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ABSTRACT

A nonconforming mixed finite element method for nonlinear hyperbolic equations is discussed. Existence and unique-
ness of the solution to the discrete problem are proved. Priori estimates of optimal order are derived for both the dis-

placement and the stress.
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1. Introduction

In this paper, we discuss a nonconforming mixed finite
element method for the following nonlinear hyperbolic
initial and boundary value problem.

b(u)u, —V-(a(u)Vu)=f(u),(x,y)eQte(0,T]

U(X,t)=—g(X,t),(X,y)e@Q,te(O,T]

u(x,y,0)=uy (X, ¥),u (% y,0)=u, (% y),(xy) e,
@

In order to describe the results briefly, we suppose that
Equation (1) satisfy following assumptions on the data:

1) a(u) and b(u) are smooth and there exist con-
stants c,,c;,a, and a, satisfying

0<c,<b(u)<c,0<a,<a(u)<a.

2) f(u),a(u),g(X,t),u,(X) and u,(X) are suf-
ficiently smooth functions with bounded derivatives.

There have been many very extensive studies about
this kind of hyperbolic equations. For example, [1-3]
studied the linear situations and gave error estimates un-
der semi-discrete and fully-discrete schemes by standard
Galerkin methods. [4,5] considered the mixed finite ele-
ment methods for linear hyperbolic equations and ob-
tained L? prior estimates about continuous time. In addi-
tion, [6] analyzed the mixed finite element methods for
second order nonlinear hyperbolic equations. But all the
above investigations are mainly about conforming situa-
tions and projections are indispensable. As we know, the
nonconforming finite element methods arise because of
the demands for reducing the calculation cost. [7] has
pointed that the nonconforming finite element methods
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with degree of freedom defined on the element edges or
element itself are appropriate for each degree of freedom
belong to at most elements.

In the present work, we focus on the nonconforming
mixed finite element approximation scheme for nonlinear
hyperbolic equations. Firstly, we introduce the corre-
sponding space and the interpolation operators. Secondly,
Existence and uniqueness of the solutions to the discrete
problem are proved. Finally, Priori estimates of optimal
order are derived for both the displacement and the
stress.

Throughout this paper, C denotes a general positive
constant which is independent of h=max{h.}, and
h, is the diameter of the finite element K.

2. Construction of the Elements

Let J, be the a rectangular subdivision of Qc R?,

and Q= U K satisfy the regular condition. For every
Keldy

K, let (xc,yx) be the barycenter, the length of edges

parallel to x-axis and y-axis by 2h, and 2h . Then

there exists an affine mapping

FK:K—>K,X:XK+hX>“<,y=yK+hy§/,

where K =[0,1]x[0,1] is the reference element in (£, §)
plane and [; is the edges. We define the finite element
(K,P',Z')(i=1,2,3) on K as
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5 ={ Py, B, By B p? =Span{ 1% 9, % },

A =ﬁfﬁ@d§' ) :ﬁk BdS,i=1,2,3,4.

The interpolation functions defined above are properly
and can be expressed as:

T T TSN

"=, Ad%dy,
‘K‘JK

119 = 0.25(~0, — ¥, +30, +30, ) +0.5(-0, +7,) X
+0.5(—V, +V,)X+0.5(-V, +V;)
+0.75(V, -V, +U, -V, ) §?

v=porg, j=23. And For every p,VeH'(Q), the
associated finite element spaces as

A :{v;v|K =VoF ' Ve Isl},
W, ={W:(W1,W2);W|K :(Wlo

e P?x }33, j[W]dS =0,F c 8(2},
F

where [w] denotes the jump of w across the boundary F,

and [w]: Jif FcoQ. wel®(Q),

vwe (H( )) the interpolation operators:

| =Tk kv =() R
12l =12, |§v=((f2\7)oF,gl,(fzwz)oFgl).

3. Main Results in Semi-Discrete Scheme

In this section, we will give the main results in this paper,
including the existence and uniqueness of the solution to
the discrete problem and priori estimates of optimal or-
der.

Firstly, we introduce

p=-a(
and rewrite the Equation (1) as a system:

b(u)u, +V-p="f(u),a(u)p+Vu=0.
Secondly, for our subsequent use, we employ the classi-
cal Sobolev space W™F () with norm |{ . When

p=2,wesimply write || as |- || Furthermore we

denote the natural inner prod)uctron in L*(Q) by (.°)
and the norm by |||, and let

H3 (Q)={ve H'(Q

Vu a J/a

):V|6Q:0}’

H (diV;Q)={We<L2(Q))2,V-We LZ(Q)} :
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Thus the corresponding weak formulation of Equation
(1) is to find a pair of {u, p}, such that
[0,T]— Hg(Q)xH (div;Q) satisfying
(b(u)ug,v)+(V-p.v)=(f(u).v),Wwel?(Q)
(a(u)p,w)-(u,V-w)=(g,w-n),vwe H (div;Q) (2)
u(x,0)=uy(x),u, (x,0)=u,(x),xeQ,

where (g,w-n)= ,gw-nds.
The semi-discrete mixed finite element procedure is
determined: {u,,q,}:[0,T]—>V, xW,, such that

(b Uy YUV ) (V- PV ) = (F(Uy ) vy ), WY, €V,
(a(uy) Wy )= (U, VW, ) = (9, w, -n), vw, €W, (3)
Uy (X,0) = 1auy (X), Uy (X,0) = Ifu, (X), x € Q,

where (g,wh Z .[ gw, -nds . We define that

oK
) 1/2
S A TR

[wal, =

It can be seen that ||, and |{, are the normsfor V,
and W, , respectively.

