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ABSTRACT 

In this paper we address the implementation issue of the geodesics method with constraints on Heisenberg manifolds. 
First we present more details on the method in order to facilitate its implementation and second we consider Mathe-
matica as a software tool for the simulation. This implementation is of great importance since it allows easy and direct 
determination of Ricci tensor, which plays a fundamental role in the Heisenberg manifold metric. 
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1. Introduction 

Geodesics plays an important role in many applications, 
especially in nuclear physics, image processing, ··· Ovidiu 
Calin and Vittorio Mangione [1] considered the Heisen-
berg manifold structure to provide a qualitative charac-
terization for geodesics under nonholonomic constraints. 
This method offers an excellent description or the solu-
tion of Euler—Lagrange equation associated to lagran-
gians with linear and quadratic constraints. Therefore it is 
highly desirable to consider the implementation of this 
interesting mathematical method. In this paper we inves-
tigate the implementation of the method presented in 
reference [1]. Due to the fact that the mathematical work 
in reference [1] lacks some details that are necessary for 
implementation, we address this issue by including such 
required details with complete proofs, after presenting 
the method described elsewhere [1] in an appropriate 
manner we implement and simulate mathematical. This 
implementation approach can successfully well illustrate 
the variation of some parameters such as Christoffel co-
efficients, ··· and ··· that are required in the determina-
tion of tensors. Our approach is also of great importance 
especially in the case where the determination of the ge-
odesics is carried out by minimizing a performance index. 
Therefore our implementation approach can be consid-
ered as an attractive complement for the work of [1]. 

The working hypotheses: 
We take the examples studied in [1] with the follow-

ing: 
1) Expressions of the vector fields 

,2 2x z yX Yy        zx         (1) 

2) The Heisenberg Laplacian operator 

 2 2
1 2

1
Δ

2H X X                (2) 

3) The sub-Riemannian geometry can be defined on 
 by: 3R

  1 1 2 2, x z y zX A y X A x            (3) 

4) If   3: 0,1 R   is the trajectory of a particle of 
mass m = 1 its energy is given by 

  
1

2

0

1
d

2
s s                 (4) 

where         , ,s x s y s z s 
 

, and 
   

2
,s g      is a Riemannian metric which 

will be specified later. 
5) We consider successively the two expressions: 

    221

2
L s w s                (5) 

   
 

       2 2

λ

1

2 h
L s w s w            

where w is the 1-form such 

d 2 d 2 dw z y x x y    

And   is a constant, which has the physical signifi-
cance of a charge.   is a 1-form which will be defined 
later. 

6) We consider as in [2], the Heisenberg group 

1

0 1 , , ,

0 0 1

x z

y x y z R

 
   
 

 
 
 





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This group is non commutative and the law of the 
group is polynomial and can be written in  3

    , , , , , , x y z x y z x x y y z z xy             

The Lie algebra of H is spanned by the matrices 

0 1 0 0 0 0 0 0 1

0 0 0 0 0 1 0 0 0 .

0 0 0 0 0 0 0 0 0

X Y Z

     
            
     
     

 

for which the following relations hold 

     , 2 , ,X Y Z X Z Y Z  0  

Proposition: 
If A and B are in H, 

     1
exp exp exp ,

2
A B A B A

  
 

B

  

This relation is not so senseless even if it can be very 
easily proved with a little computation. 

It is indeed coming from the Baker-Campb-Hausdorff 
formula which expresses the product of the exponential 
of two matrices as the exponential of some quantity. 

To be more precise, for two matrices M and N: 

      exp exp exp ,M N P M N



 

where  is a Lie series which depends on the 
iterated brackets of M and N: 

 ,P M N

     

 

1 1
, ,

2 12
1

, ,
12

P M N M N M N M N N

M N M

      

    

, ,
 

In this case of the Heisenberg group whose Lie algebra 
is nilpotent of order 2, this serie stops after the first 
bracket term. We prefer to work with the exponential 
coordinates are the coordinates in the Lie algebra. 

