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Abstract

Convexity and generalized convexity play important roles in optimization theory. With the development of
programming problem, there has been a growing interest in the higher-order dual problem and a lot of related
generalized convexities are given. In this paper, we give the convexity of (F,a,p,d,b,¢4), vector-pseudo-

quasi-Type | and formulate a higher-order duality for minimax fractional type programming involving sym-
metric matrices, and give the weak, strong and strict converse duality theorems under the condition of
higher-order (F,«, p,d,b,#), vector-pseudoquasi-Type I.

Keywords: Higher-Order (F,a,p,d,b,$), Vector-Pseudoquasi-Type I, Higher-Order Duality, Minimax

Fractional Type Programming, Positive Semidefinite Symmetric Matrix

1. Introduction

In this paper, we focus on the following nondifferen-

tiable minimax fractional programming problem:
1

minsup (X, y)+(x Bx)l2 (P)

xeRN yeY h(X, y) _ (XTCX)E
subject to g(x)<0,xeR",
where Y is a compact subset of R', f,h:R"xR" > R

and g:R" — R"™ are continuously differentiable func-
tionson R"xR' and R", respectively, and

1
f(x,y)+(x"Bx)2 >0,

1
h(x,y) - (x'Cx)2 >0, V(x,y) e R"xR", B and C are two
positive semidefinite nxn symmetric matrices.

When B=C =0, (P) is a differentiable minimax fra-
ctional programming problem.

The duality of programming problem involving sym-
metric matrix has been investigated widely. Schmiten-
dorf [1] established necessary and sufficient optimality
conditions for a particular case of the following problem
(P") under convexity conditions.

1

minsupf (x, y) + (x" Bx)?2 (P%)

yeY
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subject to g(x)<0.

Under the optimality conditions of [1], Tanimoto [2]
defined a first-order dual problem of (P*), which gene-
ralized the duality theorems for convex minimax pro-
gramming problems considered by Weir [3] and relaxed
the convexity assumptions in the sufficient optimality of
[1]. Mishra and Rueda [4] introduced generalized
second-order type | functions and considered the mini-
max programming problem (P*) involving those fun-
ctions and established second-order duality theorems for
problem (P*). Husian, Anurag Jaysural and Ahmad [5]
established two types of second-order dual models for
problem (P*), which extends some previously known
results on minimax programming.

With the development of programming problem, there
has been a growing interest in the higher-order dual pro-
blem. Mangasarian [6] first formulated a class of second-
and higher-order dual problems for a nonlinear program-
ming problem involving twice differentiable functions.
In [7], Zhang considered the following nondifferentiable
mathematical programming problem:

1
Minimize f(x)+ (X" Bx)2 (P™)
subject to g(x) =0,

under higher-order invexity assumptions. Mishra and
Rueda [8] generalized the results of Zhang [7] to higher-
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order type | functions.

In [9], Ahmad, Husain and Sharma considered the
nondifferentiable minimax programming problem (P),
and formulated a unified higher-order dual of (P*), and
established weak, strong and strict converse duality theo-
rems under higher-order (F,«,p,d) -Type | assump-
tions. In [10], Jayswal and Stancu-Minasian formulated
the weak, strong and strict converse duality of (P*) un-
der generalized convexity of higher-order (F,«, p,d) -
Type I.

For problem (P), H. C. Lai and K. Tanaka gave the
necessary and sufficient conditions under the conditions
of pseudo-convex, strictly pseudo-convex and quasi-con-
vex [11].

In this paper, we will establish a higher-order dual of
(P) and give the weak, strong and strict converse duality
theorems under (F,a,p,d,b,¢), vector-pseudoquasi-
Type | assumptions. The convexity conditions in this
paper generalized the convexity in [8], and hence, pre-
sents an answer of a question raised in [10].

2. Preliminaries

Let R" be the n-dimensional Euclidean space, R be
its nonegative orthant and X be an open subset of R".
Let S be the set of all feasible solutions of (P). Denote

M ={1,2,---,m} . Foreach (x,y)eSxY,we define

I ={jeM:g;(x) =0}

v f(x,y)+ (X" Bx)lE

h(x, y) — (x"Cx)?

