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Abstract

The exact solutions for deterministic chaos, stochastic chaos, and wave tur-
bulence have been developed in terms of exponential oscillons and pulsons,
which are governed by the nonstationary three-dimensional Navier-Stokes
equations. We have already treated theoretical quantization of the determin-
istic chaos in invariant structures and experimental quantization in spatial
and temporal eigenfunctions using the inhomogeneous Fourier expansions.
Theoretical quantization of the stochastic chaos and the wave turbulence has
been considered together with experimental quantization of the stochastic
chaos and the wave turbulence in spatial x-eigenfunctions. In the present
paper, experimental quantization of the stochastic chaos and the wave tur-
bulence in temporal eigenfunctions proceeds experimental quantization of
the stochastic chaos and the wave turbulence in the spatial x-eigenfunctions.
The method of inhomogeneous Fourier expansions in the spatial x-eigen-
functions has been extended to deterministic-random, random-determinis-
tic, random, external, internal, and temporal eigenfunctions. Exact solutions
for quantized oscillons and pulsons depend on 1-, 2-, 3-, 4-, 5-, 6-, 8-, 9-,
12-, 13-, 16-, and 32-tuples of the temporal eigenfunctions. Similar to spatial
quantization, the vector, deterministic-random, external oscillons, the vec-
tor, random-deterministic, external oscillons, the vector, deterministic-ran-
dom, internal oscillons, the vector, turbulent, external oscillons, the vector,
turbulent, diagonal oscillons, the vector, turbulent, internal oscillons, and
the vector, turbulent pulsons are computed with the help of the random
model of oscillatory cn-noise. Computation is performed using experi-
mental and theoretical programming in Maple. The obtained results show a
strong dependence of the quantized oscillons and pulsons on the Reynolds
number. Contrary to spatial quantization, where oscillons and pulsons are
displayed as multi-mode waves, the quantized oscillons and pulsons in the
case of temporal quantization are visualized as fringed waves, which quali-
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tatively correlate with experimental data.
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1. Introduction

The exact solution for deterministic chaos of exponential oscillons and pulsons
governed by the nonstationary, three-dimensional (3-d) Navier-Stokes equations
has been developed in [1] [2]. The exact solution for stochastic chaos of random
exponential oscillons and pulsons controlled by the nonstationary, 3-d Navier-
Stokes equations has been considered in [3]. The exact wave turbulence of expo-
nential oscillons and pulsons has been treated in [4].

A comprehensive review of the previous work is provided in the first part of
this paper [5]. The objective of the second part is to proceed theoretical quantiza-
tion of the wave turbulence with experimental quantization in #eigenfunctions of
the deterministic-random, external, and internal interaction, the random-deter-
ministic, external interaction, the random, external, and internal interaction, and
the deterministic, external, and internal interaction and to study topology, perio-
dicity, and visualizations of the quantized deterministic-random, random-deter-
ministic, and turbulent oscillons and pulsons.

The contents of the current paper are following. In Section 2, the deterministic-
random, random-deterministic, and random #eigenfunctions are defined. Sec-
tion 3 studies oscillons of the deterministic-random, external interaction, explic-
itly, deterministic-random, random-deterministic, external, elementary, wave,
group, and kinetic-energy oscillons. Oscillons of the deterministic-random, inter-
nal interaction are treated in Section 4, namely, deterministic-random, internal,
elementary, wave, group, and kinetic-energy oscillons. We study oscillons of the
turbulent, external interaction in Section 5, specifically, turbulent, external, elemen-
tary, wave, group, and kinetic-energy oscillons. Oscillons of the turbulent, diago-
nal interaction and the turbulent, internal interaction are computed in Sections 6
and 7, explicitly, turbulent, diagonal, elementary, wave, group, and kinetic-energy
oscillons and turbulent, internal, elementary, wave, group, and kinetic-energy os-
cillons. Turbulent and cumulative pulsons are considered in Section 8. Subse-
quently, turbulent, elementary, wave, group, and kinetic-energy pulsons and cu-
mulative, deterministic, random, turbulent, kinetic-energy pulsons. A brief dis-

cussion of the main results in Section 9 concludes the paper.
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2. Eigenfunctions of Inhomogeneous Fourier Expansions

2.1. Deterministic and Random Eigenfunctions of the Turbulent
Velocity Potential

We define the deterministic, velocity-potential, elementary oscillons (the dpe os-
cillons for brevity, see (1)-(3) of [5]).
Kodam =am: Kogbm =Bam Kogem =Camr Kogam = dam 1)
using the experimental Deterministic Scalar Kinematic (eDSK) structures
Qg = +AV, [ SSe, . +Bv, . csey  +Cv,y  scey o + Dy ccey s
By m

Cym= —Cvd,m $S€y n — DVy , CS€y , + AV, |, SCEy , + BV, [ cCey 1,

=—Bv, , ss€; , + AV, [, CS€, , — Dvy  scey . +Cvy | ceey s

(2)
dd’m = +Dve,,m SS€4 m —Cve,,m CS€y m — Bvdym SC&y y + Avd’m CCey 1>

where m=12,---,M is an index of oscillons, [Avd'm, BV m»CVy o Dvd’m] are
deterministic functional amplitudes of a deterministic harmonic variable

Vg (X,y,2,t) . The three-variables (3-v) eDSK functions [ssedym,csed'm,scedym,
Cced,m}(xd,m ’Yd,m ) Z) s namely,

SS€4m = SXy,m Yam €Zg,mr CS€y i = CXy 1 Y4, m €2 m»
SC€; m = SXy,m CYa,m €Zgmr  CCEy 1y = CXy 1y CYy i €Zg s

3)

and the two-variables (2-v) eDSK functions [ssd'm +CS4 m+SCq > ccdym} (Xd,m Yam ) )

specifically,

SSy,m = Xym Yam»  CSgm = CXg,m SYg,m
SCym =SXg,m Yamr CCqm = CXym Yy m s

(4)
are products of the one-variable (1-v) eDSK functions [SXd,m +CXg ](X d'm) ,
[Syd_m Y m ](Yd‘m ),ezd_m (z), which are computed by

Xy =SIN (K 0 Xy ) Xy =COS (K Xy ),

Yom =540 Yom ), Y m = C0S( Ay nYam)»

€2y = eXp((_l\)” Hym Z), Hym = \/Kg,m “J“dz,m’ (6)

where X, . (x1),Yy,(y,t) aredeterministic propagation variables, explicitly,

Xd,m = X_Ud,mt-’_ Xd,m,O’ Yd,m = y_vd.mt+Yd.m.0' (7)

)

In Equations (1)-(7), (X, y,z) is the Cartesian coordinate of a motionless

Y,

frame of reference, t is time, (X i m

dm z) is the Cartesian coordinate of the

mth frame of reference moving with the dpe oscillon, (U am Vams 0) is a celerity
of the mth dpe oscillon, (Xd,m,O’Yd,m,O) is a reference value of (Xd,m'Yd,m) at
t=0,x=0,y=0, x4, A4 m My aredeterministic wavenumbers of the mth dpe

oscillon in the x-, y=, z-directions, and a sign parameter 7=0 for z<0 and
n=1 for z>0.
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Substitution of the 3-v eDSK functions in terms of the 1-v eDSK functions and

collection of ez, . give
Kogam = (+AVq S84 + BVy €y +CVy 1y SC4 p + DV 1 CCy 1 ) €24 1,

odbm = (_BVd,m SSym t+ AVd,m CSym — Dvd,m SCq.m +Cvd,m CCd,m)ezd,ml

K
(8)
Ko,d,c,m = (_Cvd,m SSd,m - DVd,m CSd,m + Avd,m SCd,m + Bvd,m CCd,m ezd,m'
Koaam = (+DVam 554 —CVq m €4 = BV 1y Sy + AVy 1 CCy 1 ) €24 -
We then define deterministic frequencies in the x- and y-directions
a)d,x,m = Kd,mud,m’ a)d,y,m = )“d,mvd,rn‘ (9)

Calculating the Cartesian coordinates of the mth moving frame in time yields

Kdmxdm:Kdm(X_Udmt+xdm0):_wdxmt_sdxm' (10)
' ’ ’ ’ o . . 10
ﬂ‘d,m Yd,m :ﬂ‘d,m(y_vd,mt +Yd,m,0) :_wd,y,mt_sd,y,m’

where
Sd,><,m :_Kd,m<x+ Xd,m,O)' Sd,y,m :_/Id,m(y +Yd,m,0) (11)

are temporal shifts of arguments «, , .t and @, , .t respectively.
Substituting the Cartesian coordinates of the mth moving frame in the 1-v eDSK

functions gives

Xy =—SIN (@t +Sgm)s g =COS(@y, nt+54 ) 2
Yom =Sy, o t+S5ym)s  Yam=C0S(ay, t+55,0)-

We then substitute the trigonometric form of the 1-v eDSK functions in the 2-v

eDSK functions and expand products of trigonometric functions to obtain the fol-

lowing trigonometric form of the 2-v eDSK functions:

S %[—cos(Adm)+cos(Adv2'm )] CSym= %[—sin (Agin)+sin(Ag,, )]

(13)
SCy = %[—sin (Agin)—sin(Agon )J CCqy = %[+ CoS(Aq1n)+C0S(Ay,p )J
where
Agim = Dgramt+Sgm T Saymr Adm = @arzml +Sqm —Sa,ym (14)
are arguments,
Dy tam = Qg xm+ @4 ym» Param = Dgxm ~ D ym (15)

are deterministic frequencies in time.

So, the dpe-oscillons may be reduced to the following trigonometric form:

1 .
Kodam :—E[(Bvd,m +CVy , )Sin(Aq sy ) +(AVy = DYy, JCOS(Ay )

—(BVy —Cvd,m)sin(Advzym)—(Avd,m +Dvy , )cos(Ad,zvm )]ezdym,

DOI: 10.4236/ajcm.2025.154019 394 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2025.154019

V. A. Miroshnikov

AV, =DV, )SiN(Ay s ) = (BVam +CVy ) €0S(Ag ) (16)
)_

( (
(Vg + DV )Sin(Ay 5 ) =(BYy  =CVy )cos(Ad,zvm)]ezd'm,

d,m m

Ko,d,c,m = _%[
+

Kod.am =+%[(Bvd'm +CVy  )SiN(Agy ) +(AVy = DV 1 )COS(Ay 1y )
+(BVy = CVy 1 )SIN(Ag o ) +( AV + Dvd'm)cos(Adyzym)]ezdym.

To simplify further the dpe-oscillons, we define four deterministic trigonomet-

ric functions

. Av, ,, —Dv By, ., +Cv,
Sin(( @y ) =—"—", c08(&g, ) = — ",
Qd,m Qd,m (17)
. Av, +Dv Bv, —Cv
sm(ad,zvm):—d'mR . cos(ad_z,m)=—d'mR 4
d,m d,m
of two deterministic arguments
. Av, -Dv . Av, +Dv
Qyp = aresin—"—20 g, = arcsin—"—1 (18)
d,m Rd,m
where deterministic amplitudes
2 2
Qi m =\/(Avd,m_Dvd,m) +(BVy +CVy ) s 19)

Rym = \/(Avdym +DV, ) +(BYy V)

Similar to the dpe-x oscillons, four dpe-t oscillons are grouped into two vector

dpe- ¢ oscillons

K K f , q=12, (20)

d.petg — d,p,e,t,q( d,p,e,t,q)

which are formed by two 2-tuples of the dpe- ¢ oscillons varying in time:
fd,p,e,t,l = { fd,t,l,m' fd,t,3,m} = { fd,t,Zk—l,m}’
fd,p,e,t,Z = { fd,l,2,m’ fd,t,4,m} = { fd,t,Zk,m}'

consists of two sine waves f, , .. with frequencies

(21)

Two-tuple f, .;
@y and 2-tuple f, . . comprises two cosine waves f, , .~ with fre-
quencies w,,,,, for k=12, and each m. Here, deterministic eigenfunctions of

the dpe-£ oscillons in the motionless frame

fd,t,l,m =Sin(Ad,t,l,m)’ fd,t,Z,m = COS<Ad,t,1,m)'

. (22)
fgeam =siN (Ad,t,z,m )' fooam= COS<Ad L2m )
depend on two arguments
Ad,t,l,m = Ad,l,m +ad,1,m :a)d,t,l,mt +ad,1,m + Sd,x,m +Sd,y,m7 (23)

Ad,t,z,m = Ad,2,m + Oy 2m :a)d,t,z,mt + Cyom + Sd,x,m - Sd,y,m'

For any frozen X =X,,Y =Y,,Z = Z,, the 1st vector dpe-toscillon
Kd,p,e,t,l = [Ko,d,a,m ’ Ko,d,d,m:|( fd,p,e,t,l) (24)

is given by a list of two two-frequency (2-f), deterministic, neutral oscillons in £

DOI: 10.4236/ajcm.2025.154019

395 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2025.154019

V. A. Miroshnikov

which are produced by 2-tuple f

1
od,am — _Eezd,m (Qd,m fd,t,l,m - Rd,m fd,t,B,m)'

d,petl as

K
1 (25)
Ko,d,d,m = +Eezd,m (Qd,m 1:d,t,l,m + Rd,m fd,t,3,m )

The 2nd vector dpe-£ oscillon
Kd,p,e,t,z = [Ko,d,b,m ’ Ko,d,c,m :|( fd, p,e,t,z) (26)

is displayed by a list of two 2-f, deterministic, neutral oscillons in ¢ which are

generated by 2-tuple f since

d,p.et,2
1
Ko,d,b,m = +Eezd,m (Qd,m fd,t,Z,m - Rd,m fd,t,d,m)!
1 (27)
Ko,d,c,m = +Eezd,m (Qd,m fd,t,z,m + Rd,m fd,t,4,m )

For all vector dpe-f oscillons, amplitudes of eigenfunctions depend on
Qym Ry mi 2o Via ezd'm(zo) and temporal shifts of eigenfunctions are deter-

mined by wd,t,l,m 1 a)d,t,Z,m ’ ad 1m? ad,Z,m’ XO' yO through Sd,)(,m (XO ) ’ Scl.y,m (yO) *

Periods T,,,. of eigenfunctions f, , . f, .. and T, , = of eigenfunctions
fiiams faram arecalculated by
2n 2n
Totam = v Totom = — (28)
d,t,m @y t,2,m
The period of the dpe-¢ oscillons
To,d,t,m = LCM (Td,t,l,m ’Td,t,l,m ) = kd,t,l,de,t,l,m = kd,t,Z,de,t,Z,m’ (29)
where LCM(a,b) is a least common multiple of @ and b, k,,,, and
Kyiom areintegers.

Because integrals of sine waves f, ,, , =~ and cosine waves f, , . overthe
relevant periods vanish, the average of the dpe-Z oscillons over T , . vanishes,
as well,

1 Tod t,m
[ Koaimdt=0, i=[a,b,c,d], (30)
To,d,t,m 0

ILe. the vector dpe-£ oscillons are neutral.
The random, velocity-potential, elementary oscillons (the rpe oscillons for
briefness, see (24)-(26) of [5]).
K =4 K

o,r,a,m r,m?’ orbm = br,m' Ko,r,c,m = Cr,m' Ko,r,d,m = dr,m (31)

are expressed via the experimental Random Scalar Kinematic (eRSK) structures

&, =+Av,  sse . +Bv  cse  +Cv . sce  +Dv,  cce

r,m?

b, , =—-Bv, ,sse , +Av,,cse . —Dv,,sce  +Cv,  cce .,
’ ' ’ ’ ’ ’ ’ ’ ’ (32)

Cym =—Cv, ,sse  —Dv cse  +Av  sce  +Bv  cce .,

d,,=+Dv, ,sse  —Cv,  cse  —Bv,  sce  +Av,  cce

r,m’

where [Avr‘m BV, ,CV, ., Dv, ] (t) arerandom functional amplitudes of a ran-

r,m?
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dom harmonic variable v, (X, Y. Z,t).

