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Abstract 
 
In this paper, we posed a random iterative algorithm for generalized multivalued random variational like in-
clusions. We define the random relaxed Lipschitz and relaxed monotone mappings and prove the existence 
and convergence of solutions of the random iterative sequences generated by a random iterative algorithm. 
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1. Introduction 
 
It is well know that the study of random equations in-
volving random operators in view of their need in deal-
ing with probabilistic models in applied sciences is very 
important. It has also been well documented that the in-
troduction of the randomness leads to several questions 
including the measurability and probabilistic aspect of 
solutions [1-4]. 

The systematic study of random equations employing 
the techniques of functional analysis was first introduced 
by Prague school of probabilistic by Spacek [5] and Hans 
[6]. This has received considerable attention from nume- 
rous authors, e.g. Adomian [7], Tsokos and Padgett [8], 
Cho et al. [9], and Chang and Huang [10]. The main 
question concerning random operator equations are es-
sen- tially the same as those of deterministic operator 
equa- tions, that is question of existence, uniqueness, 
characteri- zation, contraction and approximation of so-
lutions. The theory of randomness, however leads to 
several new questions like measurability of solutions, 
probabilistic and statistical aspects of random solutions, 
estimate for the difference between the mean value of the 
solutions of the random equations and deterministic so-
lutions of the averaged equations. 

The theory of variational inequality provides a natural 
and elegant framework for study of many seemingly un- 
related free boundary value problems arising in various 
branches of engineering, mathematics and financial sci-
ences. Variational inequalities have many deep results 
dealing with nonlinear partial differential equations 

which play important and fundamental role in general 
equilibrium theory, economics, managerial sciences and 
operation research, see [11,12]. 

Motivated and inspired by the recent research work 
going in these fields [13-17], we consider the generalized 
multivalued random variational like inclusions and con-
struct its random iterative algorithm. Then we prove the 
existence and convergence of random solutions of the 
problem and establish its equivalence with original pro- 
blem. 
 
2. Preliminaries 
 
Let ( , )   be a measurable space and H  a separable 
real Hilbert space whose inner product and norm are 
designed by 

2
, =x x x  . We denote by  B , 2HH  

and  C H , the class of Borel  -field in ,H  the 
family of all nonempty power subsets of H  and the 
family of all nonempty compact subsets of ,H  respec- 
tively. 

A mapping :x H  is said to be measurable if for 

any  BB H ,   ,t x t B  

H

. A mapping 

:T H  is called random operator if for any 
x H ,    x t, =T t x
T

is measurable. A random operator 
is said to be continuous if for any , the mapping t
 , :T t H H 

: 2

 is continuous. A multivalued mapping 
Hv  is said to be measurable if for any 

      1B , = :B H v B t v t B      .  
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Let , , : 2HT A E H 
, :G g 

 be the random multivalued 
mappings and are single valued 

mappings. 

H H

Let , :N H H H   

, , , :

be two random bifunctions. 
We consider the problem of finding measurable 
mappings x u v w H  such that for all  

t , , , 

 

    ,u t T t x t

  ,w t E t

    ,v t A t x t

  x t

and  

             
        

, , , , , , ,

, ,  ,

G t w t N t u t v t t y t g t x t

g t x t y t y t H



 



   
 (1) 

where  and  : H R   

  dom = : < .z H z    

The inequality (1) is called the generalized multivalued 
random variational-like inclusions (GMRVLI). 

Let us recall some basic concepts and results. 
Definition 1. A random operator :g H H   is 

said to be  
1) randomly strong monotone if there exists a 

measurable function : (0, )    such that  

               
   

2
, , ,

 ,  and fixed ,

g t x t g t x t x t y t t x t y t

x t y t H t

   

  
 

2) randomly Lipschitz continuous if there exists a 
measurable function : (0, )    such that  

           , ,

 ( ), ( )  and fixed .

