/
oo Resmurch
0.00 Publishing

Advances in Linear Algebra & Matrix Theory, 2017, 7, 37-65
http://www.scirp.org/journal/alamt

ISSN Online: 2165-3348

ISSN Print: 2165-333X

On Classes of Matrices with Variants of the
Diagonal Dominance Property

Farid O. Farid

Department of Mathematics, Shanghai University, Shanghai, China

Email: farid-f@shaw.ca

How to cite this paper: Farid, F.O. (2017)
On Classes of Matrices with Variants of the
Diagonal Dominance Property. Advances
in Linear Algebra & Matrix Theory, 7, 37-
65.
https://doi.org/10.4236/alamt.2017.72005

Received: April 21, 2017
Accepted: June 18, 2017
Published: June 21, 2017

Copyright © 2017 by author and

Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

DOI: 10.4236/alamt.2017.72005

Abstract

We study the relations between several classes of matrices with variants of the
diagonal dominance property, and identify those classes which form pairs of
incomparable classes. For an incomparable pair (Xl, X,) of classes of ma-

trices with variants of the diagonal dominance property, we also study the
problem of providing sufficient conditions for the matrices in X; to be in

X j with {i, j} = {1, 2} . The article is a continuation of a series of articles on

the topic and related topics by the author; see [1] [2] [3] [4].
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1. Introduction and Notation

The theory of matrices with variants of the diagonal dominance property has at-
tracted the attention of researchers in matrix analysis and its applications. Des-
planques [5] established the invertibility of every strictly diagonally dominant
complex matrix; see Definition 2.1. (Lévy [6] established the result earlier for
real matrices). The pioneering work of Lévy and Desplanques motivated re-
searchers to study matrices with variants of the diagonal dominance property.
For more results on the subject; see, for example, [1] and [3]-[25]. As usual, we
denote the algebra of all nxn matrices over the field C of complex numbers
by C™. For every A= (aij ) e C™ and every i€ {1,---,n} , we define the row
sum I (A) and columnsum ¢ (A) by

H(A)= > _|aii| and ¢ (A)

j=1, j#i

= > Jay (1.1)
j=1, i
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In (1.1), it is understood that r,(A)=¢, (A)=0 if Aisa 1x1 matrix.

The objectives of this paper are to investigate the following two problems:

1) Identify among several classes of matrices with variants of the diagonal
dominance property those which form pairs of incomparable classes. If X; and
X, are subclasses of C™", we say that (X;,X,) is a pair of incomparable
classesif X, ¢ X, and X, & X,.

2)If (X;,X,) isa pair of incomparable classes of matricesin C™" with va-
riants of the diagonal dominance property, provide sufficient conditions for ma-
tricesin X; tobein X, where {i, it= {1, 2} . We investigate this problem for
most pairs of incomparable classes identified in 1).

The set of positive integers is denoted by N, and for every n e N, we denote
the set {1,---,n} by (n) The empty set is denoted by &. We denote the car-
dinality of a nonempty finite set Sby cardS . The set of all nxm complex ma-
trices is denoted by C™™. The set C™ is simply written as C". If xeC"
and X is the entry of x in the ith row, i=1,---,n, we write x as (Xl,m,xn)t.
We denote by 0 the zero matrix, and when there is a need to emphasize its size,
we will use the symbol 0, to denote the Nxm zero matrix in C™™. The
multiplicative group of nxn invertible matrices is denoted by GL (n) , and its
identity is written as | . Let A= (aij ) € C™™. The entry &; of A is sometimes
written as (A)ij . The transpose of A is denoted by A'. If q; > 0 (a2 0) for
all ie (n) and je (m) , we write A>0 (A=0). The matrix |A| is the
matrix in C™™ defined by (|A|)ij = |aij| for all ie (n) and je (m) L If
Y eC™ is diagonal and y, is the ith diagonal entry of Y, i=1,--,n, we
denote Y by diag(y,,--7,) . If B= (bu ) eC™ , the diagonal matrix
diag(by,,--,b,,) is denoted by D(B).

The set of eigenvalues of AeC™ is denoted by o (A), and the spectral ra-
dius of A is written as p(A) . So, p(A) =max {|ﬂ| Ae O'(A)} . Similar matrices
in C™ have the same eigenvalues. Among similar matrices, those which are
similar through diagonal matrices, are of particular interest. If
A/BeC™, we say that A is diagonally similar to B if there exists a diagonal
matrix X € GL(n) such that A=X'BX. The set of all matrices, which are
diagonally similar to A€ C™, is denoted by DS(A).If EcC™, we define
the diagonal similarity orbit DS(E) of E by

DS(E)={X"AX :AeE, X eGL(n) and X is diagonal}. (12)

Submatrices play a role in the development of the topics studied in the paper.
Let AeC™, n>2,andlet Sand 7'be nonempty subsets of (n). The subma-
trix of A that lies in the rows and columns of 4 indexed by Sand 7, respectively,
is denoted by A(S,T).If s=T, we write A(S,S) simply as A(S); see p.
17 of [26]. For every nonempty subset S of (n) and each i€ (n) , it is instruc-
tive to evaluate the / -norm of the off-diagonal entries among the ith row
(column), which belong to the columns (rows) of A defined by the set S. For-
mally, we define I° (A) and c (A) by

i (A)= Z_|aij| and c’(A)= Z_|aji|. (1.3)

jesS, j#i jesS, j#i
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It is clear that I’ (A)<r(A) and c (A)<c(A). The sums in (1.3) are
used in association with the notion of separation of (n) .

Definition 1.1 Let ne N\{l} . If $is a nonempty proper subset of (n), we
call the pair (S,(n) \ S) a separation of (n) .

Remark 1.1 Let A= (aij ) eC™, n>2.Let Sbeasubsetof (n) with
cardS>2.1f S={s,-,5,}, where § <--<5,, then a, =(A(S)),
re (A)=r(A(S)) and cf(A)=c (A(S)) forall ie(p).

The paper is organized as follows. In Section 2, we list the classes of matrices
with variants of the diagonal dominance property, which we consider in the pa-
per. Section 3 outlines some of the preliminary facts about the classes defined in
Section 2. The section provides a motivation for the results in the remaining sec-
tions of the paper. In Section 4, we study in depth the relation between doubly
diagonally dominant matrices and (S,,S,) separation-induced doubly diago-
nally dominant matrices. We analyze in Section 5 the relation between the class
of generalized diagonally dominant matrices and the class of (Sl, Sz) separa-
tion-induced doubly diagonally dominant matrices. We also show that the for-
mer class forms with the class of doubly diagonally dominant matrices a pair of
incomparable classes. In Section 6, we study the relations between the
row-column diagonally dominant matrices with index « and the other classes

we considered in Section 2.

2. Matrices with Variants of the Diagonal Dominance
Property

We outline in this section the classes of matrices we consider in the rest of the
paper. Irreducible matrices play an important role in the development of the
theory. A matrix AeC™ is called irreducible if it not reducible. A matrix
BeC™ is called reducibleif either n=1 and B=0;0r n>2 and Bis sim-
ilar by way of permutation to a strictly upper triangular block matrix; see Defini-
tion 6.2.21 in [26]. We denote the set of all irreducible matrices in C™" by
IR(n).

Definition 2.1 Let Az(aij)e(C”x”.Deﬁne the sets J(A) and L(A) by
J(A)={ke(n):[a,|>r (A)} and L(A)={ke(n):|a,|<r (A)}. (2.1)

1) The matrix A is called diagonally dominantif |a;| > (A) for all ie(n).
If J (A) = (n) , we say that A is strictly diagonally dominant. We call A irreduc-
ibly diagonally dominant it J ( A) #(J and A is both diagonally dominant and
irreducible. We say that A is generalized diagonally dominant if there exists a
nonsingular diagonal matrix Y € C™ such that AY is diagonally dominant.
We call A strictly generalized diagonally dominant (also known as nonsingular
H-matrix; see [11]) if there exists a nonsingular diagonal matrix Y € C™ such
that J(AY)= (n) . If there exists a nonsingular diagonal matrix Y € C™ such
that AY is irreducibly diagonally dominant, we say that A is irreducibly gene-
ralized diagonally dominant.

In the following items, we assume n>2.
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2) We call A doubly diagonally dominant if
|a"||ajj| > 1 (A)r,(A)foralli, j e(n)withi = j. (2.2)

We say that A is strictly doubly diagonally dominant if the inequalities in (2.2)
are all strict. If A is doubly diagonally dominant, irreducible and at least one of
inequalities (2.2) is strict, we call A irreducibly doubly diagonally dominant.

