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Abstract

In this paper, for the initial and boundary value problem of beams with
structural damping, by introducing intermediate variables, the original fourth-
order problem is transformed into second-order partial differential equations,
and the mixed finite volume element scheme is constructed, and the exis-
tence, uniqueness and convergence of the scheme are analyzed. Numerical
examples are provided to confirm the theoretical results. In the end, we test
the value of O to observe its influence on the model.
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1. Introduction

The beam is the most important part of the upper frame of a building, which is
widely used in engineering projects, bridge construction and aerospace. So the
vibration and damping of beam have always been the concern of engineers and
researchers [1] [2] [3]. As we know, the differential equation that the deflection

curve of the beam should meet is:

2 2
tfot)
dx

dx®
where, U(X) is a displacement of the beam, p(X) is a load force normal to

p(x) (1)

the beam at the point x; £is Young’s modulus, and 7is the area moment of iner-
tia of the beam’s cross-section. There are many research results on beam vibra-

tion, both in mechanics and mathematics. Thankane studied the vibration equa-
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tion of a beam with free ends by using the finite differential method in literature
[4]. In literature [5] [6] [7], Gupta studied the existence and uniqueness of solu-
tions for a class of beam vibration equations. Ni et al [8] applied the genera-
lized difference method to solve the free vibration problem of beams by using the
first-order element hat function as the trial function and the pieced linear
function as the test function, and finally proposed a sixth-order implicit scheme.
Xu et al. [9] constructed a finite difference scheme for the fourth-order equation
of the beam, and realized the stable explicit calculation of the approximate solu-
tion by using the asymmetric scheme. Zeng put forward the fourth-order differ-
ence scheme with two parameters « and A [10], the four-layer weighted /S

scheme and the tridiagonal four-layer implicit scheme [11] for the linear eq-
uation of the beam, and studied the stability of the difference scheme with the
Fourier analysis method. Yin ef al [12] proposed a finite element method to
study the vibration of beams on elastic foundations under moving loads using
the Hermite element. Catal [13] used the differential transformation method to
solve the differential equation of free vibration of a beam on an elastic founda-
tion with fixed end and simply supported end, and obtained the analytical solu-
tion and frequency factor. In literature [14], a high-precision multi-parameter
numerical scheme for solving the vibration equation of a beam is presented. Sa-
bitov studied the Cauchy problem of beam vibration equations and obtained
sufficient conditions for the existence of an explicit solution in the literature [15].
The study of damped elastic systems was probably started by Chen and Russell
[16] in 1981. They present a mathematical model exhibiting the empirically ob-
served damping rates in elastic systems. The form of the model studied is as fol-

lows:

u, +Bu, +Au=0 2)

where A is the elastic operator and B is the damping operator. In recent years,
Fan studied the existence, uniqueness and regularity of the abstract model for
the vibration equations of the beam with structural damping and the existence of
the global mild solution in literature [17] [18]. Tang and Yin studied the Her-
mite finite element method for a class of viscoelastic beam vibration problems in
the literature [19]. The structural damped vibration of a uniform simply sup-
ported beam with length L can be written in the following one-dimensional fourth-
order initial and boundary value problems:

() Uy —SUy +Uy, = F(X,1), (x,t)eQx(0,T]

(b) u(x,0)=p(x), u,(x,0)=yw(x), xeQ 3)

(©) u(0,t)=u(L,t)=0,u,(0,t)=u,(Lt)=0, te[0,T]

where u(X,t) is used to represent displacement, Q=(0,L), 0<T <o, §(>0)
is structural damping coefficient, the source term f (X,t) , initial value func-
tions ¢(Xx) and (x) are the known smooth functions, ¢(x) and w(x) re-
present the displacement and velocity of the beam at the initial moment, re-