The 3-v eRSK functions |sse, ,CSe,,,,SCE ,,CC& ,, |(X, Yy 2) 5 specifi-

r,m?

cally,
Sser,m = SXr,m Syr,m ezr,m' Cser,m = er,m Syr,m ezr,m’ (33)
Scer,m = SXr,m Cyr,m ezr,m’ Ccer,m = cxr,m Cyr,m ezr,m’
and the 2-v eRSK functions [ss, ,,Cs, ,5C, ,,CC, , |(X, p:Yr ) » explicitely,
SSr,m = sXr,m Syr,m ’ CSr,m = CXr,m Syr,m ' (34)

SCr,m = SXr,m Cyr,m ' CCr,m = CXr,m Cyr,m 1
are defined as the products of 1-v eRSK functions [sxrym,cxr'm (Xr,m) ,

[syrym Yy m :'(Yr,m ) » €z, . (z), which are computed by

X,y = sin(/qymx,'m), X,y = cos(rcrymxrvm), o5
Yo =SIN(4 o Yon)  Vrm=C0S(4 .Y, n),

r,m-rm r,m- r,m

ezfvm = exp((—l)” :ur,m Z), /ur,m = \/ Krz,m +ﬂ'r2,m ! (36)

where X, (x,t),Y,,(y,t) arerandom propagation variables, namely,

X, m=X=U, t+X, 10, Yo = Y=V, t+Y, 0. (37)

rmo:

In Equations (31)-(37), (Xr,m’Yr,m , z) is the Cartesian coordinate of the mith
frame of reference moving with the rpe oscillon, (U, ..V, ,,0)(t) is the celerity
of the mth rpe oscillon, (X, ,,Y, o )(t) is a reference value of (X, .Y, ) at
A
rpe oscillon in the x-, y=, z-directions. Wave parameters

Ur,m :Ur,m (t)' Vr,m :Vr,m (t)' Xr,m,O = Xr,m,O (t)’ Yr,m,O :Yr,m,O (t) (38)

t=0,x=0,y=0,and «x are the random wavenumbers of the mth

v Aeme Hem

together with functional amplitudes

Av, . =Av, (t), Bv,, =Bv,,(t), Cv,, =Cv, . (t), Dv,, =Dv, (t) (39)

r,m

are smooth random functions of time from C”. Wavenumbers «, ., A ., 4
are random parameters.
Substituting the 3-v eRSK functions via the 1-v eRSK functions and collecting

ez, . yield
Koram = (+AV, 8, o+ BV, , cs,  +Cv, , sc. . +Dv,  cc, . )ez,
Korom = (~BVy S5 + AV, , €S, =DV, s¢,  +CV, . cC, )€z, ., )
Korem = (~CVy 88, =DV, €S, + AV, | SC,  + BV, cC, )€z, .,
Kordm = (+Dv,ym 88 m —CV, n €S, =BV, sC, ., + Av, . cC, )ez,ym.
We then introduce random frequencies in the x- and y-directions
Dy =K mYems Oy = AoV, 0 (41)

Calculation of the Cartesian coordinates of the mth moving frame in time gives
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Ko Xem =Kem (X—Ur_mt + X mo ) ==t =S ;s )
AemYem =Aem (Y =Vemt +Yrno) ==@ 0t =5, 0,

where
Sexm = —Kpm (x+ Xr,m,O)' Srym =—Aem (y +Yrym,0) (43)

are temporal shifts of arguments @, .t and @, t, correspondingly.

Substituting the Cartesian coordinates of the mth moving frame in the 1-v eRSK

functions returns

Xy = —SiN (0, Wt +S, )y X =COS(@,, ot 45, 1), ()
Yem=—SiN(0 ot +5 0 ), CYrp=008(a, nt+5 )

We then use the trigonometric form of the 1-v eRSK in the 2-v eRSK functions

and expand products of trigonometric functions to compute the following trigo-

nometric form of the 2-v eRSK functions:

1 1 . .
S8, = E[_COS(Ar,l,m ) + cos(A,vzvm )] €S, = E[—sm (Amvm ) +sin (Ar,z,m )]

(45)
1 . . 1
SC, = E[—sm (Ar1n)-sin(A,,, )J , CCp = E[+ CoS(A, ;) +COS(A, 5, )] ,
with arguments
Ar,l,m = wr,t,l,mt + Sr,x,m + Sr,y,m’ Ar,2,m = a)r,t,Z,mt + Sr,x,m - 5r,y,m (46)
and random frequencies in time
a)r,t,l,m = a)r,x,m +wr,y,m’ a)r,t,Z,m = a)r,x,m _a)r,y,m' (47)
Thus, therpe-oscillons may be written in the following trigonometric form:
1 .
Koram :_E[(Bvr,m +CV, ,)sin(A, 1 )+(AV, , =DV, , )cos(A, ;)
~(BV, n —CV, 1 )SIN(A, 5 )= (A, + DV, , )cOS(A, 5, )J ez, .,
1 .
Korom —E[(Avr n =DV, )sin(A, . )=(Bv,, +Cv, ,)cos(A,,,)
~(AV, , +Dv, . )sin(A, ) +(Bv,, —Cv,  )cos(A,,, )] ez, ., )
1 .
Korom = —E[(Avrvm - Dvrvm)sm(A,yLm)—(Bvr'm +Cvrym)cos(Arvlym)
+(AV, , + DV, )sin(A, . )=(BV, , —CV, , )cos(A, ,, )]ez,'m,

)+(AV, , =DV, )cos(A,,,,)
+(BY, n =CV,  )SIN(A, 5 )+(AV, , + DV, , )cos(A, ,, )] ez, .

To reduce the rpe-oscillons, we introduce four random trigonometric functions

sin( ) = w, cos(a,., ) =%,
L " (49)
- Av, . +Dv, Bv,, —Cv,
sin (ar,z,m ) = R— cos(ar,z‘m ) - R—
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of two random arguments

Av._—Dv Av__+Dv

r,m r,m m r,m

. @,y =aresin—o——%, (50)

r,m r,m

., , =arcsin

where random amplitudes

Qr,m = \/( AVr,m - Dvr,m )2 +<Bvr,m +Cvr,m )2 J

Rm= \/( AV, , +DV, ) +(Bv,, —Cv,, .

(51)

Similar to the dpe- ¢ oscillons, four rpe-#oscillons are combined into two vector

rpe-toscillons

Kr,p,e,t,q = Kr,p,e,t,q ( fr,p,e,t,q)l q= 1! 2! (52)

which are established by two two-tuples of the rpe oscillons varying in time:

fr,p,e,t,l = { fr,t,l,m' fr,t,3,m} = { fr,t,Zk—l,m}’

(53)
fr,p,e,t,z = { fr,t,z,m’ fr,t,4,m} = { fr,t,zk,m}'

Two-tuple f_ ., includes two sine waves f ., , ~ with frequency
@y and 2-tuple f_ . is composed of two cosine waves f ., - with
frequency w, ., for k=12,and each m. Here, eigenfunctions of the rpe-zos-
cillons

froom =SIN(A, 1 )s Friom =C0S(A, 10), (54)
fr,t,3,m :Sin (‘Ar,t,Z,m)l fr,t,4,m :COS(Ar,t,Z,m)
depend on two arguments
Ar,t,l,m = Ar,l,m + ar,l,m =wr,l,l,mt + ar,l,m + Sr,x,m + sr,y,m'
(55)
Ar,t,z,m = Ar,z,m + ar,z,m :a)r,t,z,mt + ar,z,m + Sr,x,m - Sr,y,m'

For any frozen X=X,,Y =Y,,Z=Z,, the 1st vector rpe-¢oscillon
Kr,p,e,t,l = [Ko,r,a,m’ Ko,r,d,m :|( fr,p,e,t,l) (56)

is presented by a list of two two-random frequency (2-rf), random oscillons in ¢

which are set by 2-tuple f because

r,petl

Ko,r,a,m = _%ezr,m (Qr,m fr,t,l,m - Rr,m fr,t,3,m)’
(57)

1
Ko,r,d,m = +§ezr,m (Qr,m fr,t,l,m + Rr,m fr,t,3,m )

The 2nd vector rpe- ¢ oscillon
Kr, p.et2 = [Ko,r,b,m ' Ko,r,c,m ]( fr, p.et2 ) (58)

is visualized by a list of two 2-rf, random oscillons in £ which are formed by 2-tuple

f as

r.p.etz2

1
Ko,r,b,m = +Eezr,m (Qr,m fr,t,2,m - Rr,m fr,t,4,m)’
(59)

K :+lezrvm(Q foam+Remfriam)-

o,r,.c,m 2 r,mrt2m r,mrtd4m
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For all vector rpe-¢ oscillons, amplitudes of eigenfunctions are governed by
Zy,t via ez, (z,),Q.n(t), R, (t) andtemporal shifts of eigenfunctions are in-
fluenced by x;,Y,,t through s (%.t),S 0 (Yot), @ 11m (1), 00 (1),
ar,l,m (t) ' ar,2,m (t) *

Because of the time-dependent wave parameters and functional amplitudes,

a)r,x,m = a)r,x,m (t)’ a)r,y,m = a)r,y,m (t)’ a)r,t,l,m = a)r,t,l,m (t)'

(60)
Qr,m :Qr,m (t)' Rr,m = Rr,m (t)' ar,l,m = ar,l,m (t)7 I :172

are also smooth random functions of time from C” and the following variables

Sr,x,m = Sr,x,m (X’t)’ Sr,y,m = Sr,y,m (y,t),
Ar,I,m = Ar,I,m (X' y't)’ Ar,t,l,m = Ar,t,l,m (X, y,t), I :1' 2! (61)

fr,t,l,m = fr,t,l,m (X’ y,t), I :1,2,3,4

are smooth functions of space and smooth random functions of time from C”.
For any frozen X=X,,Y =Y,,Z = Z,, the rpe-foscillons are smooth random func-

tions of time with an unbounded period.

2.2. Eigenfunctions of Deterministic-Random, External Interaction

Consider the mth deterministic eigenfunctions f of the dpe-toscillons and

d,t,i,m

the nth random eigenfunctions f of the rpe-t oscillons, where i=1,23,4

rtj.n
and j=1,2,3,4,
fd,t,l,m =Sin(Ad,t,l,m)' fd,t,z,m COS(Ad tlm)'
fd,t,3,m =Sm(Ad,t,2,m)’ fd,t,4m COS(Adtz,m)’ (62)
fr,tln =Sm(Artln)' fr,t,z,n = COS(Artln)'
fr,t,a,n =sin (Ar t,2,n )' fr,t,4,n =COS(Ar,t,2,n)
of four arguments
Ad,t,l,m :a)d,t,l,mt +ad,l,m +sd,x,m + Sd,y,ml
Agrom =Odramt+ % om+Sqcm = Sdym (63)
Ar,t,l,n = a)r,t,l,nt +ar,1,n + Sr,><,n + sr,y,n’

Ar,t,Z,n = a)r,t,z,nt +ar,2,n + Sr,x,n _sr,y,n

with two deterministic frequencies @, ,@;,,,, and two random frequencies

O (10 Dpypn for m=12--- M and n=12,-- M.
Matrix f, ;.. ;. of the deterministic-random, external interaction (n=m)
between eigenfunctions f, ; ~and f  , takes the following form:
fotamfronn  fowimfizn fowmfiian faram froan
fd,t,i,m,r,t,j,n _ :d,t,z,m :r,t,l,n :d,t,z,m :r,t,z,n ;d,t,z,m ;r,t,S,n :d,t,Z,m :r,t,A,n ) (64)
d,t3m 'rtln d,t,;3m "rt,2,n d,t,3m "rt3,n d,t,3,m 'r.t,4,n
fd,t,4,m fr,t,l,n fd,t,4,m fr,t,2,n fd,t,4,m fr,t,3,n fd,t,4,m fr,t,4,n

Because of the trigonometric identities for products of sine and cosine (the
product identities), there are 16 deterministic-random, external eigenfunctions

fy r.o1mn> Specifically,
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I:d,r,t,l,m,n =sIn (Ad rtlim, n) f ,r.t,2,mn :COS(Ad,r,t l,m,n)'
1:d,r,t,3,m,n :Sin( d,r.t,2,mn ) d,r,t,4,mn :COS(Ad,r t,2,m,n)’
fd,r,t,S,m,n —Siﬂ( d,r.t,3,mn ) d,r,t,6,m,n :COS(Ad,r t,3,m,n )’
fd,r,t,?,m,n :Sin<Ad rt4mn) d,r.t8mn :COS(Ad,r,t 4,m,n)' (65)
1:d,r,t,E),m,n =sin (Ad rt,5m n) fd r,t10,m,n :COS(Ad r,t,5,mn )'
fd,r,t,ll,m,n :Sin (Ad r,t,6,m n) fd r,t,12,mn :COS(Ad,r t,6,m,n )’
I:d,r,t,13,m,n =sin (Ad rt,7,m n) fd r.t,14,m,n :COS(Ad,r,t,7,m,n )'
1:d,r,t,ls,m,n =sin (Ad,r,t,s,m,n )’ fd r,t,16,m,n :COS(Ad,r,t 8,m,n )’
of eight deterministic-random, external arguments A, ., .., namely,
Ad,r,t,l,m,n = wd,r,t,l,m,nt + ad,l,m +ar,l,n + sd,x,m + Sd,y,m + Sr,x,n + Sr,y,n’
Ad,r,t,2,m,n = a)d,r,t,z,m,nt T am % an +Sd,x,m +Sd,y,m _Sr,x,n _Sr,y,n'
Ad,r,t,3,m,n = a)d,r,t,3,m,nt +ad,1,m +ar,2,n +Sd,x,m +Sd,y,m +Sr,x,n _Sr,y,n'
Ad,r,t,4,m,n = wd,r,t,4,m,nt Ty —pn T Sd,x,m + Sd,y,m _Sr,x,n + sr,y,n’ (66)
Ad,r,t,5,m,n = a)d,r,t,s,m,nt +ad,2,m +ar‘1,n +Sd,x,m _Sd,y,m + Sr,x,n +Sr,y.n’
Ad,r,t,6,m,n = a)d,r,t,e,m,nt +ad,2,m ~Cin +Sd,x,m _Sd,y,m _Sr,x,n _Sr,y,n'
Ad,r,t,7,m,n = wd,r,t,?,m,nt T om T %20 +Sd,x,m _Sd,y,m + Sr,x,n _Sr,y,n'
Ad,r,t,a,m,n = wd,r,t,S,m,nt +ad,2,m r 2,n +Sd X,m Sd,y,m _Sr,x,n + Sr,y,n'
with eight deterministic-random, external frequencies
a)d,r,t,l,m,n :a)d,x,m +a)d,y,m +a)r,><,n +a)r,y,n’
D rt2mn = Pg x,m +a)d,y,m @ xn T Oy
Dy rt3mn =Pgxm T g ym T O xn =D yns
a)d,r,t,4,m,n :a)d,x,m + a)d,y,m — W yn + a)r,y,n’ (67)
a)d,r,t,S,m,n :a)d,x,m _a)d,y,m +a)r,><,n +a)r,y,n’
Dy riomn = Paxm ™ Ddym = Drxn =~ Dryn
wd,r,l,?,m,n :wd,x,m _wd,y,m +wr,x,n _wr,y,n’
a)d,r,t,s,m,n =a)d,x,m _a)d,y,m ~ Wy n +a)r,y,n'

Deterministic-random, external eigenfunctions f

d,r,t,I,mn

include sine and co-

sine waves with all combinations of deterministic-random x-frequencies, y-fre-

quencies, x-shifts, and y-shifts.

Computing matrix f

eigenfunctions f

d,ti,m,rt,j,n
d,r,t,l,m,n:
2 fd,t,l,m fr,t,l,n == fd,r,t,z,m,n + fd,r,t,4,m,n’
2 fd,t,l,m fr,t,2,n =+ fd,r,t,l,m,n + fd,r,t,3,m,n’
2 fd,t,l,m fr,t,3,n == fd,r,t,ﬁ,m,n + fd,r,t,s,m,n'

2 fd,t,l,m fr,t,4,n =+ fd,r,t,s,m,n + fd,r,t,7,m,n'
2 fd,t,z,m fr,t,l,n =+ fd,r,t,l,m,n - fd,r,t,3,m,n’
2f5 iomfrion =+ 1 +f
2 fd,t,z,m fr,t,a,n =+ fd,r,t,s,m,n - f

f

d,r.t,2,mn d,r,t,4,mn?
d,r.t,7,mn?