3) Let (S,,S,) be a separation of (n) We say that A is (S,,S,) separa-
tion- induced doubly diagonally dominantif

(- () oy - 7 ()5 (A} () 23)

forall ieS, and jeS,.Aiscalled (S, Sz) separation-induced strictly doubly
diagonally dominant if J(A) is nonempty and the inequalities of (2.3) are
strict for all ieS, and jeS,. We say that A is (Sl, Sz) separation-induced
irreducibly doubly diagonally dominant if A is irreducible, J(A) is nonempty,
A is doubly diagonally dominant with respect to the separation (Sl, Sz) and
thereexist 5, €S, and S, €S, such that

(Jas | = 72 () (| 22 (A)) > v (A) 2 (). 24

4) Let a €(0,1). We call A row-column diagonally dominant with index a
if

a,

252

laa|= (1 (A))" (c, (A))H for allie(n). (2.5)

If all the inequalities in (2.5) are strict, we say that A is strictly row-column
diagonally dominant with index o. A is called irreducibly row-column diago-
nally dominant with index o if A is irreducible, row-column diagonally do-

minant with index o and there exists k (n) such that
2| > (r (A)) (e (A))l_a : (2.6)

Let neN. To simplify the terminology, we introduce the following abbre-
viated notations:
D(n)={AeC™: Ais diagonally dominant},

SD(n) :{Ae(C”*” . Ais strictly diagonally dominant}, (2.7)
IRD(n)={AeC"™": Ais irreducibly diagonally dominant,
GD(n) ={Ae C™ : A'is generalized diagonally dominant},
SGD(n) = {Ae C™" : Ais strictly generalized diagonally dominant}, (2.8)
IRGD(n):{Ae C™": Ais irreducibly generalized diagonally dominant}.
In the following terminology, we assume N>2:
DD(n):{Ae C™ : A'is doubly diagonally dominant},
SDD(n):{Ae(C”X” : Ais strictly doubly diagonally dominant}, (2.9)
IRDD(n)= {Ae(C”*” : Aiis irreducibly doubly diagonally dominant}.

If (S,,S,) isa separation of (n) , we introduce the notation

K2
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DD(S,,S,,n) = {Ae C™ : A'is (S,,S, ) separation-induced doubly diagonally dominant},
SDD(S,,S,,n) = {Ae C™: Ais (S,,S, ) separation-induced strictly doubly diagonally dominant}, (2.10)
IRDD(S,,S,,n) = {Ae C™: Ais (S,,S,) separation-induced irreducibly doubly diagonally dominant}.

If a<(0,1), then
RCD(a;n)z{AeC”*” : Ais row-column diagonally dominant with index a},
SRCD(a;n):{Ae C™": Ais strictly row-column diagonally dominant with index a}, (2.11)

IRRCD(a;n):{Ae(C”X” : Ais irreducibly row-column diagonally dominant with index a}.

3. Preliminaries

Some of the important facts linking the classes introduced in Definition 2.1 are
reviewed in this section. The information provide motivations for the results es-
tablished in the subsequent sections.

Remark 3.1 Let ne N. Then

1) D(n)cGD(n), SD(n)=SGD(n)cGD(n) and
IRD(n)U[SGD(n)NIR(n)]< IRGD(n) = GD(n).

In items (2)-(6), we assume n>2:

2) D(n)USDD(n)cDD(n), SD(n)<=SDD(n) and
IRD(n)< IRDD(n).

3) SDD(n)NIR(n)< IRDD(n) = DD(n)NIR(n).

4)If (S,,S,) isa separation of (n) , then

i) DD(Sl, S,, n) = DD(SZ, S, n) , and similar equalities hold for
SDD(S,,S,,n) and IRDD(S,,S,,n).

ii) SDD(S,,S,,n)=DD(S,,S,.n).

iii) SDD(S,,S,,n)NIR(n)<=IRDD(S,,S,,n)=DD(S,,S,,n)NIR(n).

iv) If A= (aij ) eC™,then Ae IRDD(Sl, S,, n) if and only if A is irreduci-
ble, AeDD(S,,S,,n) and there exist s, €S, and s,€S, such that (2.4)
holds and

2

5151|> rsfl(A). (3.1

v) D(n)c=DD(S,,S,,n) and SD(n)<SDD(S,,S,,n).

5) DD({1},{2},2)=DD(2), SDD({1},{2},2)=SDD(2) and
IRDD({1},{2},2)=IRDD(2).

6) If ae(O,l),then

i) SRCD(a;n)c=RCD(a;n).

ii) SRCD(a;n)NIR(n)< IRRCD(a;n)= RCD(a;n)NIR(n).

iii) RCD(a;2)<DD(2).

iv) SRCD(a;2)=SDD(2).

v) IRRCD(a;2) = SDD(2)NIR(2)=IRDD(2).

7) Let n>3.Theclasses DD(S;,S,,n), SDD(S;,S,,n) and
IRDD(S,,S,,n) depend on the separation (S,,S,) of (n) For example, the
irreducible matrix A defined by
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1 01 02
A=/01 1 01
1 28 3

satisfies AeSDD({3},{1,2},3) but AgDD({1},{2,3},3). Then from (ii) of
item (4), we deduce that AeDD({3},{1,2},3) and A¢SDD({1},{2,3},3),
and from A being irreducible and (iii) of item (4), we see that
AeIRDD({3},{1,2},3) and A¢IRDD({1},{2,3},3).

The following fact is less obvious than the inclusions in (v) of item (4) of Re-
mark 3.1.

Lemma 3.1 Let neN\{l}, and let (S,,S,) be a separation of (n) Then
IRD(n) < IRDD(S,,S,,n).

Proof- Let A= (aij ) € IRD(n). It follows from Ae D(n) and (v) of item (4)
of Remark 3.1 that Ae DD(S,,S,,n). Then from J(A)#< and AelR(n),
we deduce that in order to show that Ae IRDD(S,,S,,n), it remains to show
the existence of s €S, and s,€S, such that (2.4) is satisfied. From
J(A)#D and (S,,S,) being a separation of (n), there exists ke S US,
such that |akk| > T, (A) Assume that k € S, . The other case is proven similarly.
From AelIR(n) and (S,,S,) being a separation of (n), there exists | €S,
such that !’,51 (A) >0. Thus from Ae D(n) R
keS NJ(A), we get

(|akk |- (A))(|a” |- (A)) > (A)r(A).

Hence, with taking s, =k and s, =1, we obtain (2.4).

Using (1.2), the following lemma provides characterizations of the classes
GD(n), SGD(n) and IRGD(n). The lemma somehow justifies the use of
the word “generalized’ in the titles for the 3 classes. We omit the proof.

Lemma 3.2 Let neN. Then GD(n)=DS(D(n)), SGD(n)=DS(SD(n))
and IRGD(n)=DS(IRD(n)).

Additional facts about the classes in Definition 2.1 are outlined in the follow-
ing lemma.

Lemma 3.3 Let ne N\{1}. Them

1) SD(n)UIRD(n)cGL(n) and SGD(n)UIRGD(n)=GL(n), and the
two inclusions are proper.

2) SDD(n)c=GL(n).

3) IRDD(2)cGL(2) and IRDD(n)¢GL(n) forall n>3.

4) IRD(n)=IRDD(n)ND(n).

5) DD(n)< U7, DD(fi} () i}.n).
6) SDD(n)<|J;,SDD({i}.(n)\{i},n).
7)If (S,,S,) isaseparationof (Nn),then
SDD(S,,S,,n) = SGD(n) (3.2)
and
IRDD(S,,S,,n) = IRGD(n) = SGD(n). (3.3)
8) SDD(n)c=SGD(n).
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NIf ae (0,1) , then
SRCD(a;n)UIRRCD(a;n)cGL(n). (3.4)

Remark 3.2 We make the following observations in regard to Lemma 3.3.

1) In item (1), the inclusion IRD(n)< GL(n) was established by Taussky
([23], Theorem II).

2) The inclusion of item (2) is proper; it was first proved by Ostrowski [19].

3) If nx>3, the fact IRDD(n) & GL(n) in item 3) was illustrated through
examples in [21] and [25].

4) Items (5) and (6) follow through a careful reading of the proof of Pro-
position 1 of [18].If AeD(n) then Ae()", DD({i},(n)\{i},n).If
Ae DD(n)\ D(n), then Ae DD({I},(n)\{I},n) , where | is the unique in-
teger in (n) satisfying C(A) = {l} (see (2.1)).If Ae SD(I’I) then
Ae(.,SDD({i},(n)\{i},n).If AeSDD(n)\SD(n), then
AeSDD({m},(n)\{m},n), where m is the unique integer in (n) satisfying
7 (W)= () m}.

5) In contrast to items (5) and (6), we observe that

IRDD(n) & J;, IRDD({i},(n)\{i},n).

111
For example, let A= (aij ) ={2 4 0|.Then Ae |RDD(3) , but
2 0 4
Ag Uis:llRDD({i} ,(3)\{i},3) . Note that for the separation ({2} , {1,3}) of

<3> , we have:
(|azz| N r2{2} (A))(|a11| N "1{13} (A)) = (4_0)(1_1) =0,

(A (A) = (|ay|+[ax|)aw| = (2+0) (1) = 2.
So,
(|a22| —r? (A))(|au| — (A)) =(4-0)(1-2)=0<2=1" (A)¥ (A).

Also, for the separation ({3} , {1, 2}) of <3> , we have
|333|(|a11| - I’l{l'z} (A)) =0<2=r, (A)|a13|. For the separation ({1} ,{2,3}) of
<3> , the strict inequality (2.4) is not satisfied, since

(|311| ! (A))(|aii | —r? (A)) =i (A (A) =4

for j=2,3.