We identify g H  then with the triple  
such that: 

  3, ,x y z R

 expg xX yY zZ    

The group law in these coordinates becomes: 

     , , . , , , , 2 x y z x y z x x y y z z xy yx               

And the inverse element is: 

  * 1
, , , , x y z x y z

      

The expressions of the left invariant vector fields in 
these exponential coordinates are then 

1 22 2x z y zX y X x T          z     (6) 

Whereas the right-invariant vector fields is written: 

1 2,2 2 ,x z y zX y X x T           

Reference [3] was the first to check easily that: 

 1 2( ) ( ) 0, 1w w X TX w             (7) 

And 

 

     

1 2

2 2 2

2

2

2

,

2 , 2

2 2 2 2

2 2 4

2 4 4 4 .

x z y z

x z y z y z x z

X X

y x

y x x

xy
x y z z x yz

xy T
z z zz

        

y             

    
    
     

   
      

  

 

The left invariant frame 1X , 2X  is a basis for the 
horizontal fibration 

 d 2 d 2 d .K Ker z y x x y    

Note that 

d 2 d 2 dw z y x x y              (8) 

Is a contact form in  i.e.  
(

3R w dw dz dx dy   
w dw  never vanishes); since  1 2, 4X X T  , it fol-

lows that K is not involutive.The distribution K will be 
called the horizontal distribution. 

A more detailed about sub-Riemannian structures see 
in [4]. 

A curve  , ,x y z   is called horizontal if 

  0w    

Or                2 2z yx xy 0               (9) 

The vector fields (6) defines a unique Riemannian 
metric h such as 

   δ , 0, ,iji j i X X Xh h T   

And               ,h T T  . 

For the coefficients calculus, we have used a little 
Mathematica program: 
n 3  
3 

 f 1,0,2y  
 1,0,2y  

 , 2xg 0,1  
 0,1, 2x  

z  

1
l 0,0,

λ

 
  
 

 

1
0,0,

λ

 
 
 

 

       Do h i, j h j, i , j,1, n , i,1, n    

          NSolve Table Sum f i f j h i, j , i,1, n , j,1,n 1 ,             
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         Table Sum l i f j h i, j , i,1,n , j,1,n 0 ,           

         Table Sum l i g j h i, j , i,1, n , j,1,n 0 ,           

         Table Sum g i f j h i, j , i,1,n , j,1,n 0 ,           

         Table Sum l i l j h i, j , i,1, n , j,1, n 1 ,           

          Table Sum g i g j h i, j , i,1, n , j,1,n 1 ,           



 

  

  

 

 

           h 1,2 , h 3,3 , h 3, 2 ,h 2, 2 ,h 1,3 , h 1,1 

      h 1,2 0. 4.xyλ, h 3,3 1.λ, h 2,3 0. 2.x ,

 

    

     

 

2 2h 2,2 1. 4.x λ, h 1,3 0. 2.yλ, h 1,1 1. 4.y λ     

  211,1 4yh

So, we have : 

   41,2, xyh   2,3 2h x, 

  21,3

, 

yh    3,3h,     22,2 =1 4h x 
 
ijh

. 

As the coefficients   are symmetric in i and j the 
matrix of coefficients is 

 

2

2

1 4 4 2

4 1 4 2

2 2
ij

y xy y

h xy x x

y x



  
  
  

   
 

   
  

 λ
ijR

 λ
ijh 1

      (10) 

For a detailed study of sub-Riemannian geodesics on 
Heisenbeg group see in [5]. 

2. Main Results [6] 

Heisenberg group case: 
We shall construct the Euler-Lagrange equation for the 
Lagrangian (5) in the Levi-Civita connection form. 

Lemma 1 
If  are the components of the Ricci tensor with 

respect to the metric  on H  then 

   λ λ8λij ijR h              (11) 

Proof 
We will calculate the coefficients of the Ricci tensor 

from the following relation: 
kk
ijk r k r kik

ij ijk ik rj ij rkj k
R R

x x


       

 
 

After, we will compare these results with those of 
theorem. 