Theorem 1. The above problem (3) has a unique solu-
tion.

Proof: Let {y;}' and {4}’ are bases of V, and
W, , which satisfy

N r
Uy =2 ¢ (Dwi Py =24 (1) ¢
i=1 j=1
Then semi-discrete scheme can be rewritten as: Find

¢(t)(i=12-,r) and 4 (t)(j=12;-1,), such that
forevery te(0,t,) satisfy

1/2
;(”Wh”2 +||V'Wh||2) Wy €W,

A—dzgfz(t))+ BA(t) =
EA(t)+Fg(t)=G

A:[b(:qi, (t)(//ijr//i,t//j J  B=((V-4.9, ))2 :
~(((o-m)) .,

( Sa06 Jas]|

ryxry

CD
k</ﬁ\

the definition of the approximation spaces, we
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know that E is reversible and A(t)=E™(G-Fy(t)).
Thus there holds that

L& (o(0)
dt?

~BE'Fy(t)=D-BE'G.

Since A,BE'F and D-BE'G are Lipschitz con-
tinuous, it has a unique solution according to the theory
of differential equations [8].

Lemma 1. For VueH'(Q),
there hold that

peH(div;Q),veV,,

divv, =W, ,

(u—I,ﬁu,y/):o,(v(p—lﬁp),v):

Proof: Firstly, by the interpolation condition and defi-
nition, it is easy to see that divv, =W, and
(u - |rl1U,l//) =0. Secondly, for every veV,, v is a con-
stant, by application of Green’s formula and the interpo-

lation definition yields that

(v-(p "hp) v)= ZJV( — 1% p)wdxdy

Thus, we complete the proof of Lemma 1.
Lemma 2. [9] For u, € H?(Q), there hold that

ZJ w-n) dS<Ch|u| ||y/|| Vi eW,

Now we give the main result of this paper.

Theorem 2. Let {u,p} and {u,,p,} be the solu-
tions of Equations (2) and (3), respectively. For
u,u e H(Q),u e H*(Q),pe(H'(Q)) . there hold
that

1/2
=t ol <O 10k 1+l o+l 1o i) |

Proof: Let u—u, =u—Ilu+llu—u, =n+¢&,
P-p,=p-lip+l;p-p,=c+6.

It is easy to see that v, €V, and w, eW, satisfy the
following error equations

(b(uy) & v, )+(V-6.v,) :(b(uh)Hn,vh)

+(f(Uh)_f(U),Vh)+((b(u)—b(uh))un,vh) (4)

and
(a(u,)0,w,)=(&V-w,)=(a(u,)o,w,)

+((a(u)—a(uh))p,wh)+

Using derivation about time t of Equation (4), com-
bining Equation (5), we obtain

®)

> I uw, - nds.
oK

(b(uy) &V )+ (a(uy) 6w, ) = (b(uy, ) v ) +( f () - f (u),vh)+((b(u)—b(uh))un,vh)

+(((@(u)-a(w))p), W) +(a(u)ow,)+((a(u,)), (e-0)

=@ in Equation (6), and integrating from O to t, we have

Choosing v, =&, and w,

w, )+Z [ uw, -nds ©)

[ (b(u) & &)+ (@(un)6.0)dr =[] (b(uy ) &) +((2(4,)), (o -0).6)+(@(u,),0) |d=

()= £ ().8)+ ((B(u)=b(u))ue & e+ [ ((@(u)-

a(u,)) p)l ,9)dr+ﬁ;i ué@-ndsdr

We will give the analysis result of Equation (7) in detail. Firstly, by the initial condition, it is followed that

j;(b(uh)fmft)+(0!(Uh)9t,9)dz‘
S E=(OOE
>{ 161 +21oF -l () +loto) o

£)-((()), &8 )+ 5{(e(w)6.0)~((a(w)), e,e))}df -

Secondly, by Cauchy-Schwartz’s inequality and Young’s inequality, we obtain

[o((u) 7.6 )+ ((2(u), (0-6),0)+((u,) o,

o)ae <l (I 12 O <l (@) <o Jor @

Similarly, by the initial condition of f (u),b(u) and a(u), we use Young’s inequality to get
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j;( f(u,)—f(u),&)dr< cj;(”,](,)"z +||§(T)||2 +|& (T)Hz)dr,

(o) -b(u)uw.&)ae <CL () +e @+l (o) Joe

(10)

Ll((@()=a))p), o)de<cfy(ln @ +lr() +le ) +I& @ +lo)f de

Substituting the above estimates, and applying Lemma 2, we get

&l +lel <y )+l +le@F +l& I 10 +l O +lo @ +0°|u () Jar @

Then adding [£[° at both sides Equation (11), and noticing that €| <C [’ ()| dz , we obtain that

Jeff +ll 1ol < e [ Ju () + o () + e () +lu (=) +[p (@ e+ (O #lo ) Joe

Further, using Gronwall’s inequality to yield
lel+ e+l < en| L {lu(e): +fu (O +lue (O +u () ()] e

By the interpolation theory (see [10]), we have

]+ ]|+l < Ch(Jul, +ue], + o)

Finally, by the triangle inequality, we complete the

proof.
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