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ABSTRACT

This paper considers fuzzifying topologies, a special case of I-fuzzy topologies (bifuzzy topologies), introduced by
Ying [25]. It investigates topological notions defined by means of A -open sets when these are planted into the frame-
work of Ying’s fuzzifying topological spaces (by Lukasiewicz logic in [0, 1]). In this paper we introduce some sorts of

operations, called general fuzzifying operations from P(X) to J(X), where (X,7) is a fuzzifying topological

space. By making use of them we contract neighborhood structures, derived sets, closure operations and interior opera-

tions.
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1. Introduction

In the last few years fuzzy topology, as an important re-
search field in fuzzy set theory, has been developed into
a quite mature discipline [1-6]. In contrast to classical
topology, fuzzy topology is endowed with richer struc-
ture, to a certain extent, which is manifested with differ-
ent ways to generalize certain classical concepts. So far,
according to Ref. [2], the kind of topologies defined by
Chang [7] and Goguen [8] is called the topologies of
fuzzy subsets, and further is naturally called L-topologi-
cal spaces if a lattice L of membership values has been
chosen. Loosely speaking, a topology of fuzzy subsets
(resp. an L-topological space) is a family 7 of fuzzy
subsets (resp. L-fuzzy subsets) of nonempty set X, and
7 satisfies the basic conditions of classical topologies
[9]. On the other hand, Hohle in [10] proposed the ter-
minology L-fuzzy topology to be an L-valued mapping
on the traditional powerset P (X ) of X. The authors in
[4,5,11,12] defined an L-fuzzy topology to be an L-val-
ued mapping on the L-powerset L* of X. In 1952, Rosser
and Turquette [13] proposed emphatically the following
problem: If there are many-valued theories beyond the
level of predicates calculus, then what are the detail of
such theories? As an attempt to give a partial answer to
this problem in the case of point set topology, Ying in
1991 [14,15] used a semantical method of continuous-
valued logic to develop systematically fuzzifying topol-
ogy. Briefly speaking, a fuzzifying topology on a set X
assigns each crisp subset of X to a certain degree of being
open, other than being definitely open or not. In fact,
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fuzzifying topologies are a special case of the L-fuzzy
topologies in [11,12] since all the t-norms on I are in-
cluded as a special class of tensor products in these paper.
Ying uses one particular tensor product, namely Lu-
kasiewicz conjunction. Thus his fuzzifying topologies are
a special class of all the I-fuzzy topologies considered in
the categorical frameworks [11,12]. Roughly speaking,
the semantical analysis approach transforms formal
statements of interest, which are usually expressed as
implication formulas in logical language, into some ine-
qualities in the truth value set by truth valuation rules,
and then these inequalities are demonstrated in an alge-
braic way and the semantic validity of conclusions is thus
established. So far, there has been significant research on
fuzzifying topologies [16-21]. In 1979, several charac-
terizations of compactness are unified by the operation
introduced by Kasahara [22]. Also, he studied the con-
cept of « -continuity (where o is an operation) and
defined some types of spaces by using this operation. In
1981, the concept of other type of continuity which gen-
eralizes the « -continuity [22] was introduced by Jank-
ovic [23]. In 1983, Abd El-Monsef, et al. [24] introduced
an operation ¢ on the family 3 of all closed sets in
the topological space (X ,‘[) which is dual to the opera-
tion « . In 1991, Kerre et al. [25] introduced an exten-
sion of the concept of an operation on the class of all
fuzzy sets on X endowed with Chang fuzzy topology [7].
It was shown that a lot of characterizations and properties
of many concepts and stronger forms can be unified by
using this notion. In 1991, Kandil et al. [26] applied the
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concept of the operation defined in [25] to unify and
generalize several characterizations and properties of a
lot of already existing weaker and stronger forms of
fuzzy continuity. A basic structure of this paper is as fol-
lows: First, in Section 2 we offer some definition and
results which will be needed in this paper. In Section 3
the concepts of fuzzifying A-open sets, CA-open sets,
A-closed sets and CA-closed sets are introduced and
some of their properties are discussed. In Section 4 the
fuzzifying A- and CA-neighborhood systems are pre-
sented and a fuzzifying topology induced by CA-
neighborhood system is introduced. In Section 5 the
concepts of fuzzifying A- and CA-derived sets, A- and
CA-closure operations and A- and CA-interior operations
were established and some of their properties are studied.
Finally, in Section 6, we summarize the main results ob-
tained and raise some related problems for further study.
Thus we fill a gap in the existing literature on fuzzifying
topology.

Note: All corollaries in this paper are results in [14-
21].

2. Preliminaries

We present the fuzzy logical and corresponding set theo-
retical notations [14,15] since we need them in this pa-
per.

For any formula ¢, the symbol [¢] means the truth
value of ¢, where the set of truth values is the unit in-
terval [0, 1]. We write E¢ if [p]=1 for any interpre-
tation. Also, J(X) is the family of all fuzzy sets in X.
The truth valuation rules for primary fuzzy logical for-
mulae and corresponding set theoretical notations are:

a) [a]= a(a e [0,1]) ;

b) [¢Aw]=min([¢].[v]):

o [p—vw]= min(l,l—[(p] + [(//]) )
2)If Ade S(X),[xe leJ = ;l(x)

3) If X is the universe of discourse, then

[Vxp(x)]:=inf [0 (x)].

In addition the truth valuation rules for derived formu-
lae are:

D [=e]=[p—0]=1-[¢];

2) [pvy]=[~(=pr=v)]=max([¢].[v]):
3) [pov]=[(p-v)rly—0);

4) [p®y]=[—(p—>-y)]=max(0.[p

5) [3xp(x)J:=[¥x-p(x)J:=sup [o(x)];
6)If 4,BeJ(X),then

J+[v]-1);
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a) [;IQEJ::[Vx(xeA—)xeB)}
=inf min(l,l—;l(x)+§(x));

xeX

b) [;lzlﬂ [ACB:| [ng[];

o) [4zB]=[4cB|®[Bc4].

We give now the following definitions and results in
fuzzifying topology [14-21] which are used in the sequel.

Definition 2.1 [14]. Let X be a universe of discourse,
and te S(P(X)) satisfy the following conditions:

) 7(X)=7(D)=1;

2) forany A4,BeP(X),

3) for any

{4, eP(X):/leA},T(U AAJZ/QAT(Al).

AeA

t(ANB)>7(A4)A7(B);

Then r is a fuzzifying topology and (X,7) is a
fuzzifying topological space.

Note: In the rest of this paper (X,7) (or briefly X) is
always fuzzifying topological space.

Definition 2.2 [14] The family of all fuzzifying closed
sets, denoted by F e S(P(X)), is defined as
AeF:=(X—-A)er, where X—A is the complement
of A.

Definition 2.3 [14] The neighborhood system
N, e S(P(X)) of xeX isdefined as
N, (A)= sup 7(B).

yeBcA

Definition 2.4 [15] The interior A° or Int(A) of
Ac X isdefined as Int(A)(x)=N, (4).

