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Abstract

In this paper, an iterative method is constructed to find the least-squares solutions of generalized
Sylvester equation A X,B +AX,B,+AX,B,+A,X,B,=C, where [X,X,,X;,X,] is real ma-
trices group, and X, satisfies different linear constraint. By this iterative method, for any initial
matrix group [X{o), Xéo), Xgo), ng’)] within a special constrained matrix set, a least squares solu-
tion group [)Zl, X,, X5, X 4] with X, satisfying different linear constraint can be obtained within

finite iteration steps in the absence of round off errors, and the unique least norm least-squares
solution can be obtained by choosing a special kind of initial matrix group. In addition, a minimi-
zation property of this iterative method is characterized. Finally, numerical experiments are re-
ported to show the efficiency of the proposed method.
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1. Introduction

A matrix A:(aij)e R™" is said to be a Centro-symmetric matrix if a; =a for all 1<i,j<n. A

n+1-j,n+1-i

for all 1<i,j<n. Let

n+1-j,n+1-i

matrix A=(a;)eR™ is said to be a Bisymmetric matrix if a; =a; =a
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R™" SR™" CSR™" and BSR™" denote the set of Mxn real matrices, Nxn real symmetric matrices, Nxn

real Centro-symmetric matrices and Nxn real Bisymmetric matrices, respectively. S =(e e ,,---,&)

where e, denotes ith column of nxn unit matrix. For a matrix Ae R™", we denote its transpose, traced by

AT,tr(A) respectively. In space R™", we define inner product as: (A B)=tr(BTA) for all A BeR™,

then the norm of a matrix A generated by this inner product is, obviously, Frobenius norm and denoted by ||A|
Denote

K ={[X1, X5, X5, X, ] X, € R™™, X, € SR™™, X € CSR™"™, X, € BSR™™ |.

Obviously, K, i.e. R™™ xSR™™ x CSR™"™ x BSR™*™ | is a linear subspace of real number field.
In this paper, we mainly consider the following two problems: o
Problem 1. Given matrices A € R™™, B e R™ (i=1,2,3,4), find matrix group [ X, X,,X;,X, |eK
such that

|A%i8, + AX B, + A KB+ AX,B, ~C

= min |AX;B +AX,B, + AX;B, + AX,B, -C|.

T [X0X2.X3, Xg]eK

Problem Il. Denote by S; the solution set of Problem I. Find matrix group [XI,XZ,Xy)zJe Sg ., such
that

I ] = i

In fact, Problem 1l is to find the least norm solution of Problem I.

There are many valuable efforts on formulating solutions of various linear matrix equations with or without
linear constraint. For example, Baksalary and Kala [1], Chu [2] [3], Peng [4], Liao, Bai and Lei [5] and Xu, Wei
and Zheng [6] considered the nonsymmetric solution of the matrix equation

AXB+CYD =E, (1)

by using Moore-Penrose generalized inverse and the generalized singular value decomposition of matrices,
while Chang and Wang [7] considered the symmetric conditions on the solution of the matrix equations

AXAT +BYB' =E, AX+YA=C. @)
Zietak [8] [9] discussed the 1, -solution and Chebyshev-solution of the matrix equation
AX +YB=C. 3)
Peng [10] researched the general linear matrix equation
AX.B+AX,B,+--+ AX,B =C, 4)

with the bisymmetric conditions on the solutions. VVec operator and Kronecker product are employed in this pa-
per, so the size of the matrix is enlarged greatly and the computation is very expensive in the process of solving
solutions. Iterative algorithms have been received much attention to solve linear matrix equations in recent years.
For example, by extending the well-known Jacobi and Gauss-seidel iterations for Ax =b, Ding, Liu and Ding
in [11] derived iterative solutions of matrix equations AXB =F and generalized Sylvester matrix equations
AXB +CYD = F . By absorbing the thought of the conjugate gradient method, Peng [12] presented an iterative
algorithm to solve Equation (1). Peng [13], Peng, Hu and Zhang [14] put forward an iterative method for bi-
symmetric solution of Equation (4). These matrix-form CG methods are based on short recurrences, which keep
work and storage requirement constant at each iteration. However, these iteration methods are only defined by
the Galerkin condition, but lack of a minimization property, which means that the algorithm may exhibit a rather
irregular convergence, and often results in a very slow convergence. Lei and Liao [15] presented that a minimal
residual algorithm could remedy this problem, and this algorithm satisfies a minimization property, which en-
sures that this method possesses a smoothly convergence.