For the first calculation, we use the mathematica pro-
gram: 

Clear [coord, metric, inversemetric, affine, riemann, 
ricci,scalar, x, y, t] 
n 3  
3 

 coord x, y, t
 x, y, t  

 

  
    

  
  

2

2

2 2

metric

1 4λ y , 4λxy, 2λy ,

4λxy,1+4λ x ,2λx , 2λy,2λx,λ

1 4y λ, 4xyλ, 2yλ , 4xyλ,1 4x λ,

2xλ , 2yλ, 2xλ,λ

   

 

    



 

Metric // MatrixForm 



Imversemetric = Simplify [Inverse [metric]] 

21 4y λ 
2

4xyλ 2yλ

4xyλ 1 4x λ 2xλ

2yλ 2xλ λ

 
 
  

  

 

    2 2 1
1,0, 2y , 0,1, 2x , 2y, 2x,4x 4y

λ

       
  

 

inversemetric // MatrixForm 

2 2

1 0 2y

0 1 2x

1
2y 2x 4x 4y

λ

 
 
 

 
 
   
 

 

affine: = 

    
   
   

      

     i,1,n , j,1,n , k,1, n

affine

Simplify Table 1 2 Sum inversemetric i,s

D metric s, j , coord k

D metric s, k ,coord j

D metric [ j, k] ,coord s , s,1,n ,

        

         

         
      

 



Iistaffine :  

 Table If UnsameQ[affine i, j, k ,0 ,

    
     

ToString Γ i, j, k ,affine i, j, k ,

i,1, n , j,1, n , k,1, j

    
       



 

   

    
     

riemann :

riemann

Simplify Table D affine i, j, l ,coord k

D affine i, j, k ,coord l Sum affine , ,

affine , , affine s, j, k affine i, l,s ,



         s,1, n , i,1, n , j,1, n , k,1,n , l,1, n

s j l

i k s



           
              
          

 


 
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 

    
       

listriemann:

=Table If UnsameQ riemann i, j, k, l ,0 ,

ToString R i, j, k, l , riemann i, j, k, l ,

i,1, n , j,1, n , k,1,n , l,1, k 1

      
     

 

 


ricci :   

   
ricci

Simplify Table Sum riemann i, j, l, i , i,1, n ,         

   j,1, n , l,1, n ,

 

        

listricci : Table If UnsameQ ricci j, l ,0

ToString R j, l , ricci j, l , j,1,n , l,1, j

       
    

 

    

TableForm

 Partition DeleteCases Flatten listricci , Null , 2      , 

 TableSpacing 2, 2   

   2R 1,1 8λ 1 4y λ   

  2R 2,1 32xyλ  

   2R 2,2 8λ 1 4x λ   

2R[3,1] 16yλ  

2R[3, 2] 16xλ   

2R[3,3] 8λ   

Likewise, 
Using (10) w e we swap her   with  , we get the 

Equation (11) on components: 

     
 

1 4λ y , 4λxy, 2λy , 4λxy,1 4λ x ,2 ,

2λy, 2λx,λ 

__

2 2

h λ :

x     



 

  

 

   
 

2 21 4y λ, 4xyλ, 2yλ , 4xy ,1 4x 2xλ ,

2yλ, 2xλ, λ

  

 

 

h λ

λ λ,



   Simplify Table R i, j 8λh λ       

     2 2 2 28λ 1 4y λ ,32xyλ ,16yλ , 32xyλ ,8λ 1 4x λ , 
 

  2 2 2 216xλ , 16yλ , 16xλ , 8λ  

2

Remarque: 

To show the values of the Riemann tensor, add the 
following command : 

 
 

TableForm

Partition DeleteCases Flatten listriemann , Null , 2 ,

2,2



TableSpacing

    
 

 

Corollary 1  
If   is an horizontal curve ,then 

    2
, 8R                     (12) 

where    2
,h      does not depend on    

Proof 
If   is horizontal, 1 2xX yX     . In this case,  

    2

1 2 1 2

2
1 1 1 2

2 2
2 1 2 2

, , ,

, ,

, ,

h xX yX xX yX

x X X xy X X

yx X X y X X x y

         

   

    

        

 

    

 
2 .

so we have 

        2 2, ,h h x    y          

We see    ,h       that does not depend on  . 
Using lemma1: 

        2
,R h 8 ?        