, g t x t g t y t t x t y t

x t y t H t

  

  
 

Definition 2. A random mapping : H H H     

is called 

1) randomly monotone if  

        
   

, , , 0, 

 ,  and for every fixed ,

x t y t t x t y t

x t y t H t

 

  
      (2) 

2) randomly strict monotone if equality holds in (2) 
only when    =x t y t  and for each fixed ,  t

3) randomly strong monotone if there exists a 
measurable function : (0, )    such that 

            
   

2
, , , ( ) ,  

 ,  and each fixed ,

x t y t t x t y t t x t y t

x t y t H t

  

  



)

 

4) randomly Lipschitz continuous if there exists a 
measurable function : (0,    such that 

        
   
, , ( ) ,

 ,  and for each fixed, 

t x t y t t x t y t

x t y t H t

  

  
 

Definition 3. Let : H H H     be a random 
bifunction. A proper functional  H R  :  is 
said to be  -subdifferentiable at a point  x t H , for 
each fixed t , if there exists a point  f t H , for 
every fixed t , such that  

            
 

, , , ,

 

 f t t y t x t y t x t

y t H

   

 



 

(3) 

where  f t  is called  -subgradient of   at  x t , 
for each fixed t . 

The set of all  -subgradient of   at  x t  for each 
fixed t , denoted by : 2HH  , is defined by  

  
        

         
 

: , , ,

= ,  i  

, if   

f t H f t t y t x t

fx t y t x t y t H x t

x t H





  

 



H     

 

 

 

Theorem 1 [18]: Let be a function 

with dom

 : H R   

=  . Then for each fixed 

           
    

, , , , , ,

 ,

t x t H u t T t x t v t A t x t

w t E t x t

   


 

is a solution set of problem (1) if and only if 

  , dog t x t m   

and  

           , , ,  ,N t u t v t G t w t g t x t  .  

Assumption 1. A random mapping 
: H H H     satisfies the condition  

         
   
, , , , = 0 

,   and for each fixed .

t y t x t t x t y t

x t y t H t

 

  

2

 

Let : HQ H 
Q

 be a random multivalued mapping. 

Then the graph of  denoted by Graph  is defined 

as follows:  

( )Q

           


Graph  = , ; , ,

for fixed .

Q x t y t H H y t Q t x t

t

  


 

Definition 4. Let : H H H     be a given ran- 

dom mapping. Then a random multivalued mapping 

: 2HQ H   is called randomly -monotone if 
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   ,x t y t H   and fixed t , 

        
         

, , , 0,  

  , , ,

a t b t t x t y t

a t Q t x t b t Q t y t

 

   .
 

Q  is called randomly maximal  -monotone if and 
only if it is randomly  -monotone and there is no other 
randomly  -monotone multivalued mapping whose 
graph strictly contains the graph of . Q

Proposition 1. Let : H H H  
: 2

  be randomly 
strict monotone and HQ H   be randomly 
 -monotone multivalued mappings. If the range of 

  I t Q ,    =R I t Q H , for measurable mapping 

: 0,   , where I  is the identity operator, then 
 is randomly maximal Q  -monotone. Furthermore, 

the inverse random operator    1
:I t Q H H


   is 

single valued. 
Proof. Suppose that  is not a randomly maximal  Q

-monotone, then there exists       0 0, Graphx t a t Q   

such that  

        
      

0 0, , ,   0

 , Graph .

a t b t t x t y t

y t b t Q

 

 
      (4) 

By assumption that , there exists    =R I t Q H

 aph    1 1, Grx t a t  Q  such that  

           1 1 0 0= .x t t a t x t t a t         (5) 

Since (4) is true for all fixed  
 . We have  ,t       , Graphy t b t Q

        0 1 0 1, , ,   0a t a t t x t x t  .  

But from (5), we have 

          0 1 1 0= t a t a t x t x t     

and hence,  

          1 0 0 1

1
, , ,   0.  x t x t t x t x t

t



 

Multiplying by , we have    > 0t

        0 1 0 1, , ,   0x t x t t x t x t  .  

Since   is randomly strict monotone, we have 

   0 1=x t x t  for fixed t  and hence from (5), we  

get . So we reach the contradiction that    1 0=a t a t

      1 1, Graphx t a t  Q  or       0 0, Graphx t a t Q . 

Therefore  is randomly maximal Q  -monotone. For 

the second part, for each fixed 

         1
, , ,t x t y t I t Q z t


    

   
      and 

z t x t
Q x t

t



   

    z t y t
Q y t

t


 . 

tWe set for each fixed  ,      
 

=
z t x t

a t
t


 and 

     
 

=
z t y t

b t
t


. 

Therefore, for each fixed        , =t z t t a t x  t   

and        =z t t b t y  t . 