2fd,t,Z,m rtan = + fd,r,t,ﬁ,m,n + fd,r,t,S,m,n'

yields the following Fourier expansions in
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2f5am fronn == farciomn * farcizmn:
2f5cam froan =* forcomn + fariiimn
2f5cam froan == forcaamn + forcismns
2f4 i am froan =+ foriaamn + fariismns
(68)
285 iam froin =+ farcomn = forcaimns
2f5cam frezn =F farcaomn + forczma
2f5cam frvan =+ foriaamn = forcasmns
284 iam froan =1 Tariaamn t forcaomn:
Due to the time-dependent wave parameters and functional amplitudes,
g rivmn = Dgrokmn (1), K=1,2,---,8 (69)
are also smooth random functions of time from C” and
Ad,r,t,k,m,n = Ad,r,t,k,m,n (X’ y1t): k=128,
(70)

fd,r,t,l,m,n = fd,r,t,l,m,n (X’ y,t), I =1, 2!!16

are smooth functions of space and smooth random functions of time from C”.

2.3. Eigenfunctions of Random-Deterministic, External Interaction

Consider the mth random eigenfunctions f of the rpe-t oscillons and the

r.ti,m
nth deterministic eigenfunctions f, =~ ofthe dpe-zoscillons, where i=1,2,3,4
and j=1,2,3,4,
rtlm _Sm(Ar,t,l,m)’ fr,t,z,m = COS(Artlm)
froam =SIN(A; on)s friam =COS(A, 50 ) o
d tin _Sln(Ad,l,l,n)’ fd,t,2,n = COS(Ad,t,Ln )v
d t.3.n =sin (Ad,t,z,n)v fd,t,4,n =COS(Ad,t,2 n)
of four arguments
Ar,t,l,m =, rtlmt +O! +Sr,x,m + Sr,y,m'
Ar,t,z,m =0 rtht+a +sr,x,m - Sr,y‘m’
(72)
A

dtin = Ogranl ¥ 1n + Sqxn + Sqyns
Agron = Ogronl+ Agon+ Sqxn ~ Sdyn

with two random frequencies @, ., ®,,,, and two deterministic frequen-

cies @y, 1,1 Wq.,, for m=L2,---'M and n=12,---\M.

Matrix f_ ;. ,, oftherandom-deterministic, external interaction (n=m)
between eigenfunctions f ,; ~and f, ; becomes
fr,t,l,m fd,t,l,n fr,t,l,m fd,t,z,n fr,t,l,m fd,t,3,n 1:r,t,l,m 1:d,t,4,n
fr,t,2,m fd,t,l,n fr,t,z,m fd,t,2,n fr,t,z,m 1:d,t,3,n fr,t,z,m fd,t,4,n
f o= (73)
e I A froamf foiamf fooamf
rt3m td,tln rt3m 'd,t,2,n rt,3,m 'd,t3n rt,3,m 'd,t4,n
fr,t,4,m fd,t,l,n fr,t,4,m fd,t,2,n fr,t,4,m 1:d,t,3,n fr,1,4,m fd,t,4,n
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In the view of the product identities, there are 16 random-deterministic, exter-

nal eigenfunctions f_, , , namely,

fr,d,t,l,m,n :Sin(Ar,d,t,l,m,n)’ fr,d,t,z,m,n :COS(

>

fr,d,t,S‘m,n :Sin (Ar,d,t,z,m,n )' fr,d,t,4,m,n :Cos(Ar,d t,2‘m,n>’
fr,d,t,s,m,n :Sin<Ar,d,t,3,m,n)' fr,d,t,e,m,n :COS(Ar,d,t,3,m,n)’
fr,d,t,7,m,n :Sin(Ar,d,tA,m,n)' fr,d,t,S,m,n :COS(Ar,d,t 4,m,n)'
(74)
fr,d,t,9,m,n :Sin (Ar,d,t,S‘m‘n)’ fr,d,t,lO,m,n :COS(Ar,d,t,S,m,n )’
1:r,d,t,ll,m,n =sin (Ar,d,t,e,m,n)' fr,d,t,12,m,n =COS(Ar,d,t,e,m,n)'
fr,d,t,lS,m,n :Sin(Ar,d,l,7,m,n)’ fr,d,t,l4,m,n :COS(Ar,d,tJ,m,n)’
fr,d,’r,lS,m,n :Sin (Ar,d,t,&m,n)’ fr,d,t,lG,m,n :COS(Ar,d,t,S,m,n)’
of eight random-deterministic, external arguments A, .., explicitly,
Ar,d,t,l,m,n = r,d,t,l,m,nt +ar,1,m +ad,1,n +Sr,x,m +5r,y,m + Sd,x,n +Sd,y,n’
Ar,d,t,z,m,n = a)r,d,t,z,m,nt T am ~%n t Sxm +Sr,y,m ~Sd.xn _Sd,y,n'
Ar,d,t,3,m,n = a)r,d,t,3,m,nt +ar,1,m +ad,2,n +Sr,><,m +Sr,y,m + Sd,x,n _Sd,y,n'
Ar,d,t,4,m,n = a)r,d,t,zl,m,nt +ar,1,m _ad,z,n + Sr,x,m + sr,y,m _Sd,x,n + S‘d,y,n’
(75)
Ar,d,t,S,m,n = a)r,d,t,"-':,m,n.t + ar,Z,m +ad,1,n + Sr,><,m _sr,y,m + Sd,x,n + Sd,y,n’
Ar,d,t,e,m,n = wr,d,t,s,m,nt % om ~ %0 TS xm _Sr,y,m ~Sd.xn _Sd,y,n'
Ar,d,t,7,m,n = wr,d,t,?,m,nt T omt % 2n +Sr,x,m _Sr,y,m + Sd,x,n _Sd,y,n'
Ar,d,t,8,m,n = a)r,d,t,S,m,nt +Q om &4 2n +Sr,x,m _Sr,y,m _Sd,x,n + Sd,y,n'
which are parametrized by eight random-deterministic, external frequencies
wr,d,t,l,m,n :wr,x,m +wr,y,m +a)d,x,n +a)d,y,n7
D 4 t2mn = Prxm +wr,y,m ~ @y xn ~ Dy yn
a)r,d,t,3,m,n :a)r,x,m +a)r,y,m +a)d,x,n _a)d,y,n'
D 4 tamn = Dr xm +a)r,y,m ~ @y xn +a)d,y,n’
(76)
@ 4 15mn =D xm _wr,y,m +wd,x,n +a)d,y,n7
D g tomn = Prxm = Drym =Dy xn =Dy yn
D gt7,mn =D xm = Drym + Oy n ~ @4 yn
O drgmn = Drxm _a)r,y,m — @y xn +a)d,y,n'

Random-deterministic, external eigenfunctions f contain sine and co-

r,d,tl,mn

sine waves with all combinations of random-deterministic, external x-frequencies,
y-frequencies, x-shifts, and y-shifts.

Computing elements of matrix f gives the following Fourier expan-

rtim.d,_t,j,n

sions in eigenfunctions f, ,,, . .:
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2 fr,t,l,m fd,t,l,n == fr,d,t,z,m,n + fr,d,t,4,m,n'
2 fr,t,l,m fd,l,2,n =+ f + f

2 fr,t,l,m fd,t,3,n =—f

r,d,t,Lmn r,d,t,3,mn?
r.d,t,6,mn + fr,d,t,s,m,n'
2frtlmfd t,4,n =+ fr,d,t,S,m,n + fr,d,t,7,m,n'

dtln_+]c - f

rthf r.d,tlmn r.dt3mn?’
2frthfdth =+ frdt2mn + frdt4mn'
2 1:r t,2,m fd t,3,n — =+ fr.d,t,S,m,n - 1:r‘d,t,7,m,n’
2 fr t,2,m fd t4n — =+ fr,d,t,6,m,n + fr,d,t,8,m,n' (77)
2 fr t,3,m fd tLn T fr,d,t,lo,m,n + fr,d,t,lz,m,n’
21:rt3mfd 62N =+ fr,d,t,g,m,n + 1:r,d,t,ll,m,n’
2 fr t,3,m fd t3n — fr,d,t,14,m,n + fr,d,t,lﬁ,m,n'
2 fr t,3,m fd tan =+ fr,d,t,lf-':,m,n + fr,d,t,ls,m,n’
2 1:r t,4,m fd tin — =+ fr,d,t,g,m,n - 1:r,d,t,ll,m,n’
2 fr t,4,m fd t,2,n =+ fr,d,t,lo,m,n + fr,d,t,lz,m,n'
2frt4m fd t,3,n =+ fr,d,t,13,m,n - fr,d,t,15,m,n'
2 1:r t,4,m fd t,4,n =+ 1:r,d,l,14,m,n + fr,d,t,lG,m,n'

In agreement with the time-dependent wave parameters and functional ampli-
tudes,

a)r,d,t,k,m,n = r,d,t,k,m,n (t)' k :1' 2’”"8 (78)
are also smooth random functions of time from C” and
Ar,d,t,k,m,n = Ar,d,t,k,m,n (X’ y,t), k =128,

79
fr,d,t,l,m,n = fr,d,t,l,m,n (X’ y’t)l I =12,--16 72)

are smooth functions of space and smooth random functions of time from C”

It is a straightforward matter to show that eigenfunctions f and

d,r,t,I,mn

f guimn coincide up to the changing of index /and sign of eigenfunctions. Con-

sequently, inhomogeneous Fourier expansions in either f or f

d,r,t,I,mn r,d,t,I,mn

are structurally invariant since they will differ only in order and signs of functional

amplitudes.

2.4. Eigenfunctions of Deterministic-Random, Internal Interaction

If n=m, then eight frequencies w, ., of f are transformed into

d,r.t,I,mn

eight deterministic-random, internal frequencies

wd,r,t,l,m,m =a)d,x,m + a)d,y,m + a)r,x,m + a)r

,y,m?
wd,r,t,z,m,m :a)d,x,m +a)d,y,m _a)r,x,m _a)r,y,m'
Dy rr3mm — Ddxm +wd,y,m + Oy ~ O ym»

wd,r,t,A,m,m :wd,x,m +a)d,y,m _a)r,x,m +a)r,y,m'

(80)
a)d,r,t,S,m,m zwd,x,m _a)d,y,m +a)r,x,m +a)r,y,m’
Dy riemm = Paxm ~ Paym = Drxm ~ Drym:

a)d,r,t],m,m :a)d,x,m _a)d,y,m +a)r,x,m _a)r,y,m'

Dy rrgmm =~ Pgxm ~ Dd,ym ~ D

r,x,m + a)r,y,m'

DOI: 10.4236/ajcm.2025.154019

404 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2025.154019

V. A. Miroshnikov

Therefore, we introduce the following eight deterministic-random, internal ar-

guments B, . .. >namely,

Bd‘r‘t,l‘m‘m
Bd,r,t,z,m,m
d,r.t,3mm
d,r.t,4,mm
d,r,t,5;mm

d,r,t,6,m,m

d,r,t,7,mm

W W W w W w

d,r,t,8,mm

Consequently, 16 deterministic-random, internal eigenfunctions

are defined as follows:

gd,r,t,l,m,m =sIn (Bd rtlmm

gd,r,t,3,m,m
gd,r,t,5,m,m
gd,r,t,7,m,m
gd,r,t,g,m,m
gd‘r‘t,ll,m,m =
gd,r,t,13,m,m
gd,r,t,ls,m,m

Matrix f

d,ti,mrt,j,m

between eigenfunctions f; .,

itly,

—h

d,tlm “rtilm

f _ dt2,m'rtlm
dtimrtjm ™

d,t,3m ‘r,tlm

—_ =k =k
—+ —h =k _—h

d,t,4m "'rtlm

Computation of matrix f

2fdtlmf

= wd,r,t,l,m,mt + ad,l,m +ar,1,m + Sd,x,m + Sd,y,m +S
= wd,r,t,z,m,mt tyam~
wd,r,t,3,m,mt Fam T om T Sqm T sd,y,m +S -
= a)d,r,t,4,m,mt Tam~
= a)d,r,t,S,m,mt + ad,z,m + ar,l,m + S‘d,x,m
= a)d,r,t,ﬁ,m,mt +ad,2,m -
= wd,r,t,?,m,mt +ad,2,m +ar,2,m +Sd,x,m

= a)d,r,t,s,m,mt +ad,2,m -

)
=sin(By ;1 2mm )+ Gariamm =COS
(Bareamm): 9aresmm
=sin(By ;1 amm)r Jarimmm
(Brismm): 9arciomm =
(Byriomm)r 9ariszmm
( )

=sin Bdrt?mm ’ gdrtlAmm

=sin (Bd,r,t,s,m,m )v gd,r,t,le,m,m =C0s (Bd,r,t,B,m,m )

of the deterministic-random, internal interaction (n = m)

d.ti,mrt,jm

r,t,l,m =

+S

r,x,m r,y,m?

Crim + Sd,x,m + Sd,y,m - Sr,x,m - Sr,y,m’

r,x,m r,y,m?

+S

@ om + Sd,x,m + Sd,y,m _Sr,x,m ry,m’

(81)
+5

r,x,m r,y,m?

_Sd,y,m +S

ar,l,m +Sd,x,m _sd,y,m -S =S

r,x,m r,y,m?

- Sd,y,m + Sr,x,m - Sr,y,m '

+S

ar,z,m +Sd,x,m r,x,m ry.m*

_Sd,y,m -S

gd,r,t,l,m,m

gd r.t,2,mm :COS(Bd rtlmm)

Ud

d,r,t,2,mm

=C0S

d,r,t,3,mm

(82)
=c0s

d,r,t,5;mm

=CO0s

d,r,t,6,m,m

s(B

( )
( )
=c08(By r (amm )
( )
( )
cos( )

d,r.t,7,mm

and f is not a symmetrical matrix, explic-

rtj,m

—h
—h

d,tilm 'rt2m d,tlm 'rt3m dtlm “rtd4m

d,t,2,m 'r,t,2,m d,t,2,m 'r,t,3,m d,t,2,m 'r,t,4,m

(83)

d,t,;3,m 'r,t,2,m d,t,;3,m 'r,t,;3,m d,t,;3,m 'r,t,4m

- =k  —h
—_ =k =k

d,t,4,m "rt,2,m d,t,4,m 'r,t,3,m d,t,4m "r;t,4,m

via eigenfunctions returns

gd,r,t,l,m,m

- gd,r,t,z,m,m + gd,r,t,4,m,m ’

2 1:d,t,l,m 1:r,t,2,m =+ gd,r,t,l,m,m + gd,r,t,3,m,m!

2 fd,t,l,m fr t3m =

2f f

d,tlm “rt.4m

2f, o f
2f, om f
f
f

rtlm

2f

d,t,2,m "r,t,3m

=+04rt1mm

rt,.2,m

=+gd r,t,5,m,m

gd,r,t,b‘,m,m + gd,r,t,S,m,m'
+gd,r,t,5,m,m + gd,r,t,7,m,m’
- gd,r,t,s,m,m7
=+ gd,r,t,z,m,m + gd,r,t,4,m,m'

_gdrt7mm’

2.I:dth r,t,4m _+gd r.t,6,m,m +gdrt8mm'
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2f
2f

d,t,4,m 'rt3m :+gd,r,t,13,m,m _gd,r,t,ls,m,m’

2 fd t,3,m fr tam = 9drtiomm T Odreizmme (84)
2fd t,3,m frth +gd,r,t,9,m,m +gd,r,t,11,m,m'
2 fd,t,3,m fr t3am = gd,r,t,l4,m,m + gd,r,t,le,m,m’
2 fd,t,3,m fr tam = + gd,r,t,13,m,m + gd,r,t,ls,m,m7
2 fd,t,4,m fr tim =1 gd,r,t,g,m,m - gd,r,t,ll,m,m’
2 fd,t,4,m fr t2,m =+ gd,r,t,lo,m,m + gd,r,t,lz,m,m’
f
f

d,t,4,m 'rt4,m =+ gd,r,t,l4,m,m + gd,r,t,le,m,m'

In accordance with the time-dependent wave parameters,

Dy r tkmm = P rtkmm (t)' k=128 (85)

are also smooth random functions of time from C” and
Bd,r,t,k,m,m = Bd,r,t,k,m,m (X’ y’t)’ k= 1’ 2"”’8’

(86)
gd,r,t,l,m,m = gd,r,t,l,m,m (X’ y’t)v I =1!2!"'116

are smooth functions of space and smooth random functions of time from C”

It may be shown that eigenfunctions g, . . and g 4 .. also coincide
up to the changing of index /and sign of eigenfunctions. Consequently, inhomo-
geneous Fourier decompositions in either gy . or g 4. ., are structur-
ally invariant since they will differ only in order and signs of functional ampli-

tudes, as well.

