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Abstract

In this paper we consider the problem of finding the estimate of maximum number of zeros in a prescribed
region and the results which we obtain generalizes and improves upon some well known results.
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1. Introduction

n .

Let p(Z):ZaiZ' be a polynomial of degree n such
i=0

that

a,za,_; =22 23,>0

then according to a well known result of Enstrom and
Kakeya, the polynomial p(z), does not vanish in
|z|>1. concerning the number of zeros of the polyno-

mial in the region |Z| < %, the following result is due to

Mohammad [1].

n

Theorem A. Let p(z)=> 8z be a polynomial of

i=0
degree n such that

a,za,  >---2a 2a,>0,

. 1
then the number of zeros of p(z) in |Z| < > does not

exceed

lo &
log2 ga '

0

1+

Dewan [2] generalized Theorem A to the polynomials
with complex coefficients and obtained the following
result.

Theorem B. If p(z)=>az" is a polynomial of de-
i—0
gree N with complex coefficients such that
|arg¢’:li —ﬁ| <a Sg,i =0,1,2,---,n for some real g

and

Copyright © 2011 SciRes.

a0 22 [ 22 [a| 2 a, .

. 1
then the number of zeros of p(z)in || SE does not
exceed

|an|(cosa+sina+1)+25inani|ai|
i=0

! lo
log2 £ |a0|

n .
Theorem C. Let p(z)=) az' be a polynomial of
i=0
degree n with complex coefficients. If
Rea, =¢;, Ima, =4, for i=0,1---,n and
o, 2a,,>-->a >2a,>0, then the number of zeros
. 1
of p(z) in | SE does not exceed
n
1 aﬂ + Z|ﬁ)' |
i=0
1+ log
log2 |a0|

In this paper we generalize Theorem B and Theorem C
under less restrictive conditions on the coefficients,
which also improve upon them. More precisely, we
prove the following.

n .
Theorem 1. Let p(z)=) az be a polynomial of
i=0
degree n with complex coefficients, such that
|argai—ﬂ|£a£§,i=0,1,2,---,n. for some real S

and
|a,|=]a,, |2 =[a]=]a| >0

then the number of zeros of p(z)in |z| <0, does not
exceed

AM
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. |an|(cosa+sina+l)+2sina[ni|ai|j
1 log

logg |a0|

where 0<d <1.
Theorem 2. Let p(z)=>az' be a polynomial of
=

degree n with complex coefficients. If

Rea, =¢;, Ima, =4, for i=0,1,---,n and

a,za, 220 2a,>0, a, >0, then the number of
zeros of p(z)in |z]<5,0<5 <1 does not exceed

ay+ Y| B
1 i=0
1+ log
logl |a°|
o

2. Lemma

We need the following lemma for proof of the theorems.
Lemma. Let p(z)= zn:aizi be a polynomial of de-

gree n such that -

|argai —ﬂ| <a< g;|a‘| > |ai71| for some i=0,1,2,---,n,

then
|ai - ai_1| < (|ai | —|ai_1|)cosa +(|ai | +|ai_1|)sina .

The proof of the above lemma is omitted as it follows
from the lemma in [3].

3. Proof of the Theorems

Proof of Theorem 1. Consider the polynomial

9(2)=(1-2)p(2)=(1-2)(a,2"+a, , 2"+ +az+a,)

=-a,2"" +(a,-a,,)7"

+(a —a,,) 2"+ (a —ay)z+a,

For |z|<1, we have

9(2):|an|+;|ai —a,|+]ay|

n n
< |an|+;(|ai|—|ai71|)cosa +2(|ai|+|ai71|)sina+|ao|
i= i=

(by using Lemma)

n-1

= |an|(cosa+sina+1)+2(Z|ai|jsina

i=0

—|ay|(cosar +sina —1)

< |an|(cosa+sin0:+l)+2sinanzii|ai |
i=0
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If f(z) is regular, f(0)#0 and f(z)<M in
|z|<1, then ([4], p.171) the number of zeros of f(z)
M

1 joe
1og% | f (0)|

Apply this result to g(z) in |z/<5 does not exceed

in |z|£é‘,0<5<1 does not exceed

|an|(cosa+sina+1)+2sina(ni|ai|]

i=0

! log

! 3
logé‘ | |
All the number of zeros of p(z) in |Z| <o is also
equal to the number of zeros of g(z) in |z| <¢. This
completes proof of Theorem 1.
Proof of Theorem 2.
Consider

9(z)=(1-z)p(z)=a,z"" +Zn:(ai —a_,)Z' +a,

i=1

For |7<1,

a(2)<lanl+ Xla -a | +[a
<a, +|ﬁn|+§{|ai e |+ - Bl + )
<a, +|ﬂn|+_zn;,(ai —a )+

:2(an+g|/3i|j

and using the same argument as in proof of Theorem 1,
the proof of Theorem 2 follows.

> (18]+15.1])+14]

i=1

Remark 1. For & = %, Theorem 1 is a refinement of

1 .
Theorem B and for & :5’ and a=£=0, it gives a

refinement of Theorem A.
Remark 2. Theorem C can be deduced as a particular

case of Theorem 2 by putting & :% . If we put

£, =0, 0<i<n in Theorem 2, we can deduce Theorem
A.

Corollary 1. Let p(z):zn:aizi

i=0

be a polynomial of

degree n, such that

a,za, 2 2a 2a,,

then the number of zeros of p(z) in |z|£5,0<5<1,
does not exceed

a
1+ 1

Y
&s
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