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ABSTRACT 

A stronger concept of complete (exact) controllability which we call Trajectory Controllability is introduced in this 
paper. We study the Trajectory Controllability of an abstract nonlinear integro-differential system in the finite and in- 
finite dimensional space setting. We will then discuss how approximations to these problems can be found computa- 
tionally using finite difference methods and optimization. Examples will be presented in one, two and three dimensions. 
 
Keywords: Trajectory Controllability; Monotone Operator Theory; Set Valued Function; Lipschitz Continuity; Finite 
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1. Introduction 

The concept of controllability (introduced by Kalman, 
1960) leads to some very important conclusions regard- 
ing the behavior of linear and nonlinear dynamical sys- 
tems. Most of the practical systems are nonlinear in na- 
ture and hence the study of nonlinear systems is impor- 
tant. There are various notions of controllability such as 
complete controllability [1], approximate controllability 
[2], exact controllability [3-7], partial exact controllabil- 
ity [8], null controllability [9], local controllability [10], 
constrained controllability [11,12] and references cited in. 
A new notion of controllability, namely, Trajectory con- 
trollability (T-controllability) is introduced here for some 
abstract nonlinear integro-differential systems. In T-con- 
trollability problems, we look for a control which steers 
the system along a prescribed trajectory rather than a 
control steering a given initial state to a desired final 
state. Thus this is a stronger notion of controllability. 

T-controllability problems for nonlinear integro and 
partial differential equations (PDE)s also offer a chal- 
lenging computational problem. These parabolic prob- 
lems generally require a more complicated implicit me- 
thod for the numerical algorithm to be robust under dif- 
ferent discretizations instead of the simpler explicit dis-  

cretizations. n addition to offering varying challenges on 
how to accurately solve the PDEs for a given control, the 
problems also offered various challenges in how to opti- 
mize for the T-control. Assuming n control points per 
dimension, the discretized problem is an optimization 
problem in 

2 in two dimensions and 
3n ich can 

become computationally difficult quickly. We employed 
both gradient and non-gradient based approaches to solv- 
ing these optimization problems. 

n   wh

Under suitable conditions, the T-controllability of non- 
linear system in finite dimensional case has been estab- 
lished in Section 2. Then the result is extended to infinite 
dimensional case in Section 3. We use the tools of mono- 
tone operator theory and set-valued analysis. We also use 
Lipschitzian and monotone nonlinearities with coercivity 
property in Section 3. In Section 4 we discuss how to 
approximate the solutions to these problems using finite 
difference discretization and numerical optimization. 
Examples are provided to illustrate our results. 

REMARK 1.1. In practical applications, controls are 
always in some sense of constrained. Recently Klamka 
[12] studied the sufficient conditions for constrained 
local relative controllability of semilinear ordinary diffe- 
rential state equation in finite dimension with delayed 
controls using a generalised open mapping theorem 
where he assumed that the values of admissible controls 
are in a convex and closed cone with the vertex at zero. 
Also Klamka [11] proved the constrained exat controll-  
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ability of first and second order systems in infinite di- 
mension space. One can extend our system for second 
order and study T-controllability result. 

2. T-Controllability of Finite-Dimensional 
Systems 

Consider the nonlinear scalar system 

        
     

 
0

0

,

, , , , d

0 ,

t

x t a t x t b t u t

f t x t g t s x s s

x x

  

 


 

    (2.1) 

for all . Here,  is an  function 
defined on 

0 <t T  


 a t 1Ł
0,J T  and b J . For : I R  IR t J , 

the state  x t
: IRf J  

 , ;t s J J  

 and the control  belong to . 
Further,  is a nonlinear function 
satisfying the Caratheadory conditions, i.e. f is mea- 
surable with respect to first argument and continuous 
with respect to second argument. Also,  
is a nonlinear function which also satisfies the Carathe- 
adory conditions, where 

. 

 u t
I

g



IR

R I

IR 

 0 s t

R

 T

: I R

 
DEFINITION 2.1. The system (2.1) is said to be 

completely controllable on J if for any , and 
fixed T, there exists a control  such that 
the corresponding solution 

0 1, Ix x 
 2Ł J

R
 u  

 x   of (2.1) satisfies 
  1x T x . 
It may be noted that according to the above definition, 

there is no constraint imposed on the control or on the 
trajectory. 

