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Abstract 
The present study investigates magnetohydrodynamic (MHD) natural con-
vection of Al2O3-water nanofluid in a wavy square cavity containing a heated 
semicircular obstacle using the Finite Element Method (FEM). The top wavy 
wall of the cavity is maintained at a cold temperature (Tc), while the bottom 
wall and semicircular obstacle are heated to a higher temperature (Th), with 
the vertical walls kept thermally insulated. Parametric analysis is carried out 
for Rayleigh numbers in the range of 103 ≤ Ra ≤ 105, nanoparticle volume frac-
tions 0 ≤ φ ≤ 0.05, and Hartmann numbers 0 ≤ Ha ≤ 100. Flow structures and 
heat transport are illustrated through streamlines, isotherms, velocity, and 
temperature profiles, along with the average Nusselt number. Results show 
that increasing Ra enhances buoyancy-driven convection and improves heat 
transfer, while higher nanoparticle volume fractions (φ) further augment the 
thermal performance due to enhanced conductivity of the nanofluid. In con-
trast, stronger magnetic fields (higher Ha) suppress convective circulation and 
reduce heat transfer rates. A maximum enhancement of approximately 19.8% 
in Nuav is observed at φ = 0.05 compared with the base fluid, whereas heat 
transfer decreases noticeably with increasing Ha. The combined effects of cav-
ity geometry, nanoparticle loading, and magnetic field highlight the complex 
interplay between buoyancy and Lorentz forces, offering valuable insights for 
the design of thermally efficient nanofluid-based systems. 
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1. Introduction 

Natural convective heat transfer has attracted significant attention from research-
ers due to its wide range of practical applications, including heat exchangers, 
building heating and cooling systems, nuclear reactors, solar collectors, electrical 
equipment, fire safety, and petrochemical processes. Its popularity stems from the 
simplicity and low cost of constructing geometrical domains, despite convection 
occurring through both natural and forced mechanisms. Natural convection arises 
primarily from temperature differences and buoyancy forces, and its simplicity 
and broad applicability have made it the subject of numerous studies [1]-[4]. 
Nanofluids, engineered suspensions of nanoparticles such as Al2O3, CuO, TiO2, or 
Ag in base fluids like water, ethylene glycol, or oils, have emerged as a powerful 
approach for enhancing heat transfer in thermal systems. Their introduction was 
motivated by the need to improve thermal conductivity and heat transfer coeffi-
cients beyond those achievable with conventional fluids. Putra et al. [5] carried 
out one of the early investigations on natural convection in nanofluids, showing 
that particle addition altered flow structures and improved thermal transport. An 
expression for the viscosity of solutions and suspensions at finite concentrations 
is derived by analyzing the incremental effect of adding a solute molecule to a 
continuous medium representing the existing solution by Brinkman [6]. Later nu-
merical and experimental works further confirmed the potential of nanofluids. 
Nada et al. [7] investigated heat transfer enhancement in a differentially heated 
enclosure using variable thermal conductivity and viscosity models for Al2O3-wa-
ter and CuO-water nanofluids across a wide range of Rayleigh numbers, nanopar-
ticle volume fractions, and aspect ratios, revealing the sensitivity of the Nusselt 
number to nanoparticle concentration, aspect ratio, and viscosity model selection. 
Nasrin et al. [8] explored numerical investigation of steady laminar combined 
convection in a vertical triangular wavy enclosure filled with water-CuO nanofluid 
using the Brinkman and Pak-Cho models, highlighting the influence of Reynolds 
number, Richardson number, and nanoparticle volume fraction on flow and heat 
transfer characteristics, with significant enhancement observed due to nanoparti-
cle inclusion. Parvin et al. [9] studied natural convection in a complex enclosure 
with a heated diamond-shaped obstacle filled with Cu-water nanofluid, revealing 
that increasing the Prandtl number enhances the heat transfer rate. 

Zahan et al. [10] demonstrated the numerical investigation of MHD conjugate 
natural convection in a rectangular enclosure filled with Cu-water nanofluid re-
veals that heat transfer improves with increasing Rayleigh number and nanopar-
ticle volume fraction, but decreases with higher Hartmann numbers. Similarly, 
Alsabery et al. [11] analyzed natural convection in a square cavity containing a 
corner heater and a conducting solid block, using a two-phase Al2O3-water 
nanofluid model, and reveals that higher solid block thermal conductivity en-
hances conduction-dominated heat transfer. Saha et al. [12] investigated the 
MHD free convection in a square cavity with a wavy top wall and a centrally lo-
cated heated vertical fin filled with Al2O3-H2O nanofluid revealing that heat trans-
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fer increases with higher Rayleigh number, Hartmann number, and nanoparticle 
volume fraction, and is significantly affected by the nanoparticle shape. Rashid et 
al. [13] examined lid-driven cavity flow with a central heated circular obstacle us-
ing diamond water nanofluid, demonstrating that nanoparticle shape significantly 
influences heat transfer, with lamina-shaped particles outperforming spherical 
and columnar shapes in enhancing temperature distribution and Nusselt num-
ber.  