However, to our best knowledge, the unknown matrix with different linear constraint of linear matrix equations,
such as Equations ((1)-(4)), has not been considered yet. No loss of generality, we research the following case

AXB +AX,B, + AX;B, + A,X,B, =C, (5)
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which has four unknown matrices and each is required to satisfy different linear constraint. We should point out
that the matrices A, B;,C are experimentally occurring in practices, so they may not satisfy solvability condi-
tions. Hence, we should study the least squares solutions, i.e. Problem I. Noting that it is obvious difficulties to
solve this problem by conventional methods, such as matrix decomposition and ver operator, hence iterative
method is considered. Absorbing the thought of the minimal residual algorithm presented by Lei and Liao [15],
and combing the trait of problem, we conduct an iterative method for solving Problem I. This method can both
maintain the short recurrence and satisfy a minimization property, i.e. the approximation solution minimizes the re-
sidual norm of Equation (5) over a special affine subspace, which ensures that this method converges smoothly.
The paper is organized as follows. In Section 2, we first conduct an iterative method for solving Problem I,
and then describe the basic properties of this method; we also solve Problem Il by using this iterative method. In
Section 3, we show that the method possesses a minimization property. In Section 4, we present numerical experi-
ments to show the efficiency of the proposed method, and use some conclusions in Section 5 to end our paper.

2. The Iterative Method for Solving Problem I and II

In this section, we firstly introduce some lemmas which are required for solving Problem I, we then conduct an
iterative method to obtain the solution of Problem 1. We show that, for any initial matrix group

X X9 x x9 ek, the matrix group sequences [xfk>,x§k>,x§k>,xgk) generated by the iterative
method converge to a solution of Problem | within finite iteration steps in the absence of roundoff errors. We
also show that the unique least norm solution of Problem I can be obtained by choosing a special kind of initial
matrix group.

Lemma 1. [16] [17]. A matrix X € CSR™™ ifand only if X =S XS,.

Amatrix X e BSR™ ifandonly if X =XT =S XS, .

Lemma 2. Suppose that a matrix X € R™",then X +S XS, e CSR™".

Suppose that a matrix X e SR™", then X +S_ XS, e BSR™".

Proof: Its proof is easy to obtain from Lemma 1. |

Lemma 3. Suppose that Ae R™, X e SR™, Y e CSR™", Z e BSR™" then

(A X):<%[A+ A, x>
(A,Y)=<%[A+SnASn],Y>

(A,Z>=<%[A+ AT+S, (A+ AT)sn],z>.

Proof: It is easy to verify from direct computation. O

Lemma 4. (Projection Theorem) [18]. Let X be a finite dimensional inner product space, M be a subspace of
X, and M™* be the orthogonal complement subspace of M. For a given x e X , there always exists an
m, € M such that

[x—m|[<[x-m], ¥meMm,

where .|| is the norm associated with the inner product defined in X. Moreover, m, e M is the unique mini-
mization vector in M if and only if

(x-my) LM ie, (x-my)eM™.

Lemma 5. Suppose R is the residual of matrix group Xl,Xz,Xg,XJe K corresponding to Equation
(5),ie. R=C-AX,B, -AX,B, - AX,B, - AX,B,, if the following conditions are satisfied simultaneously,

ATRB! =0,
AJRB; +B,R"A, =0,
AJRB] +S, A/RB]S, =0, ©)

A/RB] +B,R"A, +S, (A/RB; +B,R"A,)S, =0,
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then the matrix group | X,,X,, X;, X, | isasolution of Problem .
Proof: Let

L={Z|Z = AXB, + A,X,B, + AX B, + A X,B,,[ X}, X;, X5, X, ] €K},
obviously, Z is a linear subspace of R . For matrix group [)Zl, X,, X, )ZJ € K, denote
C=AX,B +AX,B, + AX,B, + A X,B,,
then C e L. Applying to Lemma 4, we know that [)Zl, X,, X5, )ZJ is a solution of Problem I if and only if
(C-c)LL,
ie forall [X;,X,,X;,X,]eK,

(R,AX,B,+ A, X,B, + AXB, + AX,B,)=0.

By Lemma 3, it is easy to verify that if the equations of (6) are satisfied simultaneously, the expression above
holds, which means [)Zl, X, Xs, )ZJ is a solution of Problem 1. O

Lemma 6. Suppose that matrix group [)Zl, X,, Xs, )Z4:| is a solution of Problem I, then arbitrary matrix
group [X,,X,,X;, X,]eS. can be express as [X1+>?1,>22 +)?2,)Z3+)?3,)Z4+)?J where matrix group
[ X, X,, X, X, |eK satisfies

AX.B, +A,X,B, + AX,B, +AX,B, =0. )

Proof: Assume that matrix group [)Zl, X,, X, )Z4:| is a solution of Problem I. If