REMARK 2.2. For the system (2.1), it is possible to 
steer any initial state 0x  to any desired final state 1x . 
But it does not give any idea about the path along which 
the system moves. Practically it may be desirable to 
steer the system from initial state 0x  to a final state 

1x  along a prescribed trajectory. It may minimize 
certain cost involved in steering the system, depend- 
ing upon the path chosen. It may also safe-guard the 
system. This motivates the study on the notion of 
T-controllability.  

Let  be the set of all functions  defined on   z 
 0,J T  such that  and  

is differentiable almost everywhere. 
   0 10 ,z x z t  ,t x J z

DEFINITION 2.3. The system (2.1) is said to be  
T-controllable if for any , there exists a control 

 such that the corresponding solution 
z

 2u L J  x   
of (2.1) satisfies    x t z t  a.e. 

DEFINITION 2.4. The system (2.1) is totally con-  

trollable on J if for all subintervals  of ,i ft t   0,T ,  

the system (2.1) is completely controllable. 
Clearly, T-controllability   Total controllability 
 Complete controllability. 

In the system (2.1), both control  and state  .u  .x  
appear nonlinearly. First let us look at the following 
system where the control appears linearly. 

         

     
 

0

0

, , , , d

0 ,

t

x t a t x t b t u t

f t x t g t s x s s

x x

   
 


 

     (2.2) 

Assumptions [A1] 
(i) The functions  a t  and  are continuous on 

J. 
 b t

(ii)  .b  do not vanish on J. 
(iii) f is Lipschitz continuous with respect to second 

and third argument, i.e. there exist 1 2,   such that  

   1 1 2 2 1 1 2 2 1 2, , , ,f t x y f t x y x x y y       

for all 1 2 1 2, , , , .x x y y R t J   
(iv) g  is -Lipschitz continuous with respect to the 

third argument in the following sense.  

1L

         
0

, , , , d ; 

, , ( , ) .

t
g t s x s g t s y s s x t y t

x y t s

  

 



 

Under the above assumptions, one can easily construct 
the control explicitly to prove the T-controllability of the 
nonlinear system (2.2). To see this we proceed as 
follows: 

For each control  2u L J , the existence and uni- 
queness of the solution for the system (2.2) follow from 
Assumptions [A1] by using the standard arguments. 

Let  z t  be a given trajectory in . We define a 
control function 


 u t  by 

 
           0

, , , , d

( )

t
z t a t z t f t z t g t s z s s

u t
b t

  



 

With this control, (2.2) becomes,  

          

     
     

 

0

0

0

, , , , d

, , , , d

0 .

t

t

x t a t x t z t a t z t

f t z t g t s z s s

f t x t g t s x s s

x x

   










 

Setting      w t x t z t  , we have 

           
     

 

0

0

, , , , d

, , , , d

0 0.

t

t

w t a t w t f t x t g t s x s s

f t z t g t s z s s

w

   



 



  (2.3) 

By using the transition function  for     d, e
t
s a s s

t s 
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the ordinary differential equation      y t a t y t  , (2.3) 
can be rewritten as 

         
     

0 0

0

, , , , , d

, , , , d d

t s

s

w t t s f s x s g s x

f s z s g s z s

 

  

 


 



 


 

Thus 
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
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That is, 

           1 2 0
, d

t
.x t z t t s x s z s s        

Hence by Grownwall’s inequality, it follows that  

    0.x t z t   

This proves T-controllability of the system (2.2). 
As remarked earlier in the above nonlinear system 

(2.2), the control  u t  is appearing linearly. Let us now 
consider the case in which control as well as the state 
appear nonlinearly as in (2.1). We have following 
theorem. 