By randomly  -monotonicity of , we have  Q

        
                 
          
        
        

0 , , ,  

= , , ,

, , ,

, , ,

, , , .

z t z t t x t y t

t a t x t t b t y t t x t y t

t a t b t t x t y t

x t y t t x t y t

x t y t t x t y t



  

 





 

  

 

 

 

 

 

Since   is randomly strict monotone, we have for  

every fixed t,    =x t y t  and hence    1
I t Q


   

is a randomly single valued mapping. 
Remark 1. If : H H H    satisfies Assum-  

ption 1 and  : H R    , then it is easy to see  

that the randomly multivalued map : 2HH   is 
randomly  -monotone. 
 
3. Random Iterative Algorithm  
 
In this section, we use the proximal point technique to 
suggest a random iterative algorithm for solving the 
problem (1). For this purpose, we assume that 

: H H H     is randomly strict monotone, satis-  
fies Assumption 1 and  such that   : H R   

   =R I t H    

 for a measurable function : 0, .    

From Proposition 1, we have  

          1

( ) = ,t  J x t I t x t x t H
  


     

and for each fixed t is a single-valued. 

Lemma 1. Measurable mappings , , , :x u v w H  
are solutions of the problem (1) if and only if for each 
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



fixed  

, 

,t

,E t x

    , ,u t T t x t

  t

    , ,v t A t x t

 w t

  
          ( )

,

= , ( ) , , ,t

g t x t

J g t x t t G t w t N t u t v t
    

 

(6) 
where  is a measurable function, : 0,  

   1
J I t ( ) =t


 


   is so-called random proximal 
mapping and I  stands for identity mapping on H , 

  x t H   and t . 

Proof. From the definition of ( )tJ 
 , it follows that  

            
        

, , ,

 , ,

,  g t x t t G t w t N t u t v t

g t x t t g t x t



 

   

  
 

for all measurable mapping  and hence  : 0,  

.           , , , ,N t u t v t G t w t g t x t   

From the definition of  , we have  

              
       

, , , ,

, , , ,  

y t g t x t N t u t v t G t w t

t y t g t x t y t H

 



  

 

,



H

 

and for each fixed . Thus the measurable mappings 
 are solutions of (1). For finding the 

approximate solutions of (1), we can apply a successive 
approximation method to the problem of finding 

t
,, , , : 0x u v w 

    , ,   fixed x t F t x t t   

where,  

       
           ( )

,  = ,

, ( ) , , ,t

F t x t x t g t x t

J g t x t t G t w t N t u t v t
 



    
 

for measurable mapping .  : 0,  
On the basis of the above observation, we propose the 

following random iterative algorithm to compute the 
approximate solutions of (1). 

Algorithm 1. Assume that , :N H H   
, :G g H H 

 
are two random bifunctions and  the 
random single valued mappings. Let  

 , , :T A E H C H 
 0, ,t x t H 

 be the random mappings. For 
given  we take     0 0,u t T t x t , 

    0 0,v t A t x t  and  and let   0w t E   0,t x t

      
    

        

1 0 0

0
( ) 0

0 0 0

= ,

,

, , ,

t

x t x t g t x t

J g t x t t

G t w t N t u t v t


 



 
  

 

 t   and .  : 0,  

Since  

      0 0,u t T t x t C H   

      0 0,v t A t x t C H    

and 

      0 0,w t E t x t C H   

there exists  

    1 1,u t T t x t ,       1 1,v t A t x t

and 

   1 1,w t E t x t    

such that  

          
          
          

0 1 0 1

0 1 0 1

0 1 0 1

H , , ,

H , , ,

H , , ,

u t u t T t x t T t x t

v t v t A t x t A t x t

w t w t E t x t E t x t

 

 

 

 

where  ,H    is a Hausdorff metric on  C H . 

Let,  

      
    

        

2 1 1

1
( ) 1

1 1 1

= ,

,

, , ,

t

x t x t g t x t

J g t x t t

G t w t N t u t v t


 



 
   .

 

Again, since  

      1 1,u t T t x t C H   

      1 1,v t A t x t C H   

and 

      1 1,w t E t x t C H  ,  

there exists 

    2 2,u t T t x t ,       2 2,v t A t x t

and 

   2 2,w t E t x t    

such that  

          
          
          

1 2 1 2

1 2 1 2

1 2 1 2

H , , ,

H , , ,

H , , ,

u t u t T t x t T t x t

v t v t A t x t A t x t

w t w t E t x t E t x t

 

 

 

 

Continuing in this way, we can obtain random se-  
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quences   nx t , ,   nu t   nv t  and   nw t 

,

 as  

      
    

        

1

( )

 = ,

,

, , ,

n n n

n
t n

n n n

x t x t g t x t

J g t x t t

G t w t N t u t v t


 

 

 
  

     (7) 

    
          1 1

, ,

H , , ,

n n

n n n n

u t T t x t

u t u t T t x t T t x t



  

 

    
          1 1

, ,

H , , ,

n n

n n n n

v t A t x t

v t v t A t x t A t x t 



 
 

    
          1 1

, ,

H , , ,

n n

n n n n

w t E t x t

w t w t E t x t E t x t 



 
 

= 0,1,2,n    . 