Definition 2.5 (Lemma 5.2. [14]). The closure CI(A )
A of A is defined as CI(A)(x)=1-N,(X—4). In
Theorem 5.3 [14], Ying proved that the closure

Cl:P(X)— 3(X) is a fuzzifying closure operator since
its extension Cl:3(X)—3I(X), Cl( ) U aCl( ),
a€l0,1]

a} is the o -cut

Ae 3(X), where A, z{a:;l(x)z

of A and ad=a /\IZI(X) satisfies the following Kura-
towski closure axioms:

) ECl(D)=2;
2)forany Ae3(X), FAcCl(A);
3) for any

A,Be3(X),FCl(AUB)= cz(/i)ucz(é);
4) for any zzle\s( lZCI(

Definition 2.6 [18] For any Ae3(X),
FInt(A)=X-CI(X - 4).

Theorem 2.1 [18] For any A, Be 3(X),
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Theorem 2.2 [18] Fo
[;1 c E’J =1, then

(
4) n=c1( (21
(4

1) IZX—Int(Cl(Int( )))=ci(m(ct X—/]))) [19];
2) bX—Cl(Int(A)
3) |=X—cz(1m(21)

4) lzX—Cl(Int(Cl(Zl)))zInt Cz(lnt(X—A))) [16].

Theorem 2.4
1) FX =nt(Cl(Int(X))); ¢ =tnt(CL(Int(4)));

(
)i E¢=Cl(Int());
)iE¢=1Int(CI(8));

4) F X =Cl(Int(CI(X))); F ¢ =Cl(Int(Cl(p))).
Theorem 2.5 For any AeP(X),
1) FInt(A)c Int(CI(Int(4))) [19];

(
2) X =CI(Int(X)
(X)

3) FX=Int(Cl

2) FInt(Cl(Int(4))) < Int(CI(4));
3) & Int(Cl(Int(A4))) < Cl(Int(A));
4) FCl(Int(A4))c Cl(Int(CI(A4)));
5) & Int(CI(A)) < CI(Int(CI(4))).

1
Theorem 2.6 Forany Ae P(X),
1) EInt(A)c Cl(Int(A4));

2) Elnt(4 )c[nt(Cl(A))

3) F Int(A)< Cl(Int(CI(4 )) [16].
Definition 2.7 Let X be a non-empty set.

Copyright © 2012 SciRes.
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1) By the symbol S(X )P(X) we denote the set of all
functions from P(X) into JI(X). Each member of

~

3 (X )P(X) will be called a general fuzzifying operation.

2)Let A,VeI(x)™.

a) We say that A<V,
Ac X.

b) Wesay that A and V are dual if
FX-A(A4)=V(X-A4); equivalently
FX-V(4)=A(X-A4) foreach Ac X.

3) A general fuzzifying operation Ae J(X )P(X) is

said to be monotone if F A< B— A(4)c A(B).

4) A general fuzzifying operation AeS( X)P *) s

said to be of type Ol if FX cA(X); equivalently
FV(#)c¢,where A and V are dual.

5) A general fuzzifying operation Ae J(X )P(X) is
said to be of type 02 if A(ANB)=A(A)AA(B) for
any A,Bc X.

Example 2.1 1) From Theorem 2.4 we have (),
00750707, 0°w0", and ()" are of type
Ol and each member of them is monotone from Theo-
rem2.2.

2) The fuzzifying operations ()°,0,0° 0 0,
O "uw(°, and ()" and the fuzzifying operations
0.050".0",0" 0"w(0", and ()" are dual
respectively (see Theorem 2.3).

3) From Theorem 2.1 (3), ()° isoftype O2.

4) From Theorem 2.5, one can easily deduce that:

a) 0°<0"

b) 07 <0

© 07=0";

d 0" <0"v0s

e) 07 <0 "

HO07"<0"

9 07U0T=0 "

Note: In the rest of this paper always A,V e 3(X) ),

if A(A4)<V(4) for each

3. Fuzzifying Open Sets

In this section the concepts of fuzzifying A-open sets,
CA-open sets, A-closed sets and CA-closed sets are
introduced and some of their properties are discussed.
Definition 3.1 1) The family of all fuzzifying A-open
sets, denoted by t, € S(P(X)), is defined as follows:

Aer, :sz(xGA—)xeA(A)),

7y (4)=inf A(4)(x);

2) The family of all fuzzifying CA-open sets, denoted
by 7., €3(P(X)), is defined as follows:

Aer,, :sz(xeAﬁA(A)—)xeA°),
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ie.,

7es (4)=inf min(L1-A(4)(x)+ 4" (x));

3) The family of all fuzzifying A (resp. CA-closed sets,
denoted by F, (resp. Fg,) € S(P(X)), is defined as
follows:

AeF,(resp.Fo,)=X—-Aer,(resp.7,)

Definition 3.2 1) If A=(", (@esp. 0" °,0°,0 ",
O w0’ 7,0 "), the notion of fuzzifying A-open sets
coincides with the notion of fuzzifying open (resp. « -
open, semi-open, pre-open, y-open, [3-open) sets and
will be denoted by © (resp. 7,,75,7p,7,,75);

2)If A=("" (resp. 0,0 0 V0,0 "), the
notion of fuzzifying CA-open sets coincides with the
notion of fuzzifying ca (resp. csemi, cpre, cy, cf)-
open sets and will be denoted by 7., (resp. T.g,Tcp,
TeysTep )

HIf A=(", (esp. 0" 0,0 0 w00 ),
the notion of fuzzifying 2 -closed sets coincides with
the notion of fuzzifying closed (resp. « -closed, semi-
closed, pre-closed, y -closed, S -closed) sets and will
be denoted by F (resp. F,.Fg.Fp.F,.F,);

4 If A=()"" (resp. 0,0 0 V0,0 ), the
notion of fuzzifying CA-closed sets coincides with the
notion of fuzzifying ca (resp. csemi, cpre, cy ,
cf )-closed sets and will be denoted by [, (resp.
FCS7FCP’FC;/’FCﬂ);

Theorem 3.1 1) If A is of type O1, then

a) FXer,; Fder,;

b) FEXer,; Fder,;

2) If A is monotone, then

a)forany {4,:1eA}cP(X),

TA(UA j— A 75 (4)).

b) forany 4,BeP(X),
Tea (AN B) 27y (A) n7ea (B)
Proof. 1)a) 7, (X)=[X cA(X)]=1
=[scalg)]-1
b) 7oy (X)=[ X nA(X)c X |=[X c X]=1;
tea (8)=[#0A(¢) ¢ |=[pcg]=1.

2)a) Since A is monotone, then

Z'A(UA ]:me A(U Alj(x)

AeA 4 AeA
AeA

=it it (U0

()= 27 (4)

>inf inf A(

Ael xed;

Copyright © 2012 SciRes.
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b) Forany {4,:1e } 3(X),

SR AP

(see Lemma 1.1 (1) [14]). Since A is monotone, then
from Theorem 2.1 (3) we have

e (A) A 7oy (B)
=[AnA(4)c A /\BmA(B) c B

<[(4nB)~(A(4)A(B)) (4 5]
[AﬁB) (A(4)NA(B))< (4B J

(
[(AmB)mA(AmB) (AmB)j

nzw(/le/\

;.