THEOREM 2.5. Suppose that 
(i)  ,b t u

 ,b t u
 is continuous. 

(ii)  is coercive in the second variable, i.e. 

 , as ,b t u u t J     .  

(iii) The function f is Lipschitz continuous in the 
second and third variable, uniformly in t, i.e. there exist 

1 0   and 2 0   such that 

   1 1 2 2 1 1 2 2 1 2

1 2 1 2

, , , , ,

, , , IR, .

f t x y f t x y x x y y

x x y y t J

    

  


 

(iv) The function g is Lipschitz in the third variable 
uniformly in  ,t s  , i.e., there exists 0   such 
that  

     , , , , | , IR, , .g t s x g t s y x y x y t s     

d 

 

Then the nonlinear system (2.1) is T-controllable. 
Proof: For each fixed u, the existence and uniqueness 

of the solution of the system (2.1) follow from the Lip- 
schitz continuity of the functions f and g. Moreover, this 
solution satisfies the integral equation 

        
       

0 0

0 0

,0 , , d

, , , , , d

t

t s

x t t x t s b s u s s

t s f s x s g s x s

 

 

 





 
 (2.4) 

Let z  be the prescribed trajectory with   00z x . 
We want to find a control u satisfying 

        

       
0
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,0 , , d
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t
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t s

z t t x t s b s u s s

t s f s z s g s z s

 

 
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



  d . 
 

The above equation can be written as 

   

       
    

0
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0
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, , , , , d

, , d .

t s

t

z t t x

t s f s z s g s z s

t s b s u s s



 









 



d   

Differentiating with respect to t, we get  

     

         
     

         

0

0 0

0

0

,0

, , , , , d

, , , , d

, , d , .

t s

t

t

z t a t t x

a t t s f s z s g s z

f t z t g t s z s s

a t t s b s u s s b t u t



 



ds 

 





 

 





 (2.5) 

The Equation (2.5) can be written as  

       00
, d

t
w t k t s w s s w t  ,      (2.6) 

where          , , , ,w t b t u t k t s a t t s     and  
 0w t  is the left hand side of (2.5). 

The Equation (2.6) is a linear Volterra integral equ- 
ation of the second kind and it has a unique solution w(t) 
for each given  0w t  (refer [13]). Hence it suffices to 
extract  u t  from the solution . To extract  w t  u t , 
we use the technique of Deimling ( [14,15]). 

Consider the multi-valued function   IR: 0, 2G T   de- 

fined by       tIR : , =G t u b t u w  . Since  ,b     

and  w   are continuous, by hypothesis (ii)  G t  is 
nonempty for all t and upper semi-continuous. That is, 

n  implies 0t         0 0 ,  ,0G t G B nn  n     . 
Further,  has compact values. Hence  is Lebesgue 
measurable and therefore has a measurable selection 

G G

 u  . This function u is the required control which steers 
the nonlinear system along the prescribed trajectory  z  . 

Hence proof is complete. 
REMARK 2.6.  
(i) The control u obtained in Theorem 2.5 is measurable, 

may not be continuous. But, if we require control u to be 
continuous, we have to assume more stronger condition 
on  ,b t u .  

(ii) If the nonlinear function  is invertible then  ,b t u 
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 u t  can be computed directly from     ,w t b t u t . 
For example, if  is strongly monotone i.e. there 
exists 

 ,b t u 
0   such that 

   , ,b t v u v   ,b t u



 

then there exists a unique u such that . Note 
that the strong monotonicity implies coercivity. 

 ,b t u w

(iii) If  is coercive and monotonically increas- 
ing with respect to u, then it can be seen that 

 and 

 ,b t

 R = IR

u

, Ib t    u w t,b t  is solvable. 
EXAMPLE 2.7. Consider the nonlinear integro-diffe- 

rential system with the control term  , .b t u u u   

   

00 .