[ X, + X, X, +X,, X, + X5, X, + X, | € S, , then by Lemma 5 and its proof process, we have
||A1X~IBl +AX,B, + AX;B; + A X,B, _C||2
=|A (X + X,)B,+ A (X, + X, )B, + A (X, + X,)B, + A (X, + X,)B, ~C|
=|AX.B, + A X,B, + AX,B,+ AX,B, R
=|AX.B, + AX,B, + AXB,+ AX,B,[ +|R[

which implies matrix group [ X;, X,, X3, X, | satisfies (7).
Conversely, if matrix group

[0 Yo Yo, Yo = [ X+ X0, X, + X5, Xy + X, X, + X, | K,
where matrix group [ X,, X,,X;, X, | K satisfies (7), then
|AY,B, + AY,B, + AY,B, + AY,B, -C|
= |AX.B,+ AX,B, + AX,B, + AX,B, - R
=|AXB, + A,X,B, + AX,B, + AX,B,~C|
which means matrix group [Y,,Y,,Y;,Y,] e S. O

Next, we develop iterative algorithm for the least-squares solutions with X, satisfies different linear con-
straint of matrix equation

A1X1B1+A2X282+A3X383+A4X4B4 =C,
where A eRP™, B eR"9,(i=1234) and C are given constant matrices, and [X,,X,, X5, X,]eK is

the unknown matrices group to be solved.
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[

Algorithm 1. For an arbitrary initial matrix group [Xl(o), X X Xﬁo)} e K , compute
4
Stepl. R,=C->AXUB;
1
Po,l = AiT Ro BlT;
1
P2 =§(A;ROB; + BzRoTAz>;
P —l(A;R B; +S,, A RB;S, );
03 ™ 2 0-3 n3 3 %3 )?

P :%(AIROBI +B,RIA +8, (ATRB] +B,RIA)S,, );

Ny

Q, =P, r=1234

=0, then stop; else, k:=k+1, and compute

4
Step 2. 1f Y[R,
r-1
4
Step3. M, =>AQ,,B;
=1

4

Z"Pk,r
a =, X" =X 4 a,Q,,, r=12734

Ml

Rt = Re =My
Pos = AiTRk-v-lBlT =R - AiTMkBlT;

1 o
P2 :E(AzTRkABzT"'BszTA ): Pk,2_7k|:AzTMszT+BszTA2];

2

1
Pk+l,3 ZE(A;—RkJrlB; + Sn3A;—Rk+1B;—Sn3)
O [ AT T T T .
=R _7[A3 M,B; +S, A M,B; Sn3:"
1
Pk+1,4 :Z(AIRkuthT + B4R1<T+1A4 +Sn4 (AATRk+1BAT + B4RkT+1 )Sn4)
=P, —%[AJMkBJ +B,M[A, +S, (AIM,B] +B,MA,)S, |;

4
Z " Pk+1,r
r=1

ﬂk =74 Qk+l,r = F)k+1,r +ﬁka,r’ r=1234

- 4
2
Z”Pk,r
r=1

Step 4. Go to step 2.

2

Remark 1. 1) Obviously, matrices sequence P, ,Q, ., Xfi),(r =1,2,3,4) generated by Algorithm 1 satisfies

P,eR™, P,eSR™”™, P,eCSR™™, P,eBSR™™
Q,eR™™, Q,eSR™”™, Q,eCSR™™, Q,eBSR™™
xeRmm XM esrmm  xecsrR™™, X! e BSR™™;

2) R, isthe residual of Equation (5), when i=0,1,2,--
3) Algorithm 1 implies that if P, =0(r =1,2,3,4), then the corresponding matrix group

x 9 x 0 x o Xﬁkq is the solution of Problem 1.

1 722 173
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In the next part, we will show the basic properties of iteration method by induction. First for convenience of
discussion in the later context, we introduce the following conclusions from Algorithm 1. For all i, j,t

<R R, JAR,E > >(A (R -R,)B P,

r=1

AT(R-R)BIR.)+ (AT (R -R, B +B,(R -R,) AR,

(
+%<A3T(R,—RJ) +5,A (R - R)B;sn,as>
+%<A1(Ri—R].)B4T+B4(Ri—Rj)TA4+sn4[Aj(Ri—RJ.)B4T+B4(Ri—RJ.)TAJSM,PL&
=2 (R Re)+ 2P R)

Lemma 7. For matrices P, Q, (r=1,2,3,4)and M, generated by Algorithm 1, if there exist a posi-

forall i=0,12,---,k, then we have

4
2 Z;<Pivf’Pi,r>:0’ i,j=0212--k, i#];

2) (Mi,M;)=0, i,j=012--k i#];
3) Z( P,.Q)=0, 0<j<isk,
Proof: For k =1, it follows that
4
Z;<Po,r!Pl,r>:<Po,1’Po,l_aoAiTMoBlT>+<Po,zvPo,z _%(A;MOBZT + BzMoTAz)>
r=
+<P0,31P0,3_%(¥M053T+Sn3A;MoB3TSn3)>
Qo [ AT T T T T T
+<P0,4'P0,4_T|:A4MOB4 +B4M0A4+Sn4(A4MoB4 +B4M0 A4)8n4:|>
4 2 4
:Z;"POJ _OCOZI<A POrB:—’ > Z"POr

(Mg, Mg) =0.