=Tcp (AF\B).
Corollary 3.1 1) a) FXer(resp. TQ,TS,TP,Ty,Tﬂ);
|:¢er(resp.‘[a,rs,rp,‘[y,‘[ﬂ);
b) forany {4,:1eA}c P(X),

T(resp'z—a’TS’TP’Ty’Tﬂ)(U A7j

AeA

> l/\Az'(resp.‘[a,rs,rp,ry,rﬂ)(Ai).
€

2)a) FX et (resp. 105, 70pm 7 Tep )
Foder,, (resp. TCS,TCP,Z'Cy,Z'Cﬂ);
b) forany 4,Be P(X),
Tey (resp. TCS,TCP,TCV,TC/;)(AQB)
> 70, (1eSp. Ze5. Tps Ty 7oy ) (4)
Ny (16SP. Tes.Tepa Ty 7oy ) (B).

Theorem 3.2 1) If A is of type O1, then
a) FXel,;, Fdel,;

b) FEXefl.; Fdelg;

2) If A is monotone, then

a)forany {4,:1eA}cP(X),

r(Na )z s

AeA
b) forany 4,BeP(X),
Fea(ANB)2F oy (A)AF s (B).

Proof. It is immediate from Theorem 3.1.
Corollary 3.2 1)a) E.X ef (resp.f ,.F . F puk . F 4 );

Fper (resp.F b gk ph,.Fy);
b) FXefg, (resp'FCS’FCP’FCy’FCﬂ);
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':¢€FC11 (I‘CSP-FCS,FCP’FC,V’FCﬁ);
2)a)forany {4,:1eA}cP(X),
F(resp.Fa,Fs,FP’FwFﬂ)(ﬂ Aﬁj
AeA
2A/E\A(resp.FaaFgaFP’Fy’Fﬂ)(Al)'
b) forany 4,Be P(X),
FCa (resp.FCS)FC[J:FC;MFCﬂ)(AﬁB)
)(4)
)(4)

Theorem3.31) FAef, <> Vx(xeV(4)>xed);

2 Fe, (resp. FessFepsFeysFeg
AF e, (resp. FessFepsFeysFeg

2) FAeF, ©Vx(xed—>xedUV(4)), where

V is the dual of A.
Proof.

1) [Vx(er(A)—)xeA)}
:[Vx(xeX—A—nceX—V(A))]
=[vx(xeX-A>xeA(X-4))]
=7, (X-4)=[4er,].

2) [vx(xed>xeauV(4))]

[Velxe(x-(au( () > xe(x-7))]
~[¥x(xe(X=A)n (X =V (4) > xe (X -A) )]
[

Corollary 3.3
1) EAel (resp.Fo.Fg.Fpl,.Fy)

<—>Vx(xeA’(resp.A"”,A"’,A“,
A‘°uA°‘,A°‘°—>xeA);

2) FAefy, (resp'FCS’FCP’FC;/’FCﬂ)
HVx(er—)xeAuA'“
<resp.A’°,A°’,A’°UA°’,A°’°)).

~( v\"¥)
Theorem 3.4 Let A,A, eJ(X) .
1) If A/ <A,, a) Fr, c1,,5 b) FF, CF,,; ©)
':TCAI S Teays d) ':FCAI S Fea,s
2)a) Frct.; b) EF CFg,.

Proof.
Da) 7, (4)=[Ac A (4)]<[ 4 A, (4)]=7,, (4);

Copyright © 2012 SciRes.

b) From a) above, we have
FAI(A):TAI(X—A)ﬁrAz(X—A)zfAz(A);

0) 7oy (A)=[4nA(A)c A |2[4nA,(4)c 4]

:TCAZ(A);

d) From (c) above, we have
Fea (A)=7cy (X —A) <70y (X —A)=F, (4).

2)a) 7(d)=[Ac 4 |<[ANA(4)c 4 |=17.,(A);

b) From a) above, we have
F(A)=t(X-A)<tey,(X=A4)=F,(4)

Corollary 34 1) a) i) Frcr,; i) Fr, c7g; iii)
Fr,c1,; 1v) lzrsgz'y; v) lzz'Pgry; (vi) lzrygz'ﬂ.

b)i) FFcF,; i) FF,cFg; iil) FF,cFp; 1v)
FFscF,; V) EFpcF, Vi) BF, CFy

©) 1) Froy Cte,s 1) Bt S, 1) Fre, Crgg;
) Fro, St V) Frg,cr,.

d) ) FFeg Shegs 1) FFep SFe,s i) FFe, SFeg
iv) ':FcygFCP; V) 'ZFC,,QFC,.

2)a) Frce,, (resp. TCS,TCP,T@,TCI;);

b) FFcFe, (resp'FCS’FCP’FCwFCﬁ)'

Corollary 3.5

1) a) Frcrg b) Frcor, ¢ Frcr, d)
lzrgry;

2) a) FFchg b) FFclhp o FFchy d
FFCF,.

Theorem 35 Let = A" c A(A)
1) FAder,, <> A =ANA(4);
2) Edef o, <> A=AUV(A).

Proof. 1) Since F A" cA(A4) and FA < A4, then
FA < ANA(A). Thus

ten (A)=[ 4 cANA(A)|A[ ANA(4) c 4]
=[ 4 =4nA(4)].

foreach AcC X.

2) Since for every Ac X,F A cA(A), then one
can deduce that FV(4)c A for every Ac X. Also,
since FAc A one can have that FAUV(4)c A
From Theorem 3.3 (2) we have

Fea(A)=[Ac40V(4)]
=[Ac4uv(4)|a[4uV(4)c 4]
=[4=40V(4)].

Corollary 3.6 Forany Ac X,

1) FAez,, (resp. TCS,TCP,rCy,‘[C/,)
A =ANnA"" (resp. A7, A7 A uA’°,A’°’);
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2) FAefl,, (resp.FCS,FCP,F@,FC,@)
A= AUA" (resp. A, AT ATUALT AT,

Remark 3.1 In crisp setting, i.e., if the underlying
fuzzifying topology is the ordinary topology, one can
have

FAdero>(Ader,nderg,)
(resp.( Aergndersy),
(AGTP/\AGTCP),(AGQ/\Aez’cy),

(Aerﬂ/\AerCﬂ).(*)

Of course the implication “—” in (*) is either the
Lukaciewicz’s implication or the Boolean’s implication
since these implications are identical in crisp setting. But
in fuzzifying setting the statement (¥) may not be true as
illustrated by the following example.

Example 3.1 Let X:{a,b,c} and t© be a fuzzify-
ing topology on X defined as follows:

T(X):‘[(¢):r({a}):r({a,c})zl;
T({b}) :T({a,b}) =0 and r({c}): T({b,c}):_

From the definitions of the interior and the closure of a
subset of X and the definitions of the interior and the
closure of a fuzzy subset of X and some calculations we

have:
T, ({a,b}) =7

and

So,

=75 ({a.b}) A7es ({a0})
=7 ({a.b}) A7ep ({a. b))
=7,({a.b}) e, ({a.b})
=7, )

.’J;";

Theorem 3.6 Let E
Then

1) ':AET—)(AETA/\AETCA);
2) ':(AETA®A€‘[CA)—)A€T.

( ) for each Ac X.

Copyright © 2012 SciRes.

Proof. 1) It is obtained from Theorem 2.4 (1)(a) and
(2)(@).
2) [Ader,®Aer,,]= max(O,z'A (A)+7c, (A)—l)

= max(0,inf A(4)(x)
+inf min(L1-A(4)(x)+ 4" (x))-1)
(4)()
+inf (1-A(4)(x) + 4" (x)) -1
)

= max(O,inAf A

< max (0,inf (A(4)(x)+1=A(4)(x)+ 4" (x)-1))
:iXI;AfA"(x):[Aer].