2.5. Eigenfunctions of Random, External Interaction

Matrix f

rtimrtjo Of the random, external interaction (n=m) between eigen-

functions f . and f jn Mmay be written as follows:
fr,t,l,m fr,t,l,n fr,t,l,m fr,t,Z,n fr,t,l,m fr,t,3,n fr,t,l,m fr,t,4,n
1:r,t,z,m fr,t,l,n 1:r,t,z,m fr,t,z,n fr,t,z,m fr,t,3,n fr,t,z,m 1:r,t,4,n
S (87)
rehmetn f f f f f f f f
rt,3m rtin rt3m rt2n rt3m rt3n rt,3m 'rt4n
fr,t,4,m fr,t,l,n 1:r,t,4,m fr,t,z,n fr,t,4,m fr,t,3,n 1:r,t,4,m fr,t,4,n

In agreement with the product identities, there are 16 random, external eigen-

functions f_  , specifically,

fooomn =SIN(A 1m0 )s Trozmn =COS(A, 100 )
foiamn _sm(Art2rn n) froamn =C0S(A omn):
frosmn =SIN(Arsmn ) frosmn =COS(A, zmn)s
foozmn =SIN(A, amn)s Trismn =COS(A amn), )
fooomn =SIN(A, smn)r fritomn =COS(A;i5mn)s
foosnmn =SIN(A;omn ) Frosomn =COS(A, 6 mn)s
foissmn =SIN(Ar 7m0 ) frisame =C0S(A, 7 m0)s
foiasmn =SIN(Aamn ) Frisomn =COS(A, 1 gma)s
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of eight random, external arguments A, . ., explicitly,

Ar,t,l,m,n = wr,t,l,m,nt +ar,1,m +ar,1,n +Sr,x,m + sr,y,m + sr,><,n + Sr,y,n’

Ar,t,z,m,n = a)r,t,z,m,nt FTam ™%t St xm +Sr,y,m ~Sixn _Sr,y,n'
Ar,t,3,m,n = a)r,t,3,m,nt + ar,l,m + ar,z,n + Sr,x,m + Sr,y,m + Sr,x,n - Sr,y,n’
Ar,t,4,m,n = wr,t,4,m,nt T~ T Sr,><,m +Sr,y,m _Sr,x,n +Sr,y,n7 (89)
Ar,t,S,m,n = a)r,t,s,m,nt +ar,2,m +ar,1,n +Sr,><,m _Sr,y,m + Sr,x,n + Sr,y,n'
Ar,t,e,m,n = a)r,t,ﬁ,m,nt +ar,2,m _ar,l,n +Sr,x‘m _Sr,y,m _Sr,x,n _Sr,y‘n'
Ar,t,7,m,n = wr,t],m,nt T omt % o0t S xm _Sr,y,m S xn _Sr,y,n'
Ar,t,S,m,n = wr,t,s,m,nt + ar,z,m _ar,z,n + Sr,x,m - Sr,y,m - sr,x,n + Sr,y,n!
which include eight random, external frequencies
O t1mn =D xm T O ym + O yn Oy
D t2mn =D xm T Drym =B xn =Dy
O tamn =B xm +a)r,y,m T O yn @ yns
O tamn =D xm T O ym ™ Qrxn Ty
(90)
D tsmn =D xm ~ Orym T D xn T Oy
a)r,t,s,m,n :a)r,x,m _a)r,y,m _a)r,x,n _a)r,y,n'
Drt7mn =D xm ~ Drym T O yn @y
@,

rtgmn = Prxm ™ Orym ~ Dr xn +a)r,y,n'

Random, external eigenfunctions f_ , = include random sine and cosine

waves of all combinations of random x-frequencies, y-frequencies, x-shifts, and

y-shifts.

Computation of matrix f ;.. returns the following Fourier expansions
in eigenfunctions f_,, - :

2 fr,t,l,m fr,t,l,n == fr,t,Z,m,n + fr,t,A,m,n' 2 fr,t,l,m fr,t,z,n =+ fr,t,l,m,n + fr,t,3,m,n'

2 fr,t,l,m fr,t,3,n == fr,t,G,m,n + fr,t,S,m,n' 2 fr,t,l,m fr,t,A,n =+ fr,t,S,m,n + fr,t,7,m,n’

2 fr,t,2,rn fr,t,l,n =+ fr,t,l,rn,n - fr,t,s,m,n’ 2 fr,t,z,m fr,t,z,n =+ fr,t,z,m,n + fr,t,d,m,n’

2 fr,t,2,m fr,t,3,n =+ fr,t,S,m,n - fr,t,?,m,n’ 2 fr,t,z,m fr,t,4,n =+ fr,t,6,m,n + fr,t,S,m,n’ (91)

2 fr,t,?:,m fr,t,l,n == fr,t,lo,m,n + 1:r,t,lz,m,n' 2 fr,t,3,m fr,t,z,n =+ fr,t,g,m,n + fr,t,ll,m,n'

2 1:r,t,3,m fr,t,s,n == fr,t,14,m,n + fr,t,lﬁ,m,n' 2 fr,t,3,m 1:r,t,4,n =+ fr,t,l3,m,n + fr,t,15,m,n’

2 1:r,t,é‘.,m fr,t,l,n =+ fr,t,g,m,n - 1:r,t,ll,m,n' 2 fr,t,4,m 1:r,t,Z,n =+ 1:r,t,lo,m,n + 1:r,t,lz,m,n’

2 1:r,t,é‘.,m fr,t,S,n =+ fr,t,13,m,n - 1:r,t,15,m,n! 2 1:r,t,4,m fr,t,4,n =+ fr,t,14,m,n + fr,t,le,m,n'

Replacing index r with d results in the deterministic, external eigenfunc-
tions f, ., .., see (113)-(120) of [6].
Because of the time-dependent wave parameters and functional amplitudes,

@ =@t kmoin (t), k :112:"’,8 (92)

r.t.k,mn
are smooth random functions of time from C” and
Ar,t,k,m,n = Ar,t,k,m,n (X* y!t)! k :11 2""!8!

93
1:r,t,l,m,n = 1:r,t,l,m,n (X, y,t), I 21,2,"',16 ( )
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are smooth functions of space and smooth random functions of time from C*

2.6. Eigenfunctions of Random, Internal Interaction

If n=m, we then define four random, internal frequencies «,,, ., Damely,
a)r,t,l,m,m :za)r,x,m + 2a)r,y,m’
a)r,t,z‘m‘m =2wr,x,m'
(94)
a)r,t,3,m,m =2a)r,y,m’
@ t.4mm :2a)r,x,m _Za)r,y,m'
Consequently, we introduce four random, internal arguments B, , asfol-
lows:
Br,t,l,m,m = a)r,t,l,m,mt +2ar,1,m +25r,x,m +2Sr,y,m’
Br,t,z,m,m = wr,t,z,m,mt +ar,l‘m +ar,2,m +25r,x,m'
(95)
Br,t,3,m,m = wr,t,s,m,mt +ar,l,m _ar,z,m +25r,y,m’
Br,t,4,m,m = wr,t,4,m,mt + 2Otr,z,m + 25r,x,m - 25r,y,m'

Sixteen random, external eigenfunctions f are converted into eight

r,t,l,mn
random, internal eigenfunctions g, , . ., which are set in the following form:

gr,t,l,m,m =Sin( rtlmm) gr,t,z,m,m =COS(Br,t,1,m,m)’
gr,t,B,m,m =Sin( rthm) gr,t,4,m,m =COS( rthm) (96)
gr,t,S,m,m =Sin( rt3mm)' gr,t,G,m,m =COS( rt3mm)

gr,t,7,m,m :Sin(Br,t,4,m,m)’ gr,t,8,m,m :COS( rt4mm)

Matrix f

eigenfunctions f

of the random, internal interaction (n = m) between

rtimrt jm

ram and f. - becomes a symmetrical one, explicitly,

2
fr t,1,m 1:r tLm 1:r,t,z,m fr,t,l,m fr,t,3,m 1:r,t,l,m 1:r,t,t‘.,m
2
fr,t,Z,m fr,t,l,m fr .t,2,m fr ,t,2,m fr,t,3,m fr,t,Z,m fr,t,4,m
£ = . (97)
B O foanf f2 foanf
rt,3m ‘rt,lm rt,3m 'rt2,m r,t,3,m r,t,3m 'rt,4,m
2
fr,t,4,m fr,t,l,m fr,t,4,m fr,t,z,m fr,t,4,m fr,t,3,m fr t,4,m
We then compute the following Fourier expansions of matrix f ., .. = in
gr,t,l,m,m :
2 _ —
2 fr,t,l,m - gr,t,z,m,m +1’ 2 fr,t,l,m fr,t,z,m - gr,t,l,m,m’
2 fr,t,l m fr t,3,m == gr,t,4,m,m + gr,t,G,m,m7 2 1:r,l,l,m fr,l,4,m = gr,l,S,m,m + gr,t,S,m,m'
2frt2m +gr,t,2,m,m +1’ (98)

2 I:r,t,2 m fr ,t.3,m =+ gr,t,3,m,m - gr,t,s,m,m! 2 I:r,t,Z,m fr,'f,4,m = gr,t,4,m,m + gr,t,e,m,m'

2frztsm ==0rt8mm +1, 2f f

ream e tam = et 7mm

2
2frt4m +gr,t,8,m,m +1.

Replacement of index r with d produces the deterministic, internal eigen-
functions gy, > see (121)-(129) of [6].
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Due to to the time-dependent wave parameters,

@ = @ t k,mm (t), k =12,34 (99)

r,t,k,mm
are also smooth random functions of time from C” and
Br,t,k,m,m = Br,t,k,m,m (Xv y,t), k=1234,

(100)
gr,t,l,m,m = gr,t,l,m,m (X! y,t), I =112!"'18

are smooth functions of space and smooth random functions of time from C~.

3. Oscillons of Deterministic-Random, External Interaction
3.1. The DREE Oscillons

Because of the identity resonance, 16 deterministic-random, external, elementary
oscillons (dree oscillons for shortness, see (194) of [7]) are grouped into two vec-

tor dree-toscillons

Kd,r,e,e,t,q = Kd,r,e,e,t,q ( fd,r,e,e,t,q )l q :11 2! (101)

which are formed by the following two 8-tuples of the deterministic-random, ex-

ternal, elementary interaction in #

(102)

fd,r,e,e,t,l = {fd,r,t,2k—l,m,n}' fd,r,e,e,t,z = { fd,r,t,Zk,m,n}‘

Eight-tuple f, .., is composed of eight sine waves f, ., , = with fre-

quencies @, .\ n,(t) and 8-tuple f consists of eight cosine waves

d,r.eet,2

forioemn With frequencies @, .. (t) for k=12,.-,8 and each m, n.
For any frozen X=X,,Y=Y,,Z=12,, usage of matrix f, .,  gives that
the 1st vector dree-t oscillon
Kd,r,e,e,t,l = [Ko,d,b‘m‘r‘a‘n' Ko,d,a,m,r,b,n’ Ko,d,b,m,r,d,n’ Ko,d,a,m,r,c,n’
(103)

Ko,d,c,m,r,a,n’ Ko,d,d,m,r,b,n’ Ko,d,c,m,r,d,n' Ko,d,d,m,r,c,n]( fd,r,e,e,t,l)

is displayed as a list of eight 8-rf, deterministic-random oscillons in ¢ which are

produced by 8-tuple f as

dreetl

_ P
Ko,d,b,m,r,a,n __? eZd,mezr,n

><[Qd,m Qr,n ( fd,r,t,l,m,n - fd,r,1,3,m,n) _Qd,m I:er,n ( fd,r,t,s,m,n - fd,r,t,?,m,n)
- Rd,m Qr,n ( fd,r,t,9,m,n - fd,r,t,ll,m,n )+ Rd,m Rr,n ( fd,r,t,13,m,n - fd,r,t,15,m,n ):I’

P
Ko,d,a,m,r,b,n =_? eZd,mezr,n

><':Qd,m Qr,n ( 1:d,r,t,l,m,n + fd,r,t,3,m,n) _Qd,m Rr,n ( fd,r,t,s,m,n + fd,r,t,7,m,n)

- Rd,m Qr,n ( fd,r,t,9,m,n + fd,r,t,ll,m,n )+ Rd,m Rr,n ( fd,r,t,13,m,n + fd,r,t,15,m,n ):I’

Pec
Ko,d,b,m,r,d,n :+? eZd‘mezr,n

><':Qd,m Qr,n ( fd,r,t,l,m,n - fd,r,t,e,m,n) +Qd,m Rr,n ( fd,r,t,5,m,n - fd,r,t,7,m,n)
- Rd,m Qr,n ( fd,r,t,9,m,n - fd,r,t,ll,m,n )_ Rd,m Rr,n ( fd,r,t,13,m,n - 1:d,r,t,15,m,n ):|'
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K

od,amrcn —

><':Qd,m Qr,n ( 1:d,r,t,l,m,n + fd,r,t,3,m,n) +Qd m r, ( d,r,t,5mn + 1:d,r,t,7,m,n)
- Rd,m Qr,n ( fd,r,t,9,m,n + fd,r,t,ll,m,n )_ Rd,m Rr,n ( fd‘r‘t,lS,m,n + fd‘r‘t,lS,m,n ):|’

P
—? eZd’mleyn

Pe
Ko,d,c,m,r,a,n == ) ezd mez

><':Qd,m Qr,n ( 1:d,r,t,l,m,n - fd,r,t,3,m,n) Qd m r, ( d,r,t,5,mn 1:d,r,t,7,m,n)
+ Rd,m Qr,n ( fd,r,t,g,m,n - fd,r,t,ll,m,n)_ Rd,m Rr,n ( fd,r,t,13,m,n - fd,r,t,ls,m,n ):I’

_ P
Ko,d,d,m,r,b,n _+? ezd,mezr,n

[Qd m Qr ( d,r,t,1mn + fd,r,t,3,m,n) Qd m r, ( d,r,t,5m,n + 1:d,r,t,7,m,n)
+ Rd,m Qr,n ( fd,r,t,g,m,n + fd,r,t‘ll‘m,n)_ Rd,m Rr,n ( fd,r,t,13,m,n + fd,r,t,15,m,n ):I’

K Pc

od,c,m,r.d,n =+ 8 eZd mﬁZ

><':Qd,m Qr,n ( fd,r,t,l,m,n - 1:d,r,t,3,m,n) +Qd m r, ( d,r.t,5mn 1:d,r,t,7,m,n)
+ Rd,m Qr,n ( fd,r,t,g,m,n - 1:d,r,t,ll,m,n )+ Rd,m I:zr,n ( 1:d,r,t,ls,m,n - 1:d,r,t,ls,m,n ):|'

p
K =+ 86 €z €z, ,

o,d,d,m,r,.c,n

[Qder ( drtlmn+ 1:d rt3mn) +Qdm r,n (fd,r,t,S,m,n + fd,r,t,?,m,n) (104)
+ Rd,m Qr,n ( fd,r,t,g,m,n + 1:d,r,t,ll,m,n)-i_ Rd,m Rr,n ( fd,r,t,ls,m,n + fd,r,t,ls,m,n ):'

The 2nd vector dree-toscillon

Kd.r.e,e,t,z = [Ko,d,a,m,r,a,n’ Ko,d,b,m,r,b,n' Ko,d,a,m,r,d,n! Ko,d,b,m,r,c,n’
(105)
Ko,d,d,m,r,a,n’ Ko,d,c,m,r,b,n’ Ko,d,d,m,r,d,nl Ko,d,c,m,r,c,n :|( fd,r,e,e,t,z)

is represented by a list of eight 8-rf deterministic-random oscillons in £ which are

generated by 8-tuple f since

d,r.eet,2

_ P
Ko,d,a,m,r,a,n - 8 ezd mez

><[Qd,m Qr,n ( fd,r,t‘Z,m,n - fd‘r‘t,4,m,n) Qd m r, ( d,rt,6,mn fd,r,t,s,m,n)
- Rd,m Qr,n ( fd,r,t,lO,m,n - fd,r,t,lz,m,n)+ Rd,m Rr,n ( fd,r,t,14,m,n - fd,r,t,le,m,n ):|’