6) Gao and Wang ([12], Theorem 1) established (3.2). For every integer

n>5, the inclusion is proper. We consider the following two cases:
Case 1: n=5. Define the matrix A, by

1 05000
1 2 100
A=(a)=|2 2 400 (3.5)
0 2 2 6 2
0 0 4 4 8
0:%: Scientific Research Publishing 43
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Then, with
Y, =diag (1,1.1,1.15,1.2,1.25), (3.6)

we have AY;eSD(5). Thus A €SGD(5). However, it can be shown that for
every separation (S;,S,) of <5> , there exists a pair (i, j)€ S, xS, such that

(Ja] =5 (As))(|ajj —ry” (As)) =52 (A (A).
Hence the matrix A defined by (3.5) satisfies A ¢ SDD(S,,S,,5) for any
separation (S;,S,) of <5> .
Case2: n>5.Define A by
sz(aij):As@ln—S' (3.7)

where A is the matrix defined by (3.5). It then follows from (3.5), (3.6) and
case 1 that the diagonal matrix Y, =Y, @1, satisfies A Y, €SD(n). Thus
A e SGD(n). Let (Sl,Sz) be a separation of (n) From (3.5) and (3.7), it is

clear that

(5) =S, =ass|-1* (A) =2 (A)=0
and
<5>C S, :>|a55|—r552 (A’|) = |'5S1 (A1)=0.

So, to complete the proof that A, ¢ SDD(Sl, S,, n) , it remains to consider the

case:
$,N(5)=@and S,N(5) = .

It then follows that (Sl ﬂ<5>, S, ﬂ<5>) is a separation of <5> . Hence from
(3.7), we deduce that

s (A)= ) (A)= () (A)and 1% (A) = (5209 (A)= 52n) (A)

forall me <5> . Then from case 1 and the fact that (Sl ﬂ<5>, S, ﬂ<5>) is a se-
paration of (5), we see that there exist i€S (1(5) and jeS,N(5) such
that

(|an|_ L (Ah))(|ajj|_ I (Am)) = (A)r (A)-
The integer 5 is the smallest integer we were able to find with which the inclu-
sion of (3.2) is proper.
7) Item (8) follows from item (6) and (3.2).
8) Let neN\ {l} . In contrast to the inclusion in item (8), we observe that

DD(n) & GD(n). (3.8)

For example, let A= (aij ) € C™ be defined by a, =1 and a; =0 for all
(i, j) € ((n)x(n))\{(l, 2)} .Then Ac DD(n) \ GD(n) . It can be shown that
GD(2) = DD(2). We will use Theorems 4.1 and 5.2 to show that
GD(n) o DD(n) forall n>3;see Remark 5.2.

9) Theorem 2 of [12] establishes (3.3) through the two set inclusions. The
second inclusion readily follows. In the proof of IRDD(S,,S,,n)< IRGD(n),
it is assumed that AeIRDD(S,,S,,n) and the separation (S,,S,) of (n)
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satisfy the additional condition:

S,cJ(A)or S, cJ(A). (3.9)
In general, matrices in IRDD(S,,S,,n) need not to satisfy (3.9); for example,
2 111
A=| 0 2 2| isin IRDD({1},{2,3},3),but {1} & J(A) and
21 1 4

{2,3} e J (A) It is possible to establish (3.3) without making the assumption
(3.9) by slightly modifying the proof of Theorem 2 of [12]. However, we will use
Theorem 5.2 to prove the first inclusion of (3.3); see Corollary 5.3.

10) In (3.4), Ostrowski [20] established the inclusion SRCD(a;n) < GL(n),
and Hadjidimos ([15], Theorem 2.1) proved the inclusion
IRRCD(a; n) c GL(n). Item (4) of Theorem 6.6 provides a simple different
proof of Hadjidimos’s result.

Remark 3.3 1) In light of the facts given in items (5) and (6) of Lemma 3.3, we
will analyze in more depth in Section 4 the relation between
{DD(S,,S,,n),SDD(S,,S,,n), IRDD(S,,S,,n)} and
{DD(n),SDD(n), IRDD(n)} .

2) We will show in Theorem 5.1 that the relation between DD(S,S,,n) and
GD(n) is in contrast to the relation between SDD(S;,S,,n) and SGD(n)
(given by (3.2)).

To simplify the set up of some statements in Sections 4 and 6, we introduce
Definition 3.1.

Definition 3.1 Let NeN\{l}, and let £ be a nonempty subclass of C"™".
We say that & 1is invariant under the permutation similarity transformation if
for every permutation matrix E €C"™ andevery Ae&,wehave EAE'e€.

Remark 3.4 Let neN\{l}, a<€(0,1) and let (S,,S,) be a separation of
(n) with cardS, =p.

1) The classes D(n) , DD(n), IR (n), IRDD(n), RCD(a; n) R
SRCD(a;n) and IRRCD(a;n) are all invariant under the permutation si-
milarity transformation.

2) There exists a permutation matrix E € C™ such that the linear transfor-
mation T:DD(S,,S,,n)— DD(( p),(n)\(p), n) defined by T (A) =EAE' is
an isomorphism from DD(Sl, S,, n) onto DD(( p> , (n) \< p), n) .

Similar observations could be stated for the pairs:

(SDD(S,,S,.n),SDD({p),(n)\(p),n)) and (IRDD(S,,S,,n), IRDD(( p),(n)\(p).n)).

4. Matrices with the Doubly Diagonal Dominance Property
vs. Matrices with the (S,,S,) Separation-Induced

Doubly Diagonal Dominance Property
We denote the Cartesian product of two nonempty sets Xand ¥ by X xY .

Theorem 4.1 Let neN\{1,2}, and let (S,,S,) be a separation of (n)
Then the elements of the set

%%
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{DD(n),SDD(n),IRDD(n)}x{DD(S,,S,,n),SDD(S,,S,,n),IRDD(S,,S,,n)}

are pairs of incomparable classes.

Proof. 1t follows from Remark 3.4 that it suffices to consider the case:
S, =<p> , where pe (n —1>. Also, from Remark 3.1 (item (3), and (iii) of item
(4)), we see that it suffices to show the existence of A,BeC™ such that

Ae[SDD(n)NIR(n)]\DD((p).{p+1,---,n},n) (4.1)
and

Be[SDD((p),{p+1--,n},n)NIR(n)]\DD(n). (4.2)

We consider the following two cases:
Case 1: pe {1, n —1} . Assume without loss of generality that p=1. Define
A= (aij ) as follows:

a,=21a; =(n-1)" for all je(n)\{1},
a, =a,=1anda,, =(n-2)" forall3<j<n,
a; =3forall3<i<n,
a; =(n-1) " forall(i,j)e{(lLm):l {3 .nf,me(mM\{l}}. (43)
Define B=(b;) by
b, =1and blj:Z(n—l)’lfor all je{2,---,n},
b; =2 and b, =0.4 for allie{2,---,n},
by =(n-2) " forall(i,j)e{(lLm):l,me {2, n},m=l}.  (44)

Then A and Bdefined by (4.3) and (4.4) satisfy (4.1) and (4.2), respectively, in
this case.
Case2: pe{2,---,n—2}.Define A= (aij) as follows:

aﬂ:au:landaij:Z(n—Z)flfor all je{3,---,n},
a; =9.1for allie{2,--,n},
a, =3(n-1) " forall (i, j) e {(Il.m):1 € {2,--,n}, me(nM\{l}}. (4.5
Define B=(b;) by
by =2 for allie(n),
b =1/(p-1)if (i, j)e{(L.m):l,me(p),m=1},
by =2/(n-p)ifie(p), je{p+L--n},
b, =04/pifie{p+L--,n}, je(p)
and

by =(n-p-1)"if (i,j)e{(l.m):l,me{p+L--n},m=l}.  (46)

Then A and B defined by (4.5) and (4.6) satisfy (4.1) and (4.2), respectively, in
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this case.

The following corollary is a direct consequence of items (5) and (6) of Lemma
3.3, and Theorem 4.1. The exclusion of n=2 in the corollary is by virtue of
item (5) of Remark 3.1.

Corollary 4.1 Let neN\{1,2}. Then the inclusions
DD (n) < J;,DD({i}.(n)\{i},n) and SDD(n)c=|J;,SDD({i},(n)\{i}.n)
are proper.

Remark 4.1 1) It follows from (v) of item (4) of Remark 3.1 that in order to
establish sufficient conditions for matricesin DD(n) (SDD(n)) to be in
DD(S,,S,,n) (SDD(S,,S,,n)), it suffices to provide such conditions for ma-
trices in the smaller classes DD(n)\D(n) (SDD(n)\SD(n)). Also, from
Lemma 3.1 and item (4) of Lemma 3.3, we see that in order to present sufficient
conditions for matrices in IRDD(n) to be in IRDD(Sl, S,, n) , it suffices to
provide such conditions for matrices in the smaller class |RDD(I’1) \ D(n) . This
provides the basis for the set-ups of Theorems 4.2-4.4.