Corollary 3.7
1) Fder

—(der,nder,,)(resp(dersndery),
(det,ndery,).(der, nder,,);
(deryndere,));

2) F(der,®Ader,,)(resp.(ders®Aery),
(der,®dezy,).(der,®der,,):;

(Aez'ﬁ®AeTCﬁ))—>Aer.

Theorem 3.7 Let |:A°gA(A) for each Ac X. If
forevery Ac X, FAer, or FAet,,, then

1) FAdero(der,nder,,);

2) F(der,®der, ) Aer.

Proof. Using Theorem 3.6 it remains to prove the
following

1) Suppose that F4er,.
have A(A4)(x)=1. So

[AETA]/\[AGTCA]Z[AETCA]

= 1xr€1£ min(l,l— A(A)(x) +A4° (x))

Then for each xe 4 we

:ixrelgA(’(x):r(A).
Now, suppose that F Aez.,. Since [A"QA(A)]:I,
then
1=min(1,1-A(4)(x)+
=1=A(4)(x)+ 4" (x).
Foreach xe 4 wehave A(4)(x)=4"(x). Thus,
[AETA]/\[AETCA]—[AETA]—T(A).

4 (x))

2) The proofis similar to 1).

Corollary 3.8 If for every AcX, EAet, or
FAer,, (resp. FAety, or FAer,, FAet, or
FAetry, FAer, or FAet,, ,FAet, or
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FAet,), then
1) FdAer

<—>(Aera /\AerCa)(resp.(Aez'S /\AETCS),
(AETP/\AETCP),(AETy/\AETCV);

(Aerﬂ/\AeTCﬂ));
2) FdAer
o (der,®der.,)(resp(dery® dety),

(AETP®A€TCP),(A€2'7®A€Z’Cy);
(Aez'ﬂ®AerCﬂ)).
Theorem 3.8 Let A be a monotone. Then
IZAerAHVx(xeA—)HB(BerAAxeBgA)).

Proof.
[VX(XGA—)E]B(BETA AxeBc A))]

=inf sup 7,(B).

xed xeBcA

First, we have inf sup 7,(B)>7,(4). On the other

xeAd xeBcA

hand, Suppose that S, :{B:xeBg A}. Then for any
fe[]B., wehave |Jf(x)=4. Since A is mono-

xed xed

tone, then by Theorem 3.1 (2)(a) we have

7,(4)=r1, (U f(x)] >inf 7, (f(x))- By completely

xed

distributive law we have

ry(4)2 sup infr, (f(x))=inf sup 7, (B).

xed

Corollary 3.9
FAde r(resp. Z'a,TS,Z'P,Ty,Tﬂ)H Vx(x e A
— EIB(B € Z'(I’eSp.Ta,TS,TP,Ty,Tﬂ)/\x e Bc A).

Remark 3.2 The following are valid in crisp setting:
1) FAet,ABer, >ANBert,;
2) FAetnBer, > ANBer,;
3) FAer,nBer, >ANnBer,

but in fuzzifying setting these statement may not be true
by the following example.
Example 3.2 From Example 3.1 we have

1) 7, ({a,b} AT, ({b,c})=%£ 0

Copyright © 2012 SciRes.

3) 7, ({a,b})/\fy ({b,c}) =%;<_0

=1, ({b}) =1, ({a,b} m{b,c}).

4. Fuzzifying Neighborhood Structure of a
Point

In this section the concepts of A-neighborhood system
and CA-neighborhood system of a point are presented
and a fuzzifying topology induced by CA-neighborhood
system is obtained.

Definition 4.1 The fuzzifying A-(resp. CA-) neighbor-
hood system of xe X , denoted by N® (resp. N-*)
€ S(P(X)) , is defined as follows:

AeN!=3B(Ber,nxeBc A)
(resp.AeNfA :=EIB(BETCA/\xeBgA)),

ie.,

N*(4)= sup TA(B)[resp. N (A)= sup TCA(B))

xeBc A xeBc A

Definition 4.2 Let xe X .

DIf A=(°, (resp. 0" 0,0 0 w00 ),
the fuzzifying A-neighborhood system of x coincides
with the fuzzifying (resp. fuzzifying « -, fuzzifying
semi-, fuzzifying pre-, fuzzifying y -, fuzzifying £ -)
neighborhood system of x and will be denoted by N,
(resp. N7,N;,NJ.NI.N/);

2)If A=(0"" (resp. 0,0 0 WO 7,0 ), the
fuzzifying CA-neighborhood system of x coincides
with the fuzzifying ca - (resp. fuzzifying csemi-, fuzzi-
fying cpre-, fuzzifying cy -, fuzzifying c¢f -) neighbor-
hood system of x and will be denoted by N (resp.
NS NP N NP,

Theorem 4.1 Let A be a monotone.

1) FAer, (—)Vx(xeA—)EIB(BeNXA/\BgA));

2) lZVx(xeA—)AeNf)(—)AerA.

Proof. Using Theorem 3.8 we have
[Vx(xe A—3B(BeN*ABc A))J

=infsup N* (B) =infsup sup 7, (C)
xed BcA ’ xed Bc A xeCcB
A
2) From 1) the proof is immediate.
Corollary 4.1 Let (X,7) be a fuzzifying topological
space.

1) 7(A4)(resp.z, (A).75(4).7,(4).7,(4).7,(4))
(resp.z'a (C),75(C),

,rﬂ(C));

=inf sup 7(C

xed yeCcd

~ ~—

7,(C),z,(C

4
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1) T(A)(resp.ra (4),75(4),7, (A),z'7 (A),z'ﬂ (A))
_ a S
=inf N, (4)(resp. N7 (4), N7 (4),

N7 (4). N7 (4). N7 (4)):

Theorem 4.2 The mapping N“:X —3(P(X)),
x> N2, has the following properties:
1) If A is of type Ol, then N2

xeX;

2) For any x,A,ﬁAeNXA —>xed;

3)Forany x,4,BFACB—(A4eN}—>BeN);

4)If A is monotone, then for any x, 4,

FAeN?

is normal for any

—>3H(HeN} AHC Anvy(yeH > HeN}));

S)If A isoftype O2,then
FAeN*ABeN>—>AnBeN’.

Proof. 1) Since A isoftype O1, then

NI (X)= sup 7, (B) =7, (X)=[ X cA(X

-

2) If [A eN ﬂ =0, then the results holds. Suppose
[A € NXA] = sup 7,(H)>0. Then there exists

xeHcA

H, eP(X) such that xeH <A . Now, we have

[xe4]=1. Thus [A € NA] [x € 4] holds always.

3)If [4< B]=0, then the result holds. Now, suppose
that [4< B]=1. Then we have

[AeNf]: sup 7, (C)< sup TA(C):[BENXA]

xeCcA xeCcB

4) Since A is monotone, then from Theorem 4.1 a)
we have

[HH(HENAAHCAAV)/ yeH—)HeNA))J

(
/\1an ) = sup

:E}S(N’ ( yeH HcA /\TA (H))
=supr,(H)> sup rA(H):[AeNXA].
HcA xeHc A
5) N:(AnB)= sup 7,(C)
xeCcANB
= sup 7, (ClmCZ)

xeCicA,xeC,cB

> sup
xeCicd,xeCycB

(TA(CI)/\TA (Cz))
= sup TA(CI)/\ sup TA(CZ)
xeCic4 xeCycB

= N*(4)AN"(B).

