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Abstract 
Sustainability is essential for growing environmental concern especially those 
related to carbon emissions by the supply chain, and production. In today’s 
era, mitigating carbon emissions, and waste has become a major concern for 
a manufacturing firm or industry. Different tax policies are employed for 
high-emission industrial, and commercial activities. This study proposes a 
sustainable inventory system for decaying products that are socially, econom-
ically, and environmentally savvy. It is assumed that the demand is advertise-
ment, price, and time-sensitive. The price and advertisement of a product at-
tract the customers to buy more or less. Most of the products have a fixed life 
span or expiration date for maintaining their quality in original properties. 
Therefore, the customers prefer the products of maximum life span. This 
model is designed with a sustainable goal that the incurred total cost is mini-
mized over a planning horizon, together with the determination of optimal 
price, time period of positive inventory, and the cycle length. The practical 
utility, and a better understanding of this model are shown with the help of a 
numerical example. A sensitivity analysis of some crucial parameters is con-
ducted, and it is based on their variations. 
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1. Introduction 

A major concern for the industries or businesses is based to reduce their carbon 
emissions. For this, they redesign or restructure their inventory planning so that 
the carbon emission of the system is as low as possible. This is fulfilled by adopting 
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the concept of sustainable development. Sustainable development is defined as an 
economic development that is not destroying the environment. At first, Sustaina-
ble development was adopted by United Nations. Later, it is adopting by each of 
the national, and international governments. 

Generally, sustainability is used in global sense, and the goal of sustainability is 
global. Therefore, sustainability is used in this paper, and its direct impacts are as 
follows,  
• Business impact: Here, consumers support to sustainable businesses. They are 

reducing their wastage, and energy consumption.  
• Environmental impact: Here, businesses protect the environment and con-

serve natural resources. The exploitation of natural resources is made as low 
as possible.  

• Social impact: Here, industries or businesses know their importance for the 
welfare of peoples, and societies.  

Panda et al. [1] proposed an economic order quantity (EOQ) model for decay-
ing products with stock-varying demand, and discounted selling price. Sarkar and 
Sarkar [2] explored an improved inventory model for ameliorating items with 
stock-dependent demand, and time-varying deterioration rate. Shah et al. [3] ex-
amined an optimal inventory and marketing policy for non-instantaneous decay-
ing products. Chen et al. [4] addressing a carbon constrained EOQ model for per-
ishable items. Choudhury et al. [5] created an inventory model for decaying prod-
ucts. They included the stock-dependent demand, time-varying holding cost, and 
allowed shortages. Hovelaque and Bironneau [6] constructed an EOQ model for 
perishable items using carbon-emission dependent demand. 

Advertisement and price of products have a crucial role in increasing the de-
mand. These attract the customers to buy more or less within your budget. Shaikh 
[7] created an inventory model for deteriorating items using selling-price varying 
demand, advertisement, and mixed type trade-credit policy. 

In real-world inventory control systems, the deterioration of products has a sig-
nificant issue. The deterioration is reduced with the help of preservation technol-
ogy. Preservation technology is defined as an essential component used in mini-
mizing the deterioration rate. It is also used to measure and control the deteriora-
tion rate simultaneously. Nowadays, preservation technology has been adopted by 
every manufacturing/business firm. Because control on deterioration rate of bak-
ery products, foods grains, soft drinks, medicines, vaccines etc. is a big challenge.  

