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ABSTRACT

In this paper we address the implementation issue of the geodesics method with constraints on Heisenberg manifolds.
First we present more details on the method in order to facilitate its implementation and second we consider Mathe-
matica as a software tool for the simulation. This implementation is of great importance since it allows easy and direct

determination of Ricci tensor, which plays a fundamental role in the Heisenberg manifold metric.
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1. Introduction

Geodesics plays an important role in many applications,
especially in nuclear physics, image processing, -+ Ovidiu
Calin and Vittorio Mangione [1] considered the Heisen-
berg manifold structure to provide a qualitative charac-
terization for geodesics under nonholonomic constraints.
This method offers an excellent description or the solu-
tion of Euler—Lagrange equation associated to lagran-
gians with linear and quadratic constraints. Therefore it is
highly desirable to consider the implementation of this
interesting mathematical method. In this paper we inves-
tigate the implementation of the method presented in
reference [1]. Due to the fact that the mathematical work
in reference [1] lacks some details that are necessary for
implementation, we address this issue by including such
required details with complete proofs, after presenting
the method described elsewhere [1] in an appropriate
manner we implement and simulate mathematical. This
implementation approach can successfully well illustrate
the variation of some parameters such as Christoffel co-
efficients, --- and --- that are required in the determina-
tion of tensors. Our approach is also of great importance
especially in the case where the determination of the ge-

odesics is carried out by minimizing a performance index.

Therefore our implementation approach can be consid-
ered as an attractive complement for the work of [1].

The working hypotheses:
We take the examples studied in [1] with the follow-
ing:
1) Expressions of the vector fields
X =0,+2y0,,Y =0,—2x0, )

2) The Heisenberg Laplacian operator
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1

By =2

(X +X,7) )

3) The sub-Riemannian geometry can be defined on
R’ by:
Xl:6X+Al(y)azsx2:8y_A2(X)az (3)

4) If ¢:[0,1] >R’ is the trajectory of a particle of
mass m = 1 its energy is given by

[3(l(s)) s @
where s)=(x(s),y(s),z(s)), and
(|(b(s¢))|()2 ): g( ((;,%)y(ls) a (Rzzmannian metric which

will be specified later.
5) We consider successively the two expressions:

L :%(/ﬁ(sf 2 (wg(s)) 5)

L= ((e)) ) ~4(w(e(s) +£(9)w(9)

where w is the 1-form such

h(x)

W =dz —2ydx +2xdy

And A is a constant, which has the physical signifi-
cance of a charge. £ is a 1-form which will be defined
later.

6) We consider as in [2], the Heisenberg group

1
0 ,XY,2€eR
0

S = X
—_ < N
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This group is non commutative and the law of the
group is polynomial and can be written in R’

(%Y, 2)x(X,y,2)=(x+X,y+Y, 2+ 2 +xy')
The Lie algebra of H is spanned by the matrices

010 000 0 01
X=/0 0 0|]Y=|0 0 1|Z={0 O O
000 000 000

for which the following relations hold

[X,Y] =27 [X,Z]:[Y,Z]:O
Proposition:
If Aand B are in H,

exp(A)exp(B):exp(A+ B+%[A,B]]

This relation is not so senseless even if it can be very
easily proved with a little computation.

It is indeed coming from the Baker-Campb-Hausdorff
formula which expresses the product of the exponential
of two matrices as the exponential of some quantity.

To be more precise, for two matrices M and N:

exp(M )exp(N):exp(P(M, N))

where P(M,N) is a Lie series which depends on the
iterated brackets of M and N:

1 1
P(M,N)=M+N+—=|M,N|+—|[M,N],N
(M.N) SN+ [[MNLN]
1
MM -

In this case of the Heisenberg group whose Lie algebra
is nilpotent of order 2, this serie stops after the first
bracket term. We prefer to work with the exponential
coordinates are the coordinates in the Lie algebra.