2)Let neN\{l},andlet AeDD(n)\D(n), BeSDD(n)\SD(n) and
C eIRDD(n)\D(n). Then there exist I,m,se (n) such that £(A)= {I} (see
(2.1)), j(B) = (n) \ {m} and j(C) = (n) \ {S} = (n) \ E(C) . Suppose that
(S.,S,) isa separation of (n) Then

L(A)c S, or L(A)c S, (but not both), (4.7)

S,cJ(B)orS,cJ(B)(but not both). (4.8)
and

S,cJ(C)orS,cJ(C)(but not both). (4.9)

If L(A)¢S, and L(A)&S,,thenfrom L(A)={l} we obtain
¢S, US,, but this contradicts that S, US, :(n>. The “not both” phrase in
(4.7) follows from ﬁ(A) = {l} and SNS,=G.If S, ¢ j(B) and
S,#J(B), then from J(B)=(n)\{m} we get meS,NS,, but this con-
tradicts that S, and S, are disjoint. The “not both” phrase in (4.8) follows
from J(B) :(n)\{m} and S, US, :(n>. The facts in (4.9) are proved simi-
larly to the ones in (4.8). We will use (4.7), (4.8) and (4.9) in Theorems 4.2, 4.3
and 4.4, respectively.

Theorem 4.2 Let A=(a;)eDD(n)\D(n), n>2, and let | €(n) be the
integer such that L(A)={l}. Suppose that (S,,S,) is a separation of (n)
such that ﬁ(A) c S,. In addition, assume that A satisfies one of the following
two conditions:

Condition (1): I]S1 (A) =0.

Condition (2): |E-1jj | =T (A) forall jeSs,.

Then Ae DD(Sl,SZ, n) .

Proof Let jeS,.Thenfrom L(A)={l}cS,, we get

ie s\ {1} = ([a] -1 (A)(|jay| -7 (A)) 2 5= (A)r* (A) (4.10)

and
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(l= () |15 ()

25 (A)r (A)=fay|r ( —[|au|—r,Sz A) |5 (A)

> (A (A) -1 (A)r (A)=[[ay|-r (A) |5 (A) (@.11)
:rI(A)rjsl(A)—[|ajj|—rj A)]r, (A)

=5 (A)r? (A)+[rj (A)_|ajo i (A),
where in (4.11), the first inequality follows from Ae DD(n) and the second
inequality follows from |a|, | < (A) . From (4.11), we see that if A satisfies either

condition (1) or condition (2) then

(Jau| - > (A))(|a”| r> (A)) > 1% (A)r (A). (Note that if A satisfies condition
(2) then, from AeDD(n) and L(A)={l}cS,, we get a;=r,(A)=0 for
all je€S,.) Then from (4.10) and the fact that jeS, was chosen arbitrarily,
the result follows.

Theorem 4.3 Let B= (b
the integer such that J(B)
of (n) such that S, < J(B
BeSDD(S,,S,,n).

ProofLet jeS,.Thenfrom S, <J(B)=(n)\{m}, we deduce that

ieS, \{m}:>(|b |- ( )(|b |—r B))>riSZ(B)rj51(B)
and, from BeSDD(n) and r*(B)=0, we get
(1|~ 12 (8)) o3|~ 15 (B)) > 1 (B, (B) ~[owa |1 (B)
> 1, (B)(r, (B) -1 (B)) = 1 (B) 1 (B)
This proves B e SDD(S,,S,,n).
Theorem 4.4 Let A=(a;)eIRDD(n)\D(n), n=2. Let le(n) be the

integer such that J(A)z(ﬂ)\{l}. Suppose that (S,,S,) is a separation of
(n) such that S, c J(A). In addition, assume that A satisfies the following

( > { } Suppose that (S S ) is a separation

)eSDD(n)\SD(n), n=2, and let me(n) be
) In addition, assume that r (B)=0. Then

two conditions:
Condition (1): 1 (A)=0.
Condition (2): If cardS, =1 then there exists meS, such that

max {|ay|[anm| = 1 (A) 1, (A), 12 (A)} > 0. (4.12)

Then AeIRDD(Sl,SZ,n).

Proof 1t follows from Ae IRDD(n)\D(n) that Ae DD(n)\D(n) ,
AeIR(n) and j(A)i@ . From SZCJ(A):<n>\{|} and E(A):{I}
(see item (2) of Remark 4.1), we deduce that E(A)={|}c81. Then from
Ae DD(n) \ D(n) , condition (1) and Theorem 4.2, we infer that
AeDD(S,,S,,n). So, it remains to show that there exist s, €S, and s, €S,
such that (2.4) is satisfied. It follows from L(A)={l} =S, and
J(A)=(n\{l} that

ies\{1},jes, = (ja|-r*(A)(jay| -1 (A)) > 1= (A)r (A). (4.13)
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If cardS, >1, then, with the choice of any § €S, \{l} andany s,€eS,, we
see from (4.13) that (2.4) is satisfied. Thus it remains to consider the case
card S; =1. In this case, we deduce from condition (2) that there exists me S,
such that (4.12) is satisfied. Hence from r,(A)=r|SZ (A) (see condition (1)),
(A=t (A)+12 (A) and 1 (A)>|a], we get

8 (| = v (A)) = 1% (A) 1 (A) =[] [am | = 5 (A) 5 (A) + 522 (A) [ (A) =[] > 0.

Then (2.4) is satisfied with 5, =1 and s, =m.

Theorem 4.5 provides sufficient conditions for matrices in the classes
DD(S,,S,,n) and IRDD(S,,S,,n) to be in DD(n) and IRDD(N), respec-
tively. We prove item (2) of the theorem. Item (1) is proven similarly.

Theorem 4.5 Let (S,,S,) be a separation of < >, n>2, and let
A= ( i ) € C™ be such that the following two conditions are satisfied-

Condition (1): |aii||a..|> L(A)r;(A) forall i,jeS, with i# j,and
|ag |[ay|= 6 (A)r (A) forall k,IeS, with k1.

Condition (2): |a;|> 1 (A)+r> (A) for all ieS, and |a |> r(A) for all
JjeS,.

Then

1)If AeDD(S,,S,,n) then AeDD(n).

2)If AeIRDD(S,,S,,n) then AeIRDD(n).

Proof. Assume that A€ IRDD(S,,S,,n). Then

|a |>r52(A)rf1 +Jag | r ( +|a |r A) -1 (A)r (A)

forall ieS, and jeS,,andthereexist s, €S and s, €S, such that (2.4)is
satisfied. Thus from condition (2), we deduce that |a,, ||a |2 r(A) I (A) forall
ieS and je§,, and |a ., [> 1y (A) I, (A). Hence from condition (1)
and AelIR(n), we see that AelIRDD(n).

Remark 4.2 1) In item (2) of Theorem 4.5, the condition J (A) #(J was not
used to drive the result.

2) If (Sl, Sz) is a separation of (n) , n>2,and Ae SDD(SI, S,, n) , suffi-
cient conditions for A4 to be in SDD(n) could be set by replacing the inequali-

ties in condition (1) of Theorem 4.5 by strict inequalities and keeping condition

(2) of the theorem as it is.

5. The Class GD(n) vs. the Classes DD(S,,S,,n) and
DD(n)

The first main result of this section is Theorem 5.1. In item (2) of the theorem,
5 is the smallest integer we were able to find, which satisfies the result. We de-
note the set of all separations of (n) by S(<n>) .

Theorem 5.1 Let ne N\{l}. Then

DIf (S,,S,) isaseparation of < > then DD(S,,S,,n)¢GD(n).

2) If n>5, then GD(n )q:U 5.5) DD(Sl,SZ,n , and for every separa-

)
tion (S,,S,) of (n), the pair (GD( ) DD( Sl,Sz,n)) is a pair of incompar-
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able classes.

Proof 1) Let (S,,S,) be a separation of (n) Choose s, €S, and s, €8S,,

and define A=(aij)e(CnX” by a,, =1 and ;=0 forall
(i.3)e((n)x(n))\{(s,,5,)} . Then AeDD(S,,S,,n)\GD(n).

2) Let neN\(4). We construct A €GD(n) such that A ¢DD(S,,S,,n)
for any separation (Sl, Sz) of (n) The idea is to perturb the matrix defined

in item (6) of Remark 3.2. Consider the following two cases:

Case1: n=5.Define A by

1 050 0
1 2 1 001
A=(a)=| 2 2 4 001
001 2 2 6
001 0 4 4

0
0
0
2

8

(5.1)

Then, with Y as defined by (3.6), we have AY;eSD(5). Table 1 illu-

strates that A, ¢ DD(S,,S,,5) for any separation (S,,S,) of <5> .
Case2: n>5.Define A by

A, =<aij)=A3@|n—5'

(5.2)

where A, is defined by (5.1). Thus, with Y =Y,@® 1 . and Y. given by
(3.6), we deduce from (5.1) that A Y, eSD(n). Hence A eGD(n). Let

(S,,S,) be a separation of (n)

(5)cs,.

Table 1. Case 1.