The entropy generation minimization method is applied to MHD flow between 
two finite-conductivity parallel walls, showing that asymmetric convective cooling 
of the walls minimizes total irreversibility from heat conduction, viscosity, and 
Joule dissipation discussed by Ibanz G. et al. [14]. Geometric design is central in 
cavity convection problems. Wavy or corrugated cavity walls increase the effective 
heat transfer surface and disturb boundary layer development, typically enhanc-
ing convective heat transport compared to flat cavities. Islam et al. [15] visualized 
heatline distributions in prismatic enclosures with MHD effects, highlighting the 
strong role of geometry and boundary conditions in shaping flow patterns. MHD 
free convection in a square cavity with a heated bottom wall and cooled side and 
top walls shows that temperature distribution, flow patterns, and heat transfer are 
influenced by Rayleigh and Hartmann numbers, with magnetic fields reducing 
convection intensity and flow velocity conducted numerically by Jani et al. [16]. 

Due to their significantly enhanced thermal properties, nanofluids have re-
ceived extensive attention in recent decades. Their superior thermal conductivity 
and altered viscosity have expanded their potential for improved heat transfer per-
formance. Numerous researchers have developed empirical correlations for these 
properties based on experimental data to better predict heat transfer behavior. 
Einstein [17] and Batchelor [18] have proposed various correlations to estimate 
the absolute viscosity of nanofluids, accounting for the nanoparticle volume frac-
tion as a key variable. Additionally, several studies have introduced empirical 
models to predict the thermal conductivity of nanofluids. Xu et al. [19] introduced 
an improved steady-flow technique to measure the thermal conductivity of nanoflu-
ids and found that Al2O3-water nanofluids offer significant thermal performance 
enhancement even at low nanoparticle volume fractions. Raja and Sunil [20] eval-
uated the thermal conductivity of nanofluids using various existing models and 
emphasized the need for further research to identify the most suitable model for 
specific applications. The single-phase nanofluid model neglects slip mechanisms 
such as Brownian motion and thermophoresis between the nanoparticles and the 
base fluid, which may reduce accuracy at higher particle loadings. However, for 
dilute concentrations (φ ≤ 0.05), these slip effects are minimal, and the single-
phase approach provides reliable predictions while maintaining lower computa-
tional complexity compared to two-phase or slip models. 

Recently, the use of the Response Surface Methodology (RSM) has gained mo-
mentum for analyzing the sensitivity of thermal transport phenomena. Response 
Surface Methodology (RSM) is a statistical modeling technique that employs 
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mathematical relationships to describe the interactions between system inputs 
and outputs by Jahan et al. [21]. Its capability to capture nonlinear dependencies 
makes it effective for modeling the thermophysical properties of nanofluids Zheng 
et al. [22]. Although numerous studies have examined MHD natural convection 
in closed cavities, only a limited number have recently focused on wavy enclosures 
incorporating different types of nanoparticles [23] [24]. Vahedi et al. [25] devel-
oped Response Surface Methodology (RSM) to optimize MHD flow around and 
through a porous cylinder, identifying that Reynolds and Stuart numbers signifi-
cantly influence heat transfer and drag. 

Although considerable progress has been achieved in understanding nanofluid 
natural convection, magnetohydrodynamic (MHD) effects, and cavity geometries 
individually, relatively few studies have simultaneously integrated all these as-
pects. In particular, the combined influence of Al2O3-water nanofluid within a 
wavy cavity geometry featuring an embedded semicircular heater under MHD ef-
fects has received limited attention. Moreover, the application of response surface 
methodology (RSM)-based optimization in such configurations remains largely 
unexplored. To address this gap, the present study employs finite element method 
(FEM) simulations coupled with a central composite design (CCD)-based RSM to 
evaluate the individual and interactive effects of the Rayleigh number (Ra), Hart-
mann number (Ha), and nanoparticle volume fraction (ϕ) on the average Nusselt 
number, thereby offering both numerical insights and optimization guidelines. 

2. Mathematical Framework 
2.1. Physical Description 
In this study, a wavy square enclosure inside a triangular heater is occupied as a 
domain full of Aluminum Oxide (Al2O3) nanoparticles with water (H2O), which 
is taken incompressible laminar fluid, time-independent, Newtonian, and steady 
2D mixed convective flow with a magnetic field. A wavy enclosure insulated hol-
low measuring L in length and H in height, with a semicircular heater. The phys-
ical shape of this shape using a nanofluid model is shown in Figure 1. Engaged to 
be a cooled surface, Tc is the two sides wall and top wavy wall, while a heated 
surface Th, is thought to be the bottom wall and semicircular heater. The fluid 
domain’s exterior, protected boundaries remain intact. Furthermore, the acceler-
ation owing to gravity, g, operates in the opposite direction of the Y axis. A con-
stant magnetic field B0 also exists surrounding the container, running from right 
to left. Furthermore, the neighboring media being considered no slip, the size and 
shape of the Al2O3 nanoparticles are assumed to be the same. The thermophysical 
characteristics of the considered nanofluid in this case are shown in Table 1. The 
fluid flow segment appears and is completed using a two-dimensional Cartesian 
arrangement, with the left wall marked by the Y-direction and the bottom wall 
denoted by the X-direction. 

2.2. Governing Equations 

The connected governing equations for this two-dimensional steady natural con-
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vection wavy enclosure with MHD interference are as follows [27]. 
 

 

Figure 1. The physical representation of the proposed investigation. 
 

Table 1. Relevant thermophysical data for the base fluid and solid particles [26]. 