We identify g eH then with the triple (X,y,z)e R’
such that:

g =exp(XX +yY +22)
The group law in these coordinates becomes:
(X.Y,2)(X,y,2') =(x+ X,y +Y,z+2'+2(-xy'+ yX'))

And the inverse element is:

*—1

(xy,2)  =(-x-y,-2)

The expressions of the left invariant vector fields in
these exponential coordinates are then

X, =0,+2y0, X,=0,-2x0, T=0, (6)
Whereas the right-invariant vector fields is written:

X/ =08,-2y'd,, X, =0, +2x0,,T' =0,
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Reference [3] was the first to check easily that:
w(X,) =w(X,)=0,w(T)=1 (7
And
[X1, %]
=[0, +2yo,.0,-2x0, |
=(0,+2y0,)(8,-2x0,)- (0, -2x8,)(0, +2yd,)

2 2 2
= g _234_22_4)0/6_2_6_
oxey oz oz oz~ oxoy
2
29,0 iy S _ 40

oz oz oz’ oz
The left invariant frame X,, X, is a basis for the
horizontal fibration
K = Ker[dz —2ydx +2xdy].
Note that
W = dz —2ydx +2xdy ®)

Is a contact form in R’ ie. wadw=dzAdxAdy
(WA dw never vanishes); since [Xl, Xz] =—4T , it fol-
lows that K is not involutive.The distribution K will be
called the horizontal distribution.

A more detailed about sub-Riemannian structures see
in [4].

Acurve ¢=(X,Y,z) is called horizontal if

w(@)=0
Or 2-2yx+2xy=0 )

The vector fields (6) defines a unique Riemannian
metric h such as

h(X;.X;)=8;.h(X..T)=0

1 >

And h (T T ) =A.

For the coefficients calculus, we have used a little
Mathematica program:
n=3
3
f= {1,0,2y}
{1,0, 2y}
g=1{0,1,-2x}
{0,1,—2)(}

o

o)

Do| h[i,j]=h[j.i].{jLn}.{i,Ln}]
NSotvel {Table] Sum[ £[[i] ] [[i]]h[i. ] fi.Ln} fj.Lon} ]—=1],

AM
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Table

ST
[sum1[[i]]e[[]
Table| Sum| g[[i]]¢[[i]]n[i. i].{ 11n} {j,Ln
[ sum]
[sum [

h[l ] ,
Table h[l j ,

Table

}
Sum 1[ ]]1 []]hlj] 11n J,ln}] ]
Jg[[] ]h [i,j].{i.L,n},{j.1, n}} 1}}
{h[1,2],h[3,3],h[3,2],h[2,2],h[1,3],h[11]}]

{{h[1,2] > 0~4.xyA,h[3,3] > 14, h[2,3] > 04+ 2.x4,

Table| Sum g

h[2,2] > 1+4x°2,h[1,3] > 0~ 2.2, h[L1] > 1+ 4y}
So, we have :

h(L1)=1+4y*2, h(1,2)=-4xyA, h(2,3)=2x4,

h(L,3)=-2y4, h(3,3)=21 h(2,2)=1+4x’1.
As the coefficients hig;“)
matrix of coefficients is
1+44y*  —4Axy 21y
(2) _
hy)=| —4Axy 1+4Ax*  24x (10)
24y 24X A

are symmetric in i and j the

For a detailed study of sub-Riemannian geodesics on
Heisenbeg group see in [5].

2. Main Results [6]

Heisenberg group case:
We shall construct the Euler-Lagrange equation for the
Lagrangian (5) in the Levi-Civita connection form.
Lemma 1
If R( are the components of the Ricci tensor with
respect to the metric h Y on H, then

R\ = 8ahi™ (11)

Proof

We will calculate the coefficients of the Ricci tensor
from the following relation:

Kk k
Rj = Riij(k = 6rijk _ark +T rk 1Hur'r(k
ox!  ox

After, we will compare these results with those of
theorem.