Assume first that either <5>C81 or

Separation of

—~

N oW N
N N a1

w
N

w [N SN NS TR \C R &) S
[$3] w N w

w

(=0 () (fa, |- 1 ()
(1)(6-6)=0
(2)(8-8.01)=-0.02
(4)(2-1.01)=3.96

(6)(2-2)=0
(&)

(2-1)(4-0.01)=3.99

2-2.01)=-0.08

(4-2)(2-0.01)=398
(6-0.01)(4-2)=11.98
(8-0.01)(2-1.01) = 7.9101
(2-1)(6-201)=3.99
(2-0.01)(4-2)=398
(2)(4-2.01)=3.98
(4-0.01)(8-0.01)=31.8801
(4)(6-2.01)=1596

(6-2)(4-4)=0

1 (A (A)
(05)(0.01) = 0.005
(201)(0)=0
(4.01)(1)=4.01
(6.01)(0.01) = 0.0601
(8.01)(0)=0
(1.01)(4) = 4.04

(2.01)(2)=4.02

(6)(2.01)=12.06

(4.01)(4)=16.04

(4.01)(0.01) = 0.0401
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Assume without loss of generality that <5>C S,. Choose jeS,. Then from
5€S,,(5.1) and (5.2), we get

(|a55| -1 (A, ))(|ajj | -1 (A, )) =(-0.02)(1)<0=r%(A)r* (A,).
So, it remains to consider the case:
S, N{5)# @ and S, N(5) = 2. (5.3)

Since (S,,S,) is a separation of (n) and n>5, we infer from (5.3) that
<S1 N(5).s,N (5)) is a separation of (5). Thus from (5.2), we see that

r (A]) _ rn?lﬂ<5> (&): rn?lﬂ<5> (As) and r® (A]) _ rr:zﬂ<5> (,%): rmszﬂ<5> (As)

forall me <5> . Hence from case 1, we deduce there exist i€ S, () <5> and
jeS,N(5) such that

(Il =1 (A)) (Jag |12 (A)) <2 (A ) 1> (A).

As (S,,S,) was chosen arbitrarily, we infer that
A e U(S1 52)e5((n) DD(S,,S,,n). For every separation (S,S,) of (n) , the in-

comparability of the pair (GD(n), DD(S,,S,, n)) follows from the first part
and item (1).

The following theorem provides sufficient conditions for matrices in
DD(S,,S,,n) tobein GD(n).

Theorem 5.2 Let NeN\{l}, and let (S,,S,) be a separation of (n) Sup-
pose that A= (aij ) e DD(S,,S,,n). In addition, assume that A satisties the fol-
lowing two conditions:

Condition (1): There exists | €S, such that |a” | - I’,51 (A) >0.

Condition (2): The sets T, = {i €S, r™ (A)> 0} and
T,= {j es,: rjSl (A) > 0} are nonempty.

Then

1) We have

min {ja,|— > (A):ie S} >0 and min{|a 2 (A):jeS } 0, (5.4)

JJ|

and

min{|a“|_risl(A) 2 (A) 7 |ET}>O and m|n{|a”| 2 (A): JeT}>O(55)

|a”| (A
2) We have
2(A) |- (A)
0<F1=max{m.leﬂ}£mln{w.jeT2 :FZ’ (56)
and for every 5 satisfying
<y<T,, (5.7)
the diagonal matrix Y =Y (y)=diag(y,,---,7,) defined by
y ifies,
= 5.8
7i {1 ifies,, 58)
51
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is nonsingular and satisfies AY € D(n). In particular, AeGD(n).
3) If there exist 5, €S, and s, €S, such that (2.4) is satisfied, then either
(AY),,| > r, (AY) or |(AT)

>1, (AY), where Y is the nonsingular dia-
)8, 2

gonal matrix defined by (5.7) and (5.8).

Proof. 1) It follows from Ace€ DD(Sl, S,, n) and condition (1) that the
second inequality of (5.4) holds. Then from condition (2) and A€ DD(S,,S,,n),
we deduce that there exists S€ S, such that |ass| - I’fz (A) >0, and that the first
inequality of (5.4) holds as well. Now, let ieT, and jeT,. It then follows
from AeDD(S,,S,,n) and the definitionsof T, and T, that
(|a“|— r (A)) (|ajj|— rjsz (A)) >0. Thus from (5.4), we get |a"|— I‘iSl (A)>0 and

|ajj | - rjSz (A)>0, and from the definition of T,, we obtain

[|a“ | - (A)T1 > (A)> 0. This completes the proof of (5.5).

2) It follows from Ae DD(Sl, S,, n) , condition (2) and (5.5) that (5.6) holds.
Let 5 be a real satisfying (5.7), and define the diagonal matrix Y =Y(y) by
(5.8). Hence from 0<I'; (in(5.6)) and y =T, (in (5.7)), we infer that Y isa
diagonal matrix with positive diagonal entries. Also, from (5.8) and y >0, it is
clear that

|(AY)“|:;/|a“| and ‘(AY) ‘:|a“.| (5.9)

ii
forall ieS and jeS§,,and
r(AY) =y (A)+r12 (A) (5.10)
forall me (n) . From the first strict inequality of (5.5), the definition of T, (in

(5.6)) and T, <y (in (5.7)), we get 7|a“| > 7!}81 (A) + risz (A) for all ieT,.
Then from the first equality of (5.9), and (5.10), we see that

r,(AY) <|(AT),| (5.11)

i
for all ieT,. Since y >0, we deduce from the definition of ', (in (5.6)) and
y<T', (in (5.7)) that )/I’jsl(A)S a“|—rfz (A) for all jeT,. Thus from the
second equality of (5.9), and (5.10), we infer that

r, (AY) <|(AY) | (5.12)

i

forall jeT,.Since >0 and §?(A)=0 forall ieS \T,, we see from the
first inequality of (5.4), (5.9) and (5.10) that

r,(AY) <|(AY),| (5.13)

for all ieS \T,. Since rfl (A) =0 for all jeS,\T,, we deduce from the
second inequality of (5.4), (5.9) and (5.10) that I (AY) < ‘( AY),—,—‘ for all
j €S,\T,. Hence from (5.11)-(5.13), we infer that AY e D(n). Then from Y
being a nonsingular diagonal matrix, we see that Ae GD(n).

3) Assume that there exist 5, €S, and S, €S, such that (2.4) is satisfied.
We consider the following two cases:

Case 1: s, €T, and s, €T,. In this case, we have rsfz (A) rszl (A)>0. Thus
from (2.4), (5.6) and (5.7), we deduce that

52
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S, S
2 (A -2 (A
either O<Ls)<;/ or O<y<525281—52().
|a5151|_ Iy (A) s, (A)
Hence from I’;z (A) I’Szl (A) >0, (5.9) and (5.10), the result follows.
Case 2: Either s, €S \T, or s, €S,\T,.In this case, we have

either rsfz (A)=0or rszl (A)=0. (5.14)

Then from (2.4) and (5.4), we infer that a5151| - r;l (A) >0 and
A, |~ rsjz (A) >0. Thus from y >0, (5.10) and (5.14), we see that either
a

aq|> 1 (AY) or o5 | > T, (AY). Hence from (5.9), the result follows.
Corollary 5.1 ZLet neN\{1}. Then

1) For each separation (S,,S,) of (n) , we have
IR(n)NDD(S,,S,,n)N{X eC™": 7 (X (S,)) =@} < GD(n).

2) 1IR(n)N[U;.,PD({k}.(n)\{k},n) | = GD(n).

Proof 1) Let (S,,S,) be a separation of (n), and let
AcIR(n)NDD(S,,S,,n) be such that J(A(S;))#@. We show that A satis-
fies conditions (1) and (2) of Theorem 5.2. It follows from Remark 1.1 and
j(A(Sl)) # that condition (1) of Theorem 5.2 is satisfied. Also, from A be-
ing irreducible, we deduce that condition (2) of Theorem 5.2 is satistfied. Then
from AeDD(S,,S,,n) and Theorem 5.2, we infer that AeGD(n).

2)Let A= (aij ) eIR(n)N [UEﬂDD({k} (n) \{k}, n)] . Thus there exists
me (n) such that

I

Ac DD({m},(n)\{m},n). (5.15)

So, from A€ IR(n) and item (1), the result follows if we can show that
j(A({m})) #@. 1t follows from AelIR(n) that r,(A)>0 and there exists
ke (n)\{m} such that |akm| >0. Hence from (5.15), we see that |amm| >0, that
is, J(A({m}))=2.

Remark 5.1 The irreducibility condition in Corollary 5.1 cannot be dropped.

0 01
Let A= (aij ) =|0 1 1|.Then Aisreducible, j(A({l,Z})) =0,
0 01
J(A({3}))#@ (as a;=1)and AeDD({1,2},{3},3),but AgGD(3).

If cardS, =1 in Theorem 5.2, we could relax condition (2) in the theorem.

Theorem 5.3 Let A= (aij ) eC™, nx>2,andlet ke (n) . Assume that
AeDD({k},(n)\{k}.n), a, =0 and 1, (A)>0. Then AeGD(n).

Proof. Without loss of generality, assume that k =1. Define the diagonal ma-
trix Y =diag(y,--,7,) by

n(A) ifi=1,
7 :{|aﬂ| if i1,

Then Y isnonsingular, I (Y'lAY) = |a11| and

|aj1| n(A)

low,|

r, (Y‘lAY) =T, (A)—|aj1|+
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forall je (n) \ {1} . Thus from Ae DD({l} ,(n) \ {l} , n) , we deduce that
YAY € D(n). Hence from Lemma 3.2, we see that Ae GD(n).

Remark 5.2 Let neN\{1,2}, and let (S,,S,) be a separation of (n) It
follows from Theorem 4.1 (using the permutation similarity transformation
technique) that there exists B e [SDD(Sl, S,,n)NIR (n)] \DD(n). It is clear
that B satisfies conditions (1) and (2) of Theorem 5.2 as well. So, from

BeDD(S,,S,,n) and Theorem 5.2, we deduce that B € GD(n). This obser-
vation together with (3.8) lead to the following corollary.

