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Abstract

Making use of the Cho-Kwon-Srivastava operator, we introduce and study a certain SC, (j, p, 4, a, 0) of
p-valently analytic functions with negative coefficients. In this paper, we obtain coefficient estimates, distor-
tion theorem, radii of close-to-convexity, starlikeness, convexity and modified Hadamard products of func-
tions belonging to the class SC, (j, p, 4, a, 0). Finally, several applications investigate an integral operator,
and certain fractional calculus operators also considered.

Keywords: Multivalent Functions, Cho-Kwon-Srivastava Operator, Modified-Hadamard Product,

Fractional Calculus

1. Introduction

Let 7(/,p) denote the class of functions of the form:

.f(Z):Zp_ i akzk (ak ZO, p,jEN:{1,2’3’...}),
k=j+p

(1.1)

which are analytic and p-valent in the open unit disc
U ={z:|]z|<1}. Afunction f(z)eT(/,p) issaid to be
p-valently starlike of order « if it satisfies the inequal-
ity :
Re(zf—(z))>a(zeU;0£a<p;peN). (1.2)
/()

We denote by 7, (p,a) the class of all p-valently
starlike functions of order « . Also a function f(z)e
T(j,p) is said to be p-valently convex of order o if
it satisfies the inequality:

Re{l+m}>a(zeU;0£a<p;peN). (1.3)

f'()

We denote by C,(p,a) the class of all p-valently
convex functions of order « . We note that (see for ex-
ample Duren [1] and Goodman [2])
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zf'(z) .
f(Z)ECJ-(p,(Z)@ p eTj(p’O[) (1_4)

(OSa<p;peN).

The classes 7 (p,a) and C,(p,a) are studied by
Owa [3].

In [4] Wang et al. defined Cho-kwon-Srivastava op-
erator which

0, (ac)f(2):T(j.p) > T(j.p),
by
& (ﬂ+p)k—p (C)kfp k

Gilae)f(z)=2"= 3

15
& ), 5 ¢

for
(a.ceR/Z, ={0,-1,-2,-3,+},zeU, 1> -p)
and
(2) z{l k=0
£ A(A+1)-(A+k-1) jkeN.

Clearly, ¢,(a,c) is the well-known Cho-kwon-
Srivastava operator (see [5]) where

& p1)=10). 4, (p1)- L2,
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1226 E. A. ELRIFAI

and
ff;,l (a, a) = D’””’lf(z)(/l > —p),

where D**”7' is the well-known Ruscheweyh deriva-
tiveof (A+ p—1)-th order.

With the help of the Cho-Kwon-Srivastava
), (a,c) f(z), we say that a function f(z) belonging
to 7(j,p) isintheclass SC,(/,p,A,a,6) ifandonly
if

265, (@e) £ (2)) +65° (£, (ae) ()

Re >
(1-8)% (arc) £ (2)+62(¢, (a,c) £ (2))
(p eN,je NO)

(1.6)

We note that:
1) when & =0, we have

z(flpv,(a,c

Re >a

which is the class of starlike of order «.

2)when 6=0, a=p+1, 2=1, ¢=1, we have the
class
Re zf_(z) >a;0<a<p
/()

which is the class of starlike functions of order o« stu-
died by Owa [3] and Yamakawa [6]
3)when 6 =1, we have

Z(fi,j (a,c)f(z))

Re<1+ —>a;
(45, (a.0) 1 (2))

0<a<p

"

| e (2+p),_,(c)
2w,

e (A+p),(c)

=2, (- p)a )iy

that is, that
e (A+p),(¢)
2 ),
Since
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21+ 8(k-1)]a, <

ET AL.

which is the class of convex operator of order «.
4)when =1, a=p+1, ¢=1, A=1,we have

Re{1+2}{:’—((zz))}> a;(0<a<p)

which is the class of convex functions of order « stud-
ied by Owa [3] and Yamakawa [6].

In our present paper, we shall make use of the familiar
J.., defined by (c.f. [7,8], see also [9])

(o, f)(2) = C+p1t‘l £(t)dr, 1.7

(f(2)eT(j.p)ic>-p. peN),

as well as the fractional calculus operator DZ for which
it is well known that (see, for details, [10,11]; see also
Section 5 below)

I(p+1) o

Di{zfl=———— ,

=) T(p+1-p) (1.8)
(p>-L ueR)

in terms of Gamma functions.