spectively.
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The objective of this paper is to construct a mixed finite volume element
scheme for the vibration problem of the beam with structural damping (3). This
scheme was first proposed by Russell [20] in 1995 when he solved the second-order
elliptic problem. Then, Jones [21] [22] verified the method with numerical ex-
amples. This scheme has the following advantages: firstly, the smoothness of the
solution space of the proposed mixed finite volume element method is lower
than that of the common finite element method, so it is easier to construct the
mixed finite element space; secondly, the mixed finite volume element method
can be used to obtain two unknowns at the same time to reduce the cost of cal-
culation; thirdly, the scheme maintains the local conservation of physical quanti-
ties. Therefore, based on the above advantages, mixed finite volume element
method has been widely used in practical problems. Wang [23] studied the equi-
librium equation of beams by using the mixed finite volume element method
and proved that the scheme has first-order accuracy in the discrete A, half-norm
and the discrete ? norm. In recent years, Yuan et al [24] [25] used the mixed fi-
nite volume element method to simulate the transient behavior of semiconduc-
tor heat transfer devices and to solve the oil-water two-phase displacement
problem.

The paper is organized as follows: in Section 2, the vibration equation of
structural damping beams (3) is transformed into second-order equations with
similar ideas in [8]. Then, the spatial derivative term is discretized by the mixed
finite volume element method, and the time derivative term is discretized by the
backward Euler scheme to construct the mixed finite volume element scheme of
(3); in Section 3, some necessary lemmas are given; in Section 4, we prove the
existence and uniqueness of solutions of mixed finite volume element scheme;
The convergence of semi-discrete and fully-discrete mixed finite volume element
schemes is proved in Sections 5 and 6 respectively; in Section 7, some numerical
examples are given to verify the accuracy of the scheme, which indicates that the

scheme has high practicability.

2. Mixed Finite Volume Element Scheme

In order to formulate the mixed finite volume element approximate scheme, we

introduce two auxiliary variables:
v(xt)=u (xt), w(xt)=u,(xt)

v(x,t) and W(X,t) denotes the speed and bending moment of the beam

when it vibrates respectively, then (1) can be rewritten as:

(@) v-6v, +w, = f(xt), (xt)eQx(0,T]

(b) v, =W, (xt)eQx(0,T] @)
(€) v(x,0) =y (x),w(x,0)=9"(x), xeQ

(d) v(0,t)=v(L,t)=0, te[0,T]

Multiply the Equations (4)(a) and (4)(b) by ¢ e H;(Q) respectively and in-
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tegrate them on (). Applying Green’s formula [26], we can get a weak form
equivalent to (3): Find (v,w):[0,T]— He (Q)x H! (), such that:

@) (v.8)+5(ve. 8 )—(w.¢,)=(f.¢), VoeH;(Q)
(b) (w.¢)+(v,.¢,)=0, VgeH'(Q)

©) v(x,0)=w(x), xeQ

(d) w(x,0)=9"(x), xeQ

)

Next, we introduce the semi-discrete mixed finite volume element scheme of
(1).
Let 0=X, <X <X, <---<Xy =L be the primal partition of €, the corres-

ponding dual partitionis 0=X, <X; <X; <---< X 1 <Xy = L, where:
2 2 2

X =28 (120,1,2,, N -1).
i+ 2
Now we choose a quasi-uniform subdivision
3, :{A :[Xi,XM];i =0,12---N —1} of the region ), The diameter of unit
A is h=x,-X,let h= OsliigIT\l]—l h.
We define the dual subdivision as follows:

3, :{Ai* :{Xil’xnl}i -012,---,N _1}
2 2

where A :{Xo,xl]A; = {x 1 Xy }, A’ constitutes the dual unit or control
2 N-=
2 2

volume of node j For the boundary node, its control volume is modified accor-
dingly.

Define the finite element spaces by:

U, ={uh eC(K_).),uh|A € Pl,VAeSh}

v, :{vh e X (Q),v,

R P, VA’ eS;}
Ugy ={u, €U,,u, (0)=u, (L) =0}
Vo ={V, €,V (0) =V, (L) =0}

where U, represent the linear finite element space corresponding to the primal
partition J,, V, is the constant function space of corresponding dual parti-
tion .