_ c
Ko,d,b,m,r,b,n _+? eZd,mezr,n

[Qd m Qr ( d,r,t,2,mn + fd,r,t,4,m,n) Qd m r, ( d,r,t,6,mn + fd,r,t,8,m,n)
- Rd,m Qr,n ( fd,r,t,lO,m,n + fd,r,t,lZ,m,n )+ Rd,m Rr‘n ( fd,r,t,l4,m,n + fd,r,t,lG,m,n ):|’

Pc
Ko,d,a,m,r,d,n =+ ) ezd meZ

><':Qd,m Qr,n ( fd,r,t,Z,m,n - fd,r,t,A,m,n) +Qd m r, ( d,r.t,6,mn fd,r,t,S,m,n)
- Rd,m Qr,n ( fd,r,t,lO,m,n - fd,r,t,lz,m,n)_ Rd,m Rr,n ( fd,r,t,14,m,n - fd,r,t,16,m,n ):|'
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o,d,b,m,r,c,n

K :+% 824 m€Z,

><[Qd,m Qr,n ( fd,r,t‘Z,m,n + fd,r,t,4,m,n) +Qd,m Rr,n ( fd,r,t,e,m,n + fd,r,t,B,m,n)
- Rd,m Qr,n ( fd,r,t,lO,m,n + fd,r,t,lz,m,n )_ Rd,m Rr,n ( fd,r,t,14,m,n + fd,r,t,lﬁ,m,n ):I’

Pe
Ko,d,d,m,r,al,n =+? eZd,mezr,n

><':Qd,m Qr,n ( fd,r,t,Z,m,n - fd,r,t,4,m,n) _Qd,m Rr,n ( fd,r,t,6,m,n - fd,r,t,s,m,n)
+ Rd,m Qr,n ( fd,r,t,lO,m,n - fd,r,t,lz,m,n )_ Rd,m Rr,n ( fd,r,t,14,m,n - fd,r,t,16,m,n ):|'

o,d,c,m,r,b,n

K :+% €Z4 n€Z, ,

><':Qd,m Qr,n ( fd,r,t,Z,m,n + fd,r,t,4,m,n) _Qd,m Rr,n ( fd,r,t,(i,m,n + fd,r,t,8,m,n)

+ Rd,m Qr,n ( fd,r,t,lO,m,n + fd,r,t,12,m,n)_ Rd,m Rr,n ( fd,r,t,l4,m,n + fd,r,t,16,m,n ):|'

K :—% €24 n€Z,

o,d,d,mr.d,n

><[Qd,m Qr,n ( fd,r,t‘Z,m,n - fd‘r‘t,4,m,n) +Qd,m Rr,n ( fd,r,t,6,m‘n - fd,r,t,S‘m‘n)
+ Rd,m Qr,n ( fd,r,t,lO,m,n - fd,r,t,lz,m,n )+ Rd,m Rr,n ( fd,r,t,lA,m,n - fd,r,t,lﬁ,m,n ):I’

K =+% €Z4 n€Z, ,

o,d,c,m,r,c,n

><|:Qd,m Qr,n ( fd,r,t,Z,m,n + fd,r,t,4,m,n) + Qd,m Rr,n ( fd,r,t,e,m,n + fd,r,t,s,m,n) (106)
+ Rd,m Qr,n ( fd,r,t,lO,m,n + fd,r,t,lz,m,n)+ Rd,m Rr,n ( fd,r,t,14,m,n + fd,r,t,lG,m,n )]

For all vector dree-t oscillons, amplitudes of eigenfunctions depend on
PerQumiRymiZo,t Via ezy (z5).€z,,(25),Q,,(t),R.,(t) and temporal shifts
of eigenfunctions are determined by @, .,y ,m: %, Yo, through

Sd,x,m (XO ) 1 Scl,y,m ( yO ) 1 Sr,x,n (XO ’t) 1 Sr.y,n ( yO 1 t) ! a)d ,rt.k,m,n (t) ! ar,l,n (t) 1 ar,Z,n (t) * The
dree- ¢ oscillons are smooth random functions of time with an unbounded period.

3.2. The RDEE Oscillons

Due to the identity resonance, 16 random-deterministic, external, elementary os-
cillons (rdee-oscillons for concision, see (195) of [7]) are combined into two vec-

tor rdee-t oscillons

K K f ,q=12, (107)

rd.eet,q = rd,ee;t,q ( r,d,e,e,t,q)

which are produced by two 8-tuples of the random-deterministic, external, elemen-

tary interaction in #

(108)

fr,d,e,e,t,l = { fr,d,t,2k—l,m,n}' fr,d,e,e,t,z = { fr,d,t,2k,m,n}‘

Eight-tuple f with fre-

quencies @ 4 tk.m.n

rdeers 18constructed of eight sine waves f , ,

(t) and 8-tuple f comprises eight cosine waves

r.d,eet,2

fgioemn With frequencies @y, .. (t) for k=12,---,8 and each m, n.
For any frozen X=X,y =Y,,Z=2,, we use matrix f ., . tocompute
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that the 1st vector rdee-t oscillon

Kr,d,e,e,t,l = |:K0,r,b,m,d,a,n' Ko.r.a,m,d,b,n' Ko,r,b,m,d,d,n! Ko,r,a,m,d,c,n’
(109)
Ko,r,c,m,d,a,n’ Ko,r,d,m,d,b,n’ Ko,r,c,m,d,d,n' Ko,r,d,m,d,c,n]( fr,d,e,e,t,l)

is exposed as a list of eight 8-rf, random-deterministic oscillons in £ which depend

on by 8-tuple f in the view of

r,d,eetl

K =L ez, n€Z, ,
8 i

o,r,b,m,d,a,n

><':Qr,m Qd,n ( fr,d,t,l,m,n - fr,d,t,3,m,n) _Qr,m Rd,n ( fr,d,t,s,m,n - fr,d,t,?,m,n)
- Rr,m Qd,n ( 1:r,d,t,Q,m,n - fr,d,t,ll,m,n )+ Rr,m Rd,n ( fr,d,t,13,m,n - fr,d,t,ls,m,n ):"

K =—% €z, .z,

o,r,a,m.d,b,n

><':Qr,m Qd,n ( fr,d,t,l,m,n + fr,d,t,S,m,n) _Qr,m Rd,n ( fr,d,t,S,m,n + fr,d,t,?,m,n)
- Rr,m Qd,n ( fr,d,1,9,m,n + 1:r,d,t,ll,m,n )+ Rr,m I:Qd,n ( fr,d,1,13,m,n + fr,d,t,ls,m,n )]’

o,r,b,md,d,n

><|:Qr,m Qd n ( rdtlimn r,d,t,3,m,n) +Qr,m Rd,n ( fr,d,t,5,m,n - fr,d,t,7,m,n)
- Rr,m Qd n ( rdt9mn_ 'r d,t,ll,m,n)_ Rr,m Rr,n ( fr,d,t,ls,m,n - fr,d,t,15,m,n >:|'

K :+% €z, n6Z4 4

K e ez, .z, ,

o,r,a,md,c,n
8

><':Qr,m Qd,n ( fr,d,t,l,m,n + fr,d,t,S,m,n) +Qr,m Rd,n ( fr,d,t,5,m,n + fr,d,t,7,m,n)
- Rr,m Qd,n ( fr,d,1,9,m,n + 1:r,d,t,ll,m,n )_ I:ar,m Rd,n ( 1:r,d,t,ls,m,n + 1:r,d,t,ls,m,n >:|'

Pe
Ko,r,c,m,d,a,n 2_? ezr,mezd,n
><':Qr,m Qd,n ( fr,d,t,l,m,n - fr,d,t,S,m,n) Qr m Rd n ( rdt5mn fr,d,t,?,m,n)
+ Rr,m Qd,n ( 1:r,d,t,g,m,n - fr,d,t,ll,m,n) R Rd n ( fr d,t13,mn 1:r,d,t,ls,m,n )]’
_ P
Ko,r,d,m,d,b,n _+? ezr,mezd,n
d,n ( r,d,t,5,mn + 1:r,d,t,7,m,n)

><':Qr,m Qd,n ( fr,d,t,l,m,n + fr,d,t,3,m,n) Qr m R
+ Rr,m Qd,n ( 1:r,d,t,g,m,n + fr,d,t,:Ll,m,n) R Rd n ( fr ,d,t,13,m,n + fr,d,t,ls,m,n ):I’

K :+% ez, .€Z, ,

o,r.c,md,d,n

><':Qr,m Qd,n ( fr,d,l,l,m,n - fr,d,t,3,m,n) +Qr,m Rd,n ( fr,d,t,S,m,n - fr,d,t,7,m,n)
+ Rr,m Qd,n ( 1:r,d,t,Q,m,n - fr,d,t,ll,m,n )+ Rr,m Rd,n ( fr,d,t,ls,m,n - fr,d,t,lS,m,n >:|'

P,
Ko,r,d,m,d,c,n :+?c ezr,mezd,n
><[Qr,m Qd,n ( fr,d,t,l,m,n + fr,d,t,3,m,n) +Qr,m Rd,n ( fr,d,t,5,m,n + 1:r,d,t,7,m,n) (110)

+ Rr,m Qd,n ( fr,d‘t,Q,m‘n + fr,d,t,ll,m,n)+ Rr,m Rd,n ( fr,d,t,13,m,n + fr,d,t,lS,m,n )]
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The 2nd vector rdee-toscillon

Kr,d,e,e,t,z = [Kovaa,m,d,a,n' Ko,r,b,m,d,b,n' Ko,r,a,m,d,d,n’ Ko,r,b,m,d,c,n’ (111)

Ko,r,d,m,d,a,n 1 Ko,r,c,m,d,b,n 1 Ko,r,d,m,d,d,n ’ Ko,r,c,m,d,c,n ]( fr,d,e,e,t,z)

is exhibited by a list of eight 8-rf, random-deterministic oscillons in # which are

created by 8-tuple f because

r.d,eet,2

K =—% ez, .8Z4 .

o,r,a,md,a,n

><':Qr,m Qd,n ( fr,d,t,z,m,n - 1:r,d,t,4,m,n) _Qr,m Rd,n ( fr,d,t,e,m,n - fr,d,t,s,m,n)
- Rr,m Qd,n ( fr,d,t,lO,m,n - fr,d,t,lz,m,n)+ Rr,m Rd,n ( fr,d,t,14,m,n - fr,d,t,lﬁ,m,n )j|’

K

o,r,b,m,d,b,n

><|:Qr,m Qd,n ( fr,d,t,z,m,n + fr,d,1,4,m,n) _Qr,m Rd,n ( fr,d,t,e,m,n + fr,d,t,S,m,n)
- Rr,m Qd,n ( fr,d,t,lo,m,n + 1:r,d,t,lz,m,n)-i_ Rr,m Rr,n ( fr,d,t,14,m,n + fr,d,t,le,m,n )]’

Pec
? eZr,mezd,n

:+% ez, ,eZy ,

Ko,r,a,m,d,d,n =+

><':Qr,m Qd,n ( fr,d,t,Z,m,n - fr,d,t,A,m,n) +Qr,m Rd,n ( fr,d,t,G,m,n - fr,d,t,8,m,n>
- Rr,m Qd,n ( fr,d,t,lo,m,n - fr,d,t,lz,m,n)_ Rr,m Rd,n ( fr,d,t,14,m,n - fr,d,t,16,m,n ):|’

o,r,b,md,c,n

K :+% ez, .8Z4 .
><[Qr,m Qd,n ( fr,d,t,z,m,n + fr,d,1,4,m,n) +Qr,m Rd,n ( fr,d,t,e,m,n + 1:r,d,t,B,m,n)
- Rr,m Qd.n ( fr,d,t,lO,m,n + fr,d.t,lZ,m,n)_ Rr.m Rr,n ( fr,d,t,14,m,n + fr,d,t,16,m,n )]'

Pe

Ko,r,d,m,d,a,n =+ ) eZr,mezd,n

><':Qr,m Qd,n ( fr,d,t,Z,m,n - 1:r,d,t,4,m,n) _Qr,m Rd,n ( fr,d,t,6,m,n - 1:r,d,t,8,m,n)
+ Rr,m Qd,n ( fr,d,t,lO,m,n - fr,d,t,lz,m,n )_ Rr,m Rd,n ( fr,d,t,14,m,n - fr,d,t,16,m,n ):|'

Pe

K :+? ez, .6z, ,

o,r.c,md,b,n

><':Qr,m Qd,n ( fr,d,t‘Z,m,n + fr,d,t,4,m,n) _Qr,m Rd,n ( fr,d,t,ﬁ,m‘n + fr,d,t‘S,m,n)
+ Rr,m Qd,n ( fr,d,t,lO,m,n + fr,d,t,lZ,m,n)_ Rr,m Rd,n ( fr,d,t,l4,m,n + fr,d,t,lG,m,n ):|’

_ P
Ku,r,d,m,d,d,n __? eZr,mezd,n

><[Qr,m Qd,n ( fr,d,t,z,m,n - 1:r,d,t,4,m,n) +Qr,m Rd,n ( fr,d,t,e,m,n - 1:r,d,t,a,m,n)
+ Rr,m Qd.n ( fr,d,t,lO,m‘n - fr,d,t,lZ,m,n )+ Rr.m Rd‘n ( fr,d,t,l4,m,n - fr,d,t,lﬁ,m,n ):I’

K =+% ez, .6Z4 .

o,r,c,m,d,c,n

><|:Qr,m Qd,n ( fr,d,t,z,m,n + fr,d,t,4,m,n) + Qr,m Rd,n ( fr,d,t,e,m,n + fr,d,t,s,m,n) (112)

+ Rr,m Qd,n ( fr,d,t,lO,m,n + fr,d,t,lz,m,n)+ Rr,m Rd,n ( fr,d,t,14,m,n + fr,d,t,le,m,n )]
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For all vector rdee- ¢ oscillons, amplitudes of eigenfunctions are determined by

PerQuniRyni 2ot via ezy (z).ez,,(2).Q (1), R, (t) temporal shifts of
eigenfunctions are governed by g, .,y .. %, Y.t through s, (),

Sy (Y0)sSeam (X0:t):Seym (Yort) s @r g iiemn (1): @i (1), @p 5 (1) - Similar to the
dree-t oscillons, the rdee-¢ oscillons are smooth random functions of time with an

unbounded period.