Base fluid & 
Nanoparticle 

ρ  
(Kg·m−3) 

pc  

(J·Kg−1·K−1) 

κ  
(W·m−1·K−1) 

σ  
(S·m−1) 

β  
(K−1) 

µ  
(Kg·m−1·s−1)

 

Pr 

H2O 997.1 4179 0.613 5.5 × 10−6 2.1 × 10−4 8.91 × 10−4 6.9 

Al2O3 3970 765 40 3.69 × 107 0.85 × 10−5 - - 

 
Continuity Equation: 

 0u v
x y
∂ ∂

+ =
∂ ∂

 (1) 

Momentum Equation: 

 
2 2

2 2nf nf
u u p u uu v
x y x x y

ρ µ
  ∂ ∂ ∂ ∂ ∂

+ = − + +  ∂ ∂ ∂ ∂ ∂   
 (2) 

 ( ) ( )
2 2

2
02 2nf nf c nfnf

v v p v vu v g T T B
x y y x y

ρ µ ρβ σ ν
  ∂ ∂ ∂ ∂ ∂

+ = − + + + − −  ∂ ∂ ∂ ∂ ∂   
 (3) 

Energy Equation: 

 
2 2

2 2nf
T T T Tu v
x y x y

α
 ∂ ∂ ∂ ∂

+ = + ∂ ∂ ∂ ∂ 
 (4) 

Where the velocity component ( ),u v  is performed through the X and Y axes 
in this instance, correspondingly. In the momentum equation, the buoyancy 
forces and magnetic field are regarded as body forces (F) acting across the Y-axis. 
Therefore, in the Y-momentum equation, ( ) ( ) 2

0c nfnf
F g T T B vρβ σ= − −  is re-

placed.  

2.3. Boundary Conditions 

The conditions for the boundaries of this fluid domain are defined as follows: 
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n botom wall and semicircular obstacle
n two sides wall
n top wavy wall

0, 0, o
0, 0, o
0, 0, o

h

c

c

u v T T
u v T T
u v T T

= = = 
= = = 
= = = 

 (5) 

2.4. Features of Nanofluids 

The present subsection outlines the thermo-physical properties of the base fluid 
(H2O) and the nanoparticles (Al2O3). The characteristics of the nanofluid are pri-
marily influenced by those of its base fluid and nanoparticles. Accordingly, the 
regression coefficients provided in Table 2 are applied to estimate the nanofluid’s 
properties. The viscosity of the Al2O3-H2O nanofluid is determined using the em-
pirical correlation proposed by Islam [27]. The Brinkman and Maxwell correla-
tions are used for effective viscosity and thermal conductivity, respectively, as they 
are well-established for dilute, spherical, and uniformly dispersed nanoparticle 
suspensions (φ ≤ 0.05). These models assume negligible particle interactions and 
no slip; deviations such as higher φ or agglomeration may introduce uncertainties, 
but their influence is minimal at the present low concentration. 
 
Table 2. The interaction model relating the nanoparticles and the base fluid in the nanofluid 
formulation is employed as proposed in [27] [28]. 

Nanofluid Properties Applied Models 

Density ( )1nf f sρ φ ρ φρ= − +  

Viscosity 
( )2.51

f
nf

µ
µ

φ
=

−
, (Brinkman model. [6]) 

Heat Capacitance coefficient ( ) ( )( ) ( )1p p pnf f s
C C Cρ φ ρ φ ρ= − +  

Thermal Expansion ( ) ( )( ) ( )1nf f sρβ φ ρβ φ ρβ= − +  

Thermal Conductivity: 
( )
( )

2 2

2
s f f snf

f s f f s

k k k kk
k k k k k

φ

φ

+ − −
=

+ + −
, (Maxwell Model. [29]) 

Electrical Conductivity 
( )
( )

2 2

2
s f f snf

f s f f s

σ σ σ σ φσ
σ σ σ σ σ φ

+ − −
=

+ + −
, (Maxwell Model. [29]) 

2.5. Non-Dimensional Analysis 

For dimensionless the above equations now using the following variables:  

 
( )

2

2

3

0

, , , , , ,

, and

c

f f h cf f

f f h c f

f f f f

T Tx y uL vL pLX Y U V P
L L T T

g T T L v
Ha B L Ra pr

θ
α α ρ α

σ β
µ ν α α

−
= = = = = = − 


− = = = 



  (6) 

Then equations converted into the given below: 

 0U V
X Y
∂ ∂

+ =
∂ ∂

 (7) 
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 2f nf f

nf f nf

U U PU V Pr U
X Y X

ρ µ ρ
ρ µ ρ

  ∂ ∂ ∂
+ = − + ∇    ∂ ∂ ∂   

 (8) 

 
( )

2

2

f nf f

nf f nf

nf f nf

nf f nf f

V V PU V Pr V
X Y Y

RaPr Ha PrV

ρ µ ρ
ρ µ ρ

ρβ ρ σ
θ

ρ β ρ σ

  ∂ ∂ ∂
+ = − + ∇    ∂ ∂ ∂   

  
+ −     

  

   (9) 

 2nf

f

U V
X Y

αθ θ θ
α

 ∂ ∂
+ = ∇  ∂ ∂  

 (10) 

Then the dimensional boundary conditions are: 
On the bottom wall 0U V= = , 1θ = . 
On semi-circular obstacle 1θ = . 
On two sides wall and the wavy top wall 0θ = . 