Mishra et al. [8] studied an inventory model with price, and stock-dependent 
demand with controllable deterioration rate using preservation technology invest-
ment. Mishra [9] optimized a three-rates-of-production inventory model for de-
teriorating items involving selling price, advertisement-dependent demand, and 
shortages. Kazami et al. [10] analyzed an EOQ model for decaying products with 
imperfect quality, and carbon-emission constraints. Shaikh et al. [11] addressed 
an EOQ model for decaying items with stock-dependent demand, price discount 
facility, and shortages. Tiwari et al. [12] presented sustainable ordering policies 
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for an inventory model of non-instantaneous deteriorating items with multi-
trade-credit policies, and carbon emissions. Taleizadeh et al. [13] examined an 
inventory model with joint pricing and inventory decision policy for deteriorating 
items under carbon emission. Mishra et al. [14] discussed an optimum sustainable 
management policy for a back-ordered inventory model of deteriorating items 
under controllable carbon emissions. Daryanto et al. [15] revised sustainable EOQ 
model for deteriorating items considering carbon emissions. San-Jose et al. [16] 
presented an optimal policy for an inventory model for perishable items with price, 
time, and advertisement dependent demand. Sarkar et al. [17] constructed a sup-
ply chain inventory model. They showed the contributed effect of carbon emission, 
and production quality improvement for fixed lifetime products. Mishra et al. [18] 
addressed a supply chain inventory model for decaying items with controlled de-
terioration, and carbon emission in a greenhouse firm. Das et al. [19] explored a 
multi-objective solid transportation-location problem incorporating carbon 
emission in inventory management. Taleizadeh et al. [20] created a sustainable 
inventory model for deteriorating items with price-sensitive demand. This model 
consists of carbon emission, partial trade-credit policy, and partial backlogging. 
Mishra and Mishra [21] focused on a sustainable inventory model for non-instan-
taneous deteriorating items with quality assessment. This model includes carbon 
emissions, and shortages. Kumar et al. [22] constructed a production inventory 
model for perishable items with advertisement-dependent demand, and supply 
chain management under carbon emission. Kugele et al. [23] created a production 
system, and analyzed a geometric programming solution of second degree diffi-
culty for carbon ejection. Sankari et al. [24] studied a sustainable inventory model 
for growing items incorporating carbon emissions, product expiry, and profit 
sharing policy. Magfura et al. [25] analyzed a sustainable inventory model for non-
instantaneous deteriorating items with composite demand. Sobia et al. [26] con-
sidered a deterministic inventory model for constant deteriorating items with a 
generalized exponential diminishing demand, and stable holding cost. Kumar et 
al. [27] developed a sustainable inventory system for decaying products with ex-
piration date, carbon emission, and price-sensitive exponentially decreasing de-
mand.  

1.1. Research Gap 

The previous inventory models have been studied and compared with this model. 
Sustainability is adopted by several researchers in their models. Guo and Zhang 
[28] examined an inventory model for decaying products with stock dependent 
demand, and variable holding cost rate. Rangaranjan et al. [29] explored a sustain-
able production model. They assumed the power-pattern demand, carbon emis-
sions, and self life considerations in their model. Alharbi [30] employs a dragonfly 
algorithm in their model. This model investigates the controlled non-instantane-
ous deterioration for green products.  
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1.1.1. Contribution 
This study considers the sustainability factors, which are summarized as follows,  
• The advertisement, price-sensitive, and time varying demand correspond to 

the finance sustainability.  
• The carbon emission generated by several operational-activities linked with 

the inventory is assumed regarding environmental sustainability.  
• The expiration dates, and partial backlogging of products are used for the wel-

fare of society.  

1.1.2. Objective 
This study has the following objectives,  

1) To analyze the impact of backlogging parameter on the total cost.  
2) To analyze the impact of expiration date of products on the total cost.  
3) To analyze the impact of advertising, and holding cost parameters on the 

total cost.  

2. Assumptions and Notations  

The following assumptions and notations are linked with this model,  

1) The demand rate is ( ) ( )
( )

1

1

, 0
,

,
c

C

A a bs ct t T
D s t

A a bs T t T
 − + ≤ ≤=  − ≤ ≤

, where CA , and 

s  are the advertisement, and price of product and , , 0a b c ≥  are constants.  
2) The products deplete with time and cannot be sold to the customers as the 

expiration date is reached. The expiration date dependent deterioration rate is  

( ) 1
1

t
m t

θ =
+ −

, 0 t T m≤ ≤ ≤ , where m  is the expiration date. At the starting  

(as 0t → ) the deterioration rate is minimum, and when t m→  the deteriora-
tion rate is 1 which means all the products deteriorate at its expiration date (as in 
Wu et al. 2018).  