Corollary 5.2 Let neN\{l, 2} . Then (GD(n), DD(n)) is a pair of incom-
parable classes.

The following corollary establishes the first inclusion of (3.3).

Corollary 5.3 Let neN\{1}, andlet (S,,S,) be a separation of (n) Then
IRDD(S,,S,,n) < IRGD(n).

Proof. Let A= (aij ) € IRDD(Sl, S,, n). Then from (iv) of item (4) of Remark
3.1, we deduce that there exist s, €S, and s, €S, such that (2.4) and (3.1) are
satisfied. Thus condition (1) of Theorem 5.2 is satisfied. Also, A satisfies condi-
tion (2) of Theorem 5.2 by virtue of being irreducible. Hence from
AeDD(S,,S,,n) and item (2) of Theorem 5.2, we infer that AYeD(n),
where Y = Y( 7/) is the nonsingular diagonal matrix defined by (5.7) and (5.8).
Also, since s, and s, satisfy (2.4), we see from item (3) of Theorem 5.2 that
J (AY) N {51, 52} #(J. Finally, from AclR (n) and Y being nonsingular di-
agonal matrix, we deduce that AY IR (n) This completes the proof that
AY e IRD(n) ,thatis, Ae IRGD(n) .

It follows from (v) of item (4) of Remark 3.1 that in order to establish suffi-
cient conditions for matrices in GD(n), n>2, to be in DD(S,,S,,n), it suf-
fices to provide such conditions for matrices in GD(n)\D(n). In the following
theorem, if a set is empty its maximum is understood to be 0.

Theorem 5.4 Let A= (aij ) eGD(n)\D(n), n>2, and let (S,,S,) be a
separation of (N). Let Y be a diagonal matrixin C™" with positive diagonal
entries such that Y AY € D(n). Assume that A and Y satisty the following
condijtions:

Condition (1): £(A)cS,.

Condition (2): |aii| > (A) forall ie L(A).

Condition (3): Forall jeS,, we have I‘jsl (YflAY) > rjsl (A) and
2 (YAY) 217 (A).

Then

1) For every ieL(A), we have I’i52 (A)>0.

2)If jeS, and *(A)>0,then r}*(YAY)>0 and
lay| -z (Y*AY)>0.

3)If Aand Y satisfy the additional condition:

Condition (4):

max{Ia i (Y_lAY) >: jeS, i (A) >O}§ min{M:i eﬁ(A)},

J.j|— r (Y’lAY 2 (A)

then Ae DD(Sl, S,, n) .
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Proof. We first observe that the existence of the diagonal matrix Y with pos-
itive diagonal entries, which satisfies Y "AY € D(n) , is ensured by virtue of
Ae GD(n) and Lemma 3.2.

1) Let ieL(A). Since |a;|<r(A), we deduce from condition (2) that
2 (A)>0.

2) Let jeS,,andassume that I’J-Sl (A) >0. Then from condition (3),
YlAY € D(n) and |ajj | = ‘(Y'lAY)H ‘ , we infer that er1 (YflAY) >0 and

la;| -z (Y*AY)>0.

3) Assume that A and Y also satisfy condition (4). We first observe that the
condition is logically viable by virtue of condition (2) and items (1) and (2). It
follows from condition (1) that (2.3) is satisfied for all i€ S\ E(A) and
j€S,. Also, from conditions (1) and (2), we infer that (2.3) is satisfied for all
ieL(A) and jeS, with I'js1(A):0. Thus, it remains to consider the case
ie E(A) and je$S, with rjSl (A) >0. It follows from condition (3) and item
(2) that

r (Y‘lAY) S (A
lag[—r2 (Y2AY) fay |- (A)

Hence from condition (4), we see that (2.3) also holds for all i€ E(A) and
jeS, with I’jSl (A)>0.
1.2 075 025 03 0.1
1 2 0.2 06 0.1
Example 5.1 Let A=(a;)=|01 01 2 02 0.1, and let S, =(2)
01 01 02 2 01
05 05 0 0 3
and S, 2{3,4,5} . Then L’(A) = {1} c S, and, with Y =diag (1,1,]/2,]/4,1) ,
we see that Y 'AY € D(5) and conditions (1)-(4) of Theorem 5.4 are satisfied
with

max{| r (YAY) ):jESZ,rjsl(A)>o}:E<ﬂ:M_
a

jJ-n (AT 3T ()

Then AeDD(S,S,.5).

6. Row-Column Diagonally Dominant Matrices with Index a

vs. Matrices with Other Variants of the Diagonal
Dominance Property

In this section, we investigate the relations between the class

{RCD((x; n),SRCD(a;n),IRRCD(«; n)} and the other classes introduced in
Definition 2.1. There has not been too much attention in the literature to discuss
such relations.

For a matrix A=

aij)e(cnxn, n> 2, define the sets R(A), C(/—\), E(A),
Ry(A) and G(A) by
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(A)={' (n): -(A)>C- (A)fC(A)={ie(n):c (A)>r(A),
)={ie(n):r(A)=c (A)}, R (A)={ieR(A):c(A)>0}, (6.1)
Q(A)={J€C( )- ,-< A)>0}.

It is clear that <n> is decomposed into the three mutually disjoint sets
R(A), C(A) and &(A). Theorem 6.2 investigates the relation between the
classes SD(n) and SRCD(a;n). A characterization of the class SRCD(a;n)
is given in Theorem 5 of [27]. We will use the following slightly modified ver-
sion of the result in Theorem 6.2.

Theorem 6.1 Let A= (aij ) eC™, nx2. Define the sets R (A) and
C.(A) by (6.1). Then the following statements hold:

1) If A satisfies the condition

lag|> min{r, (A),c (A)}, vk (n), (6.2)

then
|a | >0 for all k e (n)

ieR(A)= log, >0, (6.3)
Ci((/;)) Ci(A)
. c (A
jeG(A)=log, , |Ja( |)<1.
ii

2) AeSRCD(a;n) for some « €(0,1) if and only if A satisfies condition
(6.2) and the condition:

. 4 C
721(A)¢®,C1(A)¢®:>mm{logw\) |(A|\) |e7?1(A)}>max log, () |a( |) jeC(A)}.(6.4)
ci(A) G rJ(A) ii
Also, if A satisfies conditions (6.2) and (6.4), then the reals ¢ and «, de-
fined by
1 if 7'\’1(A) =
a = . . |aii| L .
min<L,minlog, HeR (A IfR(A)=2D
) & (A)
0 if G, (A) = (65)
a4 = Cj (A)

max 1 0, max{logcj(A)

rj(A)

:jeCl(A)} if ¢, (A)=@

satisfy 0<a, <o, <1 and AeSRCD(a;n) forall ae(a,,a,).
Theorem 6.2 Let ne N\{l}. Then

so(n)c |J () SRCD(a;n).

ag,0<ap<l a,qp<a<l

Proof. Let A= (aij ) € SD(n) . Then A satisfies condition (6.2). Also, from
Ae SD(I’I) and the definition of R, (A) (in (6.1)), we get

; &
|e7?1(A):>IogM c|(,l >1. (6.6)
G(A)
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As A satisfies (6.2), we deduce from item (1) of Theorem 6.1 that A satisfies
(6.3). Thus from (6.6), we infer that A satisfies (6.4) and the real ¢ defined by
the first equality of (6.5) satisfies o, =1. Hence from the fact that A satisfies
(6.2) and item (2) of Theorem 6.1, we see that Ae SRCD(a;n) for all
a €(a,,1), where @,€[0,1) is the real defined by the second equality of
(6.5).

Remark 6.1 There is no set inclusion between the classes D(n) and
RCD(a;n), or between the classes IRD(n) and IRRCD(a;n) as the one
established in Theorem 6.2 between the classes SD(n) and SRCD(a; n) .
However, Theorem 6.3 provides sufficient conditions for matrices in the classes
D(n) and IRD(n) to be in the classes RCD(a;n) and |RRCD(a;n) , re-
spectively.

We will use in Theorem 6.3 and other parts in the section the following remark.

Remark 6.2 Let a€(0,»), and let @:R - R be the function defined by
(D(X) =a" forall xeR.Then ¢ iscontinuous. Moreover,

1)If 0<a<1,then ¢ isstrictly decreasing and (/)([0,1]) =[a,1].

2)If a=1,then ¢ isconstantand go([O,l]) ={1.

3)If a>1,then ¢ Iis strictly increasing and go([O,l]) =[La].

Theorem 6.3 Let ne N\{1}, and let A= (aij ) e C™. Assume that A satis-
fies the following condition:

Condition (1): There exists a nonempty subset S of (n) such that for every
keS,

either r, (A)c (A)=0 or r (A)=1>c, (A)>0. (6.7)

Then

1) For each k € S, we have I‘k(A)Z(rk(A))a(Ck(A))lia forall a€(0,1).
2)If S=(n) and AeD(n) then Ae( ,  RCD(a;n).