2. Coefficient Estimates

Theorem 1. Let the function f(z) defined by (1.1).
Then f(z)eSC,(j,p.A.a,8) ifandonly if

°° (’1 p) ( )k -p
[ (k—P)-( )k_p
<(p-a)[1+5(p-1)]

(zeU;OSa<p,OS&'Sl,p,jeN,neNo).

(k—a)[1+5(k-1)]a, e

Proof. Assume that the inequality (2.1) holds true.
Then we have

21+ 5(k-1)]aq,

“L(k-a)[1+8(k-1)]a, <(p-a)[1+5(p-1)]

(p-a)[1+5(p-1)]
Jjt+p—«o '
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< (;H'p)k (C)

[1+6(p-1)]- X W@”(k-lﬂaﬂk’p

S < (;H'p)k,(ck + alz
—[1+5(P—1)]—k§pw[l S(k=1)]a, "

. o), Oy iftestp-]
[1 5]7 1] kfzw (k p)l(a)kp [1 é‘k 1] %= j+tp-a >

Then we find that

zuawmvcﬂ+&%4xmaﬂay4
‘(1_5)4 (ae) f(2)+32(¢, (ae) (=)
e (A+p),(c)

) 2 (k- p)[1+8(k-1)]a, |2

k=j+p (k p)() P
+p),(¢)

[1+5 k-1)]- Z “r[1+68(k-1)]a, |2/

o )-(a)k,p
e (44p),, (¢ )k_p(

2, (k=p)la),

_ [1+5(p-1)]- 3 (1P, () [1+5(k-1)]q,

k:‘/+pm

2.2)

k—p)[1+5(k-1)]a,

<p-c.

This shows that the values of the function lie in a circle which is centered at w= p and whose

) Z(fi,j (a,c)f(z)) 522 (fj”.(a,c)f(z)) Ezidg;Js is (p—a). Hence f(z) satisfies the condition

(1-0)0%, (a,c)f(z)-l—é'z(fijj(a,c)f(z))l Conversely, assume that the function f(z) is in the
(2.3) class SC,(j,p.A,a,8). Then we have

"

(4, (@) 1 (2)) +62° (1, (@) £(2))

Re
(1—5)%”(a,c)f(z)+5z(€;‘ .(a c)f(z))
o (A+ 2.4
p[1+5(p-1)]- Z( P ()k”'[l 5(k-1)]a,z"" 24
. &y (=)o), 9
B = (ﬂ.-i—p) ( k
1+6(p-1) |- —pl+5kl a,z
[ ( )}kg (kp)()p[ ]k
for some a(0<a<p), some 5(0<5<1),p, jeN,  denominator in (2.4) and letting z—1" through real
neN,,and zeU. Choose values of z on the real axis values, we can see that
so that ¢(z) given by (2.3) is real. Upon clearing the
« (A+
p[1+5(p-1)]- X %k[l 5(k-1)]a,
k=j+p (k p)( )k P
(2.5)

N e (A+p), (9,
_a{[1+5(p—1)]—k§pm[l +6 (k- 1]ak}

Copyright © 2011 SciRes. AM



1228 E. A. ELRIFAI

Thus we have the inequality (2.1).
Corollary 1. Let the function f(z) defined by (1.1)
be in the class SC, (j, p,4,,5) . Then

(p-a)[1+5(p-1)]

T, @, ]
m(/« a)[1+5(k-1)]

(k2j+p,p,jeN).

(2.6)

The result is sharp for the function f(z) given by

p!

(p-a)[1+5(p-1)](j +p)!