3) The products are not reworked.  
4) The lead time is zero.  

5) The backlogging rate is, ( ) ( )
1

1
B t

T tδ
=

+ −
, where δ  is a backlogging pa-

rameter, and t  is the waiting time.  
6) The ordering cost per order is co .  
7) The holding cost per unit per unit time is ch .  
8) The shortage cost per unit is cs .  
9) The purchase cost per unit is cp .  
10) The lost sales cost per unit is cls .  
11) The carbon emission rate for placing the orders is 1γ .  
12) The carbon emission rate for holding the orders is 2γ .  
13) The carbon emission rate for shipping the orders is 3γ .  
14) The shipping price per unit is csh .  
15) The carbon tax per unit is Tc .  
16) The time period of positive inventory level is 1T .  
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17) The replenishment cycle length is T .  
18) The decision variables are 1,s T , and T .  
19) The total inventory cost per unit per unit time is ( )1, ,TC s T T .  

3. Statement of the Problem  
Mathematical Derivation of Model 

Here, the inventory system under assumptions is given by Figure 1. The inventory 
system consists of Q units of the product in the beginning of each cycle. The 
inventory level Q is gradually becoming depleted, due to demand and deteriora-
tion in the time-interval [ ]10,T , and becomes zero at time 1t T= . Just after the time 

1t T=   shortage starts. In the time-interval [ ]1,T T   shortages are backlogged at  

the rate ( ) ( )
1

1
B t

T tδ
=

+ −
 , where δ   is a backlogging parameter, and t is a 

waiting time. 
 

 
Figure 1. Inventory model. 

 
The instantaneous inventory level at any time t in the time-interval [ ]0,T  is 

given by the following differential equations,  

 ( ){ }1
1 1

d 1 , 0
d 1 C
I I A a bs ct t T
t m t
+ = − − + ≤ ≤

+ −
 (1) 

Together with, an initial condition, ( )1 1 0I T =  

 
( )
( )

2
1

d ,
d 1

CA a bsI T t T
t T tδ

−
= − ≤ ≤

+ −
 (2) 

https://doi.org/10.4236/ajor.2026.162003


S. Kumar et al. 
 

 

DOI: 10.4236/ajor.2026.162003 60 American Journal of Operations Research 
 

Together with, an initial condition, ( )2 1 0I T =  
The solutions of Equations (1) & (2) are given by Equations (3) & (4) respec-

tively,  

( ) ( ) ( )1 1
1 1

1 11 log 1 log
1 1C

m t m tI m t A a bs ct cT c m
m T m T

    + − + −
= + − − − − + +    + − + −    

 

Or  

( ) ( )( ) ( )( ){ } ( ){

( )( ) ( )( )} ( ){

( )( ) ( )} ( )( ) ( ){ }
( )( ) ( ){ } ( ) ( ){ }

( ) ( ){ }

2
1

2
1

2 2 2 2
1

2 3
1

2
1 1

1 1 1 1 1

11 1 1 2
2

12 1 1 1 1
2

11 1 1
2

1 1 , 0
2

C

C C

C C

C C

C

I c m A a bs m c m m t c m

A a bs m c m m T c A a bs

A a bs m c m t A a bs m c m T

c A a bs m c m tT A a bs c m t

A a bs c m tT t T

= − + + − − + − − + − +

+ − − + − − + − −

+ − − + − + − − + −

+ − − − − − + − + +

− − + + ≤ ≤

(3) 