The next proposition is a generalization of the previ-
ous corollary to any vector field. 

Proposition 1 
For any vector field V we have 

     

          2
, 8 , 2V V h V V w V     R   (13) 

Proof 
etric Using the m  

ijh  ,

 

 we can write 

  2ij ij ijh h K                 (14) 

where 
24 4 2

 4 4ij

y xy y
2 2

2 2 1

K xy x

 
 

  x   

y x
   

we have 

 

2 3

2 2 2

2

2 3 3

1 2 3

1 3 2

2 2
1 2 1 3 2 3

13 2

2

4 2 2 2

4 4 8 4 4

,

2 2

x x v v yv v xv v

y x xy

K V V

v v

v v v

v y

v v y v v x v v

v xv w V

 

    

    

 
   

2 22 2
1 2 1

2
1 2 3

2

3 3

2

24 4 8 4 4v v vy x xyv v y v v x v v      

    

2
1

2 2

1 1 3 2 1

2

4 4 4y xyv v y v v xyv vv  2

 
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And (14) becomes 

Using lemma1: 

Corollary 2 
The actions  and  

         2
, , 2h V V h V V w      V

   
   
      2

,

8 ,

8 , 2

R V V

h V V

h V V w V









 



 

 

    ,R f s f s dsò   
    221

2
s w s ds   both with   et-

ric  
respect to the m

 h   reach the extrema for the same functions  
  3: 0,1 R . 

In particular, the ex


trema will be geodesics in the met-
ric with coefficients  

ijR  . 
at, evIt is interestin

non-holonomic c
g th en if the Lagrangian (5) has a 
onstraint, the minimizers still behave as 

geodesics in a certain metric. This is given in the follow-
ing result. 

Theorem 1  
The Euler-Lagrange equation for the Lagrangian (5) is 

0                   (15) 

where 
i   

k
j ij k    ficients give, with the coef n by 

1

2
js ijk ks is

ij
j i s

g gg
g

x x x    

 
               (16) 

3.

 

 A More General Case [6] 

Heisenberg manifold case 
We have investigated the case when the vector fields 

are given by the formula (3). We shall deal in this section 
with the more general case of vector fields. 

 1 x zA y X     And  2 y zX B x     

With A(y), B(x) are smooth functions. The 1-form w in 
this case is 

17) 

One may check that  

   z dy        (w A y dx B x     

   1 2 0w X w X 

Another important 1-form is 

          (19) 

           (18) 

 dx  B dy A   

A computation shows the vector fields 1X , 2X  and 

t 

3 

 are orthonormal in the Riemannian metric. 
For computing the coefficients, we have use a little 
Mathematica program. 

n 3  

  yf 1,0, A  
  1,0,A y  

  B x  g 0,1, 

  0,1, B x  

 t0,0, λ   l

 λ  t0,0,

       o h i, j h j, i , j,1, n , i,1, nD      

NSolve 

          Table Sum f i f j h i, j , i,1, n , j,1, n 1 ,           

         Table Sum l i f j h i, j , i,1,n , j,1,n 0 ,             

i        Table Sum l g j h i, j , i,1,n , j,1,n 0 ,             

         Table Sum g f j h i, j , i,1,n , j,1,ni 0 ,              

         Table Sum i l j h i, j , i,1, n , j,1, nl 1 ,              

         Table Sum g g j h i, j , i,1, n , j,1,n 1  ,i             

              h 1,2 , h 3,3 , h 3, 2 ,h 2, 2 ,h 1,3 , h 1,1

        h 1, 2 0. 1.λA y B x ,h 3,3 1.λ,  

   h 2,3  0. 1.λB x ,   

   h 2,3 0. 1.λB x ,   

       2
h 2, 2 1. 1.λB x , h 1,3 0. 1.λA y    , 

    2
h 1,1 1. 1.λA y   

So, we have: 