Corollary 4.2 The mapping N
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(resp. N”,NS,NP,N7,N”):X—>S(P(X)),
x> N, (resp. NI, N, NI, N7, N),

has the following properties:
1) For any xe X, N,
is normal;
2) For any x, 4,

IZAeNx(resp.Nf,Nf,Nf,Nf,Nf)—)xeA;

(resp Na,NfaprsNi’Nxﬂ)

x

3)Forany x,4,B,
IZAgB—>(AeNx(resp.Nf,Nf,Nf,Nf,Nf)

— Be N, (resp. N“aNf»Nf’Nf’Nf));

4)Forany x, 4,
FAe N, (resp. NY,NJ N, N7, N)
—3H (H N, (resp. N, NS, N NI NS A H
c AnVy(ye H—>HeN, (resp. NE,NS NI Nﬂ)))

5)Forany x,4,B,
FAeN ABeN, > ANBeN_.

Theorem 4.3 The mapping N“: X — S(P(X)),
x> NS, has the following properties:

1) If A isoftype Ol, then N is normal for any
xeX;

2)Forany x,4,FAe N —>xe4;

3) Forany x,4,B,

FACB—(4eN —>BeN™);
4)If A is monotone, then or any x, A4, B,
FAeN*ABeN > AnBe N,

Conversely, if a mapping N* satisfies 1), 3) and 4),
then it assigns a fuzzifying topology on X, denoted by
T s € S(P(X)) , is defined as follows:

Aez’NCA :=Vx(xeA—>AeNXCA).

Proof. Since N is normal and satisfies properties
(2) and (3) in Theorem 4.2, then T cn s a fuzzifying
topology on X . The rest of the proof is similar to the
proof of Theorem 4.2.

Corollary 4.3 The mapping N*

(resp. N, N, N, NY): X > 3(P(X)),x> N
(resp. NXCS,NEP,NXC’,NXC’;),

has the following properties:

1) N (resp.NfS,NfP,Nf7,Nfﬂ) is normal for any
xeX;

2) Forany x, 4,

AM



O.R. SAYED 991

FAe N (resp. N, N N NP ) > x e 4
3)Forany x,4,B,
FACB—(4e N (resp. N, N, N7 N
—>BeN™ (resp. NXCS,NXCP,Nf'V,Nfﬁ));
4)If A is monotone, then or any x, 4, B,
FAe N (resp. N, N N N )
ABe N (resp. NfS,NfP,Nf’,Nfﬂ)
— AnBe N (resp. N, N N7 N
5) The mapping N (resp. NCS,NCP,Ncy,NCﬂ) as-
signs a fuzzifying topology on X, denoted by T ca
(resp. Toes>TyersTycrsTycp ) € S(P(X)) , is defined as
follows:
Ae T ca (resp. TyessTyersTyer»Tycp )
=Vx(xed— Ae N (resp. NO, N N N ).

Theorem 4.4 If A is of type Ol and monotone, then
FTey ST
Proof. Let B< X. Then

£y (B) =V (8)=inf s e, (4)2 50, (5).

xeB xeAcB
Corollary 4.4 1) Fr., < Tocas 2) Fles ST e 3)

Frop STy 4) F1o, &7 0,5 5) Frey ST ¢y

5. Closure and Interior Operations in
Fuzzifying Topology

The purpose of this section is to establish the concepts of
fuzzifying A- and CA-derived sets, fuzzifying A- and
CA-closure operation and fuzzifying A- and CA-interior
operation and study some of their properties.

Definition 5.1 The fuzzifying A- (resp. CA-) derived
set d,(A4) (resp. dc,(A4)) €3(X) of AcX s
defined as follows:

xed,(4):=VB(BeN} > Bn(4-{x})#¢)
(resp.xeafcA (A):: VB(BENXCA —)Bm(A—{x})¢¢)),

d,(A)(x)= inf

Br(A-{x})=¢

(1-n2(B))

(resp. dey(A4)(x)= Bm(/iir}{g}):y’(l —-N& (B))J .

Definition 5.2 For Ac X.

Copyright © 2012 SciRes.

DIf A=(, (resp. O°50,0 0 w00 ),

the notion of fuzzifying A-derived set of A< X coin-
cides with the notion of fuzzifying derived (resp. « -
derived, semi-derived, pre-derived, y -derived, f -de-
rived) set and will be denoted by

A (resp.d, (4),d(4).d,(4).d,(4).d,(4));

2)If A=("" (resp. 0,0 0 w0 .0 ), the
notion of fuzzifying cA-derived set of 4 < X coincides
with the notion of fuzzifying derived (resp. ca -derived,
csemi-derived, cpre-derived, cy -derived, cf -derived)
set and will be denoted by

dey (A)(resp.des (4).dey (A).de, (4).dey (4)).
Theorem 5.1 For every Ac X we have
D d, (A)(0)=1- N2 (X~ A)o{x)):
2) dey (A4)(x)=1-N"((X - A)u{x}).
Proof. 1) Using Theorem 4.3 3) we have
d,(A)(x)= inf ¢(1—Nﬁ(3))

BA(4-{x})=
=1- sup N? (B)
B(4-{x})=¢

=1- sup

B (X —A4)Ufx}

=1=N (X =) uix).

Ny (B)

2) It is similar to the proof. of 1).
Corollary 5.1

a) A'(x)=1-N,((X-4)u{x});

b) d,(A4)(x)=1-N{((X -4)u{x});

¢) dy(A4)(x)=1-N}((X - 4)u{x});

d) d,(4)(x)=1-N]((X-4)u{x});

e) d,(4)(x)=1-N]((X-4)u{x});

0 d,(4)(x)=1-N7((X - A){x});
2)a) de, (A)(x)=1-N;"((X - 4)o{x});
b) des (4)(x)=1-N ((X - 4)w{x});
¢) dep (A)(x)=1=-N"((X - 4)U{x});
d) de, (4)(x)=1-NT (X -4)u{x});
e) dcﬁ(A)(x):l—NC”((X—A)u{x}),

Theorem 5.2 For every Ac X we have
1) If A is monotone, then FAeF, <> d,(4)c 4;
2) If Ais of type Ol and monotone, then

FAEF o ©de, (A)cA.