For the first calculation, we use the mathematica pro-
gram:

Clear [coord, metric, inversemetric, affine, riemann,
ricci,scalar, x, y, t]
n=3
3
coord = {x,y,t}

{x.y.t}

Copyright © 2012 SciRes.

metric

- {{1 +a0(y)  —4hxy, —2xy},
[~arxy 1ean(x)" 22} {-2h, 20,
{{1 +4y* %, —4xyh, 2y} {~4xyh, 1+ 4xA,
2xA},{-2yA, 2xA, A} |

Metric // MatrixForm
1+4y°L  —4xyh  —2yA
—4xyh  1+4x°L 2xA

—2yA 2%\ A

Imversemetric = Simplify [Inverse [metric]]

1’0’2 5 0919_2X 5 2 ,_2X,4X2+4 2+l
(1025) (01, 24] foy, 2 00 4y ]

inversemetric // MatrixForm

1
2y -2x 4x2+4y2+x

affine: =

affine

= Simplify [Table [( 1/2) *Sum [(inversemetric [[i,s]])

(D[ merric([s. ].coord [[K]]]

+ D[ metric[ [s,k]],coord[ [j]]]

~D [ metrie[[j k1], coord[[s]]]}.{s. Ln} |,
{i,,n}. {310}, {k,1n}]]

Iistaffine .=

Table| If | UnsameQaffine[[i,},k]],0],
{ToString[ T[i, j,k]],affine [i, k] ]} |

{i.Ln}.{j.Ln},{k 1L j} |

riemann :

= Simplify[Table[D[afﬁne[[i, j,l]],coord[[k]ﬂ
-D [afﬁne[[i, j, k]] , coord[[l]ﬂ + Sum[afﬁne[[s, N ]J
affine [[i, K, s]] - afﬁne[[s, j,k]] afﬁne[[i,l,sﬂ ,

{10} ] {iLn 3L} (i L}, {110} ]

AM
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listriemann:

:Table[lf [ UnsameQ| riemann([[i,j.k.1]],0].
{Tostring[Ri, j,k,I]], riemann i, .k, 1]]} ],
{i.Ln}.{j.Ln},{k,Ln},{LLk-1}]

ricei : =
T1CC1

= Simplify[Table[Sum[riemann[[i, Ll {iLn} ],
TRRIR{RENy)
listricci == Tab1e|:If [UnsameQ [ricci[[j, 1]] s OJ

{Tostring[ R [1]],ricei [ [5.1]]} |- (3. L.n} . {L.1 j}}

TableForm
[Partition [DeleteCases [Flatten [listricei], Null] , 2} ,

TableSpacing — {2,2} |
R[1,1]=8)(1-4y"2)
R[2,1]=32xy)?
R[2,2]=8)(1-4x2)
R[3,1]=16y\’

R[3,2] = -16x)\

R[3,3]=-8)

Likewise,
Using (10) where we swap 1 with -1, we get the
Equation (11) on components:

n[x ]
- {{1+4x(y)2 —dxy, —2xy} ,{—4ny,1+ a(x)’ ,Zﬂx},
{=21y, 22,0}
h[-2]
{{1 —4y*0, 4xyh, 290}, {4xyd, 1 - 470,230},
{2yh,—2xA,~L}}
Simplify| Table[ R [i, j] = 8xh[-A]]]
{{sx(l ~4yh). 325022, 16y22 | {32307 82 (1-4x°)),
—16x17},{16yA*,~16x27,—8)* |

Remarque:

Copyright © 2012 SciRes.

To show the values of the Riemann tensor, add the
following command :

TableForm
[Partition [DeleteCases [F latten [listriemann] s Null] , 2} R

TableSpacing — {2, 2}]

Corollary 1
If ¢ isan horizontal curve ,then

R (¢.9) =84 (12)
where |¢')|2 =h*" (¢,¢) doesnot depend on A
Proof
If ¢ ishorizontal, ¢ =XX,+yX,. In this case,
W (9,0) =g = (,0) = (XX, + ¥X,, %X, +yX, )
=X (X, X, > +xy < X, X,)
F Y00 X, >+ < X X, )= X+ Y
so we have
W (9.0) =" (9.6) =X+

We see that h"*) (¢,¢) does not depend on 1.
Using lemmal:

R (p.p) =840 (4 9) = Alg[

The next proposition is a generalization of the previ-
ous corollary to any vector field.