3)If S=(n) and AelIRD(n) then Ae() . IRRCD(a;n).

a,0<a<l

Proof 1) Let keS,andlet ae (0,1) . Since
r (A)e, (A)=0=1, (A)2 (1 (A))" (& (A))"

we deduce from (6.7) that it remains to consider the case:

r(A)=1>c, (A)>0.In this case, we infer from Remark 6.2 that

r (A)2(r (A))" and 12 (¢ (A)) . Then 1, (A)2(r (A) (¢ (A) ™
holds.

2) The result follows from item (1).

3) The result follows from item (1).

The following theorem discusses the relation between the classes
{RCD(a;n),SRCD(a;n), IRRCD(az;n)} and
{DD(S,,S,.n),SDD(S,,S,,n),IRDD(S,,S,,n)}.

Theorem 6.4 Let ne N\{l}, and let (S,,S,) be a separation of (n) . Then

1) SDD(S,,S,,n)NIR(n)¢ Ua,O<a<lRCD(a; n).

2) We have
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DD(S,,S,,n)& |J RCD(a;n),

a,0<a<l

SDD(S,,S,,n)¢ |J SRCD(e;n),

a,0<a<l

IRDD(S,,S,,n)¢ |J IRRCD(a;n).

a,0<a<l
3)If n>2 and a€(0,1),then SRCD(a;n)NIR(n)¢ DD(S,,S,,n),
RCD(a;n)¢DD(S,,S,,n), SRCD(a;n)¢SDD(S,,S,,n) and
IRRCD(a;n)¢ IRDD(S,,S,,n).
Proof. 1t follows from Remark 3.4 that it suffices to prove the theorem in the
case: S = < p> ,where pe (n —l).
1) Define A= (aij ) eC™ by

2 ifi=jie(p),
18 ifi=jie{p+1---,n},
3 it i, 1) < (1), (n1),

(0mtme (8} <mjUf(n)1< 20
" Y (n-p-1) ifn-p>1(i, )e{(l m):le(p), me{p+L--,n-1}},
Y(n-p-1) ifn-p>1(i,j)e{(mi):me{p+L--,n- 1}}
1/(p-1) if p>Lie{p+L--,n}, je{2, -, p},
Y(n-p-1) ifn-p>L(i,j)e{(l.m):l,me{p+L--,n}, I=m}.
Then AelIR(n).It can be shown by considering the cases
min{p,n—p}=1 and min{p,n—p}>2 that

(Jaul =5 (A)) (Jay | 1" (R)) 227 > 26 2 £ () (A)

J

1/(p-1) if p>1,(i,j)e o8

for all ie(p) and je(n)\(p).So, AeSDD((p).(n)\(p),n)"IR(n). Also,

from (6.8), we have

lau =2<335) =3 (5 (A)" (6. (A)) "

forall ae (O,l) .Then Ag RCD((Z; n) .

2) The result follows from item (1), and Remark 3.1 ((iii) of item (4), and (i)
and (ii) of item (6)).

3) Assume that n>2 and that a€(0,1). Let B =<bij)>0 be a matrix in

C™", which satisfies the following conditions:

. (B) <1 (B)andc, . (B) <1, () (69)
b, > (5 (B))"(c,(B)) ™ forallie(n). (6.10)

and
i (B) <by, <1 (B)and 11" (B) <by 1,y <1y, (B) (6.11)

The construction of Bis possible by virtue of n >3, and
a l-a a l-a
¢.(B)<(r(B))" (a(B)) " <1(B)c,(B)< (rp+1(B)) (Cp+1(B))
We observe that (6.12) follows from B >0, (6.9) and «a < (0,1). As B>0,
we have Be IR(H). From (6.10), it is clear that B e SRCD(a; n). Also, it fol-

<M (B) (6.12)
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lows from (6.11) that B ¢ DD(( p),(n)\( p), n) . This proves
SRCD(a; n) NIR (n) & DD(( p> , (n) \ ( p), n) . It then follows from Remark 3.1
((ii) and (iii) of item (4), and (ii) of item (6)) that the remaining statements hold.

Remark 6.3 It is clear that the irreducible matrix A defined in item (1) of
Theorem 6.4 satisfies A ¢ D(n) . Then from SD(n)U IRD(n) c D(n), and (ii)
and (iii) of item (4) of Remark 3.1, we see that the inclusions in (v) of item (4) of
Remark 3.1 and Lemma 3.1 are all proper.

Let o =0.5.In Examples 6.1 and 6.2, we construct a matrix B which satisfies
conditions (6.9)-(6.11). The case min { p,n-— p} =1 is considered in Example
6.1, while the case min{p,n—p}>2 is considered in Example 6.2.

Example 6.1 Let neN\{L,2}. Define B= (bij ) eC™ by

J1.8 ifi=j=1
3.3 ifi=j=2,
J35 ifi=j=3,
2 ifn>3, j=i,i¢(3),
b, =13.25 ifi=1j=3,
1/4 ifi=2j=1
1/4(n-2) if(i,j)e{(l,m):me(n)\{l,S}}U{(S,m):me(n)\{S}},
13/4(n-2) if (i,j)e{(2m):me(n)\(2)},
1/4(n-2) ifn>3,(i,j)e{(l.m):1e(n)\(3), me(n),m=I}.

Then BeSRCD(0.5;n)NIR(n),and
V1.8(3.3-3.25) =|by|(|b, |~ 1, (B) +[oy,|) < 1, (B) | = (3.5) (0.25).
So, B¢ DD({l} ,(n)\{l} , n). From (i) of item (4) of Remark 3.1, it is clear
that B¢ DD((n)\{1},{1},n).
Example 6.2 Let NeN\{1,2,3},andlet pe (n) be such that
min{p,n—p} > 2. Define B:(bij)eC"X” by

J18 ifi=j=1
3.3 ifi=j=p+l
V35 ifi=j=p+2

2 ifi=jie(m\{Lp+lp+2},
1/8(p-1) ifie{lp+1}, je(p)\{1},
- 1/8(n—-p-1) ifi=1je(mM\((p)U{p+2}),

3.25 ifi=1j=p+2,

0.125 ifiz=p+l j=1,

3.125 ifi=p+l j=p+2,

1/8(n-p-2) ifn-p>2i=p+l je{p+3-- n},
1/4(n-1) ifi=p+2 je(n)\{p+2},

1/8(n-1) if (i, j)e{(Lm):le(mM\{L p+1Lp+2}, me(n), m=I}.
Then Be SRCD(0.5; n)ﬂ IR(n) ,and
(V1.8-0.125)(3.3-3.25) = |by,| - " (B)

<" (B)ri") (B)=(3.375)(0.25).

p+:

b

p+Lp+l| T réi>l\< " ( B ))
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So, B DD({p),(n)\(p).n).

Theorem 6.5 investigates the relations between the class
{RCD(a; n),SRCD(e;n),IRRCD(¢; n)} and each of the classes
{DD(n),SDD(n),IRDD(n)} and {GD(n),SGD(n),IRGD(n)}.

Theorem 6.5 Let ne N\{1}. Then

1) SGD(n)NSDD(n)NIR(n)¢ UapdeCD((z; n).

2 6D(n)NDD(n) (], ., ,RCD(ain),

SGD(n)NSDD(n) ¢ UaﬂmdSRCD(a; n) and
IRGD(n)NIRDD(n) ¢ Ua,0<a<l IRRCD(a;n).

3)If a€(0,1) and n>2,then SRCD(a;n)NIR(n)¢DD(n),
RCD(a;n)¢ DD(n), SRCD(a;n)¢SDD(n) and
IRRCD(a;n) ¢ IRDD(n).

4)If a€(0,1),then RCD(a;n)¢GD(n).

Proof. 1) Define the matrix A by

A [ 1 2] , (6.13)
11 7
and define A, by
A if n=2,
=<(A B 6.14
A . if n>2, ( )
B C

where A is given by (6.13) and B :(bij)e c*™ and C :(Cij)eC(n_z)x(n_z)
are given by

by =1/(n-1)fori=12and all je(n-2) (6.15)
and
(7 if =i,
%7 (n-1) if j=i (6.16)

It follows from (6.13) - (6.16) that A, € SDD(n)NIR(n), and with Y, de-
fined by

n

diag(4,1) if n=2,
diag(41)@1,, ifn>2,

we have A Y, €SD(n). Also, since 1< (Z)a (1.1)17& for all @ €(0,1), we de-
duce from (6.13)-(6.16) that A e[, , RCD(a;n).

2) The statements follow from item (1), and items (1)-(3) and (6) of Remark
3.1

3)Let a€(0,1),andlet n>2.Let B= (bij ) >0 be a matrix in
SRCD(a;n), which satisfies the following condition: max {Ci (B),b"} <r(B),
i =1,2. (Such matrix exists; see item (3) of Theorem 6.4.) Then
B €(SRCD(a;n)NIR(n))\DD(n). It then follows from items (2), (3) and (6)
of Remark 3.1 that the remaining statements also hold.

4)Let a €(0,1). Define C= (Cij ) €C™ by c,=1 and ¢; =0 forall
(i,J)e(n)x(n)\{(1,2)}. Then C eRCD(a;n)\GD(n).
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Remark 6.4 Let ne N\ {1} . It is clear that the matrix

Ac SGD(n)ﬂSDD(n)ﬂ IR(n) defined in item (1) of Theorem 6.5 satisfies
Ag D(n) . Then from SGD(n) c GD(n) , SD(n) c D(n) and
IRD(n) < D(n), we see that the respective inclusions D(n) = GD(n),

SD(n) c SGD(n) and IRD(n) c IRGD(n) in item (1) of Remark 3.1 are all
proper.