Y(X)=<Yye

1

TBy)2

- sup f(x,2)+(x Bx)
zeY

1

h(x, z) — (x"Cx)?
K(x) = {(s,t,y)e NxR:xR®:1<s<n+1,
tz(tivtzv"'!

dDt=19=V Y V) and ¥, eY(x),i=1,2,-, S}
i=1

t.) e R® with

Definition 1: A function F: X xX xR" — R is said
to be sublinear in its third argument, if VX, X € X,
1) (subadditivity) Va,, a, € R",

F(x,X;a, +a,) <F(x,X;a)+F(x,X;a,);
2) (positive homogeneous) Vo eR,,aeR",
F(x,X;aa) = aF(x,X;a).

Let f:R"xR' >R, p=(p.p,)eR?, BeR",
a,0,  XxX >R N\{0}, bd: XxX >R,

Copyright © 2011 SciRes.

C.Y.JIN

ET AL.

e:R" >R and ¢:R—>R. Let w:R"xR'xR" >R,
[:R"xR"— and k:R"xR" —>R"™ be three diffe-
rentiable functions. We assume that F is a sublinear
functional throughout this paper.

Definition 2: (f,e) issaid to be higher-order
(F,a,p,d,b,$), vector-pseudoquasi-Type | at X € X
with respectto peR",ifforall xeS and yeY(x),

b(x, X)g] f(x,¥)+x B— (X, 9)-X" f-W(X, ¥, p)
+p'V, WX, ¥, p)| <0
= F(XX, o (X, X)(V ,W(X, Y, p)+ )
<—p,d*(x,X)
~[e(®)+1(X, )= p'V (X, p)] <O
= F(X, X, a, (%, X)(V (X, p))) < —p,d? (x,X).

Definition 3: (f,e) is said to be strictly higher-order
(F,a,p,d,b,¢), vector-pseudoquasi-Type | at X € X
with respectto peR",ifforall X=xe$S and
yeY(x),

b(x, X)g| f(x,¥)+x B (X, 9)-X" f-W(X,7, p)
+p'V W(X, Y, p)] <0
= F(XX, o (X, X)(V ,W(X, Y, p)+ )
<-pd*(x,X)
~[e(X)+1(X, p) - p'V I(X, p) | <0
= F(X,X,a,(%,X)(V (X, p))) < —p,d* (x,X).

Obviously, when ¢ is subadditive function and sa-
tisfies a<0= ¢(a) <0, higher-order
(F,a,p,d,b,¢)g, vector-pseudoquasi-Type I is the con-
vexity condition of Theorem 3.1 in [10].

In the following section, we will use Lemma 1 and
Lemma 2 which were given in [11].

Lemma 1: (Necessary Condition) If x* is an optimal
solution of problem (P) satisfying
XTBx">0,x"Cx >0 and Vg,(x’), jeJ(X) are li-
near independent, then there exist (s*,t",y") e K(X"),
u,v'eR" and 4" eR!", A" eR, such that

+
5

DH{VE(X, ) = AT (Vh(X, ¥7)) + Bu™ + A"Cv'}

= 2.1)
+Vyu19,(x")=0
j=1

»

1 1

f(X, V) +(XTBXx")2 = 2°h(x",y) + 2" (xTCx")2 =0,
=125
(2.2)
Y ug;(x)=0 (2.3)
i=1
AM
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S*
SE =1t 20,i=12,5  (24)
j=1
uTBU <1,vTCv <1,
1
XTBu" = (XTBX')?, (2.5)

1
xXTCv" = (xTBx")2.

Lemma 2: Let B be a positive semidefinite symme-
tric matrix of order n. Then forall x,ueR",
1 1
X" Bu < (x" Bx)2 x (u' Bu)2.

The equality holds when Bx = yBu forsome y>0.
1

Evidently, if (u"Bu)? <1, we have

1
X" Bu < (x' Bx)2.

3. Duality Model

We consider the following dual model (WD) .

max sup A,
(s.1,9)eK(2)(z,u,v, 4,1, p)eH (s,1,§)
where H(s,t,§) denote the set of all
(z,u,v, 4,1, p) e R"xR"xR" xR, xR xR" satisfying

iZ:l:tiva(z, y,, p)+Bu +/1Cv+jZ:;Vp(yjkj (z,p)) =0
(3.11)

u'Bu<l,v'Cv<i, (3.12)

D4 {f(z.¥))-Ah(z,¥;)} +2 Bu+ Az Cv,

= (3.13)

%[ Wz, ¥, p) - p'V W(z,7,, p) |20,

i=1
{9, @+ 1k @ )= PV, (ik; (2, )} 2 0.
j=1
(3.14)

If for a triplet (s,t,¥) € K(z), the set H(s,t,¥) =0,
then we define the supremum over H(s,t,§) to be
—00 ,

Next, we establish the duality of type (WD).