Proposition 1

For any vector field V we have

RA(V.V)= g/l(h(’“) (V,V)-2aw(V )2) (13)

Proof
Using the metric higf’l) , We can write
-2 A
h ) =h + 24K, (14)
where
—4y*  4xy 2y
2
Kij=| 4xy —4x" -2x
2y 2x -1
we have
K (V Vv )

=4 Y7V +AXYV,V, + 2y VY, +AXYV,V,
—4X7V,7 = 2X W,V + 2YV,V, — 2XV,V, —V,’
=4 YV =47V, =V +8XYV,V, +4Y Vv, —4X Vv,
= —(4 YAV 44XV, v, —8XYV, Y, — 4y Vv, +4X Vv, )

=—(v; —2yv, +2xv, )2 =-w(V)’

AM
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And (14) becomes
h (V,v) =h (V,V) = 2aw(V )’
Using lemmal:
RY(V,V)
=82h4 (V. V)
=82(h (v.v)-22w(v )}

Corollary 2
{The actlons oR’1 2f (s), f(s ))ds and
J (s ( (s)) ds both with respect to the met-

h(ﬂ) reach the extrema for the same functions
p:[0,1] >R,

In particular, the extrema will be geodesics in the met-
ric with coefficients Ri(j/l) .

It is interesting that, even if the Lagrangian (5) has a
non-holonomic constraint, the minimizers still behave as
geodesics in a certain metric. This is given in the follow-
ing result.

Theorem 1

The Euler-Lagrange equation for the Lagrangian (5) is
V,p=0 (15)

4

where V.0, = r;ak , with the coefficients given by

09, 00
1":; :lgks %+ﬁ_ﬂ (16)
2 oX; 0% OX

1 S

3. A More General Case [6]

Heisenberg manifold case
We have investigated the case when the vector fields
are given by the formula (3). We shall deal in this section
with the more general case of vector fields.
X, =0,+A(y)o, And X, =08, -B(x)0,
With A(y), B(x) are smooth functions. The 1-form w in
this case is

w=20, —A(y)dx+B(x)dy (17)
One may check that
w(X,)=w(X,)=0 (18)

Another important 1-form is
n=B"dy - A'dx (19)

A computation shows the vector fields X,, X, and
0 / JA  are orthonormal in the Riemannian metric.
For computing the coefficients, we have use a little
Mathematica program.
n=3
3

Copyright © 2012 SciRes.

Do| hi,j]=
NSolve
[{Table[ Sum| ¢[[i]]f[[i]]n[i.

i
I
It

Table[Sum 1 i

h[5i]. {3 Lo} {i L} ]

i1} {j,l,n}]::l],
[T e[L] ] i) lln} {itn}]=0],
(1[G [3])n (i Ln} i} ] =0,
Table| Sum| g[[i]J¢[[i]]n[i.i].{i.Ln}.{j.1n} ]=0],
Table| Sum [ 1[[i]JI[[i]]n[i,i].{i.L.n} . {i.1.n} ]=1],
Table[ Sum| g[[i]]e[[i]]n[i.].{i.Ln}. {10} ]= 1]}
{n[1,2],h[3,3),h[3,2],h[2,2].h[1,3],h[L1]}]
{{n[1,2] > 0-12A[y]B[x],h[3,3] > 12,
h[2,3] - 0+ 1.AB[x],
h[2,3] > 0412B[x],
h[22]—>1+1kB[x]

Table [Sum 1

Jh[1,3] > 0-12A[y],
h{L1] > 1124 )
So, we have:
h(1,1)=1+1.2A[y]", h(1,2)=-1.2A[y]B[X]
h(1.3)=—2A[y].
RR{h[1,2],h[s,s],h[s,z],h[2,2],h[1,3],h[1,1]}]
h(2.3) = AB[x]
h(3,3)=4, h(2,2)=1+AB[x] .