ET AL.
(p-a)[1+5(p-1)] ]

— z

(A2, (©y o am s
(- p)i(a),_. (k-a)[1+6(k-1)]

(ij-i—p,p,jeN,neNo).

f(z)=2"

2.7)

3. Distortion Theorem

Theorem 2. If a function f(z) defined by (1.1) is in
the class SC, (j,p,4,@,8) then

Bt 2t
(p=m)t (lj_!’(’if)( )f‘(j+p_a)[1+5(j+p_1)](j+p_m)!
/ (3.1)
. ! (p-a)[1+5(p-1)](j+p)! i L ppm
S|f (z)|£ i)m T+ " . |Z| |Z
(p=m) W(j+p—a)|:l+5(j+p—l)](j+p—m)!
(zeU;OSa<p;OS/1S1,p,jeN,neNO).
The result is sharp for the function f(z) given by
f(Z)=Z”—(/Hp) (ff_a)[l+5(p_l)] " (p,jeN,neN,). (3.2)
W(j+p—a)[l+5(j+p—l)}
Proof. In view of Theorem 1, we have
[W}(j+p—a)[l+5(j+p—l)] i i W(k—a)[l+5(k—l)]
P N U TR T Sy pwsy o o) B
which readily yields
ki k!akg(Mp()p(—cif)[lw(p—l)](jw)! | 03
o ﬂiaj)j(j+p—a)[l+§(j+p—l)}

Now, by differentiating both sides of (1.1) m times,
we obtain

m p! 2 k!

f( (z)= —a,z
( ) (p—m)! k;”p(k—m)! ,
(k>j+p, j,peN).

Theorem 2, follows from (3.3) and (3.4).

Finally, it is easy to see that the bounds in (3.1) are at-

p-m

(3.4)

Copyright © 2011 SciRes.

tained for the function f(z) given by (3.2).

4. Radii of Close-to-Convexity, Starlikeness
and Convexity

Theorem 3. Let the function f(z) defined by (1.1) be

intheclass SC,(j,p,4,a,6) then
1) f(z) is p-valently close-to-convex of order
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p(0<p<p) in |z|<n, where
2 =
—( Py (e (k—a)[1+5(k-1)]
r, =inf (k p)( )k_p P‘¢j (k> i+ e N neN) (4.2)
S I e | R A
2) f(z) isp-valently starlike of order ¢(0<¢p< p) in |z[<r, where
1 =
((/: p)k)‘lf(’ (;)""’ (k—a)[1+5(k-1)]
s —pP)\l)., pP—Q . .
r _Irzlf (p—a)[1+5(p—l)] P ,(k=j+pp jeN) (4.2)

3) f(z) isp-valently convex of order ¢(0<g<p) in |z|<r, where

1

A+ (=3
((kp))(())” k—a)[1+5(k-1)] (r—0)
p pP\p—¢ . .
=inf £ . , (k> , j»pEN). 4.3
BN ~a)[1+6(p-1)] k(k-p) (k2j+p.jrpen) (43)
Each of these results is sharp for the function f(z) tited.

given by (2.7).
Proof. It is sufficient to show that

%i)_wﬁp_‘ﬂ (|z|<n;0<p<p, peN), (44)
zf (Z)_p <p-¢ (|Z|<r2;OS¢<p,peN), (4.5)
f(2)

and

1+Zj:,((zz))—l7 <p-¢ (|2/<m;0<p<p peN), 46

for a function f(z)eSC,(j, p,4,a,6) where r,r,
and r, are defined by (4.1) - (4.3) respectively. The
details involved are fairly straightforward and may omi-

j(p-a)[1+8(p-1)]

5. Modified Hadamard Products

For the functions f;(z)(i=1,2) defined by

(a,20;i=12), (5.)

we denote by (f,*f,)(z) the modified Hadamard
product (or convolution) of the functions fl(z) and
f>(z), defined by

(fxf)(2)=2" = 2 aa,7" (5.2)

k=j+p
Theorem 4. Let the functions f;(z)(i=1,2) defined
by (5.1) be in the class SC,(; pﬂac’)‘) then

(f,%1,)(2)eSC, (j,p, A r,5), where

The result is sharp for the functions £, (z)(i =1,

fl.(z):z”

ry=pr- : (5.3)
W(]W a)[1+5(j+p-1)]-(p-a) [1+5(p-1)]
2) given by
)|:1+5(p_1):| j+p e i =
M(]+p a [1+5 ]+p l)]z R 4
j!(a)]_
AM
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Proof. Employing the technique used earlier by Schild
and Silverman [12], we need to find the largest y such
that

(A2), @y
" (k_p)!(a)k,,, (k 7)[1 5(k 1)}

k=jtp (1’_7)[1+5(p_1)]

o <1.