( ) ( )
( )2

1

1
log

1
CA a bs T t

I
T T

δ
δ δ

 − + − =  + −  
 

Or  

 ( ) 2 2
2 1 1 1 12 2 2 2 ,

2
CA a bs

I t T t T Tt TT T t Tδ δ δ δ
−

 = − − + − − + ≤ ≤   (4) 

The initial inventory Q is calculated by substituting ( )1 0I Q=  in Equation (3), 
so  

 
( ) ( )( ) ( )( ){ }

( ) ( ){ }

2
1

2

1 1 1 1

1 1
2

C

C

Q c m A a bs m c m m T

A a bs c m

= − + + − − + − −

+ − + −
 (5) 

The back order quantity BI  is calculated by substituting ( )2 BI T I=  in Equa-
tion (4), so  

 ( ) 2 2
1 1 12 2 2

2
C

B
A a bs

I T T T T TTδ δ δ
−

 = − − − − +   (6) 

The total variable inventory cost per unit per unit time is given by  

 ( ) [ ]1
1, , C C C C C C CTC s T T O H S P LS SH CT
T

= + + + + + +  (7) 

where, , , , , ,C C C C C CO H S P LS SH , and CCT  are the ordering cost, holding cost, 
shortage cost, purchase cost, lost sales cost, shipping cost, and carbon tax cost per 
unit per unit time respectively. The respective costs are calculated by the following 
equations. 

The ordering cost per unit cycle is calculated by,  

 c
C

oO
T

=  (8) 

The holding cost per unit cycle is calculated by,  
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( )1
10

d
Tc

C
hH I t t
T

= ∫  

Putting the value of ( )1I t  given by the Equation (3), we obtain  

 

( ) ( )( ) ( ) ( ){ }
( ) ( )( ) ( ){ }

( ) ( ){ }

2 2
1

2 3
1

4
1

1 3 1 1 1 1
2
1 5 2 1 1
6
1 1
8

C C

C C

C

H c m A a bs m c m m T

c A a bs A a bs m c m T

A a bs c m T

= − + + − − + − +

+ + − − − − + −

− − + + 

 (9) 

The shortage cost per unit cycle is calculated by,  

( )
1

2 d
Tc

C T

sS I t t
T

= − ∫  

Putting the value of ( )2I t  given by Equation (4), we have  

 ( ) 2 2 3 3 2 2
1 1 1 1 1

2 22 2 2
2 3 3

c C
C

s A a bs
S T T TT T T T T TT

T
δ δ δ δ

−  = + − − + + −  
 (10) 

The purchase cost per unit cycle is calculated by,  

[ ]c
C B

pP Q I
T

= +  

Putting the values of Q  and BI  given by Equations (6) and (5), we have  

 

( ) ( )( ) ( ) ( ){ }
( ) ( )

( ) ( ){ }

2
1

2 2
1 1 1

2 2
1

1 1 1 1

2 2 2
2

1 1
2

c
C C

C

C

pP c m A a bs m c m m T
T

A a bs
T T T T TT

A a bs c m T

δ δ δ

= − + + − − + − +
−

− − − − +

+ − + − 

 (11) 

The lost sales cost per unit cycle is calculated by,  

( ) ( )
1

11 d
1

Tc
C CT

lsLS A a bs t
T T tδ

 
= − − + − 

∫  

After simplifying, we obtain  

 
( ) 2 2 2 2 2 2

1 1 1 1

2 3 2 3
1

3 3 6 6 6
6

2 2

c C
C

ls A a bs
LS T T TT T T TT

T
T T

δ δ δ δ δ

δ δ

−
= + − + −

− + 

 (12) 

The carbon emission associated in placing, holding, and shipping the orders is,  

( ) ( ){ }1

1
1 2 1 2 30

d d
T T

E T
C I t t I t t Qγ γ γ= + + +∫ ∫  

After simplifying, we have  

( ) ( )( ) ( ) ( ){ }
( ) ( )( ) ( ){ }

2 2
1 2 1

2 3
1

1 3 1 1 1 1
2

1 5 2 1 1
6

E C

C C

C c m A a bs m c m m T

c A a bs A a bs m c m T

γ γ = + − + + − − + − +

+ + − − − − + −
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( )