2.6. Computation of Physical and Hydrodynamic Parameters 

The local Nusselt number (Nu) is used to express the heat transfer coefficient as 

follows: nf

f

k
Nu

k
θ
η
∂

= −
∂

; where η  be the outward drawn normal on the plane and 

the dimensionless normal temperature gradient is  

 
2 2

X Y
θ θ θ
η
∂ ∂ ∂   = +   ∂ ∂ ∂   

 (11) 

The average Nusselt number is,  

 
0

1 d
L

nf

f

k
Nu s

L k
θ
η
∂

= −
∂∫  (12) 

Here, S denotes the nondimensional coordinate measured along the circular 
surface. If L = 1 for length of the cavity then  

 
1

0

dnf

f

k
Nu s

k
θ
η
∂

= −
∂∫  (13) 

The effective density, volumetric thermal expansion coefficient, and heat ca-
pacitance of the Al₂O₃-water nanofluid are determined using Eqs. (1)-(4), while 
Eqs. (5)-(13) are employed to evaluate. 

3. Numerical Analysis 
3.1. Solution Methodology 

The system of global nonlinear equations in matrix form was solved using the 
Newton-Raphson iterative method through a COMSOL Multiphysics solver. 
Convergence was achieved when the relative error between successive iterations 
for each variable fell below the specified tolerance ε ,  

 1 ,n nψ ψ ε+ − <  (14) 
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as defined in Equation (14), where n represents the number of iterations. 
The Finite Element Method (FEM) offers significant advantages over other nu-

merical techniques, as it formulates equations element-wise, allowing easy mesh 
refinement and adaptation. Owing to its capability to handle complex geometries, 
FEM is widely used for boundary value problems in engineering. The Galerkin 
Weighted Residual Finite Element Method (GWRFEM) is described in detail in 
[26], and its computational flow is illustrated in Figure 2. 

 

 

Figure 2. A detailed schematic outlining the steps of the computational approach. 

3.2. Grid Sensitivity Analysis 

A grid test is described by obtaining the corresponding parameters Pr = 6.9, Ra = 
1000, Ha = 10 and ϕ = 0.01 to acquire the maximum elements feasible using this 
finite element technique. Additionally, the ideal value of the Nuav is selected to 

https://doi.org/10.4236/ajcm.2025.154023


Md. M. Islam et al. 
 

 

DOI: 10.4236/ajcm.2025.154023 514 American Journal of Computational Mathematics 
 

apply this sensitivity test and create appropriate meshing. This fluid model’s entire 
domain is discretized into six separate numbers (798, 2179, 3402, 8451, 20,963 and 
26,310) of triangular elements. An illustration of triangle-style meshing is shown 
in Figure 3(a). Nuav values for different numbers of triangle members in this fluid 
domain are also displayed in Table 3. From Figure 3(b) it’s clear that the Nuav 
value for 20,963 elements is practically the same as the value discovered for the 
following higher number of components. The 20,963 triangular elements are 
therefore recommended for meshing and finishing this nanofluid model. 

 
Table 3. Numerical values of Nuav for different elements. 

Elements 798 2179 3402 8451 20,963 26,310 

Nuav 4.1321 4.8132 5.1301 5.8251 6.3543 6.3564 

Time (s) 11 24 19 16 22 24 

 

 
(a) 

 
(b) 
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Present work                      Jani et al. [16] 

(c) 

Figure 3. (a) Meshing type for present simulation, (b) The grid sensitivity test, (c) Com-
parison results for Streamlines & Isotherms while Ha = 0, Pr = 0.71 & Ra = 106. 

3.3. Code Validation 

The numerical technique was validated through a comparison of streamlines and 
isotherms with the results displayed in Figure 3(c) by Jani et al. [16]. They inves-
tigate the effect of magnetic field in a square cavity with semi-circular heated block. 
From these figures as seen the obtained outcomes where Ha = 0, Pr = 0.71 and Ra 
= 104 show excellent agreement. The streamlines and isotherms closely resemble 
the present outcome.  

 
Table 4. Comparing various Rayleigh numbers utilizing Nuav. 

Ra 
Φ = 0 Φ = 0.02 

Ghasemi et al. [30] Islam et al. [15] Present Study Islam et al. [15] Present Study 

103 1.002 1.002 1.003 1.060 1.062 

104 1.183 1.182 1.183 1.208 1.210 

105 3.150 3.138 3.145 3.097 3.099 

106 7.907 7.820 7.870 7.796 7.794 

 
In order to validate their code, Ghasemi et al. [30] and Islam et al. [15] com-

pared the findings with the data that were accessible. As a consequence, the study’s 
numerical methodology is verified by contrasting the current findings with the 
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results that have been published where Table 4 shows that there is reasonable 
agreement. 

4. Results Discussion 

The results of this investigation into MHD natural convection in a wavy square 
enclosure with a semicircular heater using Aluminum water nanofluid are de-
scribed using streamlines, isotherms, and Nuav, utilizing Ra = 1000, Pr = 6.9, Ha = 
10, and ϕ = 0.01 as standards. The physical interpretation of the influence of Ra, 
Ha, and ϕ is demonstrated. 

A graphic is used to illustrate the significance of incorporating nanoparticles 
into a base fluid. Additionally, a sensitivity investigation employing a different 
statistical technique known as RSM is carried out to show how Ra, Ha, and ϕ affect 
the Nuav. A best-fitted regression equation for the independent factor and re-
sponse function can be predicted by this numerical simulation on a natural con-
vective wavy square enclosure with a semicircular heater. Additionally, 2D and 
3D response function visualizations can be used to illustrate the significance of 
incorporating nanoparticles into base fluid. 