The interpolation projection operator IT; :U, —V, is defind as:
3 N-1
W, = th(xi);(@, vw, eU,
i-1

% represents the eigenfunction on A, ie:

1 XEA*
Xpr = .
A0 xe A
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Integrate (4) on the dual unit A to obtain:

= [ f(xt)dx (6)

o ot s |-

Sum over all the elements and notice that:

N-1
(Wh’H:1¢h):¢r1z_[fthx' YW, ¢, €U,
oA

Define:

B(Wh,l'[;qih): —@, Nzl{whx [x_+1,tJ—whX (x_l,tﬂ, YW, , 4, €U,,

i=1 2 2

Then we have:
{(a) (vi. T, )+ 6B (V. )~ B(w. I, ) = (.14, ), Ve, €Uy,

(b) (w.ITo¢, )+ B(v.ITi, ) =0, V¢ €U, @

Then, the semi-discrete mixed finite volume element scheme of problem (3) is:
Find (V,,W,)eUg, xU,, such that:

(a) (Vht’H;¢h)+5B(Vh’H;¢h)_B(Wh’H:1¢h):(f’H:¢h)' Vi, Uy,
(b) (W TToh )+ B(V T, ) =0, Vg, €U,

(©) Vv, (x,0) =y, (x), XeQ
d) w, (x,0)=¢7(x), xeQ

(8)

3. Some Lemmas

In this part, we will give some necessary lemmas. Let u, €U, , we define the

following norms:
2 N-1 )
i, =3
oo =l +unly,
2
= 3oh[
' i=1 h

Lemma 3.1. [26] On U, , the following pairs of norms are equivalent respec-

tively: |-~ and |];3 I{l,, and R ||, and -], - That is, there are posi-

tive constants C,,---,C, which is independent of U, , such that:

Culvnlon <lwall<Callvnlo . 7w €Ua,

Calwaln <lwill < Calvalhn: ¥ €Yo,
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Lemma 3.2. [27] The bilinear form B(-,HT1 ) meets:
B(vi o0 ) = B0 Thw ), Vi, €U,

. 1
B(Wh'nhl//h)2§|l//h|12’ Vi, €Uy,

B(l//h’H:1¢h>SC|l//h|l'|¢h|1' V@, €U,

where C >0 isa constant independent of A.
Lemma 3.3. [27] (-,HT1 ) meets:

(v T ) = (20 v ), Vw0, €U,
. 1
(V/h!HhV/h)Zgul//h"Z: Vi, €U,
(W,H;wh)s||w||~"y/h", Yw e Hl(Q),Vl//h eU,

4. Existence and Uniqueness Analysis for Semi-Discrete
Scheme

In this part, we mainly discuss the existence and uniqueness of semi-discrete
mixed finite volume element scheme solutions of the original problem (3).
Theorem 4.1. There exist a unique solution (V,,W, )€Uy, xU, to (8) meets:

mav v, |+ max | < © [ o= + v (0)]+[w, (0)])

Proof Choosing ¢, =V, in (8) (a),and ¢ =W, in (8) (b), we can obtain:
(vm,H;vh)+5B(vh,1'[;vh)+(Wht,H;wh):( f ,H;vh)

Applying Lemma 3.2 and Lemma 3.3, there exists a constant C,(>0) asso-
ciated with & such that:

(v 0 )+ o (o) < 211+
Integrating both sides from 0 to &
S (T, )2 (T, < 7 o, (O) 4, (O
Applying Lemma 3.2 and Lemma 3.3:
Sl sl < e (LI dr+ o O +w, (0)f )
Taking the square root of both sides to get the conclusion:
w[< C ([ F[dz-+ v, (0)] i, (0] ©

To prove the existence and uniqueness of the solution of the system (8), we

max |y, |+ max

need only consider its corresponding homogeneous problem:
(Vo TToh, )+ 0B (v, . TToh, )~ B(W,, T ) =0, V4, €U,
(W, T )+ B(v,. T34, ) =0, Vg, €U, 10)
v, (x,0)=0, VxeQ
W, (x,0)=0, VvxeQ
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According to (9), we can easily deduce that v, =w, =0, which achieves the
uniqueness proof. Since the differential equation is finite dimensional, the uni-
queness holds that the existence holds.