Remark 6.5 We are not able to determine whether SRCD(a;n) < SGD(n)
or SRCD(a; n) o SGD(n). However, we show in Theorem 6.6 that a subclass
of SRCD(a;n) containing SRCD(;n)NIR(N) isindeed a subclass of
SGD(n). The theorem also establishes |RRCD(a; n) c IRGD(n) .

Definition 6.1 Let e N\{l},andlet a (0,1). Define the class C(n) by

C(n)={AeC™ :r,(A)c;(A)>O0for allie(n)|. (6.17)

For every i€ (n) , define the function ei(a) :C(n) - (O,oo) by

o) (A)=(r ()" (e () (619
forall AeC(n). Also, define the class C(a;n) by

1 1

C(a;n)= {Ae C(n): diag[ DA (A)][|A|_|D(A)H has a positive eigenvector} (6.19)

a” (A)

To simplify notation, we denote for every Ae C(n) , the matrix

. 1 1
diag| ———,-+,— Al-|D(A)|| by A(a).

PO el
Theorem 6.6 Let ne N\{l}, andlet o €(0,1). Then
1) IR(n)cC(a;n).

2)If A= (aij ) eC(a;n) and (1,7, )t is a positive eigenvector of A(a),

then the diagonal matrix Y =diag(y,,--,7,) satisfies

r (rAY) < (r (A) (c () (6.20)

forall ie (n)

3) RCD(a;n)NC(a;n)=GD(n), SRCD(a;n)NC(a;n)<=SGD(n) and
IRRCD(a; n) c IRGD(n) , and the three inclusions are proper.

4) IRRCD(a;n)=GL(n).

Proof 1) Let BelIR(n). Then (B)c;(B)>0 for all ie(n). Thus from
(6.17), we deduce that B e C(n) . Also, from Be IR(n) and (6.18), it is clear
that B (a) (see Definition 6.1) is both nonnegative and irreducible. Hence from
Theorem 8.4.4 of [26], we infer that B(a) has a positive eigenvector. Then
from Be C(n) and (6.19), we see that B e C(a; n).

2) Let A= (aij ) eC(a;n), and let (7,7, )‘ be a positive eigenvector of
A(a). Thus from A(a) 20 (see Definition 6.1) and Corollary 8.1.30 of [26],
we deduce that the eigenvalue of A(a) corresponding to the positive eigen-
vector (;/1,‘--,7/” )l of A(a) is p(A(a)) . Hence from the definition of A(a),
we get

= 3 [l = (@) (4 (621

Vi i
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for all ie(n). It follows from SRCD(n;a)=GL(n) (in (3.4)) and (6.18)
that for each matrix C = (Cij ) € C™, we have

U(C)CUL{Ze(C:|Z—C“|Sei(a)(C)}. (6.22)

Let AY(a)=diag(d” (A), . (A))[A(@)-p(A(a))1,]. Then from
(6.18) and the definition of A(c), we obtain ei(a) (A(l) (a)) = ei(a) (A) for all

i e(n). Thus from A" (@) being singular (as p(A(a)) is an eigenvalue of
A(a) ) and (6.22), we infer that there exists Kk (n) such that

‘( A (a))kk‘ < eﬁ”‘) (A). Hence from the definitions of A(a) and A% (a), we

see that p(A(a)) <1. Then from (6.18) and (6.21), we deduce that with
Y =diag (7,7, ). inequality (6.20) holds for all ie (n) .

3) We prove SRCD((Z; n) N C(a; n) c SGD(n) . The other two set inclusions
are proven similarly. Let A= (aij ) € SRCD(a; n)ﬂC(a; n). Thus from the de-
finition of C(a;n), there exists a positive eigenvector (7;,+,7,) of A(a).
Hence from item (2), we infer that, with Y = diag(;q,---,yn), inequality (6.20)
is satisfied for all ie (n) . Then from AeSRCD(a;n) and (Y’lAY)“ =a;,
i=1---.n, we see that Y 'AY e SD(n) . Thus from Lemma 3.2, we deduce that
AeSGD(n).

It follows from Remark 3.1 (item (1), and (ii) of item (6)) that in order to
show that the three set inclusions are proper, it suffices to show that there exists
A, €SGD(n)NIR(n) suchthat A ¢RCD(a;n). Define A, =(a;) by

1 if j=i=1
a; =13 if j=i,i=1, (6.23)
15/(n-1) if j=i.

Hence A, ¢ RCD(a;n). Also, with Y =diag(y,,--,7,), 7, =16 and
7o =1 for all n>2, we deduce from (6.23) that A Y, €SD(n). So, from
A€ IR(n), the result follows.

4) The result follows from |RRCD(a; n) c IRGD(n) in item (3), and item
(1) of Lemma 3.3.

We now provide sufficient conditions for matrices in the classes DD(n) ,
SDD(n) and IRDD(n) to be in the classes RCD(a;n), SRCD(a;n) and
IRRCD(;n), respectively. It follows from Theorems 6.2 and 6.3 that in order
to establish such conditions, it suffices to consider matrices in the smaller classes
DD(n)\D(n), SDD(n)\SD(n) and IRDD(n)\IRD(n). The integer 2 in
Theorems 6.7-6.9 is assumed to satisfy n>2.

Theorem 6.7 Let A= (aij ) e DD(n)\D(n), and let 1 be the integer in (n) ,
which satisfies L( A) = { I} . Assume that A satisfies the following two conditions:

Condition (1): Every K e (n) \ {l} satisfies (6.7).

Condition (2): Either ¢, (A)=0,0r r(A)>1 and 0<c (A)<min {|aII | ,1} :

Then there exists ¢, €(0,1) suchthat Ae n RCD(a;n).

a 0<a<ay
Proof. Since |akk| >1,(A) forall ke (n) \{l}, we deduce from condition (1)
and item (1) of Theorem 6.2 that
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lag > (r (A)) (e, (A)) (6.24)
forall ke (n) \{l} and «€(0,1).Itis clear that
¢ (A)=0=fa,|>(r (A) (c (A)) ", Vare(02). (6.25)

Then from condition (2), it remains to consider the case in which / satisfies
the conditions (A)>1 and 0<¢ (A)< min{|a"|,l}. In this case, we infer
from Remark 6.2 that there exist &, €(0,1) and o, €(0,¢;) such that

Jau |
(¢ (A))Hl

forall ae [0,0!0]. Since ¢ (A)€(0,1), we see from Remark 6.2 that the func-
tion f (Ol ) = (C, (A))H , 0<a <1, is an increasing function. Thus from (6.26)
and O<ea, < <1, we see that |q, | > (I’, (A))a (C, (A))l_a for all ae [0, ao] .
Hence from (6.24) and (6.25), the result follows.

The following two theorems are proven similarly as Theorem 6.7.

Theorem 6.8 Let A= (aij ) eSDD(n)\SD(n), and let m be the integer in
(n), which satisfies J (A)= (n)\{m}. Assume that A satisfies the following
two condition:

Condition (1): Every ke (n) \ {m} satisfies (6.7).

Condition (2): Either ¢, (A) =0,o0r T, (A) >1 and
0<c, (A)<min{a,,|.1}.

Then there exists «, € (0,1) such that Ae ﬂa

It follows from item (4) of Lemma 3.3 that
IRDD(n)\IRD(n)=IRDD(n)\D(n). We use this fact in the following theo-
rem. We omit the proof.

Theorem 6.9 Let NeN\{l}, and let A= (aij ) € IRDD(n)\D(n). Suppose
that I is the integer in (n) , which satisfies L(A)={l}= (n) \J(A). Assume
that A satisties the following two conditions:

Condition (1): For every k € (n)\{l}, wehave 1, (A)>1>¢, (A)>0.

Condition (2): (A)21 and 0<c, (A)<min{a,|,1}.

Then there exists «, €(0,1) such that

AeIR(n)ﬂ( N SRCD(a;n)].

a,0<a<ay

0<(c (A))H‘l <ay|and (r, (A))" < (6.26)

_SRCD(a:n).

JO<a<a

In particular, Ae ﬂa 0

IRRCD(a;n).
0<a<ag

Remark 6.6 If ¢, =0 in Theorem 6.8, the fact:

a 1-a

|amm| > (rm (A)) (Cm (A)) forall a€(0,1) follows from |amm| >0 (as
Ae SDD(n) ).

Remark 6.7 1) Theorems 5.4 and 6.6 could be used to establish sufficient con-
ditions for matricesin RCD(a;n) tobein DD(S,,S,,n).

2) Theorem 4.5, item (2) of Remark 4.2, and Theorems 6.7-6.9 could be used
to present sufficient conditions for matrices in DD(S,,S,,n), SDD(S,,S,,n)
and IRDD(Sl, S,, n) to be in RCD(a; n) , SRCD(a; n) and IRRCD(a; n) ,

respectively.
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3) Theorems 4.5, 5.4 and 6.6 could be used to provide sufficient conditions for
matrices in RCD(a; n) to be in DD(n).
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