4

(MM = (M S (R, +AiQ0 )8, )= (Mo, AR, r>+ﬂoumon2

r=1

<R “RIAR, r>+ﬂo||mo||2=

1
Mo =0.

0

i( Qor> i( ,r'PO,r>:O-

7
=
]

AN

Assume that the conclusions

(PP =0 (M, M,)=0; 3(P,.Q,)=0

r=1 r=1

hold forall j<s-1(0<s<k), then
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é(PJr P )= <Pjv1,F’Svl—aSA&TMSBlT>+<Pj‘2,PSVZ—%(AZTMSBZT+BZMSTA2)>
<P13PS3 (ASTMSBST+SHBA3TMSB;SHB)>
+<PJ4PS4 [A}MSB}+B4MSTA4+sm(A}MSB}+B4MSTA4)SHJ>
:—asri;‘<Pj’“ArTMsBrT>:—asé<A,(Qj'r—,Bj_le_lvr)Br,Ms>
=—a,(M; =B ;M ;M) =0.

<MJ'MS+1>:<MJ’iA'(Ps+1r +ﬂstr)B > <M] iA’Ps+err>

r=1
:ai<RJ RJ+1 ZAr s+1,r r> J|:r4 re s+1r> 24:< j+1|’ s+1r>:|
:_524:<Pj+1,rlps+l,r>'

9|l—‘

I
=1 r=1

i< Jr s+lr> <Qj,1’Ps,1_asAiTMsBT> <Q12 5,2 [A;MSB;+BZMJA2:|>

r=1

+<Qj,3'Ps,3 [AsM By +S, A/M,B; n3:|>
+<QJ4 = [AIMSBI+B4MSA4+Sn4(A4TMSB4T+B4MSTA4)SnJ>
:_as4< QJrBrM> S<Mj!MS>:O'

r=1

By the assumption of Equation (3), we have

4 4 4
Zl<Qs,r' Ps,r> = ;(Ps,r + ﬁs—le—l,rl F)s,r> = Z Ps,r 2'
Then for j =,
4
Z<Psr Ps+1r> <Ps,1’ Ps,l_a'ls'A‘iTlvlsBlT>+<Ps,27 Ps,2 _%(AZTMSB; + BZMJA2)>
r=1

aS
+<Ps,3l Ps,3 _? A;—MSB;— +Sn3A;MsB;Sn3 )>

(
(PP S AMET - BMIA S, (AME] +EMIA)S, ])

Psl 2_Olsil<Ar|:’srBr M >
=

Psl = o <ZA’ (Qs,r - ﬂs—lQS—l,r ) Br' Ms>

r=

4
r=1

2 2
| —a || =0.

M

S S

r=1

(M, M.} = <M SYNCREVERE > A +<M AP >

1

_ﬁs”M " +_<R Rs+1 ZA‘ s+L,r r> ﬂs"M ” _(Z_Z< s+1r) s+1r> 0.

s r=1L
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i(er’ s+1r>:<Qsl7 sl aAiM B > <Q527 52 S(A;FMSB;+BZM;—AZ)>

r=1

+

Q. Ps——=(AM,B] +S, AIMB]S )>

%
2
o

Qs,4 ' Ps,4 - T

+
T —

[AAM Bf +B,M/A +5, (AIMSB4T+B4MSTA4)SHJ>

P

s,r

a, M, =o0.

=30 ) B {e, AME) =3,

r=1 r=1

Then the conclusion Y. (P, P..;,)=0 and the assumption >"* (P, P, }=0 show that

M; ,Mg,)=0 forall j<s-1.By the principal of induction, we know that Eq.(3) holds forall 0< j<i<k,
and Equation (1) and Equation (2) hold for all i,j=0,1,2,---,k,i# j due to the fact that (A B)=(B,A)
holds for all matrices A and B in R™". O

Lemma 7. shows that the matrix sequence

PO,l Pl,l

Foa R4

generated by Algorithm 1 are orthogonal each other in the finite dimension matrix space RIMYZT | Hence
the iterative method will be terminated at most Zf:lnf steps in the absence of roundoff errors.