5. Convergence Analysis for Semi-Discrete Scheme

In order to analyze the error of the scheme, we introduce the mixed finite volume
element elliptic projection of the original problem: find (V,,W,)eUy, xU,,

meets:
B(W, -w, T4, ) =0, V¢, eU,,

. . (11)
B(Y, -V, ) =—(W, -w, ;¢ ), Vi, €U,

Under the condition that 3, is C-uniform partition, the elliptic projection is

unique, and meets the following error estimation formulas [27]:

[v =, + w4 | < O, + [,
v =l < (vl + v, )

We split the errors:

V=V =(V, =V, )+ (¥, —V)=E+7

W, —W = (W, =W, )+ (W, —w)=p+6
There are:

[ =19 =il < (vl + v, )
16111 = 1 = v < Ch ([, + v )

From (7) (8) and combining with the elliptic projection (11), we get the fol-

lowing error equations:

(2) B(& Mg )~ (60,1134 )+ (. TThdh, )+ (6. 1134, ) = O, Vg, €Uy,

(b) (&0 )+ (. T )+ 6B (£, 1T, ) - 5(0. 1134, ) - B(p. 1134, ) =0, ¥4 U,

(12)

Theorem 5.1. Under the condition that 3, is C-uniform division, let (V, W)
and (Vh , Wh) be solutions of (7) and (8), respectively. V,W meets the required
regularity condition, then there exist a constant C >0 independent of the par-

tition 3, , such that:
1
. 1
Vi =], +[[wy, —w] < Ch{llvlls +wl, + UO (VG -+ +Ive s+ o )df}z } (13)

Proof Choosing ¢, = p in the error Equation (12) (a), and ¢ =& in (12)
(b) to obtain:

(&.T,8)+ (. 1,8 )+ 6B (&£, 1T,¢) - 5 (0,11, &)
—~(6,MT,p)+ (£ T p) +(6,, 1T, p) =0
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Applying Lemma 3.3 and Young’s inequality, there exists a constant C, (>0)
associated with 0 such that:
1d 1d
—— + ——
2 dt 2 dt
<Clf e lelf +lolF + ol +Clelf +- Lol +Claff + ol
tac 4C, 2 4C tac

C, 5 +>—-(£M¢)+=—(p. T p)

Integrating both sides from 0 to # we have:
1,2 1 2
6l + 551l
t t t
<c[[(InlF +loF +laf )or |+ ar-+c [l @z
By Gronwall’s lemma and error estimation of elliptic projection, we obtain:

t
Jef hol <on[ (1w +holt +E + 1o )or]  a

From (12) we can prove that:
1
. 1
Jol<ch {Uo(nw [ o+ ol o< } as)

Then we estimate |§|l.
Choosing ¢, =¢ in the error Equation (12) (a):

B(£,11,8)~(0.11,€)+( o, T) + (6, 11,¢) = 0
Applying Lemma 3.3 and Young’s inequality:
1 1 1 1
Sk <clel” + 16l +clal + 5l +clalf + 3l

It can be easily known from the error estimation of (16) and elliptic projection

that:
1
tn 2 2 2 2
&l < Ch{""ﬂs +Iwl, +[f0(||"||3 o+ il + vl + e, )df}z} (16)

Combining (15), (16) and applying triangle inequality, the conclusion can be

obtained.
6. Fully-Discrete Mixed Finite Volume Element Scheme and
Convergence Analysis

Firstly, the spatial region  is divided into 3, and J, as in Section 2, let

O<ty<t <---<t, =T be a given partition of time interval, then we have the
T

time step At = R and t" =nAt,n=0,1---,M . For a smooth function vV, , we

denote vy =V, (t”).