3.3. The DREW Oscillons

We use the decomposition of deterministic-random, external, wave oscillons
(drew oscillons for conciseness, see (197 of [7]) via the dree and rdee oscillons and
substitute the inhomogeneous Fourier expansion of the vector dree-¢and rdee-¢
oscillons to find that 16 drew oscillons are grouped into two vector drew-¢ oscil-

lons

Kd,r,e,w,t,q = Kd,r,(-z,w,t,q ( fd,r,e,w,t,q )! q = 1! 2! (113)

which are formed by two 16-tuples of the deterministic-random, external wave

interaction in £

fd,r,e,w,t,l = { fd,r,t,Zk—l,m,n' fr,d,t,Zk—l,m,n}' fd,r,e,w,t,z = { fd,r,t,Zk,m,n' fr,d,t,Zk,m,n}' (114)

Sixteen-tuple f, .., is constructed of eight sine waves f, ., . = with

frequencies @, ., . (t) and eight sine waves f , ., , . with frequencies

@ goxemn (t) for k=12,---,8 and each m, n. Sixteen-tuple f, ., . , consists

of eight cosine waves f with frequencies @, ., ., (t) and eight co-

(t) for k=12,---,8 and

d,r,t,2k,m,n

sine waves f with frequencies o

r,d,t,2k,m,n r.d,t,k,mn
each m, n
Due to the identity resonance of the vector dree-¢and rdee-¢ oscillons for any

frozen X=Xy, Y =Y,,Z=12,,the Ist vector drew-¢oscillon

Kd,r,e,w,t,l = [Kw,d,b,m,r,a,n’ Kw,d,a,m,r,b,n’ Kw,d,b,m,r,el,n' Kw,d,a,m,r,c,n'

(115)
Kw,d,c,m,r,a,n ' Kw,d,d ,m,r,b,n? Kw,d,c,m,r,d,n ! KW,d,d,m,r,c,n :|( fd,r,e,w,t,l)

is visualized by a list of eight 16-rf, deterministic-random, random-deterministic

oscillons in ¢ which are produced by 16-tuple f

K

d,re,w,t1 as

w,d,bmran —

P,
+?C{ezd mezr n |:Qd,m Qr,n (Nd,m,r,n fd,r,t,l,m,n +Md,m,r,n 1:d,r,t,3,m,n)

+ Qd,m Rr,n (Ad,m,r,n fd,r,t,S,m,n _Kd,m,r,n 1:d,r,t,7,m,n)
+ Rd,m Qr,n (Ad,m,r,n fd,r,t,g,m,n _Kd,m,r,n fd,r,t,ll,m,n)
+ Rd,m Rr,n (Nd,m,r,n fd,r,t,lS,m,n +Md,m‘r,n fd,r,t,lS,m,n ):|
ezr,mezd n [Qr m Qd n (Nr m,d,n fr d,t,.Lm,n _Mr,m,d,n fr,d,t,3,m,n)
+Qrm Rdn( r,md,n rdt5mn +Kr,m,d,n fr,d,t,?,m,n)
+er an(Armdn r,d,t,9,mn +Kr,m,d,n fr,d,t,ll,m,n)

(Nr m,d,n r d,t,13,m,n Mr,m,d,n fr,d,t,lS,m,n ):I} '

>
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K

w,d,a,m,r,b,n =

P

+?{ezd m€Zen [Qd,m Qr,n (Nd,m,r,n fd,r,t,l,m,n

_Md,m,r,n fd,r,t,3,m,n )

+ Qd m r n (Ad m,r,n d ,r.t,5,mn +Kd,m,r,n 1:d,r,t,7,m,n)

r.n (Ad m,r,n d ,r.t,.9,mn +Kd,m,r,n fd,r,t,ll,m,n)

rn(N

>

+Qrden(

+er an(A

em Ron (N

K

w,d,b,m,rdn =

Pe

o R

r,n

(
m Qea(A
(

A

N

rn

eZdn[Qerdn(Nrmdn r,d,t,1mn

>

+QrmR n(
er an(A
(

2 R (N

n

K =

w,d,a,m,r,c,n

+%{62d m®Zrn |:Qd‘m Qr,n (Nd,m,r,n fd,r,t,l,m,n

r.md,n rdt5mn

r,md,n rdt9mn

r,md,n rdtl3mn

d,m,r,n d r,t,5,mn

d,m,r,n d ,r,t,9,mn

r,md,n rdtSmn

r.md,n rdt9mn

r,md,n rdt13mn

d,m,r,n d r,t13,mn _Md,m,r,n fd,r,t,ls,m,n ):I

eZr,mezd,n |:Qr,m Qd,n (Nr,m,d,n r.d,tlmn +M f

r,md,n r,d,t,3,m,n)

rmd,n 'r,d,t7,mn

-K f )

-K f )

r,m,d,n 'r,d,t1l,mn

+ Mr,m,d,n fr,d,t,ls,mv” ):|} '

_?{ezd meZ [Qd,m Qr,n (Nd,m,r,n fd,r,t,l,m,n +Md,m,r,n 1:d,r,t,li,m,n)

_Kd,m,r,n fd,r,t,?,m,n )

- I<d,m,r,n fd,r,l,ll,m,n )

d,m,r,n d ,r,t,13,m,n +Md,m,r,n fd,r,1,15,m,n )]

-M f )

r,md,n "r,d,t,3,mn

r,md,n 'r,d,t7,mn

+K f )

+K f )

rmd,n 'rd,tilmn

- Mr,m,d,n fr,d,t,lS,m’n ):|} ’

_Md‘m‘r,n 1:d,r,t,3,m,n )

Rr n Ad m,r,n d r,t,5,m,n +Kd,m,r,n 1:d,r,t,7,m,n)

d,m rn

Z

(
(A
(

rn

+ eZr,meZd,n [Qr,m Qd,n (Nr,m,d,n r,d,tlmn

+ QR (A
er an(A
(

m Ry,

Z

n

d,m,r,n d ,r,t,9,mn

r,md,n rd15mn

r.md,n rdt9mn

r,md,n rdt13mn

+K f

d,mr,n d,r,t,ll,m,n)

d,m,r,n d ,r,t13,mn _Md,m,r,n fd,r,t,lS,m,n ):|

+M f

r.md,n r,d,t,S,m,n)

-K f )

r,md,n 'r,d,t,7,mn

-K,, 4. f )

rmd,n 'rd,tilmn

+ M, nan frodeasmn )]}'
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K =

w,d,c,m,r,a,n

P,
+?c{ezd mezr n |:Qd,m Qr,n (Nd,m,r,n fd,r,t,l,m,n +Md,m,r,n fd,r,t,3,m,n)

+ Qd m r n (Ad m,r,n d ,r,t,5,mn _Kd,m,r,n fd,r,t,7,m,n>
r,n (Ad m,r,n d ,r,t,9,mn _Kd,m,r,n fd,r,t,ll,m,n)
r n (Nd m,r,n d ,r,t13,mn +Md,m,r,n fd,r,t,ls,m,n )]
+ le,meZd,n [Qr,m Qd,n (Nr,m,d,n 1:r,d,t,l,m,n _Mr,m,d,n fr,d,t,3,m,n)
Qr m Rd n (
+er Qd n(Armd n r,dt9,mn +Kr,m,d,n fr,d,t,ll,m,n)
(

r,m,d,n r d,t13,m,n _Mr,m,d,n I:r,d,t,ls,m,n )]}’

A

r,md,n rdtSmn r,md,n 'r,d,t7,mn

+K f )

Z

m Ry,

n

K

w,d,d,mrbn =

,0
SC {EZd mezr n [Qd m Qr,n (Nd,m,r,n 1:d,r,t,l,m,n _Md,m,r,n fd,r,t,s,m,n)

+ Qd m r n Ad m,r,n d ,r,t,5,m,n +Kd,m,r,n 1:d,r,t,7,m,n)

(
Qr n (Ad m,r,n d ,r,t,9,mn +Kd,m,r,n fd,r,t,ll,m,n)
(

o R

Z

r,n d,m,r,n d ,rt,13,m,n _Md,m,r,n fd,r,t,15,m,n ):|

ezd n [Qr m Qd n (Nr m,d,n r d,t.Lm,n +Mr,m,d,n fr,d,t,3,m,n)
QrmRn r,md,n rdtSmn

(
+ Rr m Qd n (Ar m,d,n r d,t,9,m,n _Kr,m,d,n fr,d,t,ll,m,n)
(

Rd Nrmd n r,dti3,mn +Mr,m,d,n fr,d,t,lS,m,n )]}'

>

r,md,n 'r,d,t,7,mn

K, . f )

n

K

wd.cmrdn =

,0
8C {EZd meZ [Qd,m Qr,n (Nd,m,r,n 1:d,r,t,l,m,n +Md,m,r,n fd,r,t,s,m,n)

o R

r,n

A -K f

d,m,r,n d r.t,5m,n d,m,r,n d,r,1,7,m,n)

Ad m,r,n d ,r,t,9,mn _Kd,m,r,n fd,r,t,ll,m,n)

(
Rym Qun
(

Nd m,r,n d r,t,13,m,n +Md,m,r,n fd,r,t,15,m,n ):|

rn

A

r,m,d,n rdt5mn

ezd n[Qerd n(Nrmd n'rdtlmn _Mr,m,d,n fr,d,t,?:,m,n)
- Qr m R n ( +Kr,m,d,n fr,d,t,7,m,n)
er Qd n(Armd n 'r,d,t9,mn +Kr,m,d,n fr,d,l,ll,m,n)

Rd Nrmd n 'r,d,t13,mn _Mr,m,d,n fr.d,t‘15.m,n )]}'

n
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K

w,d.d,mrecn —

P,
_?C{ezd m€Zrn [Qd,m Qr,n (Nd,m,r,n fd,r,t,l,m,n _Md,m,r,n 1:d,r,t,3,m,n)

—QymRn (Ad,m,r,n forismn +Kamrn fd,r,t,?,m,n)
- Rd,m Qr,n (Ad,m,r,n fd,r,t,g,m,n +Kd,m,r,n fd,r,t,ll,m,n)
+ Rd,m Rr,n (Nd,m,r,n fd,r,t,13,m,n _Md,m,r,n fd,r,t,ls,m,n ):| (116)
Z m€%q n |:Qr,m Qq.n (Nr,m,d,n fratamn T Minan fr,d,t,3,m,n)
Qr m Rd n ( _Kr,m,d,n fr,d,r,7,m,n)

Rr m Qd n (Ar m,d,n r d,t,9,mn _Kr,m‘d,n fr,d,t,ll,m,n)

r m (Nr m,d,n r d,t,13,m,n +Mr,m,d,n 1:r,d,t,ls,m,n )]}

The 2nd vector drew-toscillon

>

r,md,n rdt5mn

Kd,r‘e,w,t,z = [Kw,d,a,m,r,a,n’ Kw,d,b,m,r,b,n’ Kw,d,a,m,r,d,n’ Kw,d,b,m,r,c,n' (117)

Kw,d,d,m,r,a,n' Kw,d,c,m,r,b,n’ Kw,d,d,m,r,d,n' Kw,d,c,m,r,c,n]( fd,r,e,w,t,z)
is presented by a list of eight 16-rf, deterministic-random, random-deterministic
oscillons in ¢, which are generated by 16-tuple f because

K -

w,d,a,m,r,a,n

d,re,w,t,2

P,
+?c{ezd mezr n |:Qd,m Qr,n (Nd,m,r,n fd,r,t,z,m,n +Md,m,r,n fd,r,t,4,m,n)

+QymRen (Ad,m,r,n foreomn ~Kamrn fd‘r‘t,&m,n)
+ Rd,m Qr,n (Ad,m,r,n fd,r,t,lo,m,n _Kd,m,r,n fd,r,t,lz,m,n)
+Rym Ry (N foreaamn T Mamen fariaemn )]

€2, m€Z4 [Qr m Qdn (Nr mdn Traezmn T Mrnan fr,d,t,A,m,n)
+ Qr m Rd n ( Kr,m,d,n fr,d,t,B,m,n)

+er Qd n(Armd n 'r,d,t10,mn I(r,m,d,n fr,d,t,lz,m,n)

(Nr m,d,n r d,t,14,m,n +Mr,m,d,n fr,d,t,lts,m,n ):I} '

d,m,r,n

>

r,md,n rdt6mn

rm

K

w,d,b,m,rbn =

_%{ezd mezr n [Qd,m Qr,n (Nd,m,r,n fd,r,t,z,m,n _Md,m,r,n fd,r,t,4,m,n)

+ Qd,m I:Qr,n (Ad,m,r,n fd,r,t,G,m,n +Kd,m,r,n fd r,t,8,m n)

+ Rd,m Qr,n (Ad,m,r,n fd,r,t,lo,m,n +Kd,m,r n 'd,rt,12,mn

+ Rd,m Rr,n (Nd,m,r,n fd,r,t,14,m,n _Md,m,r n 'd,r,t16,mn ]
+ eZr,mezd n [Qr m Qd n (Nr m,d,n fr d,t,2,mn _Mr m,d,n r d,t,4,m,n

+Q n Ry ( +K

+Rem Qun (

rm (Nrmdn rdtl4mn_Mrmdn r,d,t,16,m,n ]}

>

r,md,n rd16mn

>

+K

r,md,n rdthmn rmd,n rdt12mn

)
)
)
eman fratomn)
)
)
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K

w,d,amrdn —

_%{ezd mez |:Qd,m Qr,n (Nd,m,r,n fd,r,t,z,m,n +Md,m,r,n fd,r,t,4,m,n)

o R

r,n

Ad m,r,n d r,t,6,mn _Kd,m,r,n fd,r,t,8,m,n)

rn

.m r n (Ad m,r,n d ,r,t,10,m,n _Kd,m,r,n fd,r,t,lZ,m,n)

Nd m,r,n d ,r,t,14,mn +Md,m,r,n fd,r,t,le,m,n )]
+ ezr,mezd,n [Qr,m Qd,n (Nr,m,d,n fr,d,t,z,m,n +Mr,m,d,n fr,d,t,4,m,n)

+Qrden(

>

r,m.d,n rd16mn Kr,m,d,n fr,d,t,&m,n)

er Qd n(Armd n 'r,d.t10,mn I<r,m,d,n fr,d,t,lz,m,n)

Rdn(

Z

r,md,n r d,t,14,m,n +Mr,m,d,n fr,d,t,lG,m,n )]} '

K

w,d,bmrcn —

IOSC {EZd meZ [Qd,m Qr,n (Nd,m,r,n fd,r,t,z,m,n _Md,m,r,n fd,r,t,zl,m,n)
Rr n (Ad m,r,n d rt,6,mn +Kd,m,r,n fd,r,t,B,m,n)

d,m Qr n (Ad m,r,n d ,r,t,10,m,n +Kd,m,r,n fd,r,t,lz,m,n)

R ( d,m,r,n fd,r,t,14,m,n _Md,m,r n'd,rt16,m n):|

Zr,mezd,n [Qr,m Qd,n (Nr,m,d,n fr,d,t,2,m,n _Mr m,d,n r d,t,4,m,n

-Ry,

+Qrden(Armdn r.d,t,6,mn +Krmdn rdt8mn)
er an(Armdn r,d,t,10,m,n +Krmdn rdtlZmn)

om Ran (N

r,m,d,n rdt14mn_Mrmdn r,d,t,16,m,n :|}

K

w,d,d,m,r,a,n =

,08C {EZd mezr n [Qd m Qr,n (Nd,m,r,n fd,r,t,z,m,n +Md,m,r,n 1:d,r,t,4,m,n)

+QymRin(A f

- Rd,m Qr,n

d,m,r,n 'd,rt,6,mn _Kd,m,r,n fd,r,t,&m,n)

Ad,m,r,n fd,r,t,lO,m,n _Kd,m,r,n fd,r,t,lZ,m,n)
rn(Nd m,r,n d rt14,mn +Md ,m,r,n fd,r,t,le,m,n ):|

ezd n [Qr m Qd n (Nr m,d,n r d.t,2,m,n +Mr,m,d,n fr,d,t,4,m,n)
_QrmR n Armdn r,d,t,6,mn _Kr,m,d,n fr,d,t,8,m,n)

+ Rr m Qd n (Ar m,d,n r d,t,10,m,n _Kr,m,d,n fr,d,t,lz,m,n)

Rd Nrmd n 'r,d,t,14,m,n +Mr,m,d,n fr,d,t,le,m,n )]}’

n
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K

w,d,c,m,r,b,n =
Pec
_?{ezd mezr n [Qd,m Qr,n (Nd,m,r,n fd,r,t,z,m,n _Md,m,r,n 1:d,r,t,4,m,n)

+ Qd m r n Ad m,r,n d ,r,t,6,mn +Kd,m,r,n fd,r,t,8,m,n)

N -M

rn(Admrn d,r,t,10,m,n +Kd,m,rn d,r,t12,m,n
rn(

d,m,r,n dr,t,14,m,n d,m,r,n drthmn :|

)
)
mam[QmQM(MmMrde1—Mmdanmn
= Qi Ry, cman fracomn)

)

)

(A
+er an(Armdn r,d,t,10,m,n +Krmdn r,d.t,12,m,n

+K

r,md,n rdt6mn

r,m Nrmdn rd114mn_Mrmdn r,d,t,16,m,n :|}

K

w,d,d,m,r,d,n =

+%{ezd meZ |:Qd,m Qr,n (Nd,m,r,n fd,r,t,Z,m,n +Md,m,r,n fd,r,t,A,m,n)

- Qd,m Rr,n (Ad,m,r,n fd,r,t,e,m,n _Kd,m,r,n fd,r,t,s,m,n)
- Rd,m Qr,n (Ad,m,r,n fd,r,t,lO,m,n _Kd,m,r,n fd,r,t,lz,m,n)
+Rim Ry (Nd,m,r,n fartaamn +Mamen fariiemn )]
+ €Z, €24 [Qr m Qaon (Nr man Tratzmn TMindn fr,d,t,4,m,n)
= Qun Ria (A
RQO(
R (

r.m,d,n rdt6mn _Kr,m,d.n fr,d,t,&m,n)

-K f )

r,md,n 'r,dt12,mn

>

r,md,n rdthmn

Nr m,d,n r d,t,14,m,n +Mr,m,d,n fr,d,t,lS,m,n ):'} '

K

w,d,cmr.cn —

p
SC {ezd mezr n [Qd m Qr,n (Nd,m,r,n fd,r,t,z,m,n _Md,m,r,n 1:d,r,t,4,m,n)

- Qd,m Rr,n (Ad,m,r,n fd,r,t,t},m,n +I<d,m,r,n fd r,t,8,m n)
- Rd,m Qr,n (Ad,m,r,n fd,r,t,lO,m,n +Kd,m,r n 'd,r,tl2,mn
+ Rd,m R n (Nd,m,r,n 1:d,r,t,14,m‘n _Md,m,r n 'd,rt16,mn :' (118)

eZr,mezdn|:Qerdn(Nrmdnfrdt,Z,m,n _Mrmdn r.d,t,4,mn

)
)
)
= Qe Rin(Arman fracemn +Keman fracamn)
)
)

>

er an(Armdn r,d,t,10,m,n +Krmdn r,d,t,12,mn

(Nrmdn rdt14mn_Mrmdn r,d,t,16,mn :|}

In Equations (116) and (118), nonlinear amplitudes
I<d mrn = 7Kg mKen _ﬂ’d mﬂ“r n T HymMens
Ad mrn _Kd,mKr,n +ﬂ‘d mﬂ‘r n +/ud,m/ur,n'

(119)
Mdmrn _+Kd,mKrn+/1 )“ +/ud,mlur,n'
N

d,.m”*r,n

d,m,r,n +Kd,mK + ﬂ’d m/lr n /Jd,mlur,n

DOI: 10.4236/ajcm.2025.154019

419 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2025.154019

V. A. Miroshnikov

and
I<r,m,d,n = +Kr,mKd,n _ﬂ“r,mﬂ“d,n + /ur,m/ud,na
Ar,m,d,n =Ky mKan +ﬂ’r,m/1d,n + Ml o (120)
Mr,m,d,n = +Kr,mKd,n +/1r,mj’d,n +:ur,m:ud,n'
Nr,m,d,n = +Kr,mKd,n +/1r,mld,n _/ur,mtud,n

are produced by the deterministic and random wavenumbers.