It is worth to note that the conclusions of Lemma 7 may not be true without the assumptions ¢; =0 and
a; # o . Hence it is necessary to consider the case that ¢, =0 or a; =.

If & =0, whichimplies > [P =0, itfollowsthat P, =0,r=1234.

ILr

If o =00, which implies ||M |=0, then we have Z AQ,B
both S|de yields

=0, making inner product with R, by

Lr=r

4

<zArQ.r . > 21<Qi,,,ATRiBI>=2< PLAEDY

r=1

So the discussions above show that if there exist a positive mteger i such that the coefficient ¢, =0 or
a; = o , then the corresponding matrix group LXI('), xW XD x{ |e K is just the solution of Problem I.
Together with Lemma 7 and the discussion about the coeffiment a, , we can conclude the following theorem.

Theorem 1. For an arbitrary initial matrix group [Xl(o), X, Xéo), XﬁO)J e K , the matrix group sequence

[Xl(k), X x ), ngq e K generated by Algorithm 1 will converge to a solution of Problem I at infinite itera-

tion steps in exact arithmetic.
By choosing a special kind of initial matrix group, we can obtain the unique least norm of Problem I. To this
end, we first define a matrix set as follows

X, =A"HB/,

:%(AZTHBZT+BZHTA2),

S =1[Xy, X5, X5, X, ] 1
=E(A2THBZT +Sn3AzTHBZTSn3),

:%(AATHBI +BHTA+S, (ATHB] +BHTA)S, )

where H e R™9, Evidently, S is a linear subspace of K.
Theorem 2. If we choose the initial matrix group [Xl(o), X, x©, Xff”] e S, especially, let
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X{® =0(i =1,2,3,4), we can obtain the least norm solution of Problem .
Proof: By the Algorithm 1 and Theorem 1, if we choosing initial matrix group [X(o) X x x§°>] €s,

1 72 »7¥3

we can obtain the solution [)2 )23, X J of Problem | with finite iteration steps and there exist a matrix

X,
H e R™® such that the solution [ X,, X5, X, ] can be represented that

(AHB] +B,HTA,),

(A2 HB] +S, AJHB]S, ),
:Z(AII:IBI+B4I:ITA4+SM(AII-|BI+BAI-1TA4)Sn4).

By Lemma 6 we know that arbitrary solution of Problem I can be express as

[)21+>?1,)22+)?2,)23+)?3,)24+)?4],

where matrix group [ X, X,,X,, X, |e K satisfies (7).

Then
4 ~ f— ~ — ~ ~ [
(X, X, )= (ATHB], X,) + <A2THBZT+BZHTA2,X2>
r=1
+%<A2HBT+S AHB]S, , X;)
1 T TORT q7 va
+Z<A4 HBJ +B,H"A,+S, (ATHB] +B,HTA)S, . X,)
. 4
:<H Z >:
So we have
4 ~ 2 4 2
>|X + 2% [
r=1 r=1
which implies that matrix group L)Zl, )22, )23, )24] is the least norm solution of Problem I. O
Remark 2. Since the solution of Problem I is no empty, so the S_ is a closed convex linear subspace, hence

it is certain that the least norm solution group [)Zl, )ZZ,X3, )2& of Problem | is unique, and
[)21,>22,>23,>24]es. If matrix group [X;,X,,X;,X,]eS is a solution of Problem I, then it just be the

unique least norm solution of Problem I, i.e. X; =X, (i=12,3,4).

3. The Minimization Property of Iterative Method

In this section, the minimization property of Algorithm 1 is characterized, which ensures the Algorithm 1 con-
verges smoothly.

Theorem 3. For an_arbitrary initial matrix group | X%, x{, x{? X |e K , the matrix group
[Xl("), X, x M, xm generated by Algorithm 1 at'the kth iteration step satisfies the following minimization
problem

“Aixl(k)Bl+~~+A4X£k)B4—C“2= min [|AX,B, +--+AX,B, ~C[

[X1.X2,X3,X4]eF

where F denote a affine subspace which has the following form
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F- |:X1(0)'”.’ X£O)i|+Span{[QO,ll""Q0,4:|’|:Q1,l"”’Ql,4:|"”’|:Qk—l,l'”"Qk—l,4:|}‘
Proof: For arbitrary matrix group [X,, X,, X5, X,] € F, there exist a set of real number {ti}gf1 such that
k-1
[le'“,x4]=[xf°),"', ><£°)]+Zti [Qi,l’“"Qi.4:|'
i=0

Denote

2

g(tol'“’tk—l):

Ai(Xl(O) +§tiQi,ljBl et A4(Xz(10) +§tiQi,4j B,-C

i=0

by the conclusion Equation (2) in Lemma 7, we have
2

9t t) HA&X B, +...+ AX\"B, C+Zt(AlQ,lB+ -+ AQ.B,)