Theorem 3.1 (Weak Duality) Let x and
(z,u,v, 4, 18,1, ¥, p) be feasible solutions of (P) and
(WD), respectively. Assume that

D) | 3(F6T)-2065)). a0, (-)} is higher-order

(F,a,p,d,b,0)g,..c, Vector-pseudoquasi Type lat z,
2) ¢g(a)20=a=0, b(x,z)>0,
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P n P> >
al(xl Z) az (X’ Z)
Then
1
T 2
sup f(xy)+(x Bx)l S
yeY

h(x, y) - (x"Cx)?
Proof: From (3.14), we know that

_|:i{/ujgj(z)+,ujkj (z,p)- pTVp(,ujkj (z, p))}:| <0,

i=1

then follows form 1) and «,(x,z) >0, we have

F [x, z;évp(yjkj (z, p))] < —ﬁdz(x, 2).

Since F is sublinear in its third argument, by (3.11)
we can get

0=F [X’ 231,V W(Z.5, )+ Bu
i=1l
+ACV+ DV (5K (2, p))J
j=1

=F [x, z;zs:tiva(z, Y., p)+Bu+A4Cv)
FEOGZYY, (k@ p»j
j=1

<F (x, ;) 4V, w(z,V,, p)+Bu+ /ICvj
i=1

P2 _g2(x ),
a,(X,2)
P + P
(%2) a,(X1)
o, (x,z) >0, we have

Furthermore, by >0 and

F [x, Z; (X, z)(itiva(z, Y., p)+Bu+ ACVJ]

>—p,d®(x,2),

which implies that

b(x, z)q{(iti {£(x,7,)— 2h(x, 7))} +x Bu +;¢xTc\/j
—(iti {f(z.¥,)-Ah(z,¥,)} +2'Bu +/1(zTCv)j

—iti [W(z, %, p)-p'V,W(z,¥, p)]}

i=1

>0.
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From 2) and (3.13), we can get

iti {f(x, ;) - Ah(x,¥;)} + X" Bu+Ax'Cv
> Zs:ti {f(2,¥,)-Ah(z,¥,)} + 2" Bu+ A(z'Cv)

+ %[ Wz, ) - p'V W(z, ¥, ) ]
i=1
>0.
Therefore, following from (3.12) and Lemma 2,

S { F(07) + (T BX)? —/I(h(x, 7)- (xTCx);H

i=1

zzslti {f(x,¥;)—Ah(x,¥;)} + X" Bu+Ax'Cv
i=1

\%

0.

Since t=(t,t,,--,t.)#0, t>0,i=1,2,---,s, ¥, €Y

1
and h(x,y)—(x"Cx)2 >0,V (x,y) e R"xR', at least ex-

istsone qe{1,2,---,s}, such that

f(x,¥,)+ (X" Bx)%

—> 7,
h(x,¥,) —(x'Cx)?

which implies that

Foy)+ (B2
h(x, y) - (x"Cx)?

Theorem 3.2 (Strong duality) Let x* be an optimal
solution of (P) satisfying x“"Bx" >0, x"Cx* >0 and
let Vg;(x’), je J(x") be linear independent. Assume
that forany i=1,2,---,s"

w(x",y;,0)=0,

sup
yeY

VWX, ¥, ,0) = VE(X', §) - 4" (Vh(X', §})),
and forany jeJ(x")

k;(x,0)=0, V_ k;(x",0)=Vg;(x).

Then there exist (s*,t",§") € K(x") and
(X" u" v AN i, pt) e H(s",t", §*) such that
(x"u" v AN i st T, pt = 0) is a feasible solution
of (WD) and the two objectives have the same values.
Furthermore, if the assumptions of weak duality hold for
all feasible solutions of (P) and (WD), then
(U, v AT s, T, pt =0) is an optimal solu-
tions of (WD).