4.1. Influence of Rayleigh Number (Ra) 

The influence of Ra from 103 to 105 on fluid velocity and heat transmission is 
shown by the streamline and isotherm contours in Figure 4 when Ha = 10, Pr = 
6.9, and ϕ = 0.01 are held constant. Here, Figure 4(a) illustrates how Ra affects 
streamlines. It reveals that for low Ra values, the streamlines are nearly identical 
(dumbbell) at the cavity’s vertical midpoint. It is evident that when the Ra changed 
from 103 to 105, the streamline pattern remained almost identical, but the velocity 
field rose enough. However, there are significant differences in the streamlining 
trend at higher Ra (105). A noticeably greater buoyancy effect caused the convec-
tive mode of heat transmission around the heater to progressively become 
stronger. The streamlines have now reached the top from the bottom. In addition 
to the two revolving rolls on either side of the semicircular heater, two tiny vorti-
ces are created inside the main vortex.  

 

 
Ra = 103 
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Ra = 104 

 
Ra = 105 

(a)                          (b) 

Figure 4. Streamlines and Isotherms for Ra = 103, 104, 105 while Ha = 10, Pr = 6.9 and ϕ = 
0.01. 
 

These vortices demonstrate that at high Ra values, massive convection takes 
place. 

The temperature transmission mechanism (conduction or convection) and the 
useful advantages of temperature, however, are illustrated by the isotherm out-
lines. Figure 4(b) shows how the isotherm’s outlines are impacted by Rayleigh’s 
number. The fact that the isotherm contours at the cavity’s center are almost par-
allel along the vertical axis indicates that convection is reduced within the cavity 
when Ra is low (103). Weakly convective temperature flow is indicated by the hol-
low center’s low isotherm compactness. The isotherm contours become unduly 
distorted and start to flatten from hot to cool wall as Ra rises. Also, they nearly 
flatten out at high Ra (105). The actual reason for this is a rise in Ra that causes the 
fluid velocity to increase. Consequently, convective heat transmission from the 
hot round exterior on the right to the colder circular exterior on the left occurs 
naturally. The rate of heat transfer is comparatively lower for low Ra (103 – 104) 
values, while the change in heat is quite substantial at high Ra (105) values. Similar 
findings were also reported by [12] [27]. 
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4.2. Impact of Hartmann Number (Ha) 

The effect of Ha, which represents the magnetic field’s influence, is shown in Fig-
ure 5 using streamlines and isotherms to preserve ϕ = 0.01, Pr = 6.9, and Ra = 103. 
Figure 5(a) shows the streamline fluctuation for various values of Ha. The illus-
trations show a similar symmetric pattern along a vertical line at the streamlines’ 
center for every value of the Ha taken into account. Additionally, the streamlines 
are in their maximum state at Ha = 0, when there is no exterior magnetic field 
present. However, when Ha (20, 50, and 100) increases, the streamlines progres-
sively vanish in response to an external magnetic field acting on the system, indi-
cating that the flow intensity decreases as the magnetic field strength increases. 
This conclusion has physical relevance because a higher field interacts with a mov-
ing fluid that has magnetic impressionability and decreases flow movement inside 
the cavity when an external magnetic field is generated. Furthermore, the stream-
lines inside the hollow are weakened because the Lorentz force created by applying 
a magnetic field has a propensity to oppose fluid movement. Moreover, Figure 
5(b)’s isothermal lines indicate a change, albeit it is not particularly apparent for 
bigger Ha (50 and 100). This has an actual meaning since the applied magnetic 
field limits fluid flow. As can be seen from Figure 5(b), the isothermal lines vary 
very little as a result, and the heat convection brought on by the flow is negligible. 
Similar findings were also reported by [27]. 
 

 
Ha = 0 

 
Ha = 20 
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Ha = 50 

 
Ha = 100 

(a)                         (b) 

Figure 5. Streamlines and Isotherms for Ha = 0, 20, 50, 100 while Ra = 103, Pr = 6.9 and ϕ 
= 0.01. 

4.3. Impact of Nanoparticle Volume Fraction (φ) 

Figure 6 illustrates how the nanoparticle volume fraction (ϕ) affects the stream-
line and isotherm contours for values of Pr = 6.9, Ha = 10, and Ra = 103. The fluid 
velocity behavior is depicted by streamline contours in Figure 6(a). An increase 
in ϕ results in increased friction with the base fluid. Consequently, the base fluid’s 
flow encounters a barrier. Thus, as can be seen in Figure 6(a) (the streamline from 
top to bottom), the fluid velocity moves downward.  

 

 
ϕ = 0 
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ϕ = 0.01 

 
ϕ = 0.03 

 
ϕ = 0.05 

(a)                         (b) 

Figure 6. Streamlines and Isotherms for φ = 0, 0.01, 0.03, 0.05 while Pr = 6.9, and Ra = 103. 
 