Proof. Using Theorem 4.1 (2) we have
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1) [di(A)c4]= inf (1-d,(4)(x)) 1) CI,(4)(x)= ;an(l—FA(B))
- 11}fANA((X—A)u{x}) = eXlI;EX—A(l_TA (X-B))
= inf N}(X-dA)=7,(X-d)="F,(4). =1- suwp 7,(X-B)
2) It is similar to 1). :1_;;(;;14)
Corollary 5.2 o * i
Da) Edel & A c 4; 2) It is similar to the proof of (1).
Corollary 5.3
b) Fder, od,(4)c4 1)a) A(x)=1-N,(X - A);
¢) FAeky <> d, ((A))QA b) €U, (4)(x)=1=-N; (X - 4);
d) Fdel,od,(4)c 4;
) Fdel, <>d, (4)c 4; ) Ol (A)(x)=1=N (X =4);
N hAerﬁd’( );A d) Cl(4)(x)=1-N" (X -4);
2)a) izA:Fc <—>d_( A)c 4; ©) CL (4)(x)=1-N7 (X - 4);
b) EACr o o deg (A)< A f) Cly(4)(x)=1-N’(X-4);
¢) FAeF o <d (4)c 4 2)a) Cle, (4)(x)=1-N." (X - 4);
0 Eder (_)dcp( A)e 4 b) Cles(A4)(x)=1-N (X - A4);
S NCY
e) ':A F (—>d ( ) A C) CZCP(A)(x):l_NfP(X_A))
€F yop cp ; .
Definition 5.3 The fuzzifying A-(resp. CA-) closure 9 Cl@(A)(x):l_N"C (X —4);
Cl,(A) (resp. Cl,(A)) €3(X) of AcX s de- e) Cly(4)(x)=1-N7 (X - 4);
Jfined as follows: Theorem 5.4 For every Ac X and xeX we
XECZA(A):ZVB((BQA)/\(BEFA)—))CEB) have
1) If A is of type O1, then
(resp. x & Cle, (4):=VB((B2 A)A(BeFe,) > xeB)), a) EClL(¢)=4¢;
ie., b) ':CICA(¢)E¢;
Cly(4)(x)= inf (1-F,(B)) D) FASC,(4)
vep=d b) EAcCl.,(4);
(resp.ClCA( )(x )=)££A(1 Fea(B ))) 3)a) ECIL (A)=d,(A)U 4;

Definition 54 1) If A=()’, (resp. O°°,0°,0 ", b) F Cley (A)=dey (4) 4;
O0"u(’~,07°7), the notion of fuzzifying A-closure of 4)a) ExeCl (4)o VB(B eN* > ANB= ¢);
Ac X coincides with the notion of fuzzifying closure

CA .
(resp. « -closure, semi-closure, pre-closure, y -closure, b) FxeCle, (A) < VB(B €N,” >ANnB= ¢)’

B -closure) operation and will be denoted by 5)a) FA=Cl,(A) > AeF,;
Z(resp. Cl,(4),CI;(4),Cl, (A),Cly (4), Cl, (A)) ; b) If A is of type O1 and monotone, then
2) If A=("" (resp. (7,070 V007, the FA=Cle (M) o el o
notion of fuzzifying CA-closure of Ac X coincides Proof. We prove only a) of each statements since b) is
with the notion of fuzzifying ca (resp. csemi, cpre, similar.
, -cl ti d will be denoted b
¢y, cf3)-closure operation and will be denoted by a) Cl(¢)(x)=1-N, (X —9)
Cle, (A)(resp. Clos (), Cley (A4).Cle, (A),Cle, (A)). _1-N,(X)=1-1=0.
Theorem 5.3 For every Ac X we have 2) a) It is clear that N,(4)=0 forany Ac X and
1) CI, (A)(x) =1-N® (X—A); xe X in case of x¢ A. Now, suppose that xe A4.
o Then CI,(A4)(x)=1-N;(X—4)=1. Therefore
2) Cley (A)(x) =1=N" (X = 4); FACCl,(A).
Proof. 3) a) Using Theorem 5.1 (1) and (2) above, we have
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(d, (4) 0 4)(x)=max(1- N2 ((X - 4)Ufx}), 4(x))
=1, (4)(x).

4) a) [VB(BeNfA —>AmB¢¢)]

= inf
BcX-A4

(1-N2(B))=1- sup N:(B)

BcX-4
=1-N; (X —-A4)=CI, (4)(x).
5) a) Since [A cd, (A)UA:| =1, then from Theorem
5.2 (1) and (3) (a) above we have

A)=[d,(4)c4]=[d,(4)udc 4]
=[Acd,(4)uA]a[d, (A)uAc 4]
:[dA uA:A}=[ClA =A},

because [EQAJZ[EUAEAJ forany BeJ(X).

Corollary 5.4

l)a) Eg=¢;b) ECL(p)=¢
IZCIP(¢)E¢; e) |=Cl( )E
FCl.,(¢)=¢; h) FCi(d)=¢;
FCl.,(¢)=¢:k) FCl,(9)=¢;

2)forany AcX,a) FAcA;b) FAcCL (A4);
FACCl(A); d) FACCL(4);e) EFACCL(A); )
FACCl,(4);g) FACCl, (A);h) EAcCly(4); i)
FACCl,(4):]) FACCl, (4);k) FACCl.,(4).

3)forany Ac X ,a) FA=A'UA;Db)
ECL (4)=d,(4)ud; ) ECL(4)=ds(d)ud; d)
FCl,(A)=d,(4)ud; e ECL(A)=d (4)u4; f)
FCly(4)=d,(A)ud;g) ECl,(4)=d, (4)U4;h)
':CICS(A)EdCS (A)UA; i) ':CZCP(A)EdCP(A)UA; i)
ECl., (A)=d.,(A)UA4;k) ECl.,(A)=d,(A)u4.

4)forany Ac X and xe X,

a) FA<VB(BeN, > ANB#¢);

b) FxeCl (4) e VB(BeN! > ANB+#4);

(
(

;c) ECL(¢)=¢; d)
s ) FClL(4)=¢; ¢
i) FClep(4)=¢5 1)

~

¢) FxeCly(4) > VB(BeN; > ANB#¢);
d) FxeCl,(A)

e) FxeCl(
(

f) Fxedl,

©VB(BeN! > ANB#4);
A)<>VB(BeN! > ANB*g¢);
A)oVB(BeN! > AnB#4);

g) FxeCle, (4) > VB(BeN* > AnB*g¢);

o
h) FxeCly(4) > VB(BeNS > ANB#¢);
i) FxeCl,(4)VB(BeN" > AnB#4);
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j) FxeCl., (4) > VB(BeNT - ANB#¢);
k) FxeCl,(4) o VB(BeN > AnB*4).
S)forany Ac X,

a) EA=Ao AeF
b) FA=Cl,(4)o AeF,;

¢) FA=Cl(A)<> AefFy;
d) FA=Cl,(A)<> AeF,;

e) FA=CI A)(—)Aer;
)

il
f) FA=Cl, (4
2) IZAEC[CQ(A)HAGFNM;
h) FAEC[CS(A)HAGFNCS;
i) FA=Cl.,(4)
i) lZAECle(A)
k) IZAEClCﬂ(A)eAeFNCﬁ.
Theorem 5.5 For every A,Bc X we have
1) EB=Cl,(A)<>Bef,;

2) EB=Cly(A) > BEF .