Definition 5. For each  a 

random bifunction  is said to be 

   , ,t x t y t H 

H H 
,

2

:N H
1) randomly relaxed Lipschitz continuous with respect 

to : HT H 
: ( ,0] 

 if there exists a measurable function 
 such that  

         

     
1 2

2

, , , , ,

 

N t u t N t u t x t y t

t x t y t

   

 

 
 

         1 2 , , , , and fixed ;u t T t x t u t T t y t t   

2

  

2) randomly relaxed monotone with respect to 
: HA H 

 : 0,c  
 if there exists a measurable function 

 such that  

         

     
1 2

2

, , , , ,  N t v t N t v t x t y t

c t x t y t

   

  
 

         1 2 , , , , and fixed v t A t x t v t A t y t t    ; 

3) randomly Lipschitzian if for any  : 0,r    

such that  

           1 2, , , ,   N t u t N t u t r t x t y t      

         1 2 , , , , and fixed .u t T t x t u t T t y t t     

Lemma 2. Let : H H H   

: 

 be a randomly 
strong monotone, and randomly Lipschitz continuous 
with measurable coefficients  and 

 respectively which satisfies Assumption 
1. Then  

0,

           
   

( ) ( )   , 

 , , 

t tJ x t J y t t x t y t

x t y t H t

 
    

  
 

where    
 

=
t

t
t





 and .  : 0,  

Proof. From the definition of ( )tJ 
 , we have  

        1

( )  = tJ x t I t x t
  


   

and hence  

           ( ) ( )

1
t tx t J x t J x t

t
 
  


   

and  

           
   

( ) ( )

1

 ,

t ty t J y t J y t
t

x t y t H

 
  


 

 
 

and each fixed t .  
Since   is random  -monotone, we have  

            

      

( ) ( )

( ) ( )

1
,

, ,   0.

t t

t t

x t J x t y t J y t
t

t J x t J y t

 
 

 
 





  


 

Multiplying by measurable function  : 0,   , 
we get  

          
      

( ) ( )

( ) ( )

,

, ,   0

t t

t t

x t y t J x t J y t

t J x t J y t

 
 

 
 

  


 

or, 

          
            

( ) ( )

( ) ( ) ( ) ( )

, , ,

 , , ,

t t

t t t t

x t y t t J x t J y t

J x t J y t t J x t J y t

 
 

   
   







 
 

(8) 
Since   is randomly strong monotone, we have  

            
     

( ) ( ) ( ) ( )

2

( ) ( )

, , ,

( ) .

t t t t

t t

J x t J y t t J x t J y t

t J x t J y t

   
   

 
 







 
 

(9) 
From randomly Lipschitz continuity of  , we get  

          
          
           

( ) ( )

( ) ( )

( ) ( )

, , ,

 , ,

.

t t

t t

t t

x t y t t J x t J y t

x t y t t J x t J y t

t x t y t J x t J y t

 
 

 
 

 
 









 

  

   (10) 
: 0,  
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From (8)-(10), we have  

         

       
 

( ) ( )   , 

 ,  where  = .

t tJ x t J y t t x t y t

t
x t y t H t

t

 
  






  

 
 

Definition 6. A random multivalued mapping 

 :A H C H 

 : 0,  

is called randomly H-Lipschitz con- 

tinuous if there exists a measurable function 
 such that  

            

   

H , , ,    

 , , and fixed .