         
 

0
, sin 3 d

t
x t a

x x

t t u t x t x s s  x t b  

 

  

The control term  is continuous and coercive. 
One can now verify f and g as in Theorem 2.5 to get 
T-controllability of the above system. 

 ,b t

 



  0

0,

w t A

u

3. T-Controllability of Infinite-Dimensional 
Systems 

In this section we consider a nonlinear integro-differen- 
tial system defined in infinite dimensional space and 
generalize the results of Section 2. Let H and U be 
Hilbert spaces and consider following nonlinear integro- 
differential system. 

    
     
 

0

,

, , , , d ,

0 ,

t

w t B t u t

F t w

t J

w w



 



 w t 

t G t s w s s

T

 

 





     (3.1) 

where the state  and the control H  u t U , 
for each . The operator t J  :A A H H

H

 is a 
linear operator not necessarily bounded. The maps 

,  and :B J
:

U  H :G H 
F J H H 

 t s J

C
, 0t 

H
, : 0J s




 are nonlinear operators, where 
.  Tt 

 S t

We make the following assumptions on (3.1). 
Assumptions [I] 
(i) Let A be an infinitesimal generator of a strongly 

continuous 0 -semigroup of bounded linear operators 
. So there exist constants M1 ≥ 0 and w R  

such that 

  1 ; 0wtS t M e t   

and also let  

  2

0 0
   d  d .

T t
S t s s t     

(ii) B and G satisfy Caratheadory conditions, i.e. 

 , :B t U H   is continuous for  and  t J
 , :B x J H   is measurable for x U  and  

 , , :G t s H H   is continuous  and   ,t s 

 , , :G x H    is measurable x H  . 

(iii) F satisfies Caratheadory conditions like G. 
(iv)  satisfy following growth conditions  ,  and B G F

   
   
   

0 1

0 1

0 1 2

,   , .

, ,    , .

, , .

UH

H

H HH

B t u b t b u u U t J

G t s x q t q x t J x H

F t x y a t a x a y

    

    

  

 

Under Assumptions [I], a mild solution of the system 
(1) satisfies the Volterra integral equation  

        
      

0 0

0 0

, d

( , , , , d )d .

t

t s

w t S t w S t s B s u s s

S t s F s w s G s w s  

  

 



 
 (3.2) 

Let  be the set of all functions   2 ,z L J H

z T

 
which are differentiable and . We say that the 
system (3.1) is T-controllable if for any 

  00z  w
 , there 

exists an -function  such that the corre- 
sponding solution  of (1) satisfies 

2L :u J H
w    z  w  a.e. 

We make the following additional assumptions on F 
and B. 

Assumptions [II] 
(i)  , ,F t x y  is Lipschitz continuous with respect to 

x and y, i.e. there exist constants 1 2, 0    such that  

   1 1 2 2 1 1 2 2 1 2, , , ,F t x y F t x y x x y y       

for all 1 2 1 2, , , ,x x y y H t J  . 
(ii)  , ,G t s x  is Lipschitz continuous with respect to 

x , i.e. there exists a constant 0   such that  

     , , , , , , , , .G t s x G t s y x y x y H t s      

(iii) B satisfies monotonicity and coercivity conditions, 
i.e.  

   , , , 0, , ,B t u B t v u v u v U t J       

and 

 , ,
.lim

u

B t u u

u
   

We now prove the T-controllability result for the 
system (3.1). 

THEOREM 3.1. Under Assumptions [I] and [II], the 
nonlinear system (3.1) is T-controllable. 