Proof. 1) Suppose [A c B] =0. Then
[B=Cl, (4
[4c B]=1. Then [BgCZA(A)]:I—E;?ANXA(X—A)

<—>AeFﬂ;

(—)AGFNCP;

o> del o

)} =0 and the results holds. Now, suppose

and [ CI,(4)

[B=Cl,(4)]

—max(O inf NA(X A)—sup Ni (X - A))

xeB-4

— i Aly _
gB]—xgl{t:BNx (X-4). So

Let [B=Cl,(4)]>t Then
inf N*(X-A)>t+ sup Ni(X—4). Forany

xeX-B xeB—A

xeX-B, sup 7,(C)>t+ sup NJ(X—4),

xeCcX-A4 xeB-A4

ie.,

there exists C, <X such that xeC., cX—-4 and

7,(C,)>1+ sup N (X —A4). Now we want to prove
xeB-4
C,.cX-B.
x'eC,. Hence
sup N} (X —A4)2Ny(X-4)=7,(C,)

xeB-A4

If not, then there exist x'€e B—A4 with

>t+ sup N (X —4)

xeB-A
and this is a contradiction. Therefore

Fo(B)=1,(X-B)= inf N'(X-B)

> inf 7,(C, )>t+ sup No (X —A4)>t

xeB-4
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Since ¢ is arbitrary, it holds that [ B=Cl, (4)]<F,(B)

2) The proof is similar to 1).
Corollary 5.5 For any A and B.
l)a) EFB=A< BeF ;

b) FB=Cl, (A)«>BeF,;
¢) FB=Cl(A)«<>Befy;
d) EB=Cl,(A)<>Bef,;
e) |=BéCly(A)<—>BeF,;
e) IZBéCZﬁ(A)

2)a) IZBéCZCa(A)HBeFNCa;
b) EB=Clyg(A) > Bel
©) FB=Cly,(A) > Bel o
d) IZBéClcy(A)<—>BeFNC7;
) FB=Cl,(A)>BeF .

Definition 5.5 The fuzzifying A-(resp. CA-) interior
Int, (A) (resp. Int,,(A4)) €3(X) of AcX is de-
fined as follows:

xelnt,(4)=N: (A)(resp. xelnty, (4)=N* (A))

<—>BeFﬂ;

Definition 5.6 1) If A=()", (resp. )" °,0°,0 ",
O v 7,0 ), the notion of fuzzifying A -interior of
Ac X coincides with the notion of fuzzifying interior
(resp. « -interior, semi-interior, pre-interior, y -inte-
rior, [ -interior) operation and will be denoted by

A (vesp. Int,, (A), Ints (A), Int, (A),Int, (A4), Int, ()

2)If A=("" (resp. 0,0 0 WO .0 "), the
notion of fuzzifying CA -interior of A< X coincides
with the notion of fuzzifying ca (resp. csemi, cpre,
¢y, cf)-interior operation and will be denoted by

Inte, (A)(resp. Integ (A), Inte, (A), Int, (A), Inte; (A)).
Theorem 5.6 For every x,A,B we have
1)a) EB=nt,(A)—> Bez,;
b)if A isof type Ol and monotone, then
EB=Int.,(A)—>Be Toons
2)a) FBer, /\BgA—)Bc;IntA(A);
b)if A isoftype Ol and monotone, then
|=Bez'NCA ABgA—)BgIntA(A);
3)a) FA=Int,(A)> Aez,;
b)if A isof type O1 and monotone, then

FA=Int,, (A) > Ae T cns

4) a) hxe]ntA(A)erA/\xe(X—dA(X—A));

Copyright © 2012 SciRes.

SAYED

b) |:xeIntCA(A)(—)xeA/\xe(X—dCA(X—A));
5)a) Fint,(A)=X-Cl, (X -A4);
b) Elnig,(A4)=X —Cl., (X - A);

Proof. We prove only a) of each statements since b) is
similar.

First, we prove 2) a) If B¢ A4, then
[B er,"nBc A] =0. Now, suppose that Bc 4. Then
we have

[ B Int, (4)]=inf Int, (4)(x)=inf N} (4)
Zixrelng(B):z'A(B):[BerA/\BgA].

3)a) [A=Int,(4)]
=min(i££1mA(A)(x),ing(l—lmA(A)(x)))
=inf Int, (4)(x)=inf N} (4)
=7,(d4)=[4ez,].

4 a)lf x¢ A,

[xe[ntA(A)}=0:[xeA/\xe(X—dA(X—A))].

If xe A,
[xedA(X—A)} =1—Nf(Au{x})
=1-N_(4)=1-1Int,(4)(x).
Thus [xeA/\xe(X—dA(X—A))]=IntA (4)(x).

5) a) Follows from Theorem 5.3 (1).
Finally, we prove 1) a). From 5) a) and Theorem 5.5 1)
we have

[B=Int,(A4)|=[X-B=Cl,(X-4)]

<[(X-B)er,]|=7,(B).

Corollary 5.6 For any x,A,B,

1)a) FB=4">Ber;

b) EB=Int,(A)—>Bez,;

¢) FB=Intg(A)—> Bery;

d) lZBéIntP(A)—>Berp;

e) FB=Int, (A)

f) EB=Inty(A)—>Bery;

g) FB=Int, (A)>Bet o

h) FB=lInt,(A)—>Ber

i) FB=Int,,(4A)—>Ber

i) EBéIntCy(A)

k) EB=lInt,(A)>BeT oy}

N

—>Bert,;

NCS 2
NCP 2

—->Ber ., ;
N,

2)a) FBetABc A—>Bc A
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b) EBer,ABc A— Bc Int,(A);
c) |=Bers/\B<;A—>Bg1ntS(A);
d) hBeTPABgA%BgIntP(A);
e) IZBeTy/\BgA—>Bg1nty(A);
fy EFBety,ABC A— BC Inty(A)
g) hBeTNCaABgA%BgInta(A);

)

>

b

h) |=BGTNCSAB§A—>BgIntS(A

i) ':BETNCP/\BQA%BQI}’IZ‘P(A);
1) ':BETNQ/\BQA—)Bg[nty(A);
k) hBeTNCﬂABgA—)BgIntﬂ(A);
3)a) FA=A"< Aer;

b) PAEInta(A)(—)Aera;

¢) FA=Intg(
d) hAEIntP(
e) IZAEInty(A)

f) EA=Inty(A) > dez,;
g) FdA=Int,, (A) o> A€t o,
h) |=AEIntCS(A)<—>AeTNCS;
i) FAEIntCP(A
1) FAEIntcy(A
k) hAEIntc,ﬂ(A)HAerNcﬁ;

A)e> derg;
A)o> Aet,;

> Ader,;

HAETNCP;

AT

4) a) l=xeA°<—>xeA/\xe(X—(X—A)');

b) Exelnt

a

A)(—)xeA/\xe(X— o (

)
d) Exent,(A)«>xednrxe(X—d,(

e) Fxelnt,

(4) ( (
f) hxe[ntﬁ(A)exeA/\xe(X—dﬁ(
g) Fxelnt., (A)<>xedArxe

5)a) FA=X-X—4A;
b) FInt, (4)=X~Cl, (X -4)

¢) Flntg(A)=X-Clg(X-4);
d) Elnt,(4)=X-Cl,(X -4);
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6. Conclusions

The present paper investigates topological notions when
these are planted into the framework of Ying’s fuzzifying
topological spaces (in semantic method of continuous
valued-logic). It continue various investigations into
fuzzy topology in a legitimate way and extend some fun-
damental results in general topology to fuzzifying topol-
ogy. An important virtue of our approach (in which we
follow Ying) is that we define topological notions as
fuzzy predicates (by formulae of Lukasiewicz fuzzy logic)
and prove the validity of fuzzy implications (or equiva-
lences). Unlike the (more wide-spread) style of defining
notions in fuzzy mathematics as crisp predicates of fuzzy
sets, fuzzy predicates of fuzzy sets provide a more genu-
ine fuzzification; furthermore the theorems in the form of
valid fuzzy implications are more general than the corre-
sponding theorems on crisp predicates of fuzzy sets. The
main contributions of the paper are to study some sorts of
operations, called general fuzzifying operations. There
are some problems for further study:

1) Apply the general fuzzifying operation to conver-
gence theory, continuity, separation axioms etc.