( ) ( ){ } ( ) ( ){ }
( ) ( )( ) ( ) ( ){ }

( )

2 2 3 3 2 2
1 1 1 1 1

4 2 2
1 3 1

2

2 2
1 1 1

2 22 2 2
2 3 3

1 11 1
8 2

1 1 1 1

( )
2 2 2

2

C

C C

C

C

A a bs
T T TT T T T T TT

A a bs c m T A a bs c m T

c m A a bs m c m m

A a bs
T T T T TT

δ δ δ δ

γ

δ δ δ

−  + + − − + + − 
 

 − − + − + − + −  

+ − + + − − + − +

− − − − − + 

 (13) 

The carbon tax cost per unit cycle is calculated by,  

T E
C

c CCT
T
×

=  

Putting the value of EC , given by the Equation (13), It becomes  

( ) ( )( ) ( ) ( ){ }
( ) ( )( ) ( ){ }

( )

( ) ( ){ } ( ) ( ){ }
( ) ( )( ) ( )

2 21 2
1

2 3
1

2 2 3 3 2 2
1 1 1 1 1

4 2 23
1 1

2

1 3 1 1 1 1
2

1 5 2 1 1
6

2 22 2 2
2 3 3

1 11 1
8 2

1 1 1

T T
C C

C C

C

T
C C

C

c cCT c m A a bs m c m m T
T T

c A a bs A a bs m c m T

A a bs
T T TT T T T T TT

cA a bs c m T A a bs c m T
T

c m A a bs m c m

γ γ

δ δ δ δ

γ

= + − + + − − + − +

+ + − − − − + −

−  + + − − + + − 
 

 − − + − + − + −  

+ − + + − − + − ( ){ }
( ) ( )2 2

1 1 1

1

2 2 2
2

C

m

A a bs
T T T T TTδ δ δ

+

− 
− − − − + 



 (14) 

The shipping cost per unit cycle is calculated by,  

( )c B
C

sh Q I
SH

T
× +

=  

Putting the values of Q  and BI , given by Equations (6), and (5), we have  

 

( ) ( )( ) ( ) ( ){ }
( ) ( )

( ) ( ){ }

2
1

2 2
1 1 1

2 2
1

1 1 1 1

2 2 2
2

1 1
2

c
C C

C

C

shSH c m A a bs m c m m T
T
A a bs

T T T T TT

A a bs c m T

δ δ δ

= − + + − − + − +
−

− − − − +

+ − + − 

 (15) 

Putting the values of above calculated respective inventory costs in Equation 
(7), we obtain 

( ) ( ) ( ) ( ) ( ) ( ){
( )( )} ( )( )

( ) ( )( ) ( )( ){ }
( )( ) ( ) ( )

2
1 1 3

1 3

2

2

1, , 1 1 1

2

1 3 1 1 1 1
2

2 1

c T c c T

C C c c T

c C

C c c c c c C

TC s T T o c p sh c c m c m m
T

A a bs m T A a bs p sh c T

h c m c m m A a bs m

A a bs s p p p c m ls A a bs

γ γ

γ

δ δ

= + + + + − + + − +

+ − − − − + +

+ − + + + − + − −

− − − − + − + −
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( )( ) ( ) ( ){
( ) ( ) ( )( )} ( ){
( )( )} ( ) (

) ( )( ){
} ( ) ( )({
)} ( )

