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ABSTRACT

In this paper, we investigate the global character of all positive solutions of a population model of systems. Some inter-
esting convergence properties of the solution are given, and lastly, we obtain that the solution is permanent under some

conditions.
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1. Introduction

In the recent monograph [1, p.129], Kulenovic and Glass
give an open problem as follows:

Open problem 6.10.16 (A population model).

Assume that o e(0,1) and Se(l,0). Investigate
the global character of all positive solutions of the sy-
stems:

Xn+1 = axneﬂ/n +ﬂ

Yo = aX, (1— e ) M

where n=0,1,---, which may be viewed as a population
model.

To this end, we consider Equation (1) and obtain some
interesting results about the positive solutions of Equa-
tion ().

2. Basic Lemma

Lemma 1 Assume that « €(0,1), S e(1,%). Then the
following statements are true:

DIf 1<pg< 1_—a, then Equation (1) has a unique no-
o

negative equilibrium solution as follows:

(wl){i 0]

1-a'
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l-«o

2)If g>
a

equilibrium solutions as follows:
(w3)=(20] o (n5)
s
(04

where 0<Yy, < g, ﬁ<¥2<1

e zl—_a( Vz_j
a \p-Y, 2)

S P
% =1——(F~V,)

, then Equation (1) has two no-negative

such that

Proof: The equilibrium equations about Equation (1)
can be written as follows:

X=axe’' +p
AP ©)
y=ax(l-¢7)
It is easy to see that X :1i, y, =0 is a group
-
solutions of Equation (3).
By (3) we obtain
X+y=aX+p
-1 = (4)
X=——(f-
1—a(ﬂ y)
AM
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Thus
a -
y=——(B-y)(1-¢7 5
V= —(B-7)(1-¢7) 5)
Noting that (3) and (4) we get:
0<y,<p and B<x <L
l-«

Changing (5) to (6)
1-e 7 = __‘Z(L] (6)

a -y
Set
f(x)=é[ﬂ—x](1—e‘x)—x,
for O<a<p,0<x<p
Observing that
f(O):O, f(ﬂ):—ﬂ’

f'(x) = ﬁ[—1+(ﬁ+l— x)e™ -1

f'(x) = ﬁ[—e’x —(ﬂ+1—x)eX] <0

So, by the convex functions properties, if
lim f'(x)>0, then we can obtain Equation (6) has a

x—0"
unique positive solution y,.
In fact, by the continuous of f , we can get

imf'() = £'(0)=—2%—p-1>0.
lim 109 = 1/(0) = = 5

Hence, we complete the proof.

3. Main Results
Theorem 3.1 Assume that o €(0,1) and Be(1,).

Then every positive solutions {x,}”_and {y,}" of

Equation (1) have the following properties:

1) lim sup{xn}sli,nm inf {x,} >3

n—o — O nowo

2) limsup{y,} < f—ﬂ, lim inf {y,} >0.

n—oo — O nowxo
Proof: By Equation (1) we have
B <X Sax, +ﬂ£a[axn7k]+ﬂ

<< Braf o+ Brax,

It is to say that [im sup{xn}sli, lim inf {x,}> 2.
n—0 —a n—o0

By Equation (1) we also get
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yn+1 < O!Xn

Thus sup{y,} <1a—ﬂ, inf {y,}>0.
-

This completes the proof.
Theorem 3.2 Assume that ae(0,0), Be(1,)

1- . .
and ﬂg—a. Then every positive solutions of Equ-
[04
ation (1) convergences to the unique no-negative equili-

brium solution (1&0}

24
Proof: By Theorem 3.1, we have that there exists a na-
ture number ng such that x, Sli for n>n,.
-

Hence, by Equation (1) we get
of

Yo = QX (l_eiyn ) < ax, Y, < Eyn < Yo

Thus {yn}::n0+1 is decreasing.
Suppose that
!L”ly“*l =l,>0 (7
Then by Equation (1) we have
X, <ae°x +pB for nxn +1
By induction we obtain

Xoog < ae™ X, + B < ae™ [ae"o +,BJ +p

1, \NMp+L 1, \" Mo
S---S(ae 0) ﬂ+---+ﬂ+(ae 0) Xng 1
Thus sup{xw}s%. Hence there exists a
l1-ae™®
n, e N™ suchthat x, < ﬂfl for n>n;.
l-ae™®
Noting that Equation (1)
- aff :
Yo, =aX (1-e")<—"—y  for n>n
' ( ) 1- e °
By induction,
n-ng+1
af 0
yn+lS|: -, :| yn0+1
l-ae™®

Itisto see that limy, =0. This is a contradiction with

n—oo

(7), then limy, =0.

Noting that Equation (1) we have

Xn+1 + yn+1 = O!Xn +ﬂ

AM



D.C.ZHANG ET AL. 187

Xo1 = Xy + B = Yot and af >1. Then Equation (1) is permanent.
Proof: By Equation (1) we obtain

Let sup{y,,.} =, inf{y, }=4.Then
Yo > OX, (1—e'y” ) > aﬂ(l—e_y” )

ax, +ﬁ_/ul < Xns1 <len +ﬂ_jl

Yo Yo _Yn
By induction we obtain = _dn IO
y IEHEon e oo W{% 21" 3 4ﬁ'}
’B_—'ul(l—a””)+a””xo <X, Voo Y
l-a :aﬂ|:1_2_n'+3_nl_Tnl+...:|yn
Su(l_aml)_i_amlxo - : .
l1-a There exists two positive constants 6, and &, such
as 0<a<l1,then that
- - > for o,<y, <o <1
Hm&thsf 4 mdlmiMUJzﬁ 1 (8) Ya = Yo 2= =4
n—w —-a n—w —-a

Hence |im inf {y,}>0.

n—oo

Because of |j =0, weobtainthat 4, =4 =0. )
!le” Chal Using Theorem 3.1, we complete the proof.

Hence
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lim sup{xn}sﬁ and lim inf{xn}zﬁ 9)

n—oo n—oo

We complete the proof.
Theorem 3.3 Assume that ae(0,), fe(l,)
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