By using the backward Euler scheme of the time derivative, we construct the
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following fully-discrete scheme: Find (V,']1 , Wy ) €Uy, xU;,(n=1,2,-+), such that:

@) [%,H;%J-ké'B(V}?,HMh)—B(W,T,H;%)Z(fn:H;(bh)l v, €Uy,

wp —wpt -
(b) | =— =TT, +B(v), 1,4, ) =0, Vg eU,

©) vi(x,0)=y,(x), VxeQ
d) wp (x,0)=g(x), VxeQ

(17)
Since the problem is a system of linear equations, it is easy to prove that the
solution of the problem is unique.
Then we introduce the elliptic projection of the mixed volume element of the
original problem, find (\7}? , Wy ) :[0,T] > Ug, xU, , meets:
B() —w",IT 4}, ) =0, Vg, eU,,

. . (18)
B() V" [Ty, ) =—(W -w". T, ), V¢, €U,

Under the condition that 3, is C-uniform partition, the elliptic projection is

unique, and meets the following error estimation formulas [27]:

<Ch(lvl, +[wl. ) (19)

n oill
v =

+

n ~ N
w" — Wy

1

n N
VAR

<ch(v, +[w,) (20)
Similar to the notations in Section 5, we still denote that:

Vi =" =(vp —Vh”)+(\7,? —v”): ENan”

n

wy —w" :(WQ —W,?)+(WQ—W”):p” +0"

n_ gn-l n_ n-1
atgnzé 5 1677”:77 77

t

At At
P 00"
=T AT
Then, we have:
| =om v <ch (], +lwil,)
‘gtn = Wl:t _th <Ch ("Vt "3 +||Wt "2)

Based on (7), (8) and elliptic projection (18), the following error equation can
be obtained:

(@) B(&". T4, )—(6". 11,4, )+ (0,07, T, ) +(0,0", T, )
= (th _ath:H;%)1 V¢, €Uy,

(b) 5B(&". 1T, )-5(0". Ty ) - B (0" 1144, )+ (0,7 1014, ) + (0" T, 1)
= (th _atvn7H;¢h )v v¢h eUh

(21)
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Theorem 6.1. Under the condition that 3, is C-uniform division, If (v, w)
is a solution to problem (4) or its equivalent form (6) and V,W meet the re-
quired regularity condition. Then the solution (Vv,,W, )€Uy, xU, of the fully
discrete mixed finite volume element scheme (17) converges to (V,W), and
there exists a positive constant C which does not depend on the subdivision of

3, meeting the following estimation:

n n

V"l <
OQ%N AR 1_C(h+At) (22)
max_[w, —w"||<C(h+At) (23)
0<n<T/N

Proof Choose ¢, = p" in (21) (a)and ¢, =&" in (21) (b) to obtain:
SB(&" &)= 5(0" I1,&" ) +(6,&" IT,&" ) + (07" T &")
+(0,0". 1T, 0" ) +(8,6". 1T, ")
= ((9”,1_[;,0”)+(th oV IT,&" )+(th —6tw“,H;p”)

Transposition:

FERICER Y HCR

(0", 11,&")

+(vln —alv",H;§”)+(W[” —8tW”,H;p”)

= (0", 0" )+ 5 (0", 1T, &" ) +

+‘(819",H;p”)

Applying Lemma 3.3:
x 1 -
(06" 8" ) = (" - & me")
1
>_—
2At
1

2E[(gn’l—[;é;n)_(gn—lynzfn—l)}

gn _ én—l

]

|:(§n’l—[;§n)_(gn—l'n’;fn—l)_'_
Similarly:
(0" ") 2 [ (P07 )~ (o715 |

2At

Combined with Lemma 3.3, there is:

1 n * gzn n-; * zn-

Sl (€)= (e e |
+i[(ﬂ”ﬂﬁp”)—(p”'ﬂHZp”’l)}Cs £
<(0". 10" )+ 5(6" IT,&E" )+ (07" TT,&")
+(vtn — oV, T, &" )+(th —6tw”,1'[;p”)

2
1

(24)

+

(0,0"11;0")

:Z|i

6
i=1

For the estimates of the right-sides of (24), we have:
1

2
+_
ac P

1, =(6" 10" <C|o" "f
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Similarly, there exist a constant C,(>0) associated with § such that:

" 1 2 1 2
I, =6(6"11,&")<—|0"| +C < e"| +C
2 ( h§> ac, +03 ac, +4
I, =|(0r" 116" < o 4lc ’
where:
1
ool <[ b o] <l o o
Thus:
3_Atj =) Hdz’+
Similarly:
C 2
I, At o " 6. (7) “dr+
n n * gn 1 n||?
|5=(VI -0V, I8 )SC t E S
where:
2
H r)dr
At 1
<|J" ve(e)ee C<at” v (o) o
Thus:
1
T 4C
Similarly:
1 . n
s SE Yol ’ +CAt_|‘:m1 "th (r)"2 dr

Substitute all the above estimates into Equation (24), we obtain:

I . B} 10/ 0 e o o
S (€)= (e e [ [ (0707 ) = (o7 T )
n 1 n 1 n C ¢ty 1 .
<ol el eag bl o gl ler gt
C n 1 n 1 N
N G e P e S Y S

tt Lt (T)Hz dz

Multiplying both sides by 2At, then summing over 1 results in:
(&M1& +(p" 10"

noo 1 LTI 1
<ca SJof & LI gs s BJof 5 L la o o

e sl O g a0 g |+ 1) o7
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When the At is sufficiently small, applying the discrete Gronwall’s lemma
[28], we have:

2 n

Yo,

gn

+

son(Sfof R o e Sl o
ot (o) e+ o 6)F i e«
where:
o i e B el o i B
lo*= 1 -ail < e vl v -wl <cn
By the error estimation of elliptic projection, we obtain:

£ "< C[(At)2 + hZJ (25)

2 n

P

+

From (25) we can prove that:

"l<C(At+h) (26)

Choosing ¢, =¢&" in (21) (a):
(00" TIE")+B(&" €™ )+ (0,607 TTE" ) (0", T " ) = (W) — oW, IT¢")

Applying Lemma 3.2, Lemma 3.3:
1

2

n 2

el <clorf gl

2 2
+Clle"

(27)

For the estimates of the right-sides of (27), we have:

2<1tn 2d
L e ar

||a‘pn 2 _ ij:_lpt(r)dr

a2 1 ,t, 2 1t 2
||6t6’ = 1n,19‘(1)dr S—LM"Q(I)” dr

2
n

SA'[LH” A z' " dr
The above inequality leads to:
1 1
o[ L lnf oLl o o
watf! (o) e+ e

Combining (25) and the error estimation of elliptic projection, we derive that:

&,

fﬂ

én

<C(At+h) (28)

Finally, apply (26) (28) and triangle inequality to complete the proof.
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7. Numerical Simulation

In this part, we will give two experiments to test our mixed finite volume ele-
ment scheme. The numerical results will be presented to illustrate the efficiency
and order of accuracy of the algorithm.