Proof: Let z be any trajectory in . Following the 
proof of the Theorem 2.5, we look for a control u satis- 
fying 


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   

       
    

0

0 0

0

, , , , d d

, d .

t s

t

z t S t w

S t s F s z s G s z s

S t s B s u s s

  



 

 

 



 

Differentiating with respect to t, we get  

   

       
     
       

0

0 0

0

0

, , , , d d

, , , , , d

, d , .

t s

t

t

z t AS t w

AS t s F s z s G s z s

F t z t G t s z s s

AS t s B s u s s B t u t

  

 

 

 

  

 





 (3.3) 

Equation (3.3) can be rewritten in the form  

       00
, d

t
y t k t s y s s y t  ,



      (3.4) 

where  and         , , ,y t B t u t k t s AS t s  
 0y t  is the left hand side of (3.3). 
Define an operator   2 2: , ,K L J H L J H

t

 by 

      
0

, dKy t k t s y s s            (3.5) 

Assumption [I(i)] assures that K is a bounded linear 
operator [16]. Also, it can be easily proved that nK  is a 
contraction for sufficiently large n (refer [8,14]). Hence 
by generalized Banach contraction principle, there exists 
a unique solution y for (3.4) for given  y L H 2 ,J0 . 
Therefore, T-controllability follows if we can extract 

 from the relation  u t

    ,B t u t y t .            (3.6) 

To see this, define an operator    2 2: , ,N L I H L I H  
by  

.     ,Nu t B t u t          (3.7) 

Assumptions [I(ii),(iii),(iv)] imply that N is well- 
defined, continuous and bounded operator. Assumption 
[II(iii)] shows that N is monotone and coercive. A hemi- 
continuous monotone mapping is of type  M  (see 
page 78 of [17]). Therefore, by Theorem 3.6.9 of Joshi 
and Bose [17], the nonlinear map N is onto. Hence there 
exists a control u satisfying (6). The measurability of 

 follows as u is in  u t  2 ,L J H . This proves T- 
controllability of the system (3.1). 

COROLLARY 3.2. If F and G are Lipschitz con- 
tinuous and B is strongly monotone, i.e. there exists 

0   such that  

    2
, , ,  

, ,  .

B t u B t v u v u v

u v H t J

   

  
 (3.8) 

Then the system (3.1) is T-controllable. 

Proof: The proof follows from the fact that the con- 
dition (3.8) implies Assumption [II(iii)]. 

REMARK 3.3. We have not directly used the 
Assumptions [II(i)] and [II(ii)] of the Lipschitz continuity 
of f in the proof of the Theorem 3.1. Actually, it is needed 
for the existence and uniqueness of the solution  w   
satisfying (3.2) for each control . There are also 
other verifiable conditions for the uniqueness of the solu- 
tion, in the literature (see [3]).  

 u 

EXAMPLE 3.4. Let   be a bounded domain in  
with a smooth boundary 

IR
 . Consider the system  

     

 
 
   

21
, sin sin

2
in 0,

,0 0 in

, 0 in 0, .

y
y u x t x t y t

t
T

y x

y x t T

          
 

  

 

The above system can be put into the form of (3.1) by 
defining    Aw t w t   for all  where      ,w t A

     2 1A H H0    is the domain of A and  

 H U L2   . Here the control term 

    ,B t u t u t  is linear. The above system is T-con-  

trollable under the assumptions on F and G as in the 
theorem. 

In the one dimensional case, say, , one can 
explicitly write 

 0,1 
 2: 0,1A L L  2 0,1  by Aw w , 

where 

  
    

: , are absolutely continuous,

0 1 0

A w H w w

w w

 

 


 

and 

 2

1

, .n n
n

Aw n w w w




   

Here   2 sin ; 1, 2,3nw s ns n    is the orthogonal 
set of eigenfunctions of A and  is the  inner 
product. Further, A generates an analytic semigroup 

 , nw w  2L

  , 0S t t   in H given by  

    2

1

exp , , .n n
n

S t w n t w w w w H




    

Here         21
, , sin sin

2
F t x t y t x t y t     and 

    1
, , cos

2
G t s y s y s    , both are Lipschitz con- 

tinuous. 
We now specialize Theorem 3.1 for the case IR nH  . 

So we consider the following finite dimensional non- 
linear system in . IRn
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        
     

   
0

0

,

, , , , d

0 .

t

w t A t w t B t u t

F t w t G t s w s s

w w

  


 

 

    (3.9) 

where , ,  and A B F G

IR n

 are as in (3.1) with H replaced by 
. Therefore Theorem 3.1 can be specialized for the 

system (3.9) in . The following theorem can be 
proved as in Theorem 2.5. 