   21 11 1 .,h A y ,      1.1,2 y B xh A  

   1,3 Ah y  , 

      
   

1,2 , 3,3 , 3,2 , [2, 2], [1,3], [ 1]

2,3

h h h h h

h B x

RR h






 
1,

 3,3h  ,    2
2,2 1h B  . x

As the Riemannian metric is symmetric, we obtain 

 
     

       
   

2

2

1

1ij

 A y A y B x A y

h A y B x B x B x

A y B x



  
  
 

   
 

   
   

 (20)  

quadratic potential constraint 



We shall consider the following Lagrangian with a 

      
2. 21

2 h
L w w               

      (21) 

When   22 2A x x  and  1 12B x x  we get the 
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Lagrangian in (5). In this case 0  . 
neThe following result is a ge ralization of lemma1.We 

shall denote by 

1A
1

d
A  , 

dy
2dA

dx
2A          (22)  

Lemma 2 
If 

  

 
ijR   
o

are the components e Ricci tensor with 
respect t  the metric given in (20), t

of th
h



en  

  

2ij ij ij

where  
ijh

R Rh Q               (23) 

  is obtained by flipping the sign in(20)  

 
 

1 1 1 2 1 2

1 2 1 2 2 2 2

1 2

2

  2ij

1

0

A A A A A A

Q A A A A A A A

A A

  

  

 

   
 
   
 
 

A 

place the coefficients of 

  

 
And R is the Ricci scalar 
Proof 
We will just re  

ijh   and 
in the relation (24), and xt we wil
relation to compare the two results : 

ijQ  
ne l use the following 

kk
ijk r k r kik

ij ijk ik rj ij rkj k
R R

x x
       

 
 

For this, we use the mathematica program



. 

1) We have    R
2ij ij ijR h    Q , then 

   

   

2 2' ' ' '1 1
11 1 2 1 1 1 2

2 22 2 ' 2 2 ' ' 2 2 '
1 1 1 1 2 1 2

2 2
1 1

2 2

R A A A A A A

A A A A A A A

   

  

   

  
 



 

 

22 '
1 1

1 1
A A12 1 2 22 2

R A A A

22 ' ' 2 '
1 1 2 2 2 1 2 1 2

1 1

2 2
A A A A A A A A A  

 






 

 

 

   

     

   222 '1
A A

2' ' '
22 1 2 1

1 1
R A A A  

2'
2 2 2

22 22 ' 2 ' '
2 2 2 1 2

2 1

2 2
1

 
2

A A A

A A A A A



 

2

   

   



   2 22 ' 2 ' ' 2 '
23 2 2 2 2 1 2 2 1

1 1 1
 

2 2 2
R A A A A A A A A        

 22 ' '
33 2 1

1
 

2
R A    A

And the Ricci scalar is : 

 2' '
1 2

1

2
R A A               (24) 

2) we put : 

   2A x A y ,    1   B x B x  

Clear [coord, metric, inversemetric, affine, riemann, 
ricci, scalar, x, y, t, A, B] 
n 3  
3 

 coord x, y, t  

         2
metric 1 λA y , λA y B x , λA y ,     

             2
λA y B x ,1 λB x ,λB x , λA y ,λB x ,λ    

 inversemetric Simplify Inverse metric     

   

       

  

     

*

affine :

Simplify Table 1/ 2 Sum

tric i,s D metric s, j , coord k

D metric s, k ,coord

i,1 , j,1, n , k,1,n



 

 inverseme

 j

      D metric j, k ,coord s , s,1, n ,

affine

,n

       

        

 



  

      

     

      

   

listaffine :

Table If UnsameQ affine i, j, k ,0 ,

ToString i, j, k ,affine i, j, k , i,1, n ,

j,1, n , k,1, j



       



 

 

 

TableForm

Partition DeleteCases Flatten listaffine , Null , 2 ,

TableSpacing 2,2

     