Example 1: The vibration equation of beam with structural damping is con-

sidered as follows:

() Uy —Uy + Uy = T (X,1), (x,t)(0,1)x(0,1]
(b) u(x,0)=gp(x), u (x,0)=w(x), x€(0,1) (29)
(¢) u(0,t)=u(Lt)=0,u,(0,t)=u,(Lt)=0, te[01]

This is a special case of (3), where 6 =1T =1 L=1. We give a exact solution
to the problem u (X,t) =sin (nX)COS(ﬂ:t) , then we have:

V(x,t)=—msin(nx)sin(nt)
w(x,t)=—n"sin(nx)cos(mt)
f (x,t) =] x* cos(nt) - n°sin (nt) - x* cos(nt) [sin (nx)

V,W are solved by mixed finite volume element scheme, u can be obtained
from vby backward Euler method, Where the spatial stepis h = 1 , time step is
At =—, The errors and spatial convergence order of U,V,W are shown in
Tables 1-3 respectively when M = N?. As can be seen from Tables 1-3, in the
sense of maximum norm, [* norm and A norm, the displacement, bending
moment and velocity of the beam under vibration are better approximated than
the theoretical estimations, which justifies the effectiveness of the mixed finite
volume element method.

Using MATLAB software, we can get the function figures of the numerical
solution and analytical solution, as indicated in Figures 1-6. It proves that the
degree of numerical solutions is approximating the exact solutions in different
grid points.

Example 2: In Example 1, we assume that the beam is in a free vibration state,
choosing x=0.5, te(0,3]. Different values of & were used to verify the

Table 1. The computational errors and convergence orders of u.

h Ju-u.]. order  Ju-u,  order  Ju-ul,  order
1

? 7.379e-03 - 5.218e-03 - 3.697e-02 -

1

? 1.751e-03 2.075 1.238e-03 2.075 1.860e—-02 0.9912
1

? 4.319¢-04 2.019 3.054e-04 2.019 9.469e-03 0.9740
1

? 1.076e-04 2.005 7.609e-05 2.005 4.794e-03 0.9820
1

? 2.688e-05 2.001 1.900e-05 2.001 2.413e-03 0.9898
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u(x, 1)
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Figure 1. vand usat t=1.
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influence of material damping on beam vibration. As can be seen from Figure 7,
the larger the damping coefficient of material structure J is, the faster the at-

tenuation rate of beam vibration will be.

———8=01

1 1.5 2 25 3
t

Figure 7. The image of U(X,t) changing with time at midpoint when J takes differ-

ent values.

Table 2. The computational errors and convergence orders of v.

h v=vl.  order  Jv-vl,  order  [v-vi, order
1

? 2.110e-02 - 1.492e-02 - 2.241e-01 -

1

? 5.281e-03 1.998 3.734e-03 1.998 1.157e-01 0.9531
1

? 1.320e-03 1.999 9.338e—-04 1.999 5.883e-02 0.9767
1

? 3.302e-04 1.999 2.334e-04 1.999 2.965e—-02 0.9885
1

? 8.255e-05 2.000 5.837e-05 2.000 1.488e-02 0.9943

Table 3. The computational errors and convergence orders of w.

h HW—WhHw order HW*W"HM order HW*W,.H“‘ order
1

? 1.444e-02 - 1.021e-02 - 1.533e-01 -

1

? 3.611e-03 1.999 2.553e-03 1.999 7.917e-02 0.9541
1

? 9.028e—-04 1.999 6.384e—04 1.999 4.022e-02 0.9770
1

? 2.257e—-04 2.000 1.596e—-04 2.000 2.027e-02 0.9886
1

? 5.643e—05 2.000 3.990e-05 2.000 1.017e-02 0.9943
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8. Conclusions and Suggestions

In this paper, two intermediate functions with practical significance are intro-
duced to the vibration equation of the structural damping beam. The fourth-order
partial differential equation is transformed into a set of second-order partial dif-
ferential equations. The spatial derivative is discretized by the mixed finite-volume
element scheme, and the time derivative is discretized by the backward Euler
scheme. A mixed finite-volume element scheme is obtained. The existence and uni-
queness of the scheme solution are analyzed and the error estimate is given. Fi-
nally, a numerical example is given to verify the accuracy and effectiveness of the
scheme. In future work, the derivative of time can be processed with a more pre-
cise discrete scheme, and the vibration equations of beams with different damp-

ing types can also be solved numerically by this method.
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