A column graph for a specific heat transfer position is displayed in Figure 6 to 
provide a more thorough explanation of this effect. In other words, the velocity 
profile gradually decreases as the size of the nanoparticles increases. Moreover, 
isotherm contours in Figure 6(b) provide a pictorial explanation of the impact on 
the temperature profile for ϕ = 0, 0.01, 0.03, and 0.05. It is evident from Figure 
6(b) that the heat transport gradually becomes stronger as ϕ increases. The phys-
ical explanation for this phenomenon is that the thermal conductivity of the 
nanofluid increases as the volume percentage of nanoparticles increases. The heat 
transfer rate is therefore higher than it was before. The heat transfer rate (Nuav) is 
7.3238 for ϕ = 0 in the absence of nanoparticle addition in the wavy square cavity. 

https://doi.org/10.4236/ajcm.2025.154023


Md. M. Islam et al. 
 

 

DOI: 10.4236/ajcm.2025.154023 521 American Journal of Computational Mathematics 
 

However, at = 0.01 the rate of heat transfer, shown by isotherm lines, progressively 
increases from the left hot surface to the right colder surface. The enhanced Nuav 
in this instance (7.4227) is 1.3% higher than the prior one. The subsequent higher 
values of ϕ = 0.03 and ϕ = 0.05 exhibit the same symptoms. Furthermore, with a 
10% increase in the volume fraction of nanoparticles (i.e., for ϕ = 0.01), the rate 
of heat transfer from the hot surface to the cool surface is the highest (Nuav = 
8.2084). At that point, the rate of heat transmission is likewise 12.2% faster than 
when there are no nanoparticles present (ϕ = 0) in this area.  

4.4. Influence of Undulation Number (N) 

Figure 7(a), Figure 7(b) depict the influence of undulation number on stream-
lines and isotherms at Ra = 1000, Pr = 6.9, and ϕ = 0.01. The flow field comprises 
multiple circulation cells, indicating the dominance of buoyancy-driven convec-
tion. For N = 0, a primary clockwise vortex forms along the top, bottom, and up-
per-left walls. As the number of undulations increases, the wavy geometry disrupts 
fluid motion, generating multiple vortices with varying orientations. The iso-
therm patterns for N = 0 - 4 reveal plume-like structures originating from the left 
wall and spreading throughout the cavity. The inner obstacle also contributes to 
heat distribution. Except for minor variations near the right side of the wavy bot-
tom wall, undulation number has limited impact on overall thermal and flow 
structures. With higher undulations, additional vortices appear near the right cor-
ner, enhancing convective activity. 

 

 
N = 0 

 
N = 1 
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N = 2 

 
N = 4 

(a)                          (b) 

Figure 7. Streamlines and Isotherms for N = 0, 1, 2, 4 while Pr = 6.9, and Ra = 103. 
 

A counterclockwise vortex forms at the lower-left corner, and the case N = 3 
exhibits the most efficient heat transfer. Although increasing undulations reduces 
the effective cavity area, N = 3 provides optimal fluid motion and thermal perfor-
mance. 

4.5. Influence of Nanoparticle Volume Fraction 

Figure 8, Figure 9 portrays the average Nusselt number (Nuav) is analyzed to eval-
uate the effects of Ra and Ha on the heat transfer rate for different fluids. Figure 
8 illustrates the variation of Nuav with Ha for both pure water and Al2O3-H2O 
nanofluid. It is evident that Nuav decreases progressively with increasing Ha, indi-
cating the suppressive influence of the magnetic field on convective heat transfer. 
Compared to pure water, the Al2O3-H2O nanofluid exhibits enhancements of 
19.82% in Nuav, and overall, its heat transfer rate is 22.62% higher than that of 
water. 

As shown in Figure 9, Nuav increases monotonically with rising Ra for both 
fluids, reflecting the dominance of buoyancy effects at higher Rayleigh numbers. 
The Al2O3-H2O nanofluid demonstrates an additional 15.62% increase in Nuav, 
confirming its superior thermal performance compared to the base fluid. 

https://doi.org/10.4236/ajcm.2025.154023


Md. M. Islam et al. 
 

 

DOI: 10.4236/ajcm.2025.154023 523 American Journal of Computational Mathematics 
 

 

Figure 8. Influence of φ and Ha on Nuav. 
 

 

Figure 9. Influence of φ and Ra on Nuav. 

4.6. Response Surface Methodology 

The statistical RSM technique explains the influence of the important factors (Ha, 
Ra, and ϕ) Nuav on the response function. Response system modelling (RSM) is 
one of the best techniques for simulating multifaceted scenarios in which input 
factors concurrently influence the attention-grabbing responses [21] [25]. The 
second-order RSM model frequently offers a sufficient approximation of the re-
sponse, despite the fact that there are several RSM models. Some claim that the 
quadratic RSM model is: 

 
3 3 3

2
0

1 1 1
i i ii i ij i j

i i i
y x x x xβ β β β

= = =

= + + +∑ ∑ ∑    (15) 

In this model, the intercept term is represented by 0β , the response function 
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(output) by y, the linear regression coefficient of the ith factor by iβ , the quadratic 
coefficient of the ith factor by iiβ , and the interaction coefficient between the ith 
and jth factors by ijβ . The independent variables considered are Ha, ϕ, and Ra, 
while the Nuav serves as the response variable (y). The main objective is to establish 
the best-fit correlation between the response and the independent factors. 

A second-order Response Surface Methodology (RSM) model based on the 
Central Composite Design (CCD) is employed [21]. The independent parameters 
Ra, Ha, and ϕ are varied within specified ranges, and the CCD framework includes 
20 experimental runs (8 factorial, 6 axials, and 6 center points). Table 5 presents 
the coded levels of these parameters, while Table 6 lists both the coded and actual 
values used in the simulations. 