IRn

THEOREM 3.5. Suppose that (i) F is Lipschitz 
continuous with respect to x and y and G is Lipschitz 
continuous in x (ii)  satisfies   ,B t u 

 , ,
.lim

u

B t u u

u
   

Then the nonlinear system (3.9) is T-controllable by a 
measurable control  : IRnu J  .

EXAMPLE 3.6. Consider the nonlinear 2-dimensional 
system, 

      
    

 

      
    

 

1 11 1 12 2 1 10

2 2 1 10

1 01

2 21 1 22 2 1 10

2 2 2 20

2 02

sin 3 d

cos 3 d ,  

0 .

cos 3 d

sin 3 d ,  

0 .

t

t

t

t

x t a x a x x t x s s

x t x s s u u

x x

x t a x a x x t x s s

x t x s s u u

x x

    

  



    

  











 

It can be easily verified that the above system satisfies 
the hypotheses of Theorem 2, and hence it is T-con- 
trollable. 

4. Numerical Results 

After discussing the T-controllability of various first 
order systems we will describe a method to numerically 
approximate the trajectory control and illustrate the 
results of these methods applied to Examples 2.7, 3.6 and 
3.4. Generally, optimal control problems are posed to 
minimize some functional of the control function and 
state variables. Methods for numerically approximating 
these are well established. See [18-20] for descriptions of 
how to compute these approximations. As we do not 
have any functional of control or state to minimize, we 
will pose this problem as an optimization problem con- 
strained by the state equations. Let the trajectory control 

 be defined by  ,tru x t

 arg mintru J u  

      2

0
where , , ; d d

T

trt
J u y x t y x t u


  

subject to , , ,
y F x t y u
t





     (4.10) 

where F defines the differential equations, y is the 
solution to that equation for a given u, and tr  is the 
desired trajectory. We will discretize the control in time, 

y

jt  1, ,j n   and space, ,k ix , where k defines the 
spatial dimension (we will consider ),  1, 2k 

1, , ki m   reducing the problem from the infinite 
dimensional problem of finding a  to finding   2u L 

 ,u x t  1 2
,

nm m
k i j R  and interpolating for  in be- u x , t

tween these points. To get an approximate solution to the 
differential equation for a given control we will discre- 
tize it using various finite difference techniques. 

After we convert our trajectory control problem in 
Equation (4.10) into a discretized continous uncontrained 
optimization problem, we can solve it using various opti- 
mization rountines. We used two optimization routines in 
this work. The first method was a quasi-Newton algo- 
rithm with a finite difference gradient and a line search 
as implemented by the Matlab function fminunc.m. The 
second is a non-gradient method, Nelder-Mead, which 
attempts to minimize the function over a stencil of 
points that is varied by a series of rules to control the 
stencil size and shape, as implemented in the Matlab 
function fminsearch.m. Both algorithms are outlined in 
[21]. 

As this is a highly nonlinear optimization problem we 
will employ an interative type method of using these 
optimization routines. We attempted to use global type 
optimization routines with little success. The routine is as 
follows: 

1) Pick an initial iterate defined over a coarse interval, 
i.e.  are small.  1 2

2) Use a gradient optimization routine to find an 
approximate trajectory control.  

, ,n m m

3) Use the control found from the gradient based 
method as the initial iterate for the non-gradient method, 
Nelder-Mead.  

4) Increase 1 2  and find your new initial iterate 
by interpolating the old trajectory control over the now 
refined mesh.  

, ,n m m

5) Repeat steps 1 - 4 until the solution to your equation 
is satisfactorily close to your desired trajectory.  

4.1. Integro Differential Equations 

The first step in approximating the solution to Example 
2.7 is to convert it to a higher order differential equation. 
Using the substitution 

0
 then the integro 

differential equations becomes the second order equation  
   dt

y t x s s 

        
    

,

sin 3 .

y t a t y t b t u t

y t y t

  

 
     (4.11) 

t  
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Making the substitutions  1y t  y and    2y t y t  
we can convert this second order equation into the 
following first order system of equations.  

