

Resuming, from a certain value of m onward, the sequence of ms  is positive-
defined if 1 0>s  or negative-defined if 1 0<s . Numerical tests confirm this 
result. Moreover, it is obtained that the sequences of ,λ ms  are positive or negative 
defined for each value of m. 

The symmetrization obtained in Eq. (18) demonstrates that the expression 
( )2λ = +i i i  describes the metric of the eigenvalues space. For this reason, i takes 

on the role of a quantum number and must take on equally spaced values. 
Considering the values of i that provides the even solutions, the odds ones are 
obtained with not negative half-integer values ( 1 2,3 2,5 2,7 2,= i ). 

3. Remarks and Perspectives 

Analytic eigenfunctions for a hindered potential applied to a quantum rotor 
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problem were found. Even functions are expressed by finite weighted sums of 
( )cos φm  functions while for the odd ones the weighted sums are over infinite 

terms ( )sin φm . In both cases, the coefficients of the expansions are here determined 
analytically and the eigenvalues λi  for the given potential are calculated as 
( )2+i i , where i is not negative integer or half-integer for even and odd solutions, 

respectively. 
The eigenproblem described here represents the first step for a generalization 

of the free rotation quantum problem to a hindered one. The second step is 
represented by the introduction of a more general potential given by the expression 

( ) ( )
( )

cos
.

1 cos
φ

φ
φ

=
−
a n

V
a n

                    (24) 

The behavior of the Schrödinger equation under the action of this potential is 
under study and more investigations are, at the present moment, necessary. 
However, it is possible to anticipate that, for values of 1= ±a  and n positive 
integer, ( )2λ = +i i i n . 

But the main challenge is to make a vary in the open interval ( )1,1−  because 
the resulting potential presents one or more finite barriers (It depends on the value 
of n) and eigenvalues with energies below the barriers. Consequently, the 
eigenfunctions represent a set of orthogonal functions completely new compared 
to those encountered in the literature that are never solutions of potentials with 
finite barriers. 

Such a cyclic potential can be used to describe a variety of physical systems 
ranging from the roto-torsions of molecules, through the inversion of chirality, 
and arriving at the description of confined atoms and entangled coordinates 
predicted in field theories with more than four dimensions. 
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Appendix A. c Coefficients 

In this appendix, Eq.(5) is used to find the coefficients of the expansion given at 
the beginning of section 2.2. Using Eq. (3) and considering the case of 

max 4= =M i , the condition to be respected is expressed by 

( ) ( )
( )( ) ( )

( )( ) ( )

( )( ) ( )

( )( ) ( )
( )

4,4 4

4,3 4,4 4 4,4 4,3

4,4 4,3 4,2 4 4,4 4,3 4,2

4,3 4,2 4,1 4 4,3 4,2 4,1

4,2 4,1 4,0 4 4,1

4,1 4,0 4 4,1

24 cos 5

2 32 15 cos 4

2 8 18 8 cos 3

2 3 8 3 cos 2

2 2 2 cos

2 0.

λ φ

λ φ

λ φ

λ φ

λ φ

λ

−

+ − + −

+ − + − + −

+ − + − + −

+ − + +

+ − + =

c

c c c c

c c c c c c

c c c c c c

c c c c

c c c

      (A1) 

Observe that the coefficient of ( )cos 5φ  is automatically zero because 
( )4 4 4 2 24λ = + = . Consequently the equation above is reduced to 

( ) ( )
( ) ( )
( ) ( )
( ) ( )

4,3 4,4

4,4 4,3 4,2

4,3 4,2 4,1

4,2 4,1 4,0

4,1 4,0

9 16 cos 4

16 30 16 cos 3

21 40 21 cos 2

24 46 48 cos

25 48 0

φ

φ

φ

φ

−

+ − +

+ − +

+ − +

+ − =

c c

c c c

c c c

c c c

c c

               (A2) 

that is verified if 

( )4,3 4,49 16 0− =c c  

( )4,4 4,3 4,216 30 16 0− + =c c c  

( )4,3 4,2 4,121 40 21 0− + =c c c  

( )4,2 4,1 4,024 46 48 0− + =c c c  

4,1 4,025 48 0.− =c c                       (A3) 

Apparently, it is a system of five linear equations and five unknown coefficients 

4, 0, ,4= mc , but this is not correct because one of these is redundant. This can be 
demonstrated imposing (for convenience) 4,0 25=c  so that, to respect the last of 
Eq.(A3), 4,2 48=c . Consequently 

( )4,3 4,49 16 0− =c c  

( )4,4 4,3 4,216 30 16 0− + =c c c  

( )4,3 4,221 40 1008 0− + =c c  

( )4,224 1008 0.− =c                      (A4) 

Doing 4,2 42=c : 

( )4,3 4,49 16 0− =c c  

( )4,4 4,316 30 672 0− + =c c  
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( )4,3 4,221 40 672 0.− − =c c                    (A5) 

Doing 4,2 42=c : 

( )4,3 4,49 16 0− =c c  

( )4,4 4,316 30 672 0− + =c c  

( )4,321 672 0.− =c                      (A6) 

Doing 4,3 32=c : 

( )4,4288 16 0− =c  

( )4,416 288 0− =c                       (A7) 

and this demonstrates the redundancy because the two conditions are identical 
and 4,4 18=c . To uniquely define ( )4 φΦ  the just found coefficients 4, 0, ,4= mc  
have to been scaled by a normalization factor so that ( ) 2

40

2
d 1φ φ

π
Φ =∫ . 

Appendix B. ,i ms  

Taking ,1 1 2=is , they follow the expressions of the firsts eleven coefficients ,i ms . 

( )( ),2 0

0

1 ,
2

λ
λ

=

−
=

− +∏
i

i
ij

s
j j

                    (B8) 

( )( )
2

,3 1

0

3 17 16 ,
2 2

λ λ
λ

=

− +
=

− +∏
i i

i
ij

s
j j

                   (B9) 

( )( )
( )( )

2

,4 2

0

2 5 11 12
,

2

λ λ λ

λ
=

− − +
=

− +∏
i i i

i
ij

s
j j

                (B10) 

( )( )
4 3 2

,5 3

0

5 170 1817 6648 5760 ,
2 2

λ λ λ λ
λ

=

− + − +
=

− +∏
i i i i

i
ij

s
j j

          (B11) 

( )( )
5 4 3 2

,6 4

0

3 185 3965 35207 119040 100800 ,
2

λ λ λ λ λ
λ

=

− + − + −
=

− +∏
i i i i i

i
ij

s
j j

    (B12) 

( )( )
6 5 4 3 2

,7 5

0

7 707 26453 455137 3621696 11620800 9676800 ,
2 2

λ λ λ λ λ λ
λ

=

− + − + − +
=

− +∏
i i i i i i

i
ij

s
j j

(B13) 

( )
( )( )

( )
( )( )

7 6 5 4 3
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