2
2

2 2
3

2
1

2
2 3 2 3

2
1

2 2
2

1 1 3 1

1 1 2 1

1
2

12 5 1 1 2
6

2 5 1

c C c T

C T

C
C c c c c

T T C c c c T T

c C c

c T

sh A a bs sh c m c c m

c m m A a bs m c c m

A a bs
A a bs T s p ls sh

c c T A a bs s ls sh c c

p TT c c m A a bs m s

ls c c c m

δ γ

γ

δ δ δ

γ γ δ δ δ γ γ δ

δ δ

δ γ

+ − + + − + − +

+ − + + − − + −

−
+ − + + − + + +

+ + + − − − − −

+ + + − + − + −

+ + + − ( )( ){ }
( ) ( ) ( ) (

) ( ) ( )

( ) ( ){ }

3
1

3
2

2 2
2 1 2 1

4
1

1 2

3

1
8

C

C
c c T C c c

T C c c T

c
C

A a bs m T

A a bs
s ls c T A a bs s ls

c T T A a bs s ls c TT

h
A a bs c m T

δ

δ
δ γ δ δ

γ δ δ γ

+ − + + 
−

+ − − + − − +

+ + − − −

− − + + 

 (16) 

The total cost function ( )1, ,TC s T T  will be minimum, if the first order deriv-
atives of ( )1, ,TC s T T  are satisfying,  

 ( ) ( ) ( )1 1 1

1

, , , , , ,
0, 0, 0

TC s T T TC s T T TC s T T
s T T

∂ ∂ ∂
= = =

∂ ∂ ∂
 (17) 

After solving equations ( )1, ,
0

TC s T T
s

∂
=

∂
, ( )1

1

, ,
0

TC s T T
T

∂
=

∂
,  

( )1, ,
0

TC s T T
T

∂
=

∂
, we obtain the optimum values of decision variables 1,s T  and 

T  for which the total cost function ( )1, ,TC s T T  is minimum. 

To find, the first order derivatives of ( )1, ,TC s T T , we differentiate Equation 
(16) partially with respect to the decision variables 1,s T , and T . We have,  

( ) ( )( ) ( )( ){ }

( ) ( )( ) ( )( ){ }
( )( ) ( ) ( ){ }

( ) ( ){ } ( ) ( )( ){ }
( ) ( )( ) ( )( ){ }

( )

3
1

2
1

2
1

2
1 3 1

2
2 1

1 1 2 2

3 1 1 1 1

2 1

1 1 1

3 1 1 1 2

c c T C

c C

C c c c c c

C c c T C

T C

C c c c T

TC p sh c cm m m A a bs m
T T

h c m c m m A a bs m T

A a bs s p p p sh c m T

A a bs ls sh T c c m A a bs T

c c m c m m A a bs m T

A a bs s ls sh c

γ

δ

δ δ γ δ

γ

δ δ

∂ = + + − + − + − −∂ 

+ − + + + − + − −

+ − − − − + + −

+ − + + + − + − +

+ − + + + − + − −

+ − − − −( ){ }

( ) ( )( ){ }
( ) ( )( ){ }
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 (20) 

4. Numerical Example 

Let us consider a numerical example consisting of the following data for the re-
ferred parameters of the system in appropriate units as follows,  
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1

2 3
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δ γ
γ γ
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= = = = = = =
 

Table 1 shows the variation in backlogging parameter δ  corresponding to the 
optimal values of decision variables 1,s T  and T . The remaining parameters and 
variables are assumed fixed. 

 
Table 1. Variation in total cost concerning backlogging parameter. 

δ  s  1T  T  ( )1, ,TC s T T  

0.1 1182.66413 2.55155 4.53248 1454.18203 

0.3 1178.81855 2.62155 4.37810 1579.58727 
0.5 1172.73116 2.67873 4.20091 1682.20222 

0.7 1163.72911 2.72389 3.99832 1761.56469 
0.9 1150.96747 2.76293 3.77296 1822.56140 

 
In view of Table 1, Figure 2 gives the pictorial depiction of total cost ( )1, ,TC s T T  

with respect to the backlogging parameter δ . 
 

 
Figure 2. Variation in total cost w. r. to backlogging parameter. 