For all vector drew-¢ oscillons, amplitudes of eigenfunctions are influenced by
pc’1<ci,m,r,n'A Md,m,r,n'N
I<r,m,d,n ’ Ar,m,d,n ’ Mr,m,d,n ’ Nr,m,d,n ’Qd,m ’ Qd,n ’ Rd,m’ Rd,n ’ ZO ’t

d,m,r,n’ d,m,r,n’

(121)

via
eZy 1 (20).€24.0(20) .62, 10 (2):€2,0(26), Qe (1), Qe (1), R (1), R, (1) (122)

and temporal shifts of eigenfunctions are controlled by

Ag1mr Xganr Xy amr Xaans Xor Yoo b (123)
through
Saem (X0)1Saxn (%0):Saym (Yo ) Sayin (Yo ) Seoxm (X0:1),Spn (X0 1),
Seym (Yort):Seyn (Yo.0): @4 tiemn (1) @ g ioman (1), (124)

Ay (1), 10 ()00 (1), 50 (1)

Similar to the dree-tand rdee-t oscillons, the drew-# oscillons are smooth ran-

dom functions of time with an unbounded period.

3.4. The DREG Oscillon

The symmetry resonance of the dree-¢and rdee-zoscillons results in reduction of
the deterministic-random, external, group oscillon (the dreg oscillon for briefness,
see (198) of [7]) to a 16-rf oscillon, which is produced by 16-tuple of the deter-

ministic-random, external, group interaction in ¢

fd,r,e,g,t = { fd,r,t,2k—l,m,n' fd,r,'[,ZI,m,nl fr,d,t,2k—1,m,n fr,d,t,ZI,m,n}' (125)

Sixteen-tuple f includes four sine waves f with frequencies

d,reqg,t d,r,t,2k—-1,m,n

@q v imn (1) > four cosine waves  f with frequencies @, ., (t), four

d,r.t,2l,m,n
sine waves f
f

each m, n.

rdezkamn With frequencies @, 4, .. (t), and four cosine waves

with frequencies O 4 (1mn (t) for k=3,456, 1=12,7,8, and

r.d,t,2l,m,n
Expressing the dreg oscillon via the dree and rdee oscillons and substituting the
inhomogeneous Fourier expansion of the vector dree-¢and rdee-zoscillons yields
that the dreg-¢ oscillon for any frozen Xx=X,,y=Y,,Z=12,, is displayed as the
16-rf, deterministic-random, random-deterministic oscillon in ¢ which is formed

by 16-tuple f

dregt?

K =K

g.d,i,mr,jn g.dimr.jn ( fd,r,e,g,t) (126)

because
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K . .=

g,d,i,mr,j,n

+%{ezd mezr n [ Qd,m Rr,n (Ad,m,r,n fd,r,t,5,m,n _Kd,m,r,n I:d,r,t,7,m,n)

+ R Q (Ad mrn f +K fd,r,t,ll,m.n)
Qd m Qr n ( d,m,r,n fd,r,t,2,m,n _Md,m‘r‘n fd,r,h4,m‘")
+ Rd,m R n (Nd,m,r,n fd,r,t,14,m,n +Nld,m,r,n fd,r,t,le,m,n >:| (127)

+ le,mezd n |:Qr m Rd n (Ar m,d,n fr d,t,5,m,n _Kr,m,d,n fr,d,t,7,m,n)
+Rp Qo (A +K f )

rmd,n 'rd,t1l,mn

Qr m Qd n (Nr m,d,n r d.t,2,mn _Mr,m,d,n fr,d,t,4,m,n)
(Nr m,d,n r d,t,14,m,n +Mr,m,d,n fr,d,1,16,m,n ):|}

Amplitudes of eigenfunctions depend on (121) via (122) and temporal shifts of

d,r,t,9,mn d,m,r,n

r,md,n rdt9mn

eigenfunctions are determined by (123) through (124). Similar to the drew-¢ os-
cillons, the dreg-¢ oscillon is a smooth random function of time with an un-
bounded period.

3.5. The DREK Oscillon

The deterministic-random, external, kinetic-energy oscillon (the drek oscillon for
pithiness, see (92) of [7]) takes the following form:

edlmrjn Z Z g,d,i,mr,jn* (128)

m=1 n=m+1

If all frequencies of the drek-¢ oscillon are distinct smooth random functions of
time, then the drek-t oscillon is displayed asan 8M (M —1) -rf oscillon. For any fro-
zen X=X, Y =Y,,2= 1, the drek-z oscillon is represented by the 8M (M —1) -rf,
deterministic-random, random-deterministic oscillon in ¢ which is formed by
M (M -1)/2 16-tuples f, . . with frequencies @ . no(t), @ qpsmn ()
for k=1,2,---,8

drek-£ oscillon is a smooth random function of time with an unbounded period,

, all m, n, Re, and wave parameters of the dreg-¢ oscillons. The

as well.
The drek-toscillons for X=X,y =Y,,Z = Z,, the Reynolds number Re = 10%,
and Re=10° are shown in Figure 1 on [to,t +T. 4 e] [5,11], where t, =5 is

the initial time, T ,_ =6 is the period of the dek- oscillon. We observe a sub-

ed.e
stantial change in range and shape of the 48-rf, deterministic-random, random-
deterministic drek- £ oscillon with the Reynolds number.

In Figure 1 and sequential figures, the independent deterministic parameters

are the same as in [5], specifically,

£ =1 M =3 n=0, X, =0, Yo =0, z,=0, t, =5
T 27 3n 27 27
Ky1 :Z’ Kq2 :?’ Ky :?v Ag1 :?! A2 :?v Ags =2m,
Ud,l = 4, Ud,Z =3, Ud,3 = 2, Vd,l =3, Vd,Z = 2, Vd,3 =l, (129)

Xd,l,o =1, Xd,z,o =5, Xd,a,o =3, Yd,l,O =5, Yd,z,o =3, Yd,s,o =1
Avy, =11 Avy, =7, Avy;=3, Bvy, =6, Bv,,=4, Bv ;=2
Cvy,=8,Cvy,=6, Cvy;=4, Dvy, =7, Dv,,=4, Dv,,=1

DOI: 10.4236/ajcm.2025.154019

421 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2025.154019

V. A. Miroshnikov

(®)

Figure 1. The drek-toscillons: (a) —K,,; . (t) for Re=10°,(b) —K 4. ;. (t) for
Re=10°.

With the help of the random oscillatory cn-noise [8], independent smooth ran-

dom functions of time (38)-(39) are computed as follows:
5
U, . =Sy (Re)lz Ay i SN (S¢ (Re)uy oy t-K (£),¢),
=1

Vo = S0 (RS, on(S, (Rt K (0).2),

X mo =Sx (R€) 2 Ac i 0 (S (Re)vy 1 1=K (2),2),

Y, mo =Sy (Re) gA,‘m,, cn(S; (Re)uy i t-K(z),¢),

5 (130)
AV, =S, (Re) ZAAm,cn(Sf Re) v, o t-K(£),£),
BV, , =S, (Re) ZABm,cn(s, (Re)vg t—K(£),2),
Cv, , =SA(Re) ZACm,cn(sf Re)vg i t-K(£).),

DV, , =S, (Re)é Ao €N (S (Re)vp oty —K (&), £)

where cn(t,¢) is the elliptic cosine, & =0.9999 is the elliptic modulus,
K (£)=5.64514827 is the complete elliptic integral of the first kind,

A.J,m,l 1 Al,m,l ' A>(,m,| 1 A(,m,l ' AA,m,I 1 AB,m,I ' AC,m,I 1 AD,m,I (131)

are random amplitudes selected from a list of 120 random numbers on [0,1],
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UU ,m,l ’l’\/,m,l 'UX,m,I ’UY,rn,I ’UA,m,I 'UB,m,I ’UC,m,I ’ UD,m,I 'UK,m 1 Ul,m (132)

are random frequencies chosen from a list of reciprocals of first 120 prime num-

bers mixed up randomly,
S, (Re) = 696.7909371Re™ "2 5 (Re)=958.7435364 Re®**#™,
S, (Re) =5529.843495Re" "% 5 (Re)=0.6787933393 Re* 211,
Su (Re) =0.5303300858 Re®******™ '3, (Re) =0.8838834764 Re®**%1%"®,
Sy (Re)=1.237436866 Re®****” 5 (Re)=1.590990258 Re***1%7®

y

e
(133)

are scales of the random parameters.

For Re=10%, the random wavenumbers have the same values as in [5],

namely,
797 797 797
K= 1 Ko = y Keg =
" 383 599 © 163
(134)
1353 1353 1353
“oa67’ TP 3497 T 317
For Re=10°, the random wavenumbers become, similarly,
872 872 872
Kep = v K2 T g Krs T Ao
& 383 “ 599 7 163
(135)
1703 1703 1703

ﬂ' :_l (3 :_l T = _
"L o4e7 " TP 349" TR 317

The shape of the drek-toscillons in Figure 1 qualitatively differs from the shape
of the drek-x oscillons in Figure 1 of [5]. The drek-x oscillons in Figure 1 of [5]
are multi-wavenumber oscillons because deterministic-random and random-de-
terministic, external wavenumbers are random constants at t =t;. The drek-os-
cillons in Figure 1 are oscillons with deterministic-random and random-deter-
ministic, external frequences, which are smooth random functions of time to-
gether with other wave parameters. So, we observe in Figure 1 and sequential fig-
ures that random functions of time (130) produce random, fringe-like shapes of
deterministic-random, random-deterministic, random, turbulent oscillons and
pulsons. Maple programs for computing temporal quantization in the #eigen-

functions will be published elsewhere.

4. Oscillons of Deterministic-Random, Internal Interaction
4.1. The DRIE Oscillons

In the view of the identity resonance, 16 deterministic-random, internal, elemen-
tary oscillons (the drie oscillons for briefness, see (188) of [7]) are arranged into

two vector drie-t oscillons
Kd,r,i,e,t,q = Kd,r,i,e,t,q ( fd,r,i,e,t,q )! q = 1! 21 (136)

which are formed by two 8-tuples of the deterministic-random, internal, elemen-

tary interaction in &

fd,r,i,e,t,l = {gd,r,t,zk—l,m,m}' fd,r,i,e,t,z = {gd,r,t,zk,m,m}' (137)
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Eight-tuple f, .., comprises eight sine waves g,  , ;.. With frequen-

cies @y, mm(t) and 8-tuple f consists of eight cosine waves

d,riietz2
Ogriocmm With frequencies @, - (t) for k=12,---,8 and each m.

For any frozen X=X,,Y =Y,,Z=Z,, application of matrix f, . . yields
that the 1st vector drie- ¢ oscillon
Kd,r,i,e,t.l = I:Ko,d,b,m.r.a,m' Ko.d,a,m,r,b,m' Ko,d,b,m,r,d,m’ Ko,d,a,m,r,c,m’ (138)

Ko,d,c,m,r,a,m’ Ko,d,d,m,r,b,m' Ko,d,c,m,r,d,m' Ko,d,d,m,r,c,m]( fd,r,i,e,t,l)

is exposed by alist of eight 8-rf, deterministic-random oscillons in £ which depend

on 8_tuple fd rietl since
Pe
Ko,d,b,m,r,a,m =—? ez, ez,

><|:Qd,m Qr,m (gd,r,t,l,m,m - gd,r,t,3,m,m) _Qd,m Rr,m (gd,r,t,s,m,m - gd,r,t,?,m,m)
- Rd,m Qr,m (gd,r,t,Q,m,m - gd,r,t,ll,m,m)+ Rd,m Rr,m (gd,r,t,13,m,m —4.rr15mm ):I’

K

P,
o0,d,a,m,r,b,m :_?c €z, ez,
><|:Qd,m Qr,m (gd,r,t,l,m,m + gd‘r,t,3,m,m) _Qd,m Rr,m (gd‘r‘t,S,m,m + gd.r.t,7,m,m)

- Rd,m Qr,m (gd,r,t,g,m,m + gd,r,t,ll,m,m)+ Rd,m Rr,m (gd,r,t,lS,m,m + gd,r,t,ls,m,m )]’

P
Ko‘d‘b,m‘r,d,m :+? eZd,mezr‘m

><|:Qd,m Qr,m (gd,r,t,l,m,m - gd,r,t,3,m,m) +Qd,m Rr,m (gd,r,t,S,m,m - gd,r,t,7,m,m)
- Rd,m Qr,m (gd,r,t,g,m,m - gd,r,t,ll,m,m)_ Rd,m Rr,m (gd,r,t,ls,m,m ~O4.rta5mm )]'

K pC

o,d,a,m,r,c,m 2_? ezd,mezr,m

X|:Qd,m Qr,m (gd,r,t,l,m,m + gd,r,t,s,m,m) +Qd,m Rr,m (gd,r,t,s,m,m + gd,r,t,?,m,m)
- Rd,m Qr,m (gd,r,t,Q,m,m *+ Q4. ta1mm )_ Rd,m Rr,m (gd,r,t,13,m,m *94.rt15.mm ):"

K :—% 824 neZ,

o,d,c,m,r,a,m

><|:(?d‘m Qr,m (gd,r,t,l,m,m - gd,r‘t,3,m,m) _Qd‘m Rr,m (gd,r,t,S,m,m - gd,r,t,7,m,m)
+ Rd,m Qr,m (gd‘r‘t,g,m,m - gd,r,t,ll,m,m)_ Rd,m Rr,m (gd‘r,t,13‘m,m - gd,r,t,lS,m‘m )]1

P
Ko,d,d,m,r,b,m :+? eZd,mle,m

><|:Qd,m Qr,m (gd,r,t,l,m,m + gd,r,t,S,m,m) _Qd,m Rr,m (gd,r,t,S,m,m + gd,r,t,7,m,m)
+ Rd,m Qr,m (gd,r,t,g,m,m + gd,r,t,ll,m,m)_ Rd,m Rr,m (gd,r,t,13,m,m + gd,r,t,ls,m,m )]’