 
Table 5. CCD strategy factors and coded levels. 

Factors 
Level 

−1 (lowest) 0 (medium) 1 (highest) 

Ha 0 50 100 

Ra 103 50,500 105 

ϕ 0 0.025 0.05 

 
Table 6. Range of input factors and corresponding response variable. 

Run 
Order 

Codded Values Real Values Response 

A: Ha B: Ra C: ϕ Ha Ra ϕ Nuav 

1 0 0 0 50 50,500 0.025 10.1009 

2 −1 0 0 0 50,500 0.025 10.368 

3 0 −1 0 50 1000 0.025 9.9832 

4 0 0 0 50 50,500 0.025 10.1009 

5 0 1 0 50 100,000 0.025 10.3597 

6 0 0 0 50 50,500 0.025 10.1009 

7 1 1 −1 100 100,000 0 12.4637 

8 0 0 1 50 50,500 0.05 10.051 

9 −1 −1 −1 0 1000 0 12.614 

10 −1 1 1 0 100,000 0.05 10.4241 

11 −1 −1 1 0 1000 0.05 9.9834 

12 0 0 0 50 50,500 0.025 10.1009 

13 1 −1 1 100 1000 0.05 9.9831 

14 0 0 −1 50 50,500 0 15.0631 

15 −1 1 −1 0 100,000 0 34.5921 

16 0 0 0 50 50,500 0.025 10.1009 

17 1 −1 −1 100 1000 0 9.5552 

18 1 0 0 100 50,500 0.025 9.9987 

19 0 0 0 50 50,500 0.025 10.1009 

20 1 1 1 100 100,000 0.05 10.0372 
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The outcomes of the statistical analysis using RSM are shown in Table 7. The 
degrees of freedom (DOF) in this model indicate the maximum number of inde-
pendent terms. The total sum of squares is one way to depict the entire variance 
brought about by multiple factors. The significant value of the Adj. SS is 446.53. 
The Nuav model is statistically significant, as indicated by the F-value of 7.31, 
which shows that noise does not affect the outcomes. Additionally, a particularly 
significant signal of this statistical analysis is the p-value, which establishes the 
probability that the null hypothesis would hold for a particular statistical model. 
A suitable anticipated outcome is indicated by a small p-value, usually less than 
0.05.  

 
Table 7. Analysis of variance for Nuav. 

Source DOF Adj. SS F-Value p-Value Comment 

Model 9 446.53 7.31 <0.0014 Significant 

Ra 1 66.35 6.51 <0.0241  

Ha 1 67.31 6.61 <0.0233  

ϕ 1 114.31 11.22 0.0052  

Ra2 1 0.5154 0.0690 0.7982  

Ha2 1 0.542 0.0728 0.7928  

ϕ2 1 21.85 2.92 0.1181  

Ra*Ha 1 47.32 4.65 0.0504  

Ra*ϕ 1 74.37 7.30 0.0181  

Ha*ϕ 1 76.88 7.55 0.0166  

Lack-of-Fit 5 74.75 - - Insignificant 

Pure Error 5 0.000 - -  

Total 19 578.92 - -  

**Here, R2 = 87.09%, Adjusted R2 = 75.47%. 
 

Table 7 makes clear how crucial each input piece is to this strategy. Addition-
ally, good R2 (87.09%) values for Nuav are shown by the model statistical analysis 
and testing procedures, suggesting that this model is suitable for determining the 
Nuav response function. Despite being less than R2 (75.47%), the model’s improved 
R2 (87.09%) nevertheless well describes the experimental data. Lack of Fit is an-
other crucial statistic that requires very little in the way of a good model. To in-
vestigate the association between the response (Nuav) and the effective input pa-
rameters (Ra, Ha, and ϕ), RSM developed the following general models: 

 
2 2 2

0 1 2 3 11 22 33 12

13 23

y z z Ra z Ha z z Ra z Ha z z Ra Ha
z Ra z Ha

φ φ
φ φ

= + + + + + + + ⋅

+ ⋅ + ⋅
   (16) 

In this model, 0 1 2 3 11 22 33 12 13, , , , , , , ,z z z z z z z z z  and 23z  denote the coefficients 
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of the best-fitted regression equation obtained from the RSM analysis. The coded 
variables employed to estimate the predicted coefficients of Equation (16) for Nuav 
are presented in Table 8. Only those terms with low p-values (≤0.05) are taken 
into consideration when creating an appropriate regression equation. Conversely, 
phrases that are not important are ignored (bold highlighted). That is, Ra, Ha, ϕ, 
Ra·Ha, Ra·ϕ, and Ha·ϕ are key terms for the response function (Nuav). However, 
Ra2, ϕ2, and Ha2 should not be included in the final best-fitted regression model 
because they have no effect whatsoever on Nuav. 

 
Table 8. Predicted regression coefficients for Nuav obtained from RSM analysis. 