Since f,(z)eSC,(j,p. A a,8)(i=12), we rea(lgi?))/
see that
(4+p), (9,
e (k=p)Ya),,
[t (p-a)[1+8(p-1)]
(i=1,2).

(k-a)[1+5(k-1)]

a., <1 (5.6)

Therefore, by the Cauchy-Schwarz inequality, we ob-
tain

ET AL.

AP e sk
3 m(" )[1+6(k-1)]

1, <1

ferr® (p-a)[1+5(p-1)]
(5.7)
Thus we only need to show that
(k-7) (k—a)
—a, ., a,.,<—=.]a ,-a
(p_}/) k1 k,2 (p_a) k1 k,2 (58)

(ij+p,p,jeN),

or, equivalently, that

— _(p=7)(k-0)
AP Gy _(p—a)(k—j/) (5.9)
(k2j+p,p,jeN),

Hence, in light of the inequality (5.7), it is sufficient to
prove that

(p-a)[1+5(p-1)]

(/1 + p)kfp (C)kfp (k _a)[1+ 5(k_1)]

(k=p)Ya),_,

It follows from (5.10) that

, (k= j+p, p, jeN), (5.10)

(k-p)(p-a) [1+5(p-1)]
0, -

}/Sp—( ,(k2j+p,j,peN).

i W [0y 1503

Now, defining the function G (k) by

(k=p)(p-a) [1+5(p-1)]

H N P
(- p)(a),,

, (k2j+p,j,peN). (5.12)

S (k-a) [L+0(k-1)]-(p-a) [1+0(p-)]

We see that G(k) is an increasing function of . Therefore, we conclude that

j(p-a)[1+5(p-1)]

, (5.13)

PO G

j!(a)j

which evidently completes the proof of Theorem 4.
Remark: Putting 1) a=p+1, A=1, ¢c=1, 6§=0
and 2) a=p+1, 1=1, ¢=1, 6=1 in Theorem 4,
we obtain
Corollary 2. Let the functions f;(z)(i =1,2) defined
by (5.1) be in the class 7, (p,a). Then (f,*f,)(z)e
T;(p,jf), where

j(p-a)
(j+p-a) =(p-a)

y=p- (5.14)

Copyright © 2011 SciRes.

Lj+p-a)[1+5(j+p-a)]-(p-a) [1+5(p-1)]

The result is sharp.

Corollary 3. Let the functions f;(z)(i =1,2) defined
by (5.1) be in the classC; (p,a). Then (f*f,)(z)e
C,(p.r), where

j(p—a)p
2

. . (5.15)
(j+p-a) Q+j+p-a)-(p-a) p

y=pr-

The result is sharp.
Using arguments similar to those in the proof of

AM
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Theorem 4, we obtain the following result. function f,(z) defined by (5.1) be in the class
Theorem 5. Let the function f;(z) defined by (5.1) SC,(j,p.A,7.8), Then (f,* f,)(z)e SC, (j, p,A4.{,6),

be in the class SC, (/,p,4,@,8) Suppose also that the where

j(p=a)(p-7)[1+5(p-1)]

W(j+p—a)(j+p—r)[l+5(j+p—l)}—Q,

g=p-

and
Q=(p-a)(p-7)[1+é(p-1)].
The result is the best possible for the functions

(p-a)[1+5(p-1)]

h(z)=2" - ", (P jeN)
1 2 ) G aies(is _1)}
. j+p j+p
].(a)j
and
-7)|1+06(p-1
B G ) el B e )
ﬁ(j+p—r)[l+é‘(j+p—lﬂ
J\4);
Theorem 6. Let the functions f;(z)(i=12,--,m) DR N R P "
defined by (5.1) be in the class SC, (j, p,4,a,8). Then h(z)== k:;p ;a"‘i :
the function belongs to the class SC, (, p,4,¢,8) Where

. jm(p-ea)[1+8(p-1)]

P (2+7),(c),
j!(a)j

The result is sharp for the functions f;(z)(i=1,2,---,m) given by (5.4).
Proof. Noting that

2

Lj+p-a)[1+6(j+p-1)]-m(p-a)[1+5(p-1)]

(2+P), €, —a)[1+68 (k- w — o\ 1S (k—
5 W(k )[1+5(k-1)] ol s (k- p)i(a )H )[1+6(k-1)]
o (p-a)[1+5(p-1)] UL (p-a)[1+5(p-1)]
(f,(2)eSC, (j, p A, 5)(i=12,+-,m))
we have

(4+p),, () 2

e p)( ) p" (k-a)[1+5(k-1)]

k=/+p; )|:1+5 p l):l

(i a,fvij <l1.
i=1

Therefore, we have find largest ¢ such that

Copyright © 2011 SciRes.