As the Riemannian metric is symmetric, we obtain

1+ AA*(y)  —2A(Y)B(x) -2A(Yy)
WY =| -2A(y)B(x) 1+4B*(x)  AB(x) | (20)
—-AA(Y) AB(x) A

We shall consider the following Lagrangian with a
quadratic potential constraint

%( i j 2| (W) +w(@n(9)] e

When A(x,)=2x, and B(Xx)=2x we get the

AM
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Lagrangian in (5). In this case 7=0.
The following result is a generalization of lemmal.We
shall denote by

Al' A

AZ_AZ

(22)
Lemma 2

If Ri(j'i) are the components of the Ricci tensor with
respect to the metric given in (20), then

R =R+ 2Q 23)
where hi(j_l) is obtained by flipping the sign in(20)
2AAT —(A'ATAAT) A
Q =|-(AA+AAT)  2AAT A
A A 0
And R is the Ricci scalar

Proof
We will just replace the coefficients of hi(-_/l) and Q;
in the relation (24), and next we will use the following
relation to compare the two results :
ork  or;
_pk _ ik k k
Rij = Rijk P - ox k F F rurrk

For this, we use the mathematica program.

1) We have R Rh +§Qij , then

|J

Ry=2AA, %1(%\')2 AR +11(A;)2

1

AR (A) - ALAA A (A)

-1 ” ) N2
Ra = AA A+ AZA (A)
FEANAA L ALA(A) < IAA

RZZ:/IA'AZ'+%/I(A)Z+%/I( Y
(A (A) ~(A) 2AA
A (A (A

Ry= s A =2 22 A () =22 AN A -~ 22 (A )

1 , 2
Ry = _5/12 (Az +A )
And the Ricci scalar is :

R:%AL(A,'JFAZ')2 (24)

Copyright © 2012 SciRes.

2) we put :

A(x,)=A(y). B(x)=B(x)

Clear [coord, metric, inversemetric, affine, riemann,
ricci, scalar, X, y, t, A, B]
n=3
3
coord = {x,y,t}
metric = {{1 + kA[y]2 ,—kA[y]B[x],—kA[y]},
(-2A[y]B[x].1+AB[x]" B[x]}, {-2A[y]1B[x].1}}
inversemetric = Simplify[Inverse [metricﬂ

affine :

= affine

= Simplify[Table[ (1/2)*Sum
[(inversemetric[[i,sn)* (D[metric[[s,j]],coord[[k]ﬂ
D[metric [[s,kﬂ,coord[[j]ﬂ

_D[metnc[[J,kH coord[ :H) s, 1 n}]
{i,l,n},{j,l,n},{k,l,n}ﬂ

listaffine :

= Table[If[ UnsameQ[afﬁne[[i,j,k]],O],
{ToString[[i. j.k]].affine [ [i. j k]m,{i, Ln},
{iLn}.{kLj}]

TableForm
[Partition [DeleteCases [Flatten [listaffine], Null} , 2] ,

TableSpacing — {2,2} |
L2 AA](A T3]+ B [x)
r[1,2,2]-2B[x](A'[y]+ B [x])
rL3.2]-20(A Ty]+B [x])
r[2.11]-2A[y](A"[y]+B[x])
F[2,2,1]%kB[x](A' [v]+B[x])
r2.3134(A Ty]+ B [x]

T[3.1L12A[y]B[x](A [y]+ B [x])

AM
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2

r[3,2,1];(( 1+2A[y A

[<T)a'ly
(1+xA[y —xB[x]z)B )
(1+2A[yT ~B[x] B [x])
r[3.2,2]-2A[y]B[x](A'[y]+B[x])
r[s,a,l]_%m[x](A'[y]+B'[x])

r[z,s,z]_%xA[y](A'[y]+B'[x])