 

 

        ' '1
1,2,1 λA y A y B x

2
   

        ' '1, 2,2 λB x A y B x    

      ' '1
1,3,2 λ A y B x

2
    

        ' '2,1,1 λA y A y B x    

        ' '1
2, 2,1 λB x A y B x

2
   

      ' '1
2,3,1 λ A y B x

2
   

          ' '3,1,1 λA y B x A y B x   
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        
      

2 2 '

2 2 '

1
3,2,1 1 λA y λB x A y

2

+ 1 λA y λB x B x

   

 
 

      2 2 '1 λA y λB x B x   

          ' '3, 2,2 λA y B x A y B x    

        ' '1
3,3,1 λB x A y B x

2
    

        ' '1
Γ 3,3,2 λA y A y B x

2
   

Riemann:   

 Riemann Simplify Table  

    D affine i, j, l , coord k D affine i, j, k ,               

     coord l +Sum affine s, j, l  affine i, k,s                

     affine s, j, k affine i, l,s , s,1, n ,         

        i,1, n , j,1, n , k,1,n , l,1,n   

listriemann:  

  =Table If UnsameQ riemann i, j, k, l ,0 ,      

    ToString R i, j, k, l , riemann i, j, k, l         ,

       i,1, n , j,1, n , k,1,n , l,1,k 1   

 TableSpacing 2, 2   

ricci :  

 ricci Simplify Table Sum riemann i, j, i, l     ,  





     i,1, n , j,1,n , l,1, n    

  listricci : T le If UnsameQ ricci j, l 0 ,ab       ,  

        ToString R j, l , ricci j, l , j,1, n , l,1, j           

  TableForm Partition DeleteCases Flatten  
   listricci , Null , 2],TableSpacing 2,2   

 

   
      

        

22 '

2 ' '

2 2' '

R 1,1

1
λ 1 λf[y] f y

2

2 1 λf y f y g x

+ 1 λf y g x 2f y f '

  

  

  

 

y



             
 

2'' ' '

''

1
R 2,1 λ g x f y f y λg x f y g x

2

g x

   



 

 

    
           

   

2 2'

2 2' ' '

''

R 2,2

1
λ 1 λg x f y

2

2 1 λg x f y g x 1 λg x g x

2g x g x

   

     



 
2

           2' ' ''1
R 3,1 λ λf y f y g x f y

2
    

           2' ' ''1
R 3, 2 λ 2λg x f y g x 2g x

4
     

      22 ' '1
R 3,3 λ f y g x

2
    

  scalar Simplify Sum inversemetric i, j ricci       

    i, j , i,1,n , j,1,n     

    2' '1
λ f y g x

2
  

Remarque: 
To show the values of the Riemann tensor ,add the 

following command : 

Consider the curve 

TableForm[Partition[DeleteCases[Flatten[listriemann  
], Null], 2],TableSpacing {2,2}]  

Lemma 3 

        , ,s x s y s z s            (25) 

Then 

             
   

2 1 1 2

2

, 2

.w

Q A y s A x s z s A x s A y

  

   



   

 

     
 

s

Proof 
Let        1 2 ts x s X y s X z s        

d 
 be the tangent 

vector fiel
Then  

 

 
   

  

 

2 2
1 1 2 2

1 2 1 2 1 2

2 1

2 1 2 1

,

2 2

2 2 2 2

2 2 2 2

2

Q

A A x A A y

A A A A xy A xz A yz

 

  
2 1 2 1 2 1

2 12 2

 2 .

A y A  x A y A x z A y A x

A y A x 

  

 

    

 



A y A x z

A y A x A y A x z

w

 
 

   

   

 

 

   

 

   

 

 

   

  

    



 

   

We note that   

re

and w measure th
the Heisenberg structure and horizonta
When the structu  is Heisenberg, 

e departure from 
lity respectively. 
0   and when V is 
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horizo   0w V  . 
owing we 
( ) (h h

ntal, 
In the foll give a global interpretation for the 

difference )    in terms of the horizontal distri-
bution K kerw . 

ij

Lemma 4 

    2ij ijh h K                (26) 

With 

       
     

 

1 1 2 1
2

2 2

1 2 1
ij  

 

2

1 2

A y A y A x A y

K A y

A y



ore 

A x A x A x

A x

 
 

  
   

 

Furtherm

   2
,K V V w V   

Proof 
For the 8):  relation (2.2

 2 ?  