 

 
Figure 3. Variation in total cost w. r. to s and T. 
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In the reference of Table 1, Figure 3 depicts the three dimensions depiction of 
total cost ( )1, ,TC s T T  with respect to the decision variables s  and T . 

In context of Table 1, Figure 4 shows the three dimensions pictorial depiction 
of total cost ( )1, ,TC s T T  with respect to the decision variables s  and 1T . 
 

 
Figure 4. Variation in total cost w. r. to s  and 1T . 

 
Table 2 gives the variation in expiration date parameter m  corresponding to 

the optimal values of decision variables 1,s T  and T . The rest parameters are 
assumed fixed. 

 
Table 2. Variation in total cost concerning expiration date parameter. 

m  s  1T  T  ( )1, ,TC s T T  

5 1182.66413 2.55155 4.53248 1454.18203 

7 1127.38467 3.64978 7.53855 8293.33036 

9 1057.90749 4.59818 10.72909 28355.73998 

12 936.51501 5.94753 15.99766 113214.26354 

15 805.58369 7.31171 22.02163 334609.47855 

 

 
Figure 5. Variation in total cost w. r. to expiration date. 
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Regarding Table 2, Figure 5 shows the depiction in total cost with respect to 
the expiration date parameter m . 

In view of Table 2, Figure 6 shows the three dimensions pictorial depiction in 
total cost ( )1, ,TC s T T  regarding the decision variables s  and T . 
 

 
Figure 6. Variation in total cost w. r. to s and T. 

 

 
Figure 7. Variation in total cost w. r. to s  and 1T . 

 
In context of Table 2, Figure 7 shows the three dimensions pictorial depiction 

in total cost ( )1, ,TC s T T  in compliance of decision variables s  and 1T . 
Table 3 presents the variation in the advertisement cost parameter CA  regard-

ing the optimal values of decision variables 1,s T  and T . The rest parameters 
and variables have the fixed values. 
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Table 3. Variation in total cost concerning advertisement cost parameter. 

CA  s  1T  T  ( )1, ,TC s T T  

0.25 1182.66413 2.55155 4.53248 1454.18203 

0.35 1201.89369 2.55096 4.53169 1453.18201 

0.45 1212.58316 2.55094 4.53168 1453.18200 

0.65 1224.09038 2.55092 4.53165 1453.18195 

0.85 1230.19545 2.55090 4.53160 1453.18192 

 

 
Figure 8. Variation in total cost w. r. to advertisement cost. 

 
In consonance of Table 3, Figure 8 depicts the pictorial depiction in total cost 
( )1, ,TC s T T  regarding the advertisement cost parameter CA . 

 

 
Figure 9. Variation in total cost w. r. to s  and 1T . 

 
Regarding Table 3, Figure 9 shows the three dimensions pictorial depiction in 

total cost ( )1, ,TC s T T  corresponding to the decision variables s  and 1T . 
Table 4 stats the variation in holding cost parameter ch  regarding the optimal 

values of decision variables 1,s T  and T . The rest parameters and variables are 

https://doi.org/10.4236/ajor.2026.162003


S. Kumar et al. 
 

 

DOI: 10.4236/ajor.2026.162003 69 American Journal of Operations Research 
 

assumed to be fixed. 
 

Table 4. Variation in total cost concerning holding cost parameter. 

ch  s  1T  T  ( )1, ,TC s T T  

8 1182.66413 2.55155 4.53248 1454.18203 

10 1186.11561 2.49642 4.80273 1567.02604 

12 1188.91814 2.46906 5.07216 1692.18843 

15 1192.30752 2.45509 5.47396 1897.02883 

20 1196.55715 2.45506 6.13379 2272.72164 

 

 
Figure 10. Variation in total cost w. r. to s  and 1T . 

 
In the context of Table 4, Figure 10 shows the three dimensions pictorial de-

piction in consonance of decision variables 1,s T  and T . 
Table 5 shows the variation in carbon tax cost parameter Ts  with respect to 

the optimal values of decision variables 1,s T  and T . The rest parameters and 
variables are considered fixed. 