Coefficients 0z  1z  2z  3z  11z  22z  33z  12z  13z  23z  

Values 9.96 −2.59 2.58 −3.38 0.4448 0.4329 2.82 −2.43 3.10 −3.03 

p-values - <0.0014 <0.0233 0.0241 0.7982 0.7928 0.1181 0.0504 0.0181 0.0166 

 
In the regression model for Nuav (Equation (16)), the quadratic terms Ra2, Ha2, 

and ϕ2 are found to be insignificant. Hence, the relationship between Nuav and the 
parameters Ra, Ha, and ϕ can be expressed by the following mathematical form:  

 
2 2

2

9.96 0.7928 0.7982

0.1181

2.59 2.58 3.38

2.43 3.10 3.03
av Ha Ra

Ha Ra

Nu Ha a

a R

R

H aφ φ

φ

φ

= − + +

+

+ −

− ⋅ + ⋅ − ⋅
   (17) 

Equation (17) represents the best-fitted correlation between Nuav and the inde-
pendent variables. 

4.7. Response Surface Analysis 

Figures 10-12 illustrate the 2D and 3D contour plots of the RSM-generated re-
sponse surface (Nuav), highlighting the effects of the influencing parameters on 
the response. Figure 10(a) depicts the combined influence of Ra and Ha on Nuav, 
keeping ϕ fixed at 0.025. The 2D contour map shows that Nuav increases with 
higher Ra and lower Ha, attaining its maximum at Ra = 1000 and Ha = 0, and its 
minimum at Ra = 100,000 and Ha = 100. The corresponding 3D surface plot in 
Figure 10(b) confirms the same trend, consistent with the FEM results. Similarly, 
Figure 11(a) presents the effect of ϕ and Ha on Nuav at a constant Ra = 1000. An 
increase in ϕ and a reduction in Ha enhance Nuav, with the highest value at ϕ = 
0.01 and Ha = 0, and the lowest at ϕ = 0 and Ha = 100. The 3D surface in Figure 
11(b) further supports this observation. Figure 12(a) displays the relationship be-
tween Ra and ϕ on Nuav at a fixed Ha = 10. As both Ra and ϕ increase, Nuav also 
rises, reaching its peak at Ra = 1000 and ϕ = 0.01, and its minimum at Ra = 105 
and ϕ = 0. The 3D surface plot in Figure 12(b) exhibits a similar trend, reaffirming 
the consistent behavior of the response surface. 

The statistical method RSM is also employed to demonstrate the statistical va-
lidity of the results of the applied FEM. The FEM’s results are comparable to those 
of the RSM. The suggested natural convection numerical analysis employing alu-
minum water nanofluid is highly supported by this agreement. 
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(a) 

 
(b) 

Figure 10. Effect on Nuav for Ra and Ha: (a) 2D sight; (b) 3D sight. 
 

 
(a) 

https://doi.org/10.4236/ajcm.2025.154023


Md. M. Islam et al. 
 

 

DOI: 10.4236/ajcm.2025.154023 528 American Journal of Computational Mathematics 
 

 
(b) 

Figure 11. Effect on Nuav for φ and Ha: (a) 2D sight; (b) 3D sight. 
 

 
(a) 

 
(b) 

Figure 12. Effect on Nuav for Ra and φ: (a) 2D sight; (b) 3D sight. 
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5. Conclusion 

This study numerically investigated MHD natural convection of Al2O3-water 
nanofluid in a wavy square cavity with a semicircular heater using FEM and RSM-
based optimization. The results revealed that increasing the Rayleigh number 
strengthens buoyancy-driven convection, leading to a significant rise in heat trans-
fer. For instance, Nuav increased by nearly 12.2% at φ = 0.01 compared with pure 
water, confirming the enhanced thermal conductivity effect of nanoparticles. Sim-
ilarly, at φ = 0.05, the heat transfer rate improved by about 19.82% relative to the 
base case. Conversely, stronger magnetic fields (higher Hartmann numbers) sup-
pressed convection due to Lorentz forces, leading to a noticeable reduction in 
streamline circulation and corresponding decline in Nuav. Also, N = 3 shows the 
most efficient heat transfer and optimal fluid circulation despite reduced cavity 
area. The RSM analysis confirmed that Ra, Ha, and φ are statistically significant 
parameters, with an overall model accuracy of R2 = 87.09%, validating the robust-
ness of the numerical results. The combined FEM-RSM framework thus provides 
an effective predictive tool for optimizing nanofluid-based convective systems un-
der magnetic field effects. 

Data Availability 

The study employs a numerical technique, and no data are employed in the study’s 
findings. 
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Nomenclature 

0B  Applied magnetic field 

pC  Fluid specific heat 

d
 

Diameter of particle 

g  Gravitational acceleration 

H  Enclosure height 

Gr  Grashof number 

k  Fluid thermal conductivity 

Nu  Average Nusselt number 

p  Fluid pressure 

P  Non-dimensional pressure of the fluid 

Pr Prandtl number 

Ha Hartmann number 

Nu Nusselt Number 

Ra Rayleigh number 

T  Temperature 

cT  Cold temperature 

hT  Heated temperature 

T∆  Temperature difference 

,u v  Dimensional velocity components 

,U V  Dimensionless velocity component 

,x y  Dimensional Cartesian coordinates 

,X Y  Dimensionless Cartesian coordinates 

Greek Symbols 

α  Fluid thermal diffusivity 

β  Coefficient of thermal expansion of fluid 

µ  Fluid dynamic viscosity 

ν  Fluid kinematic viscosity 

σ  Fluid electrical conductivity 

θ  Dimensionless temperature 

ρ  Density of the fluid 

ϕ  Nanofluid Volume Fraction 

Subscripts 

c cold 

h heated 

nf Nanofluid 

f Base fluid (water) 

s Nanoparticles 

av Average 
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