2) What is the justification of these concepts in the set-
ting of (2, L) topologies.

REFERENCES

[11 U. Hohle, “Many Valued Topology and Its Applications,”
Kluwer Academic Publishers, Dordrecht, 2001.
doi:10.1007/978-1-4615-1617-0

[2] U. Hohle and S. E. Rodabaugh, “Mathematics of Fuzzy
Sets: Logic, Topology, and Measure Theory,” Handbook
of Fuzzy Sets Series, Vol. 3, Kluwer Academic Publishers,
Dordrecht, 1999.

[3] U. Héhle, S. E. Rodabaugh and A. Sostak, “Special Issue
on Fuzzy Topology,” Fuzzy Sets and Systems, Vol. 73,
1995, pp. 1-183.

[4] T. Kubiak, “On Fuzzy Topologies,” Ph.D. Thesis, Adam
Mickiewicz University, Poznan, 1985.

[5] Y. M. Liu and M. K. Luo, “Fuzzy Topology,” World
Scientific, Singapore, 1998.

[6] G. J. Wang, “Theory of L-Fuzzy Topological Spaces,”
Shaanxi Normal University Press, Xi’an, 1988 (in Chi-

AM


http://dx.doi.org/10.1007/978-1-4615-1617-0�

996

[13]

[14]

O.R. SAYED

nese).

C. L. Chang, “Fuzzy Topological Spaces,” Journal of
Mathematical Analysis and Applications, Vol. 24, No. 1,
1968, pp. 182-190. doi:10.1016/0022-247X(68)90057-7

J. A. Goguen, “The Fuzzy Tychonoff Theorem,” Journal
of Mathematical Analysis and Applications, Vol. 43, No.
3, 1973, pp. 182-190.
doi:10.1016/0022-247X(73)90288-6

J. L. Kelley, “General Topology,” Van Nostrand, New
York, 1955.

U. Hohle, “Uppersemicontinuous Fuzzy Sets and Appli-
cations,” Journal of Mathematical Analysis and Applica-
tions, Vol. 78, No. 2, 1980, pp. 659-673.
doi:10.1016/0022-247X(80)90173-0

U. Hohle and A. Sostak, “Axiomatic Foundations of
Fixed-Basis Fuzzy Topology,” In: U. Hohle and S. E.
Rodabaugh, Eds., Mathematics of Fuzzy Sets: Logic, To-
pology, and Measure Theory, Vol. 3, Kluwer Academic
Publishers, Dordrecht, 1999, pp. 123-272.

S. E. Rodabaugh, “Categorical Foundations of Variable-
Basis Fuzzy Topology,” In: U. Hohle and S. E. Roda-
baugh, Eds., Mathematics of Fuzzy Sets: Logic, Topology,
and Measure Theory, Vol. 3, Kluwer Academic Publish-
ers, Dordrecht, 1999, pp. 273-388.

J. B. Rosser and A. R. Turquette, “Many-Valued Logics,”
North-Holland, Amsterdam, 1952.

M. S. Ying, “A New Approach for Fuzzy Topology (I),”
Fuzzy Sets and Systems, Vol. 39, No. 3, 1991, pp. 303-
321. doi:10.1016/0165-0114(91)90100-5

M. S. Ying, “A New Approach for Fuzzy Topology (II),”
Fuzzy Sets and Systems, Vol. 47, No. 2, 1992, pp. 221-
223. doi:10.1016/0165-0114(92)90181-3

K. M. Abd El-Hakeim, F. M. Zeyada and O. R. Sayed,
“ B -Continuity and D(c, f )-Continuity in Fuzzifying
Topology,” The Journal of Fuzzy Mathematics, Vol. 7,
No. 3, 1999, pp. 547-558.

K. M. Abd El-Hakeim, F. M. Zeyada and O. R. Sayed,

Copyright © 2012 SciRes.

(18]

[19]

(21]

[22]

(23]

(23]

“Pre-Continuity and D(c, P)-Continuity in Fuzzifying
Topology,” Fuzzy Sets and Systems, Vol. 119, No. 3,
2001, pp. 459-471. doi:10.1016/S0165-0114(99)00097-4
F. H. Khedr, F. M. Zeyada and O. R. Sayed, “Fuzzy
Semi-Continuity and Fuzzy Csemi-Continuity in Fuzzi-
fying Topology,” The Journal of Fuzzy Mathematics, Vol.
7, No. 1, 1999, pp. 105-124.

F. H. Khedr, F. M. Zeyada and O. R. Sayed, “« -Con-
tinuity and co -Continuity in Fuzzifying Topology,”
Fuzzy Sets and Systems, Vol. 116, No. 3, 2000, pp. 325-
337. doi:10.1016/S0165-0114(98)00386-8

T. Noiri and O. R. Sayed, “Fuzzy ¢y Open Sets and

Fuzzy cy -Continuity in Fuzzifying Topology,” Interna-
tional Journal of Mathematics and Mathematical Sci-
ences, Vol. 31, No. 1, 2002, pp. 51-63.
doi:10.1155/S0161171202007755

T. Noiri and O. R. Sayed, “Fuzzy y Open Sets and
Fuzzy y -Continuity in Fuzzifying Topology,” Scientiae
Mathematicae Japonicae, Vol. 55, No. 2, 2002, pp. 255-
263.

S. Kasahara, “Operation-Compact Spaces,” Mathematica
Japonica, 24, No. 1, 1979, pp. 97-105.

D. S. Jankovic’, “Properties of aff -Continuous Func-

tions,” The Proceedings of Fifth Prague Topological Sy-
mposium, 1981.

M. E. Abd El-Monsef, F. M. Zeyada and A. S. Mashhour,
“Operations on Topologies and Its Applications on Some
Types of Covering,” Annales de la Société Scientifique de
Bruxelles, Vol. 79, 1983, pp. 155-172.

E. E. Kerre, A. A. Nouh and A. Kandil, “Operations and
the Class of Fuzzy Sets on a Universe Endowed with a
Fuzzy Topology,” Proceedings of IFSA, Vol. 109-113,
Brussels, 1991.

A. Kandil, E. E. Kerre and A. A. Nouh, “Operations and
Mappings on Fuzzy Topological Spaces,” Annales de la
Société Scientifique de Bruxelles, Vol. 105, No. 4, 1991,
pp. 167-188.

AM


http://dx.doi.org/10.1016/0022-247X(68)90057-7�
http://dx.doi.org/10.1016/0022-247X(73)90288-6�
http://dx.doi.org/10.1016/0022-247X(80)90173-0�
http://dx.doi.org/10.1016/0165-0114(91)90100-5�
http://dx.doi.org/10.1016/0165-0114(92)90181-3�
http://dx.doi.org/10.1016/S0165-0114(99)00097-4�
http://dx.doi.org/10.1016/S0165-0114(98)00386-8�
http://dx.doi.org/10.1155/S0161171202007755�

