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ABSTRACT

All solutions of the Korteweg-de Vries(K-dV) equation that are bounded on the real line are physically relevant, de-
pending on the application area of interest. Usually, both analytical and numerical approaches consider solution profiles
that are either spatially localized or (quasi) periodic. The development of numerical techniques for obtaining approxi-
mate solution of partial differential equations has very much increased in the finite element and finite difference meth-
ods. Recently, new auxiliary equation method introduced by PANG, BIAN and CHAO is applied to the analytical solu-
tion of K-dV equation and wavelet methods are applied to the numerical solution of partial differential equations. Pio-
neer works in this direction are those of Beylkin, Dahmen, Jaffard and Glowinski, among others. In this research we
employ the new auxiliary equation method to obtain the effect of dispersion term on travelling wave solution of K-dV
and their numerical estimation as well. Our approach views the limit behavior as an invariant measure of the fast motion
drifted by the slow component, where the known constants of motion of the fast system are employed as slowly evolv-
ing observables; averaging equations for the latter lead to computation of the characteristic features of the motion.
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1. Introduction The importance of the equation partially derives from
how well its solutions match experimental observations
[7-9]. Recent work on the numerical evaluation of solu-
tions other than solitons has allowed for the detailed
study of other important classes of solutions, such as
u,+auu, +pPu,. =0 ) dispersive tails [10] or (quasi-) periodic multi-phase so-
lutions, the so-called finite-genus solutions. Dispersion, a
characteristic of nonlinear or nonhydrostatic waves, oc-
curs when the wave speed is a non-constant function of
the wave amplitude or wave frequency (or similarly
wavelength) [11]. Distinction is sometimes made be-
tween these two types of dispersion, namely amplitude
dispersion and frequency dispersion, respectively [12].
The two are synonymous with nonlinearity and nonhy-

The Korteweg-de Vries (K-dV) equation is one of the
most studied nonlinear partial differential equations. It
can be written as

where x and ¢ represent a scaled spatial and temporal
independent variable respectively; u(x, £) is the function
to be determined and for some constants o and S. The
K-dV equation arises in the study of long water waves in
shallow water, ion-acoustic waves in plasmas, and in
general, describes the slow evolution of long waves in
dispersive media [1]. The governing equation appears in
the study of waves in shallow water in the fluid dynamics drostasy in studies of gravity waves, and hence are typi-
[2-4]. K-dV equation satisfies the property that the cally called nonlinearity and dispersion. Interesting wave
nonlinear term uu, and the dispersion term u,  bal- phenomena exist when both nonlinearity and dispersion
ance each other thereby generating wave solution which occur together and with approximately equal magnitude.
propagates maintaining same form throughout. The term  Under such circumstances, nonlinear steepening balances
soliton was coined by Zabusky and Kruskal to describe  dispersive spreading, and propagating waves of constant
this solitary wave, solution of the K-dV equation [2,5,6]. form known as “solitary” wave are possible [13]. The
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most common equation satisfying the balanced motion
includes the Boussinesq equation [14-16] and the K-dV
equation. These equations represent the depth-averaged
conservation of mass and momentum and include disper-
sive effects due to nonhydrostasy by retaining the low-
est-order effects of integrating the nonhydrostatic pres-
sure over the depth. The K-dV equation reduces conser-
vation of mass and momentum to a single equation which
is valid only for unidirectional wave propagation. Al-
though not as computationally expensive, the primitive
equation do not resolve physical dispersion resulting
from nonhydrostatic effects. However, this may not be a
problem when physical dispersion is negligible. As we
will show, it is not only the lack of physical dispersion
that adversely influences model results of internal waves,
but the presence of numerical dispersion. The concept of
numerical dispersion is not particularly new. The effects
of numerical dispersion have received limited attention in
the literature on gravity waves. One instance is from
Burwell’s work [17], who examines the numerically dif-
fusive and dispersive properties of tsunami models and
finds out that the horizontal grid resolution is critical to
accurately simulate the dispersive behavior. Schroeder
and Schlunzen [18] drive a numerical dispersion relation
for an atmospheric internal gravity wave model. Their re-
lation naturally tends toward the true dispersion relation
as the horizontal grid spacing approaches zero. In simula-
tions of internal waves, numerical dispersion is particu-
larly adverse because it may create an artificial balance
with the nonlinear steepening tendency of the wave and
produce solitary-like waves that are physically unrealistic
or impossible. The goal of this research is computational
investigation of dispersion term for K-dV equation ana-
lytically and numerically. In this research, we determine
the auxiliary equation method to obtain the effect of dis-
persion term on travelling wave solution of K-dV and
their numerical estimation as well. Such analyses would
be of limited use without, as a point of comparison, the
physical dispersion coefficient.

2. The Physical Configuration of K-dV
Equation

Traveling wave flow on a channel of depth hO of long
water wave in two dimensional third order K-dV equa-
tion. In presence of acceleration due to gravity g, disper-
sion of wave, symmetry property and water wave theory
have been investigated. (x, ¢) are the dispersion and water
wave components along (X, Y) axes, u(x, f) represents the
displacement of water wave against time and displace-
ment. The physical configuration is as shown in Figure 1.

3. Dispersion Term Analysis

In the early days of mathematical modeling of water
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Figure 1. Physical Configuration of K-dV Equation.

waves, it was assumed that the wave height was small
compared to the water depth, which leads to linear dis-
persive equations a representative model of which is

u +u, =0 (2

Such equations are somewhat satisfying in this regard
because they have solutions that resemble waves travel-
ing along with constant speed and fixed profile along the
water surface, just like one sees in nature. To find them,
we go into a moving frame with speed ¢ by introducing
new variables £ = x — ¢t and 7 = ¢, and then we seek solu-
tions of the resulting equation that are independent of z:

u=f(&), E=x—ctandr=t

Therefore,
Ou _du 06 i N_
o dE ot f(=e)=4"()
Ou _du 05 _
ox  dE ox ()
ou o’u

?Z f!/(g) and 52 fﬂ/(g)
Now from the Equation (2) we get-
u,+u, =0
or —cf'(§)+f”'(§) =0

Integrating once, ["(£)—cf (£)=B
where B is an integration constant. If ¢=-k* <0, then f
will be bounded as a function of & Then

(&) +kf(&)=8B (€)

Let f(&)=e", therefore the auxiliary equation of
the homogeneous part of the differential Equation (2) is
m® +k* =0 and hence the complementary function of

AJCM



R.KARIM ET AL. 351

the differential Equation (3) is as follows-

f.(&) = (¢ sinké +c, coské)
=sink&; sink& +cos k&, cos k&

=cosk(E-&,)

Where ¢, =sinké; and c, =coské,

Particular integral of the differential equation is

f,(£)=B, which implies that from the differential
Equation 3) is B= 1/ k* and hence the general solution
of the differential equation is-

f(&)= Acosk(§—§0)+k£2= Acos(k(§—§2))+D
Therefore,

f(&)=Acos(k(§-&))+D @)

where D is another arbitrary constant. Thus, the family of
bounded traveling wave solutions to this linear equation
is exhausted by periodic sinusoidal wave shapes. The
speed of propagation depends on the wave number £,
since ¢ =—k>. (Note that these wave all propagate to the
left only.) There is a lot that can be built out of these
waves by superposition (it is a linear equation) but the
basic point of view at this time in history was that the
only waves that travel along at a constant speed without
changing their form were periodic trains of waves.

4. Results and Discussion

In the following discussion, several aspects of the nu-
merical dispersion will be studied based on group veloc-
ity (4). We plot the numerical dispersion at moving
frame with speed ¢ =-3.0, and some constants a = 4.0,
D =0.8and & =0.5 against ¢ for different values of x
in Figure 2(a). The numerical dispersions are always
same at every point of x for a particular wave speed. Fig-
ure 2(b) shows the numerical dispersion relation f
against x for different values of ¢ with same speed and
numerical constants. Here we see that the numerical dis-
persions are same at every point of time against x. Dis-
persion contour f against x and ¢ shows in Figure 2(c).
Dispersion contour has a smooth relation against x and ¢
that is every position and moment have the same contour
and for a particular speed of travelling wave in the same
frame. Next we investigate the dispersion f at different
values of x with speed ¢ = —4.0, numerical constants a =
4.0,D=0.8and & =0.5 in Figure 3(a). Since the time
step is the unconditionally stable in the scheme (4), so no
longer restricted by the numerical constants, it is impor-
tant and meaningful to see how a large time step impacts
on numerical dispersion. Numerical dispersion f against ¢
for different values of x shows in Figure 3(a). Here we
investigate the numerical dispersions are same for a spe-
cific wave speed ¢ and it moves in the same direction