 
Table 5. Variation in total cost concerning carbon tax cost parameter. 

Tc  s  1T  T  ( )1, ,TC s T T  

0.70 1182.66413 2.55155 4.53248 1454.18203 

0.75 1182.11561 2.55546 4.53932 1458.99073 

0.80 1182.91814 2.55936 5.54613 1463.79692 

0.85 1182.30752 2.56329 5.55306 1468.66776 

0.90 1182.55715 2.56721 6.55992 1473.51695 

https://doi.org/10.4236/ajor.2026.162003


S. Kumar et al. 
 

 

DOI: 10.4236/ajor.2026.162003 70 American Journal of Operations Research 
 

 
Figure 11. Variation in total cost w. r. to s  and T . 

 
In consonance of Table 5, Figure 11 shows the three dimensions pictorial de-

piction of total cost with respect to the decision variables s  and T . 

5. Sensitivity Analysis 

The sensitivity analysis of some crucial parameters is as follows,  
1) Regarding Table 1, as the backlogging parameter δ  increases, then the to-

tal cost function increases. With regards to the decision variables, the increased 
rate of backlogging also increases the decision variable 1T , and the remaining var-
iables selling price s , and planning horizon/cycle length T  are decreased. The 
cause is that most of the customers are willing to wait for the arrival of new orders.  

2) In context of Table 2, as the expiration date parameter m  increases, then 
the total cost function increases. With regards to the decision variables, the in-
creased rate of expiration also increases the cycle length T , and time-period 1T  
of positive inventory are increased, and the remaining selling-price variable s  is 
decreased. The cause of it is that the system consists of the better preserving and 
holding facilities.  

3) In view of Table 3, as the advertising cost parameter CA  increases, then the 
total cost function decreases. With regards to the decision variables, the increased 
rate of advertisement also decreases the cycle length T , and time-period 1T  of 
positive inventory, and the remaining selling variable s  is increased. The reason 
is that the customers are not wishing to wait the arrival of new orders.  

4) According to Table 4, as the holding cost parameter ch  increases, then the 
total cost function increases. With regards to the decision variables, the increased 
rate of holding cost also increases the selling-price variable s , and cycle length 
T , and the remaining variable 1T  is decreased. The reason is that the ordering 
cost may be increasing.  

5) In the light of Table 5, as the carbon tax cost parameter Tc  increases, then 
the total cost function increases. With regards to the decision variables, the in-
creased rate of carbon tax cost also increases the remaining parameters 1,s T , and 
T . The cause is that the shipping, and holding costs may be increasing.  
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6. Conclusion 

This study consists of a sustainable inventory model based on real-life situations. 
It considers advertising, price, and time-dependent demand together with carbon 
emissions. After the transportation of commodities, the retailer has a large need 
of ordering to utilize their purchase appropriately. During the ordering, holding, 
and shipping of commodities the retailer wants to reduce carbon emission. Glob-
ally, carbon emissions affect the environment, and it becomes a major concern 
day by day for every country. The analysis shows that the total cost is highly im-
pacted by the expiration date, rather than backlogging, advertising, and holding 
cost. And the cycle length is deeply affected by the expiration date. This paper may 
be useful for several businesses or industries, where such types of commodities are 
produced. In future, several realistic formats of uncertainty upon demand, and 
backlogging can be considered for the refinement of this model. 
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Appendix 1 

For, the sufficient condition of total cost function, the second order derivatives 
are as follows,  
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Appendix 2 

The sufficiency for total cost function ( )1, ,TC s T T  is that the Hessian matrix H  

is positive semi-definite. And 
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The Hessian matrix is defined as follows,  
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Numerically, the Hessian matrix H  is given by,  

0 2.84039 0.09179
2.58245 124.05427 3.87998
1.31291 6.41626 50.32647
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