,A t x t A t y t t x t y t

x t y t H t

 

  
 

Theorem 2. Let : H H H     be a randomly 
strong monotone and randomly Lipschitz continuous 
with corresponding random coefficients  t  and 

and satisfy the Assumption 1. Let  t
, , : 2HT A E H   be the randomly H-Lipschitz con- 

tinuous with corresponding random coefficients   ,t  
 t  and  t  respectively. Let , :g G H  H  be 

a randomly Lipschitz continuous with random coeffi- 
cients   ,t t

N H H 

  respectively and randomly strong 
monotone with random coefficient . Let 


 t

H:  be a randomly relaxed Lipschitz 
continuous with respect to random operator T  with 
random coefficients , randomly relaxed monotone 
with respect to random operator 

 t
A  with random 

coefficient  and randomly Lipschitz continuous 
with respect to first and second arguments with random 
coefficients 

 c t

 r t  and  s t


 respectively. For each n  
let  and  be the 
mappings such that 

:n H R    : H R 

     = =nR I t R I t H          

for .   > 0t
Assume that for fixed ,  t

       1
( ) ( )  = 0,  for lim n n
t t

n
J z t J z t z t H 
 




    (11) 

If  

 
              

                  

                
                  

2

2 2

22

2 2

(1 )

1
<

t c t t t t t p t
t

t r t t s t t t t t

t c t t t t t p t B

t r t t s t t t t t

    


     

    

     

  


 

   

 

 

where, 

                   
         

2 2
 = 

1 1 ,

B t r t t s t t t t t

t p t t p t

     

 

 

    
 

   
      

   2

1
>

t t p t B
c t t

t t

 


 


   

           
         

> ,  

< 1,  1 < ,  > ,

r t t s t t t t

p t p t t c t t

   

 




    (12) 

        2= 1 1 2 .p t t t t      

Then there exist, for any fixed , t   ,x t H  

    , ,u t T t x t    , ,v t A t x t      ,E t x t

om varia-

w t

an

   

 
tio
satisfying the generalized multivalued r d

nal like inclusions (1) and     ,t  nu t u  

    ,nv t v t      ,nw t w t     nx t x t  in H  for 

fixed t ,  n  , where the random iterative  

sequences   ,nu t    nv t ,   nw t  and  n x t  

are generated by random itera ve Algorithm
of. Fr  Algorit

ti  1. 
Pro om hm 1, we have  

   

       
            

       

       
          

       
    

1

1
1 ( ) 1

1 1 1

1 1

( )

1
( )

 

, , ,

, ,

, , ,

 , ,

, ,

, ,

n

n n n n

n
n t n

n n n

n n n n

n
t n n

n
n n t

x t

t G t w t N t u t v t x t

g t x t J g t x t t

G t w t N t u t v t

x t x t g t x t g t x t

J g t x t t G t w t

N t u t v t J g



















 

  

 



  
  

  

   

 

    
         

1nx t 

( )= , ,n n t nx t g t x t J g t x t


  

          
            

       
        

          

          

1

1 1 1

1 1

1

1

1 1 ( ) 1

1
( ) 1 1

1

,

, , ,

 , ,

, , ,

, , ,

, ,

 1

, ,

n

n n n

n n n n

n n n

n n n

n
n n t n

n
t n n n

n n n n

t x t

t G t w t N t u t v t

x t x t g t x t g t x t

t g t x t g t x t t G t w t

G t w t N t u t v t

N t u t v t J h x t

J h x t t x t x t

g t x t g t x t t x t x









 







  

 





  


 





  

   

   
 

 

   

     

            
         

       

1

1 1

1

1
( ) 1 ( ) 1

, , , ,

, ,

n n n n

n n

n n
t n t n

t

t N t u t v t N t u t v t

t t G t w t G t w t

J h x t J h x t 
 



 



 




 

 

 

 

 

(13) 
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where,  

.

Since 

     
          

= ,

, , ,

n n

n n n

h x t g t x t

t G t w t N t u t v t 
 

g  is randomly strong monotone and randomly 
Lipschitz continuous, we have  

          
   

         

     

         

     

       

2

1 1

2

1

1 1

2

1

2

1

22
1

22
1

, ,

 

2 , , ,

, ,

 2  

 

 1 2 .

n n n n

n n

n n n n

n n

n n n n

n n

n n

x t x t g t x t g t x t

x t x t

2

1

 

g t x t g t x t x t x t

g t x t g t x t

x t x t t x t x t

t x t x t

t t x t x t





 

 



 









  

 

  

 

   

 

     

 



  (14) 

Since are randomly H-Lipschitz continuous, 
a ipschitz continuous with respect to first 

and seco ents and 

, ,T A E  
randomly L

nd argum
N  

g  also a randomly Lipschitz 
continuous, we have  

     
 

        
       

1

1

-1

1

, ,

( ) ( )

H , , ,

 

n n

n n

n n

n n

G t w t G t w t

t w t w t

t E t x t E t x t

t t x t x t





 









 



 

 

,

           (15) 

         
     

        
       