Open Access

o — (@)

Figure 2. (a) Dispersion F against t for different values of x;
(b) Dispersion F against x for different values of t; (c) Dis-
persion Contour of F against x and t.

against ¢ for increasing values of x. Effect of the time
step on dispersion relation shows in Figure 3(b) against
x. It is very clear that for a particular wave speed c, the
numerical dispersions are always same at every point for
different moment and moves in the right direction against
x for different time ¢. Numerical dispersion contour f
against the position x and time ¢ shows in Figure 3(c).
For a particular wave against the position and time dis-
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Figure 3. (a) Dispersion F against t for different values of x;
(b) Dispersion F against x for different values of t; (c) Dis-
persion Contour of F against x and t.

persion contour are same. Here we see that dispersion
contour is minimum —3.0 against x and ¢ and it increases
to a certain level and goes up to the maximum values of
4.09907.

Dispersion f plotted in Figure 4(a) with wave speed ¢
= —5.0, numerical constants a = 4.0, D = 0.8 and
&, =0.5. Dispersion relation f against ¢ for different val-
ues of x is plotted in Figure 4(a). In order to view dis-
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persion characteristics more closely and precisely, the
dispersion relation of K-dV equation shown on cut of the
(t, F) plane for positions x = 0.0, x = 5.0, x = 10.0, x =
15.0 and x = 20.0. At every position for a particular wave
velocity ¢, dispersions are the same against ¢. Similarly,
in Figure 4(b) we presents the numerical dispersion rela-
tion f against x for different values of ¢#. Numerical dis-
persion f against x for different values of ¢ like t=0.1, ¢ =
0.5,t=0.9,¢r=1.3 and ¢ = 1.7 shows every moment for a
X=15.0
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Figure 4. (a) Dispersion F against t for different values of x;
(b) Dispersion F against x for different values of t; (c) Dis-
persion Contour of F against x and t.
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specific travelling wave velocities are same at every po-
sition. In order to view dispersion characteristics more
closely and precisely, the dispersion contour of f against
space and time is shown in Figure 4(c). In Figure 4(c)
for a particular wave, dispersive length is minimum and
from the point wave moves both the direction. Similar
analysis is there for dispersive height is maximum and
from that point wave moves both the direction. For a
particular wave the maximum dispersive length is 4.52351
and minimum is —2.14197 which shows in Figure 4(c).
Figures 5(a) to (c) presents our another interesting
discovery. One can observe that the creation of a single
dispersive “ripple” which moves to right against ¢ in Fig-
ure 5(a) where wave speed ¢ = —6.0, numerical constants
a=40,D =08 and & =0.5 against ¢ for different
values of x like x=0.0,x=5.0,x=10.0,x=15.0 and x =
20.0. This phenomenon is almost same what we know
about solutions of dispersive equations (K-dV). There, an
infinite dispersive wave-train develops in time ¢ for dif-
ferent values of x. It shows that the solution appears to
strongly converge to the analytical solution of K-dV equa-
tion subject to the same initial speed of wave Dispersion
relation f against x for different values of ¢ shows in Fig-
ure 5(b), where wave speed ¢ = —6.0, numerical con-
stants ¢ =4.0, D =0.8 and &, =0.5. Dispersion f against
x for different values of ¢ are same for time ¢ like = 0.1, ¢
=0.5,¢=0.9,t=1.3 and # = 1.7 moves in the right direc-
tion with same amplitude. In order to view dispersion
characteristics more closely and precisely, the dispersion
contour f against space and time are shown in Figure
5(c). In Figure 5(c) for a particular wave, dispersive
length is minimum and from that point wave moves both
the direction. Similar analysis are there dispersive height
is maximum and from that point wave moves both the
direction. For a particular wave the maximum dispersive
length is 4.52351 and minimum is —2.14197 which shows
in Figure 5(c). Dispersion against ¢ for different values
of x for controlling parameter a =4.0, D =0.8, & =0.5
and x,=0.3 As seen in Table 1, in the initial stage
(time ¢ = 0.0) the dispersion of wave is maximum after
that the wave gradually decreases and it diminishes with
respect to time at x = 0.0. It is interesting that the disper-
sion of wave is steady state to the surface level at time ¢ =
6.8 and it maintained up to = 10.0. We observed that for
x = 5.0 the dispersion wave is maximum at time ¢ = 1.6
which is 8.966355. Dispersion wave is gradually increases
from starting of the wave up to ¢t = 1.6 after that it de-
creases gradually and diminishes at ¢ = 8.8, it maintained
up to £ = 10.0. The dispersion wave is maximum at time ¢
= 3.2 for x = 10.0 which is 8.966355. The behavior of the
dispersion wave like as previous one. The maximum
values of this dispersion for the both cases are 8.966355.
Wave is gradually increases from starting of the wave up
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Figure 5. (a) Dispersion F against t for different values of x;
(b) Dispersion F against x for different values of t; (c) Dis-
persion Contour of F against x and t.