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

<1,
(5.22)

(5.23)
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(4+p),_,(c)

ET AL.

2 (k-a) [1+8(k-1)]

(k=¢) _(k-p)a),, i o
(p-¢) m(p—a)2[1+5(p—1)} (k27+p.pen), (24
that is, that
ggp_(l+p)7 o m(k_pz)(p_a) [1+5(p-1)] 2 (k= j+p. p.jeN). (5.25)
W(k—a) [1+5(k-1)]-m(p-a) [1+5(p-1)]
Now, defining the function (k) by
w(k)=p—(/1+p) © m(k=p)(p=a) [1+5(p-1)] , (k= j+p, p,jeN) (5.26)
W(k—a) [1+5(k-1)]-m(p-a) [1+5(p-1)]
we observe that w (k) is an increasing function of k. We thus conclude that
mj(p—oz)2 [1+5(p—1)] , 5.27)

é“sv/(j+p)=p—(/1+p)j(c)j

7Ma),
which completes the proof of Theorem 6.

6. Applications of Fractional Calculus

Various operators of fractional calculus (that is, frac-
tional integral and fractional derivatives) have been
studied in (cf., e.g., [9,10,13-15]; see also the various
references cited therein).

For our present investigation, we recall the following
definitions.

Definition 1. The fractional integral of order u is
defined, for a function f(z), by

1

()=t [ L)
. f(z)_F(#)g(z—é)”

where the function f(z) is analytic in a simply-con-
nected domain of the complex z-plane containing the
origin and the multiplicity of (z—g’)”'1 is removed by
requiring log(z—¢) tobereal when (z-¢)>0.

d¢ (4>0), (6.1)

(j+p-a)[1+6(j+p-1)]-m(p-a)[1+5(p-1)]

Definition 2. The fractional derivative of order x is
defined, for a function f(z), by

1 ¢ f(&
Dy (e) =t L)
F(l_:“) 0(2—5)
where the function f(z) is constrained, and the multi-
plicity of (z—¢)™ is removed, as in Definition 1.
Definition 3. Under the hypotheses of Definition 2,
the fractional derivative of order n+ u is defined, for a
function f(z),by
D p(z) = %{Dz“f(z)} (0<u<LneN,). (63)

z

d¢ (0<u<1), (6.2)

In this section, we shall investigate the growth and
distortion properties of functions in the class
SC,(j,p,A4, @,5) involving the operators J, , and
D#. In order to derive our results, we need the following
Lemma given by Chen et al. [14].

Lemma 1 (see [14]). Let the function f(z) defined

by (1.1). Then

r(p+1 - r(k+1) ., , ,
D;’{Jmf(z)}zﬁ P-H_k_jer(C(i—ki_)];)(k(*—;_L)akz , (ueR;c>-p, p,]eN) (6.4)
and
J, (Dz;z {f(z)}): (c+p)T(p+1) ZPH N (c+p)L(k+1) a2, (ueRyc>-p, p.jeN) (65)

(c+p—p)T(p+1-p)

WSip(c+k—p)T(k+1-p)

provided that no zeros appear in the denominators in (6.4) and (6.5).