2
1 1 2 1

2

( ) ( ) ( ) ( )

1 2 2 2

1 2( ) ( ) 1

2

ij ij

ij

A y A y A x A y

h h A y A x A x A x 

 


 
A y A x

K


   



 

Fo

 


 
 

 
 

2 2
1 1

1 1

2 2

2 2
2 2

3 1

2

2 ( )

2 ( )

-

.

V

y

A y v v




2

r the second part we have: 

 ,K V

v    
   

  

1 2 1 2

3 1 2

2 2
3 2 2 1 3 1

1 3 1 2 3 2 3

2

1 2 2

2

2 2

2 ( ) 2 ( )

2 ( ) ( ) -

A y A x v v

A y A x v v2 1

2 A

A x v v A x v A y v v

A x v

v A y v

w V

 

 

 

1 2

A y v v A x v v v

A x v



 

  

 







  

 

 

 

Denote ' 'A A  ,   2
ij ijg R    Denote also 

2   . 
Theorem 2 

    ,g s s d    s

and  



    
      2

2 h
 1

s w s w ds


            

reach the extrema for the same functions. In particular, 
the extrema will be geodesics in the metric ijg  and obe  
the equation 

y
0  

n defined
 where a 

type connectio  by 
  is the Levi-Civit

ijg  
Proof 
From Lemma 2 and Lemma 3 we have 

Using Lemma 4 we get 

From (24) 

           , ,R V V Rh V V V w V     

              , , 2 ,R V V R h V V K V V V w V       

2

2
R


  

Hence 

             2 2

, 1
, ,

2

R V V V
h V V K V V w V


 


 

    

The last equation can be written also as 

         
2 21

,
2 h

g V V V w V V w V      

which com letes the proof. 

4. Natural Levi-Civita Connection on 
Heisenberg Group [6] 

rt with the properties of the Levi-Civita co c-

p

We sta nne
tion on 1H . For each metric h  one has a natural 
Levi-Civita connection λ

λ

  defined by 
λ

i

k  λj ij k                (27) 

w hristoffel symbolhere the C s are defined by the metric 
(1 ven by using 
Mathem

).They depend linearly on λ  and are gi
atica program. 

Clear[coord,metric, inversemetric,christoffel, x, y, t]  
n 3  
3 

 coord x, y, t  

 

   2

, t metric

1 4λ y , 4λxy, 2λ     

    2
xy,1 4λ x , 2λx , 2λy,2λx,λ ,  

x, y

y

4λ

inversemetric Simplify[Inverse[metric]]  

affine:=  

 affine Simplify Table 1 2 Sum   

      inversemetric i,s * D metric s, j , coord k              

     D metric s, k ,coord j D metric j, k ,                

          ord s , s,1,n , i,1, n ,    co j,1, n , k,1,n 
 

listaffine :  

  Table If UnsameQ affine i, j, k ,0 , ToString        

       Γ i, j, k ,affine i, j, k , i,1, n , j,          1,n , k,1, j   

TableForm[Partition  

 DeleteCases Flatten listaffin , Null , 2 ,e      

 TableSpacing 2, 2   
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 Γ 1, 2 4yλ  ,1
1 21 20; 0X XX X      

 1,2,2 8xλ    
2 21 22 2;X t XX X 

t       
 Γ 1,3,2 2λ   Proof 

See in [6] 

5. Conclusions 

In this paper, we have proposed an ap oach for the im-
plementation of the Geodesic method th constraints on 
H anifolds by including more details with 
co e implementation. 

bility and rapidity. It has been 
sh icci tensor can easily be determined us-
in enta on. 
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