Proof: Since x* is an optimal solution of (P) satisfy-
ing XxTBX">0,xTCx" >0 and Vg;(x’), jeJ(X) is
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linearly independent, by Lemma 1, there exist
(s",t°,§)eK(x), u",veR" and 4" eR" 1" eR,
such that

St {Vf (X, ¥7) - 4" (Vh(x",¥7)) +Bu” + A°Cv’
o 2.1)
+V uig;(x) =0
=1
1 1
f(X, )+ (xXTBx)2 - 2"h(x", ¥ )+ A" (xTCx")2 =0,
=12,

(2.2)
D419,(x') =0 3
i=1
St=1,t20,i=1,2,,5 (24)
j=1
uTBU* <1, vTCv* <1,
1
xTBU" = (X*T Bx")2, (2.5)

1
xTCv* = (x'TBx")2.

By (2.1) (2.2) (2.3) (2.5) and the conditions of theorem
3.2, we know that (x*,u”,v*, A", u*, p*=0) e H(s",t", "),
that is (x",u",v", A%, 4", s"t",§", p" =0) is an feasible
solutions of (WD). Furthermore, (3.2) implies that
(XU v A s, T, pt =0) is an optimal solu-
tions of (WD).

Theorem 3.3 (Strict Converse Duality) Let X" be a
feasible solution of (P) and (z*,u*,v",A", ", p*) be a
feasible solution of (WD). Suppose that

1)'
sup (X', y )+ (x" Bx )1 _
Y R(X,yT) - (XTCX7)?

A5

2 | S (16T -2h6T)) S, 0| s strictly
i=1 j=1

higher-order (F,«, p,d,b, ¢)Bu* o vector-pseudoquasi-
Typelat z* and; "
3) ¢(a)>0=a>0, b(x',z")>0,
pl + pZ > 0
a (X, 7°) o, (X,7%)

Then
=X

thatis z* isan optimal solution of (WD).
Proof: Suppose that the contradiction is not true, that
is z" = x". Similar to the proof of Theorem 3.1 we
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obtain
F [x* NATACE z*)[Zti*pr(z*,Vi*, p)+ Bu*+/1*Cv*D
i=1

>-pd?(x",2%),

which implies that
b(x*,z*)¢[(2t;‘ [, 5= 20, 77)
i=1
+XTBU* + l*x*TCv*j

_[Zti* { f(Z", V) —ﬂ*h(Z*,W)}
i=1
+2TBUT + A7 (27 Cv*)j

3] (w5 ) - p TV WY p*)]]

i=1
> 0.
From 3)' and (3.13), we can get

*

sZti* {10, §)= A", §7)}+xTBu + A'xTCv'

i=1

s
S

33 {1, ¥)-A'h@ 7))} +27Bu’

i=1
+2°(@ZTeV)+ 5 (W@ ¥, ) - PV WY ) ]
i=1
>0.
Therefore, following from (3.12) and Lemma 2,

iti* fO<C )+ (xT Bx*)% A [h(x* V) - (xT Cx*)% ]:l

> zlti* { f(x", V") —l*h(x*,yi*)} +xTBU* + A" xTCv*

> 0.
Since t"=(t,t,,t0)=0 , t >0,i=12,---,5",
y, €Y and

1
h(x*,y")—(xTCx")2 >0,V (X",y")eR"xR' , at least
existsone q" {1,2,---,s}, such that

1
OC,)+ (TBX)?

> 1,

1

(X, .) = (7Cx)?

which implies that

Copyright © 2011 SciRes.

1

® *T *\2
sup f(xX*,y)+(x" Bx )1 > 4
Y, y) - (XTCx)?

which contradicts with 1)".
Remark: If we take place condition 2)' of this theo-
rem by

2)" b?(f(-,w)—z*h(-,vi*>)iﬂ}‘9j(~> Is-higher-

order (F.a,p,d,b,g) . .

o vector-pseudoquasi-Type

lat Z", and take place condition 3)' by
3)" ¢(@)=0=>a>0, b(x’,z")>0,

'0*1 —+ pf —>0, the strict converse duality
(X, 77) a,(x,77)
holds too.
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