Riemann: =
Riemann = Simplify[Table[

D[afﬁne[[i, j,l]],coord[[k]ﬂ
coord[[l]ﬂ+Sum[afﬁne[[s,j,1]ﬂ afﬁne[[i,k,sn
—affine|[s, j,k]]affine[ [i,1,s]], {s.1,n} ],

{i,L,n},{jLn},{k,1,n},{LLn}] ]

listriemann:
=Table [If [UnsameQ [riemann [[i, J, K, 1]] , OJ , {

-D [afﬁne [[i, J k]] ’

ToString[R [i,j,k,lﬂ,riemann [[i,j,k,lﬂ}],

{i.Ln},{j,Ln},{k,Ln},{L,Lk-1}]
TableSpacing — {2, 2}]

ricci ==

ricci = Simplify[Table[Sum[riemann [[i.5.1.1]],

{i.Ln}],{iLn},{1, Ln}ﬂ

listricci := Table[If [UnsameQ[ricci[[ j,lH,O},{

Tostring[ R[j, 1], ricci[[11]]} . {i.1.n}. {11, j}]
TableForm [Partition| DeleteCases| Flatten|
listricci |, Null], 2], TableSpacing {2, 2}}

R[1,1]
:_%x((—lﬂ»f[y]z) T
+2(—1+xf[y 2)f [v]e [x]

(-1 [y g [x] - 26 [y]F [y])

R[2.1] =%%(—g[><]f“ [y)+ £ [y)(relx)( [¥] & [x])

—¢'[x]))

Copyright © 2012 SciRes.

R[2,2]
:_%x((_uxg[x]?)f'[y]z
+2(=1+ag[xT ) [y]e [x]+(-1+2g[x] e [x]
~2¢[x]¢'[x])
R[3,1]= %X(Xf[y](f' [v]+¢ [x]) -f [y])
R[3.2]= %k(—ﬂ»g[x](f' [)+€ [x]) +2¢[x))
R[3,3]= —%xz (F[y]+e [x])

scalar = Simplify [Sum [inversemetric [[i, ]H ricci [[

i,j]].{i.Ln}.{3.Ln}]]
Mg X))

Remarque:

To show the values of the Riemann tensor ,add the
following command :
TableForm[Partition] DeleteCases| Flatten[listriemann
], Null], 2], TableSpacing — {2,2}]

Lemma 3
Consider the curve
#(5)=(x(5).y(s).2(5)) es)
Then
Q(4.6)=2(Ay(s)-AX(s))(2(s) - Ax(s)+ AY(s))
=27(¢)w(9)
Proof
Let ¢(s)=x%(s)X,+Y(s)X,+2(s)d, be the tangent
vector field
Then
Q(4.9)
S2A AR AN Y

—2(A"A, +2AA )Xy —2A X2 +2A,)'y2
=(AY-AX)(2A'y-2A"%)+2(2Ay-2A"X)
=(2A"y-2A'%)(Ay - Ax+12)
=2(Ay=AX)(AY-AX+2)
=21(¢)w(9).

We note that 7 and W measure the departure from

the Heisenberg structure and horizontality respectively.
When the structure is Heisenberg, =0 and when V is

AM
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horizontal, w(V)=0.

In the following we give a global interpretation for the
difference h“* —hY in terms of the horizontal distri-
bution K =kerw .

Lemma 4
o —hl? =22K, (26)

ij

With

|
>
0
—
<
~
>
—_
<
~
—
>
~

A(y)
~A, (x)

Furthermore
K(V.,V)=-w(V)
Proof
For the relation (2.28):
AN Y) AWMAX) AY)
WY —h? =222 Ay A x  -A’x  -A x
Ay) —-A(X) -1
=2JK;

For the second part we have:
K(V,V)
= 2277 (Y)v" +22A (¥) A, (X) WV,
+2AA (Y)V,vs +22A (V) A (X)V,Y,
—2AA, (X)V,V, —22A7 (X)V,” +22A (Y)V,V,