Copyright © 2011 SciRes.
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Theorem 7. Let the function f(z) defined by (1.1) be in the class SC, (j, p,4,@,6) . Then

D2 (7, 1)) 2 C(p+l) (c+P)T(j+p+L)(p-a)[1+5(p-1)] o Vo
: or T 1- A+p). . ’
(p+1-p) (c+j+p)1"(j+p+1+y)(jfz()1’)(c)’(j+p—a)[l+5(j+p—l)]
(zeU;0£a<p;035S1;,u>0;c>—27,p,jeN)

(6.6)
and
‘D_#{(J f)(z)}< r'(p+1) . (c+p)T(j+p+1)(p-a)[1+5(p-1)] o e
= \Ter | r(p+1 A+p).(c). ’
(p+1+s) (c+j+p)1“(j+p+1+y)(jfzi")(c)"(j+p—a)[1+5(j+p—1)]
(zeU;OSa<p;O§5Sl;,u>O;c>—p,p,jeN).
(6.7)
Each of the assertion (6.6) and (6.7) is sharp.
Proof. In view of Theorem 1, we have
A+p).(c). A+
(jfzz;)(%(ﬂp—a)[lw(np—l)] i ] ((k_pjk)lzg)k”(j+p—a)[l+5(k—l)]
: P < ~kr <1, (68
Gralro0] 2 5T Graeoy] Tt €9
which readily yields
W(j+p—a)[l+5(j+p—lﬂ
Consider the function f(z) defined in U by
_F(p+l+y) e T - (c+p)F(k+l)F(p+l+y) '
F(2)= (p+1) z*D; {(Jc’pf)(z)}—z k:jz.ﬂ,(c+k)F(k+1+y)F(p+1)akZ
:zﬂ_ki p(k)a, 2" (zeU),
where
_(c+p)F(k+1)F(p+l+,Lt) ) )
#(k)= (cr )T (k+1s )T (p 1) (k> j+p, p,jeN, u>0). (6.10)
Since ¢(k) is a decreasing function of £ when x>0, we get
o (e p)T(j+p+ )T (p+1+p) B .
O<¢(k)s¢(]+p)_(c+j+p)r(j+p+l+y)r(p+1) (c> p,p,]eN,,u>0). (6.11)

Thus, by using (6.9) and (6.11), we deduce that
F(2) 2" ~g(i+p)ld™" X &

k=j+p

(c+p)F(j+p+l)F(p +1+ ,u)(p—a)[l—i—é(p—l)] |z|'i+p ,

(c+j+p)F(j+p+1+y)F(p+1)W(j+p—a)[1+5(j+p—1)]

> |Z|'n —
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and

()<l + 8+ P 3 @

k=j+p

(c+p)F(j+p+1)F(p+l+,u)(p—a)[l+5(p—1):| |Z|j+p

(4+p),(c),

(c+j+p)F(j+p+1+ﬂ)r(p+1)W(j+p—a)[l+5(j+p—l)]

<l +

which yield the inequalities (6.6) and (6.7) of Theorem 7. tion f(z) given by
The equalities in (6.6) and (6.7) are attained for the func-

_ I'(p+1 c+p p—aFj+p+1 1+0(p-1 .
Dz#{(']c‘,pf)(z)}: 1"(p(+l+)u)_ eeol ()/1+(p) (o), (e 2| gz
(c+j+p)l"(]+p+l+,u)T(]+p a [1+§ ]+p l)}
A
(6.12)
or, equivalently, by
1+6(p ,
(Jepd )(2)=2" - &+p5 ?E; ) 20 (613)
+p
(c+j+p)T(j+p+1+p) '(a/) L(j+p-a) [1+5 (j+p- l)]
Thus we complete the proof of Theorem 7. Theorem 8. Let the function f(z) defined by (1.1)
Using arguments similar to those in the proof of be in the class SC, (j, p,A,&,5). Then
Theorem 7, we obtain the following result.
I(p+1 c+p)l(j+p+l)(p-a)|l+6(p-1 . _
D {(vapf)(z)} > ( ) _ ( ) ( )( )[ ( )] |Z|/ |Z|p o
T(p+1+p) . . (2+p),(e), .
(c+]+p)F(]+p+1—,u)W(]+p—a)[l+5(j+p—1)]
N
(zeU;OSa<p,0£5S1,0S,u<1,c>—p,j,peN),
(6.14)
and
r(p+1 c+p)l(j+p+l)(p—-a)|l+6(p-1 ) o
{0, )< S L o o
(c+j+p)r(j+p+1—y)W(j+p—a)l:1+5(j+p—1):|
U
(zeU;OSa<p,0S5£1,0£y<1,j,peN).
(6.15)
Each of the assertions (6.14) and (6.15) is sharp. Mathematischen Wissenschafien, Vol. 259, Springer-
Verlag, New York, 1983.
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