= ”Ro" + Ztiz ||A1QllBl et AAQi,4B4||2 - 2§ti <A1Qi,1Bl +o 4+ AQi 4By, Ro>
i i

where R, is the corresponding residual of initial matrix group [XI(O), X0 x ), Xff”] . Algorithm 1 show that
the matrix R, can be express as

4 4 4
Ry =R+, ) AQ 1 1B+, > AQ B+ + 2 AQy, 1B,
r=1 r=1 r=1
Because g(t,,---,t,,) isa continuous and differentiable function with respect to the k variable
t,,(i=0,1,---,k—1), we easily know that
9(to, b,y ) =min
if and only if

6g(to’t1""’tk—1)
ot

Il
©

It follows from the conclusion in Lemma 7 that

4

zmw ) imrswm Y@k YRS

r= r=

1 — —
Z ir r
1

i

i~ 2 2

YAQ,B

r=1

|rr

P 7 = G-
II'T

By the fact that

min (ty, b+t ;) =

[Xy ><2 ><3><

We complete the proof. O
Theorem 3 shows that the approximation solution Lxl(k), X8 x ' x1 minimizes the residual norm in
the affine subspace F for all initial matrix group within K. Furthermore, by thé fact
[Xl(k’l), X, X, Xflk'lq e F , then we have

“A\X B+ +AXYB, c“ “Alxkl o+ AX B, c”
which shows that the sequence
“Alx1<°)51+---+A4x§°)B4—C“,”Aixf1>81+---+A4x§1>B4—CH,---

is monotonically decreasing. The descent property of the residual norm of Equation (5) ensures that the Algo-
rithm 1 possesses fast and smoothly convergence.
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4. Numerical Examples

In this section, we present numerical examples to illustrate the efficiency of the proposed iteration method. All
the tests are performed using Matlab 7.0 which has a machine precision of around 10*°. Because of the error of
calculation, the iteration will not stop within finite steps. Hence, we regard the approximation solution group

[xf“,xgk),xgk),xg”] as the solution of Problem 1 if the corresponding P, (r=12,34) satisfies

4
Z" Pk,r
r=1

Example 1. Given matrices A,B,, A,,B,, A;,B,, A,,B, and C as follows:

? <10e-010.

1 1 5 2 -3 0 9 4.4 9 &
1 0 0 6 0 O
8 12 3 8 8
3 12 7 6 -12 3
5 7 0 5 -12
A=|-2 2 2 -2 -6 4|B= ,
5 15 0 -3 20
2 2 2 2 6 -4
7 56 1 7 14
6 0 0 0 0 0 12 6 0 -12 -7
5 11 23 4 -14 9
3 4 11 5 9 14 30 5
3 2 6 5 4 12 -9 8
7 1 6 17 -9 23 59 -7.8
A=/ 12 29 8 -6 38 44 69 -56]|
79 32 43 91 -92 8 -64 9
0 -15 0 5 0 0 1 0
12 29 8 -6 38 44 69 -56
4 4 -5 4 42 . o 0 5 24
-1 12 2 -1 2
2 3 0 2 O
3 7 3 3 5
23 6 0 23 0
2 9 2 2 -9
BZZ |B3: 3 3 0 3 1 y
> 8 -0 5 12 12 -15 0 12 0
-91 -94 -125 -91 76
-10 9 0 -10 O
7 22 1211 14 -114 0 -14 8
9 13 159 -9 -63 '
0 -2 3 5 0 -1 -1
1 3 2 4 5 1 -21
0 -2 3 5 0 -1 -14
A=l-1 3 2 4 5 1 =21}
0 O 0 0 0 0O 0
-1 -3 2 1 5 1 =2
21 -4.8 109 442 135 287 3.65

1 2 5 15 31 -6 -76 22
-1 3 4 -11 14 4 211 14
o 0 0o 0 0 O 0
5 3 12 30 10 224 -358],
-2 23 2 -6 0 143 22
o 0 0o 0 0 O 0

2 5 15 31 -6 -76 220

O O &~ O
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2 2 -4 0 -2
~72 49 26 220 134

1 -1 -4 0 -1
342 67 50 251 39

3 -1 -6 0 -1
134 249 130 -128 60

8 8 -22 0 8
B, = ,C=|190 -286 225 41 120

4 6 0 4
87 136 44 52 23

22 22 12 0 22
45 35 -249 357 -63

21 21 218 0 21
41 -96 359 648 -66

103 0 365 0 0

Choose the initial matrices Xi(o) =0(i=1,2,3,4) where 0 denotes zero matrix in appropriate dimension. Us-

ing Algorithm 1 and iterating 74 steps, we have the unique least norm solution [Xl(”), X x ) Xf“)] eK as

follows:

0.3488 0.3512 -0.6731 -0.8191 0.4135 -0.3588
1.4504 0.8483 -2.2031 -4.2978 1.2281 -0.6214
0.9954 05572 -1.6690 -1.5996 0.7736 —0.4921
! 0.6201 0.8376 -1.4185 -1.7915 0.6907 -0.9980
-15711 -0.5939 2.2658 4.3840 -0.7899 0.3719
0.3831 0.1950 -0.4999 -0.8051 0.5968 —0.0280

0.0837 0.7782 0.1083 -0.3906 0.3401 0.3817 -0.1904 0.0314
0.7782 0.7113 0.7072 0.1963 -0.4179 -0.3313 0.4221 -0.5675
0.1083 0.7072 0.1762 -0.3788 0.2916 0.1869 0.2184 -0.2188
X () _ -0.3906 0.1963 -0.3788 -0.0473 -0.0796 0.3926 -0.2816 0.3870
21 03401 -0.4179 0.2916 -0.0796 0.0976 -0.4232 -0.0532 —-0.2994
0.3817 -0.3313 0.1869 0.3926 -0.4232 0.3104 -0.0502 -0.2933
-0.1904 0.4221 0.2184 -0.2816 -0.0532 -0.0502 -0.1573 0.3146
0.0314 -0.5675 -0.2188 0.3870 -0.2994 -0.2933 0.3146 -0.8281

-0.2550 0.0991 0.0210 0.0156 -0.0884 0.0125 -0.0180
-0.2521 -0.0117 -0.0403 0.0352 0.2365 -0.0112 0.2756
0.8419 -0.0292 -0.0156 0.0419 -0.2079 0.0161 0.1924
X§74)= 0.3561 0.0560 0.0341 0.1414 0.0341 0.0560 0.3561 |,
0.1924 0.0161 -0.2079 0.0419 -0.0156 -0.0292 0.8419
0.2756 -0.0112 0.2365 0.0352 -0.0403 -0.0117 -0.2521
-0.0180 0.0125 -0.0884 0.0156 0.0210 0.0991 -0.2550

-0.2988 0.0807 -0.0264 0.1130 -0.1272 0.1788 -0.0045 0.0002
0.0807 0.1392 0.1494 -0.1014 0.0934 -0.0472 -0.0271 -0.0045
-0.0264 0.1494 0.0308 -0.1096 -0.0239 0.0030 -0.0472 0.1788
0.1130 -0.1014 -0.1096 -0.1113 -0.2907 -0.0239 0.0934 -0.1272
N -0.1272 0.0934 -0.0239 -0.2907 -0.1113 -0.1096 -0.1014 0.1130
0.1788 -0.0472 0.0030 -0.0239 -0.1096 0.0308 0.1494 -0.0264
—0.0045 -0.0271 -0.0472 0.0934 -0.1014 0.1494 0.1392 0.0807
0.0002 -0.0045 0.1788 -0.1272 0.1130 -0.0264 0.0807 —0.2988
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with

And

If we let the initial matrix X.” =-215, X! =51, X{" =1,,X{" =3I, , noting that [-21,,5l,1,,3l,]

[Xq,X

4
> [P
r=1

min
2.X3,Xg]eK

within K but not within S, then we have

with

And

-1.6182
1.6801
1.6186
0.6687

—2.2221
0.8887

4.3975
0.4156
0.0790
—0.1835
—-0.1415
0.1494
—0.2318
1.1825

0.0400
—-0.2169
0.4283
0.3206
0.2474
0.1040
-0.1037

0.6809
—0.3258
0.3206
-0.1912
0.7079
0.1287
0.2288
0.1271

4 ~
> [P
r=1

* ~3.4778e-011, and i”xf‘”” —14.0628.
r=1

|AX,B, + A,X,B, + AX,B, + A,X,B, —C| =57.0635.

05769 -0.7270 —-05419 0.7736 -0.5307

1.2937 24655 -3.7133 03589 —0.6108

09272 -36464 -1.7355 18356 —0.1625

0.8635 -16254 —-2.9306 0.7439 -1.0791

0.1884 24556 43019 -1.1991 —-0.5606

~0.0064 06313 -1.1530 02455 -1.5494

04156 00790 -0.1835 —0.1415 01494 -02318 1.1825
48742 02354 07305 -0.1579 -1.9460 -05984 —0.4272
0.2354 49505 -0.4095 0.6208 01762 -0.4792 —0.6346
0.7305 -0.4095 34749 11343 1.0277 07031 -05118
01579 06208 11343 42586 -0.8962 -0.6739 0.9514
~1.9460 01762 10277 -0.8962 22692 15568 -—0.3421
~0.5984 04792 07031 -0.6739 15568 16349  0.1487
04272 -0.6346 -05118 09514 -03421 0.1487 22651
0.4583 -0.3783 0.2769 03650 0.2883 -0.1037