—2AA7 (X, +2AA (Y)Y, — A (X)V,V, -V,°
= _(V3 -A (y)vl +A (X)Vz )2
=-w(V )2.
Denote p=A+A, g = RIJ /ﬂp Denote also
E=n/p’
Theorem 2

[a(¢(s).0(s))ds
and | %(I(/’)(S)I)W) =2(w(o(s))) +£(4)w(g)ds

reach the extrema for the same functions. In particular,
the extrema will be geodesics in the metric g; and obey
the equation V,¢=0 where V is the Levi-Civita
type connection defined by g;;

Proof

From Lemma 2 and Lemma 3 we have

RW(V,V)=Rh™ (V,V)+27(V)w(V)
Using Lemma 4 we get
RA(VV)=R(h (V.V)+22K (V.V))+An(V)w(V)
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From (24)
2
R=22
2
Hence
RA(V.V) 1

n(v
P Eh“>(v,v)+,1|<(v,v)+ pz)W(V)

The last equation can be written also as

) Aaw(V ) (V) w(V)

which completes the proof.

g(V.v)= (

4. Natural Levi-Civita Connection on
Heisenberg Group [6]

We start with the properties of the Levi-Civita connec-
tion on H'. For each metric h* one has a natural

Levi-Civita connection V" defined by
V50, =T§(1)o, (27)

0]

where the Christoffel symbols are defined by the metric
(1).They depend linearly on A and are given by using
Mathematica program.

Clear[coord, metric, inversemetric, christoffel, x, y, t]

n=3

3

coord = {x,y,t}

{x, Y, t} metric
= {{1 + 4}»(y)2 ,—4AXy, —2ly}
{—4xxy,1 +an(x) ,zxx} {22y, 2xx,x}},

inversemetric = Simplify[Inverse[metric]]
affine:=
affine = Simplify| Table[ (1/2)*Sum

[(inversemetric[[i,s]J)*(D[metric [[s,jn,coord[[k]ﬂ
+D[metric[[s,kﬂ,coord[[j]ﬂ—D[metric[[j,kﬂ,
coord| [ ]H) {s,Ln}].{i,L.n}, {j,l,n},{k,l,n}ﬂ

listaffine :

= Table[lf [UnsameQ[afﬁne [[1 J,kﬂ OJ ToString

[ [i g k] Jsaffine[[i, i k] ] i,k (i (k.13
TableForm[Partition
[DeleteCases [Flatten [listaffine], Null] , 2} ,

TableSpacing — {2, 2}]
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I[1,2,1]= 4yr
r[1,2,2]=-8x\
r[13,2]=-21
r[2,1,1]=-8yx
I[2,2,1]=4x)
r[2,3,1]=2x
F[3,l,l] =16xyA
I[3,2,1] =8(—x2 +y2)x
F[3,2,2] =—16xyA
I[3,3,1]=-4x\
I[3,3,2] = —4yA

The following result states tha the Levi-Civita connec-
tion with respect to 0,,, 0,,, 0, is always a linear
combination of X, and X, and hence belongs to the
distribution generated by this vectors

Lemma5

Forevery 4>0 we have

V5,0 = Vo 0, =44(%X, +%X, ),
V;0,=0
Vgl 0, =V30, =24X,

Vi, =-81xX,

Oy 7%

vgxz 0, = vgxz 0, =—21X,

Vi 0, =-8AxX,
X2

Proof

For the demonstration, see in [6]

The following proposition shows that the vector fields
are geodesic vector fields.

Proposition 2

Forevery 4>0
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Vi X =0, Vi X, =0
Vi, X, =20, Vi X, =26,

Proof
See in [6]

5. Conclusions

In this paper, we have proposed an approach for the im-
plementation of the Geodesic method with constraints on
Heisenberg Manifolds by including more details with
complete proofs that are required for the implementation.

The method has been implemented on Mathematic.8.
This implementation extends the rang of applications of
the method with more flexibility and rapidity. It has been
shown that the Ricci tensor can easily be determined us-
ing our implementation.
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