to ¢ = 3.2 after that it decreases gradually and diminishes
at ¢ = 10.0. We have got the maximum value two cases x
= 5.0 and x = 10.0 of dispersion for two different time at ¢
= 1.6 and ¢ = 3.2 respectively. The interesting behavior of
the dispersion wave provides the maximum values with
respect to time for the different values of x, in that case
the time difference maintaining arithmetically. Same analy-
sis of the other cases like x = 15.0 and x = 20.0.
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Table 1. Dispersion against t for different values of x for
controlling parameter a = 4.0, D = 0.8, & =0.5 and X, =

0.3.

t x=0.0
0.000000 8.704565
0.400000 4.570195
0.800000 1.720879
1.200000 0.613674
1.600000 0.217294
2.000000 0.076873
2.800000 0.009619
3.200000 0.003402
3.600000 0.001204
4.000000 0.000426
4.800000 0.000053
5.200000 0.000019
5.600000 0.000007
6.000000 0.000002
6.8300000 0.000000
7.200000 0.000000
7.600000 0.000000
8.000000 0.000000
8.800000 0.000000
9.200000 0.000000
9.600000 0.000000
10.00000 0.000000

x=5.0
0.307205
0.866716
2.411064
6.043838
8.966355
5.282984
0.729374
0.258371
0.091409
0.032335
0.004046
0.001431
0.000506
0.000179
0.000022
0.000008
0.000003
0.000001
0.000000
0.000000
0.000000
0.000000

x=10.0
0.004046
0.011438
0.032335
0.091409
0.258371
0.729374
5.282982
8.966355
6.043840
2.411065
0.307205
0.108694
0.038449
0.013601
0.001702
0.000602
0.000213
0.000075
0.000009
0.000003
0.000001
0.000000

x=15.0
0.000053
0.000151
0.000426
0.001204
0.003402
0.009619
0.076873
0.217294
0.613674
1.720878
8.704564
6.821067
2.845493
1.029631
0.129248
0.045720
0.016173
0.005721
0.000716
0.000253
0.000090
0.000032

x=20.0
0.000001
0.000002
0.000006
0.000016
0.000045
0.000127
0.001012
0.002861
0.008089
0.022868
0.182744
0.516254
1.451118
3.922923
7.566546
3.348055
1.222683
0.434257
0.054367
0.019231
0.006803
0.002406

5. Conclusion

In this research, we have discussed the dispersion term
analysis for K-dV equation being studied. Governing K-
dV equation for the present problem is third order and
two-dimensional. It is found that (2) is a dispersive equa-
tion for the governing Equation (1). Using a new auxil-
iary equation method, we get new set of solution of the
dispersive equation. It is found that exact dispersive so-
lution (4) of two dimensional equations exists depending
on relevant physical parameters. Numerical results of
dispersive term for K-dV equation obtained by FOR-
TRAN program have been shown graphically and dis-
cussed. We have also found that when employing Fortran-
Scheme for the numerical estimation of K-dV equation, it
presents graphically for different speed of water wave.
Different speed of water makes the different physical
interpretation of dispersive term that is clearly shown in
our result and discussion section. Non-linear phenomena
have the real physical interpretation. There are lots of
scopes to investigate different types of higher order non-
linear partial differential equation from the ideas of our
method.
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