   
       

    

1 2

2 2

2 1

,

sin 3 .

y t y t

y t a t y t b t u t

y t y t







 

 

    (4.12) 

This sytem can then be solved using any general me- 
thod for numerically approximating the solution to initial 
value problems. We used a variable order multistep solver 
implemented in Matlab’s ode15s.m. More details for this 
solver can be found in [22] and [23]. 

Figure 1 shows an example of the effects of optimi- 
zation on finding the trajectory control. We simulated the 
differential equation on the interval  0,10  with a target 
of    sin 2πtry x  x . We discretized the control and 
linearly interpolated the control values between the 
discretization points. We used the function   1a t    
and   ,b t u t u u . Our intial control was   0u t  . 
Our initial mesh was  and we refined it to 10 and 
then 20 during the optimization. Our hybrid algorithm 
took 7.8 minutes on a PC running Windows 7, with an i5 
processor and 4 GB of memory. All following simulations 
were run on the same machine. The final sum squared 
error between the state and the target was 0.0043, which 
results in an average absolute error of 0.02 per solution 
mesh point. Figure 1 illustrates how close the state gets 
to the target. 

5n 

The system as shown in Example 3.6 was solved in a  

similar way. Making the substitution  

and  you get the following system of  

   1 10
d

t
y t x s s 

   2 20
d

t
y t x s s 

second order ODEs 

   
 

   
 

1 11 1 12 2 1 1

2 2 1 1

2 21 1 22 2 1

2 2 2 2

sin 3

cos 3

cos 3

sin 3 .

y t a y a y y y

y y u u

y t a y a y y y

y y u u

      

  

      

  
1

    (4.13) 

Then using the substitutions 1 1 , 2 1z y z y , 

3 2 , 4 2  you get the following first order 
system of equations  
z y z y

 
   

 
 
   

 

1 2

2 11 1 12 4 2 1

4 3 1 1

3 4

4 21 2 22 4 2

4 3 2 2

sin 3

cos 3

cos 3

sin 3 .

z t z

z t a z a z z z

z z u u

z t z

z t a z a z z z

z z u u

 

      

  

 

      

  
1

   (4.14) 

Again we sovle this using a variable order multistep 

solver implemented in Matlab’s ode15s.m. 
We simulated the DE on the interval [0,10] with a 

targets of    ,1 sin 2πtry x  x  and    ,2 πtr sin 2y x x 

ed n

. 
ontrol with meshes of sizes n = 2, 4, 

8, 16. This creates 4, 8, 16, and 32 total optimization 
points for controls 1u  and 2u . We us  the fu ction 

We discretized each c

  1iia t   . The op  required 1 hour 25 minutes. 
The final sum squared error between the state and the 
target was 0.053, resulting in an average absolute error of 
0.051 per discretization point. Figure 2 shows the results 
for the system of integro differential equations. Note how 
close the state gets to the target. 

timization

4.2. Partial Differential Equations 

The nonlinear parabolic problem, as illustrated in Example 
3.4 can be solved using built in Matlab software when 
working in only one spatial dimension. The function 
pdepe.m uses a second order spatial discretization to 
convert the PDE to a system of ODEs which can be 
solved using an implicit ODE solver [24]. 

The results for the target trajectory    , sin 2πtry x t x t , 
with  0,1  , 0.1T   and the PDE being discretized 
over a 20 by 20 grid can be seen in the following Figures 
3 and 4. The initial interate for the control was 
 , 0tu x  , with intially 1  which was then 

refined to 1

2n m
4n m  . Our hybrid optimization method 

took 23.5 minutes. Note in Figure 3 how closely the 
solution to the PDE follows the desired trajectory. The 
optimal sum square error was . This results in 
a 0.0013 average absolute error for each of the 400 mesh 
points. Figure 4 illustrates how close this control metho- 
dology allows us to get to matching the desired trajectory 
at the end and the control function required to do it. 