1

1

, , , ,

H

n n n n

n n

N t u t v t N t u t v t

r t u t u t







 
        (16) 

-1

1

, , ,

 ,

n n

n n

r t T t x t T t x t

r t t x t x t 



 

         
     

       
       



1 1

1

-1

1

, , , ,

H , , ,

 .

n n n n

n n

n n

n n

N t u t v t N t u t v t

s t v t v t

s t A t x t A t x t

s t t x t x t

 







 



 

-1

     (17) 

Further, since is randomly relaxed Lipschitz conti- 
nuous with resp random operator  and randomly 
relaxed monot th respect to ran  operator 

N  
ect to 

one wi
T

dom ,A  

     

          
          

        

      
        

           

           

     2

n n n n

n nt c t x t x   

1

2

1 1

2

1

1 1

1

1 1 1

22
1 1

2 2

1 1

, , , ,

  2 , ,

, , ,

2 , ,

, , ,

, , , ,

 2

n n

n n n n

n n n n

n n n n

n n

n n n n

n n n n

x t x t t

N t u t v t N t u t v t

x t x t t N t u t v t

N t u t v t x t x t

t N t u t v t

N t u t v t x t x t

t N t u t v t N t u t v t

x t x t t t x t x t









 



 



 



  

 

 

 

 

  

 



 

 

   

             

2

1

222

t

t r t t s t t x t x t 



  

        

            

1

2

22

 1 2

.

n n

n

t c t t t

r t t s t t x t x t



  

 



   

  

Combining (13) and (18), we get  

1n  
(18) 

   

        

                 

we have  

           

       
   

                

           

       
    n nt x t x   

1

2

2

1

1
( ) 1 ( ) 1

22

1

1
( ) 1 ( ) 1

 

 1 1 2

1 2

 

1 2

n n

n n

n n
t n t n

n n

n n
t n t n

x t x t

t t t t

t c t t t r t t

t t t t x t x t

J h x t J h x t

p t t

t c t t t r t t s

t t t t x t x t

J h x t J h x t

 
 

 
 

   

   

   



   

   






 




 



    

   

 

 

 

    

 

 



2
s t t

t t

       
1

1
( ) 1 ( ) 1
n n
t n t n

t

J h x t J h x t 
 




  

 

(19) 

where         2= 1 1 2p t t t t      and  

     

                 
     

22

= 

1 2

( ) .

t p t t

t c t t t r t t s t t

t t t t

 

    

   



    



 

Copyright © 2011 SciRes.                                                                                  AM 



M. K. AHMAD  ET  AL. 
 

Copyright © 2011 SciRes.                                                                                  AM 

1018 

Now, from (12), we have  and for fixed 
,  

  < 1t ,
t

Shanghai, 1991.  

       1
( ) 1 ( ) 1 = 0,lim n n
t n t n

n
J h x t J h x t 
 


 


  

it follows from (19), that   nx t  is a Cauchy sequence 
in H . Since H  is co ay suppose that mplete, we m

   nx t x t 

 n u t 

H . 

T

No that w we prove 

,  u t   ,t x t       ,v t A t x t   nv t

  ,t x t . 

 have  

and  w t

 

 w t 
Algorithm 1

n

From

E

, we

          
     

1 1

1

H , , ,

 

n n n n

n n

u t u t T t x t T t x t

t x t x t

 



 

 
 

          
     

1 1

1

H , , ,

 

n n n n

n n

v t v t A t x t A t x t

t x t x t

 



 

 
 

          
     

1 1

1

H , , ,

 ,

n n n n

n n

w t w t E t x t E t x t

t x t x t

 



 

 
 

w quences hich imply that the random se   nu t

quences in

, 

 and are Cauchy random se    nv t   nw t  

H . Let 

 nw t 
   u t

t . Now we 
nu t , 

 w

   nv t v t

will show that 

 and 

    ,T t x t

 fact,  

u t  , 

  . In v t A   x t  and ,t    ,w t E t x t

     
       

         
          
         

, ,

= inf  : for fixed , ( ) ,

, ,

H , ,

0  as .

n n

n n

n n

d u t T t x t

u t z t t z t T t x t

u t u t d u t T t x t

u t u t T t x t T t x t

u t u t t x t x t n

  

  

  

     

 

Hence 0 , since sequence of mea- 
sura measurable and therefore 

     , , =d u t T t x t
ble map is also 

  ,T t x t  for fixed t u t  

ed t

letes th

, similarly we can 

 and 

f. 
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