09919 0.0212 00438 02006 0.0163 0.1040

0.1148 0.7425 01080 —-0.0350 0.0991 0.2474

0.2510 00548 1.3436 00548 0.2510 0.3206 |,

0.0991 -0.0350 0.1080 0.7425 01148 0.4283

0.0163 0.2006 0.0438 00212 09919 -0.2169

0.2883 0.3650 0.2769 -0.3783 0.4583 0.0400

-0.3258 03206 -0.1912 07079 01287 0.2288 0.1271
15242 -07005 -0.7838 0.3594 -0.2261 0.1465 0.2288
~0.7005 26931 -0.4311 -0.1002 —-0.4047 -0.2261 0.1287
-0.7838 -0.4311 24751 -0.0815 —-0.1002 0.3594 0.7079
0.3594 -01002 -0.0815 24751 -0.4311 -0.7838 -0.1912
0.2261 -0.4047 -01002 -0.4311 26931 -0.7005 0.3206
0.1465 -02261 03594 -0.7838 —-0.7005 15242 —0.3258
0.2288 01287 07079 -0.1912 03206 -0.3258 0.6809
* =5.9073e - 011, and i“i;gz) _312518> 3| x™] =14.0628.

r=1 Py

O,
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|AX,B, + A,X,B, + AX,B, + AX,B, —C| = 57.0635.

[Xy, xz ><3 x4]eK

Example 2. Suppose that the matrices A, B;, A,, BZ,A3 B;, A,, B, are the same as Example 1, let
C=AXB +AX,B, + AX,B, +AX,B,, Where X, =-2lg, X,=5ly, X,=1,, X,=3l,, that is to say,
Equation (5) is consistent over set K. Then similarly Algorlthm 2. 1 in Peng [14] we can conduct another itera-
tion algorithm as follows:

Algorithm 2. For an arbitrary initial matrix group [Xl(o), X9 x Xﬁoq e K, compute

) Xy,
Step 1. RO:C—ZA:A,XF’)B
=i
01:A1TRoBlT;
, =1(A2TROBZT +B,RJA,);
(A3R B; +S,, A RB;S, );

:Z(AIROBI +B,RJA+S,, (ATR,B] +BRRIA)S, |;
Q, =P, r=1234

Step 2. If R, =0, then stop; else, k:=k+1, and compute

4
Step3. M, =>'AQ,,B,;
r=1

:_!}Rk” 5 XY =xY4aQ,, r=1234

Rea =R oMy
Beis = AiRk+18T R akAiM B/;

a
Ptz = (Asz+1BT+B Réit ): Pk,z_Tk[AzTMszT"'BszTAz];
Pes :E(AsTRmB; + SngAsTRmB;S%)
a
:Pk,3_7k|:A;—MkBBT+Sn3A;—MkBBTSn3];
1

Pk+1,4 :Z(AIRkABI +BARII+1A4+Sn4 (AATRk+154T +B4RkT+1 )SnA)

s —ﬂ[ATM BJ +B,M[ A +S, (ATM,B] +BM[A)S, |;

Tk T [ P 4 VI n, k By 2 VI n |’

2

_[Red]

- 2
IRl

Step 4. Go to step 2.
The main differences of Algorithm 1 and Algorithm 2 are: in Algorithm 1 the selection of coefficient «,

make |R,,[=min,and A, such that <Zf:1Aer+1,rBr:ZleAer,rBr>=0: but in Algorithm 2, the choosing

ﬁk ) Qk+l,r: k+Lr ﬁkar: r=1234

of e, such that (R.,,R,)=0, and S, such that Z‘: 1<ka,ri>=0 Noting that AIgorithm 2 satisfies

the Galerkin condition, but lacks of minimization property. Choosing the initial matrix X =0(i=1,2,34)
where 0 denotes zero matrix in appropriate dimension, by making use of Algorithm 1 and Algorlthm 2, we can

O,
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Algorithm 1

log10(residual norm)
o

b Algorithm 2 i
-l 1
-3k 1
4L 1
_50 1I0 2I0 3I0 4I0 5IO 6I0 70 80

iteration number
Figure 1. The comparison of residual norm between these two algorithm.

obtain the same least norm solution group, and we also obtain the convergence curves of residual norm shown in
Figure 1. The results in this figure show clearly that the residual norm of Algorithm 1 is monotonically de-
creasing, which is in accordance with the theory established in this paper, and the convergence curve is more
smooth than that in Algorithm 2.
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