4106.5

In two spatial dimensions there were no readily avai- 
lable software for this problem so we coded a finite diffe- 
rence scheme to approximate the solution. The spatial 
derivatives were approximated with a second order 
approximation as follows 

 

     

2

2

,

, 2 , ,
i

i i

y x t

x

y x he t y x t y x he t

h





   


  (4.15) 

where h is defined by how finely the spatial mesh is 
defined and  is the canonical vector. i

As parabolic equations are generally unstable for 
foward discretization schemes [25] and particularly for 
this problem we used backwards difference approxi- 
mation for the time derivative, 

e

     , , ,y x t y x t y x t k

t k

  



   (4.16) 

where k is determined by how finely the time variable is 
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Figure 1. Numerical solution of the integro differential trajectory control problem. On the left is the state, control and target 
before optimization, i.e. with u(t) = 0. On the right are the state, control and target after optimization. 
 

 

Figure 2. Numerical solution of the system of integro differential equations trajectory control problem. On the left is the state, 
control and target before optimization, i.e. u1(t) = u2(t) = 0. On the right are the state, control and target after optimization. 
 

 

Figure 3. Numerical solution of first order PDE with desired trajectory on the right. 
 

 

Figure 4. Numerical solution of first order PDE at t = 0.1 compared to the desired trajectory on the left. The trajectory 
control used to achived this result on the right. 
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discretized. This results in a backwards difference 
scheme for the solution to the PDE. The resulting system 
equations are not now explictily defined for future, in 
time, in terms of past values of  , y x t . This results in a 
system of nonlinear equations for  , y x t  in terms of 
past approximations. We solve this nonlinear system of 
equations at each time step using a trust-region dogleg 
method [26] as implemented by the Matlab function 
fsolve.m. 

The same general methodology was employed for the 
two spatial dimensional case, however the computational 
time was greatly increased and it is more difficult to 
visualize the control and the solutions. The results for the 
target trajectory 2     1, sin 2π sin 2πtry x t x x t

0.1T 
4

, with 
,  were found with , 

1  and 2m  creating a total of 64 points to 
optimize for and the PDE being discretized over a 20 by 
20 grid can be seen in the following figures. Again a 
quasi-Newton method with a line search was used. Our 
iterative algorithm was tried but the addition of the non-  

   0,1 0,1  
4m 

= 4n

gradient method did not significantly improve results but 
did significantly increase computation time, so we do not 
include those results. First the optimization was per- 
formed only attempting to match the desired trajectory at 
t T . The computation took 15.1 hours. Then using this 
control as the initial iterate a second optimization was 
performed, with the original goal function where we 
attempt to match the trajectory over all of 

   0,1 0,T  . This required 32.7 hours, resulting in 
a total of 47.8 hours for the total algorithm. The sum 
squared error over the 4000 mesh points was 0.1165. 
Giving an average absolute error of 0.0054 per mesh 
point. Note how close the PDE solution matches the 
desired trajectory as can be seen by in Figures 5 and 6. 

5. Concluding Remarks 

In this paper sufficient condotions for T-controllability of 
semilinear integro differential system in finite and in- 
finite dimension spaces are proved by using measurable 

 

 

Figure 5. Numerical solution of PDE with control found through optimization at t = 0.4444. 
 

 

Figure 6. Numerical solution of second order PDE with control found through optimization at t = 0.1. 
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selections, generalised Banach contraction principle and 
monotone operatory theory. Computational results for 
trajectory control required a wide variety of numerical 
techniques in two and three dimensions, including non- 
linear optimization, equation solving and finite difference 
discretization. The numerical estimates justify the analy- 
tical proofs. 

The method presented here is quite general and covers 
wide class of semilinear dynamical control systems. 
Similar results may be proved and computed for second 
order systems and semilinear dynamical control in- 
clusions with delay arguments. 
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