K

0,
o,d,c,m,r,d,m =+?C eZd,mezr,m
><I:Qd,m Qr,m (gd,r,t,l,m,m - gd,r,t,3,m,m) + Qd,m Rr,m (gd,r,t,s,m,m - gd,r,t,?,m,m)

+ Rd,m Qr,m (gd,r,t,g,m,m - gd,r,t,ll,m,m >+ Rd,m Rr,m (gd,r,t,13,m,m - gd,r,t,ls,m,m ):|'
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P
Ko,d,d,m,r,c,m =+? eZd,mezr’m

><[Qd,m Qrm (gd,r,t,l,m,m + gd,r,t,3,m,m) +Qym Rem (gd,r,t,s,m,m + gd,r,t,7,m,m) (139)
+Rym Qi (gd,r,t,Q,m,m + 9 rtaamm )+ Rym Rem (gd,r,t,13,m,m + G .rt15mm )]

The 2nd vector drie- £ oscillon

Karietz = [Ko,d,a,m,r,a,m: Kodbmrom Kog.amrdm Kodpmrems (140)

Ko,d,d,m,r,a,ml Ko,d,c,m,r,b,m' Ko,d,d,m,r,d,m’ Ko,d,c,m,r,c,m]< fd,r,i,e,t,z)

is exhibited by a list of eight 8-rf, deterministic-random oscillons in # which are

created by 8-tuple f as

d,r,iet2

K

o,d,a,m,r,a,m

P
=——¢€Z, €Z
8 d,m~“r,m

><I:Qd,m Qr,m (gd,r,t,z,m,m - gd,r,t,4,m,m) _Qd,m I:zr,m (gd,r,t,ﬁ,m,m - gd,r,t,s,m,m)
- Rd,m Qr,m (gd,r,t,lo,m,m - gd,r,t,lz,m,m ) + Rd,m Rr,m (gd,r,t,14,m,m - gd,r,t,lﬁ,m,m ):|'

P
Kod bmrom —+? 824 n8Z,

><I:Qd,m Qr,m (gd,r,t,z,m,m + gd,r,t,A,m,m) _Qd,m Rr,m (gd,r,t,G,m,m + gd,r,t,S,m,m)
- I:ed,m Qr,m (gd,r,t,lo,m,m + gd,r,t,lz,m,m)+ Rd,m Rr,m (gd,r,t,l4,m,m + gd,r,t,16,m,m ):|’

K

0,
o,d,a,m,r,d,m :+§c €24 €Z;
><I:Qd,m Qr,m (gd,r,t,z,m,m - gd,r,t,4,m,m) +Qd,m Rr,m (gd,r,t,G,m,m - gd,r,t,S,m,m)

- Rd‘m Qr,m (gd,r,t,lo,m,m - gd,r,t‘12,m‘m ) - Rd,m Rr,m (gd,r,t,14,m,m - gd,r,t,lG‘m,m )j|7

Pec
Ko,d,b,m,r,c,m :+? ezd,mle,m

><I:Qd,m Qr,m (gd,r,t,z,m,m + gd,r,t,4,m,m) +Qd,m Rr,m (gd,r,t,G,m,m + gd,r,t,S,m,m)
- Rd,m Qr,m (gd,r,t,lo,m,m + gd,r,t,lz,m,m ) - Rd,m Rr,m (gd,r,t,14,m,m + gd,r,t,16,m,m )]’

_ P
Ko,d,d,m,r,a,m _+§ ezd,mezr,m

><I:Qd,m Qr‘m (gd,r,t,Z,m,m - gd,r,t‘A,m,m) _Qd,m Rr,m (gd,r,t,6,m,m - gd,r,t,&m,m)
+ Rd,m Qr,m (gd,r,t,lo,m,m - gd,r,t,lz,m,m)_ Rd,m Rr,m (gd,r,t,14,m,m - gd,r,t,lﬁ,m,m ):|'

K :+% 824 187,

o,d,c,m,r,b,m

><I:Qd,m Qr,m (gd,r,t,z,m,m + gd,r,t,4,m,m) _Qd,m Rr,m (gd,r,t,e,m,m + gd,r,t,B,m,m)
+ Rd,m Qr,m (gd,r,t,lo,m,m + gd,r,t,lZ,m,m)_ Rd,m Rr,m (gd‘r‘t,l4,m,m + gd,r,LlG‘m‘m )]’

P
Ko,d,d,m,r,d,m :_? ezd,mezr,m

><I:Qd,m Qr,m (gd,r,t,z,m,m - gd,r,t,4,m,m) +Qd,m Rr,m (gd,r,t,e,m,m - gd,r,t,s,m,m)
+ Rd,m Qr,m (gd,r,t,lo,m,m - gd,r,t,lz,m,m)+ Rd,m Rr,m (gd,r,t,14,m,m - gd,r,t,16,m,m )]’
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o,d,c,m,r,c,m

K :+% €2y neZ

><[Qd,m Qr,m (gd,r,t,z,m,m + gd,r,t,4,m,m) +Qd,m Rr,m (gd,r,t,G,m,m + gd,r,t,S,m,m) (141)

+Rym Qi (gd,r,t,lo,m,m + gd,r,t,lz,m,m)+ Rim Rem (gd,r,t,14,m,m + G4 rt16mm )]

For all vector drie-¢ oscillons, amplitudes of eigenfunctions are governed by
PerQumiRymi Zo,t Via ez (2,),€2,,(2),Qrm (1), R, () and temporal shifts
of eigenfunctions are influenced by g, ., @, m: %y, Yo.t through
Saxm (%0 ):Sa.ym (Yo ) Sroem (X0:1)Srym (Yort) s @y rosemm (1)1 @ (1) 2 (1) -

Similar to the dree-t oscillons, drie-¢ oscillons are smooth random functions of ¢
with an unbounded period.

4.2. The DRIW Oscillons

We use the decompositions of the deterministic-random, internal, wave oscillons
(the driw oscillons for straightforwardness, see (190) of [7]) via the drie oscillons
and substitute the inhomogeneous Fourier expansion of the vector drie- ¢ oscil-
lons to find that 16 driw-t oscillons are assembled into two vector driw-¢ oscil-

lons

Kd,r,i,w,t‘q = Kd,r,i,w,t,q ( fd,r,i,e,t‘q )l q :11 21 (142)

which are produced by 8-tuples f, .., and f, ;...
For any frozen X=Xy,Y =Y,,Z = Z,, the 1st vector driw-¢oscillon

Kd,r,i,w,t,l = ':Kw,d,b,m,r,a,ml Kw,d,a,m,r,b,m’ Kw,d,b,m,r,d,m' Kw,d,a,m,r,c,m’

(143)

Kw,d,c,m,r,a,m' Kw,d,d,m,r,b,m7 Kw,d,c,m,r,d,m' Kw,d,d,m,r,c,m]( fd,r,i,e,t,l

is displayed by a list of eight 8-rf, deterministic-random oscillons in # which de-

pend on 8-tuple f in agreement with

K

d,rietl

w,d,b,m,r,a,m =

Pc
+?ezd,mezr,m [Qd,m Qr,m (Nd,m,r,m gd,r,t,l,m,m +Md,m,r,m gd,r,t,3,m,m)

+ Qd,m Rr,m (Ad,m,r,m gd,r,t,S,m,m _Kd,m,r,m gd,r,t,7,m,m)
+ Rd,m Qr‘m (Ad,m,r,m gd,r,t,Q,m,m _Kd‘m,r,m gd,r,t,ll,m,m)
+ Rd,m Rr,m (Nd,m,r,m gd,r,t,ls,m,m +Md,m,r,m gd,r,t,lS,m,m ):I’

K

w,d,a,mrbm —

+%ezd,mezr,m |:Qd,m Qrm (Nd,m,r,m Yartamm ~Mamem gd,r,t,B,m,m)
+ Qd,m Rr,m (Ad,m,r,mgd,r,t,s,m,m +Kd,m,r,mgd,r,t,7,m,m)
+ Rd,m Qr,m (Ad,m,r,m gd,r,t,g,m,m +Kd,m,r,m gd,r,t,ll,m,m)

+ Rd,m Rr,m (Nd,m,r,m gd,r,t,13,m,m _Md,m,r,m gd,r,t,15,m,m )]'
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K

w,d,b,m,r,d,m =

,O
8C ezd mez |:Qd,m Qr,m (Nd,m,r,m gd,r,t,l,m,m +Md,m,r,m gd,r,t,s,m,m)

- Qd,m Rr,m (Ad,m,r,mgd,r,t,s,m,m _Kd,m,r,mgd,r,t,7,m,m)

+ Rd,m Qr,m (Ad,m,r,m gd,r,t,9,m,m _Kd,m,r,m gd,r,t,ll,m,m)

- Rd,m Rr,m (Nd,m,r,m gd,r,t,lS,m,m +Md,m,r,m gd,r,t,ls,m,m )]'

K

w,d,a,mr.c,m —

p80 eZd meZ |:Qd,m Qr,m (Nd.m.r,m gd,r,t‘l.m.m _Md,m,r,m gd,r,t,B,m‘m)

Rr,m (Ad,m,r,m gd,r,t,S,m,m + I<d,m,r,m gd,r,t,?,m,m )

Qr,m (Ad,m,r,m gd,r,t,g,m,m +Kd,m,r,m gd,r,t,ll,m,m )

Rr,m (Nd,m,r‘m gd,r,t,l?»,m,m - Md,m,r,m gd,r,t,lS,m,m ):| '

K -

w,d,c,m,r,a,m

+Pe
8 ezd mle m |:Qd m Qr,m (Nd,m,r,m gd,r,t,l,m,m +Md,m,r,m gd,r,t,s,m,m>

+ Qd m r m (Ad,m,r,m gd,r,t,s,m,m _Kd,m,r,m gd,r,t,7,m,m)
Rd m Q r,m (Ad,m,r,mgd,r,t,g,m,m _Kd,m,r,mgd,r,t,ll,m,m)
n R

K

w,d.d,m,rbm =

P
_?ezd m€Zr m |:Qd,m Qr,m (Nd,m,r,m 9d.rt1mm _Md,m,r,m gd,r,t,3,m,m)

+ Qd m r m (Ad,m,r,mgd,r,t,S,m,m +Kd,m,r,mgd,r,1,7,m,m)

r,m (Ad,m,r,m gd,r,t,g,m,m + I<d,m,r,m gd,r,t,ll,m,m )

Rr m (Nd,m,r,m gd,r,t,l3,m,m _Md,m,r,m gd,r,t,ls,m,m ):|'

K

w,d,cmr,dm =

P,
_?Cezd mez |:Qd,m Qr.m (Nd,m‘r‘m gd,r,t,l,m‘m +Md,m,r,m gd,r,t,3,m‘m)

Rr,m (Ad,m,r,mgd,r,t,S,m,m _Kd,m,r,mgd,r,tJ,m,m)
Qr,m (Ad,m,r,mgd,r,t,g,m,m _Kd,m,r,mgd,r,l,ll,m,m)

Rr,m (Nd,m,r,m gd,r,t,ls,m,m + Md,m,r,m gd,r,t,ls,m,m ):'7

K

wd,d,mrem =

0
_?Cezd mez [Qd,m Qr‘m (Nd,m,r,m gd,r,t,l,m,m _Md.m,r,m gd.r.t,S,m,m)

r,m (Nd,m,r,m gd,r,t,l3,m,m +Md,m,r,m gd,r,t,ls,m,m )]’

- Qd,m Rr,m (Ad,m,r,mgd,r,t,s,m,m +Kd,m,r,mgd,r,t,7,m,m) (144)
- Rd,m Qr,m (Ad,m,r,m gd,r,t,9,m,m +Kd,m,r,m gd,r,t,ll,m,m)
+ Rd,m Rr,m (Nd,m,r,m gd,r,t,ls,m,m _Md,m,r,m gd,r,t,ls,m,m ):'
The 2nd vector driw-£ oscillon
DOI: 10.4236/ajcm.2025.154019 427 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2025.154019

V. A. Miroshnikov

K K K

Kd,r,i,w,t,z:[Kw,d,a,m,r,a,n’ w,d,b,m,r,.b,n? **w,d,a,m,r,d,n? " Mw,d,b,m,r,c,n?

(145)
Kw,d,d,m,r,a,n' Kw,d,c,m,r,b,n' Kw,d,d,m,r,d,n’ Kw,d,c,m,r,c,n :|( d,r,i,e,t,z)

is represented by a list of eight 8-rf, deterministic-random oscillons in ¢ which are

formed by 8-tuple f in accordance with

K =

w,d,a,m,r,a,m

d,r,iet,2

Pc
8 ezd mezr m [Qd m Qr,m (Nd,m,r,m gd,r,t,z,m,m +Md,m,r,m gd,r,t,4,m,m)

+ Qd m r m (Ad,m,r,mgd,r,t,e,m,m _Kd,m,r,mgd,r,t,s,m,m)
r,m (Ad,m,r,m 94.r.t.20,mm _Kd,m,r,m gd,r,t,lz,m,m)

r m Nd,m,r,m gd,r,t,14,m,m +Md,m,r,m gd,r,t,lG,m,m ):"

K

w,d,b,m,r,b,m =

P,
_?Cezd mezr m |:Qd,m Qr.m (Nd,m,r‘m gd,r,t,z.m,m - Md,m,r,m gd,r,t,4,m.m)

+QymRem (Ad,m,r,mgd,r,t,G,m,m +Kd,m,r,mgd,r,t,8,m,m)
r,m (Ad,m,r,m gd,r,t,lO,m,m + I<d,m,r,m gd,r,t,lz,m,m)
r m (Nd,m,r,m gd,r,t‘14,m‘m _Md,m,r,m gd‘r,t,IG,m,m ):|’
K

w,d,a,m,r,d,m =

L,
_?Cezd mez |:Qd,m Qr,m (Nd,m,r,m gd,r,t,z,m,m +Md,m,r,m gd,r,t,A,m,m)

- Qd,m Rr,m (Ad,m,r,mgd,r,t,e,m,m _Kd,m,r,mgd,r,t,&m,m)
+ Rd,m Qr,m (Ad,m,r,m gd,r,t,lO,m,m _Kd,m,r,m gd,r,t,lZ,m,m)

- Rd,m Rr,m (Nd,m,r,m gd,r,t,lA,m,m +Md,m,r,m gd,r,t,le,m,m )j|'

K

w,d,b,m,r,c,m =

L,
_?Cezd mez |:Qd,m Qr,m (Nd,m,r,m gd,r,t,z,m,m _Md,m,r,m gd,r,t,4,m,m)

- Qd,m Rr,m (Ad,m,r,mgd,r,t,e,m,m +Kd,m,r,mgd,r,t,8,m,m)
+ Rd,m Qr,m (Ad,m,r,m gd,r,t,lO,m,m +Kd,m,r,m gd,r,t,lz,m,m)

- Rd,m Rr,m (Nd,m,r,m gd,r,t,lA,m,m _Md,m,r,m gd,r,t,lG,m,m ):"
K

wd,d,mram —

P,
_?cezd mezr m |:Qd,m Qr,m (Nd,m,r,m gd,r,t,z,m,m +Md,m,r,m gd,r,t,4,m,m)

+ Qd,m Rr,m (Ad,m,r,mgd,r,t,e,m,m _Kd,m,r,mgd,r,t,s,m,m)
- Rd,m Qr,m (Ad,m,r,m 94.r.t10.mm _Kd,m,r,m gd,r,t,lz,m,m)

- Rd,m Rr,m (Nd,m,r,m gd,r,t,l4,m,m +Md,m,r,m gd,r,t,16,m,m ):|'
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K

w,d,c,m,rbm =

Pec
_?ezd mezr m |:Qd,m Qr,m (Nd,m,r,m gd,r,t,z,m,m _Md,m,r,m gd,r,t,4,m,m)

+ Qd m r m (Ad,m,r,mgd,r,t,e,m,m +I<d,m,r,mgd,r,t,8,m,m)
r,m (Ad,m,r,m gd,r,t,lo,m,m +Kd,m,r,m gd,r,t,lz,m,m)
Rr m (Nd,m,r,m gd,r,t,lA,m,m _Md,m,r,m gd,r,t,lG,m,m ):"
K

w,d,d,mrdm —

p
8C ezd mezr m |:Qd m Qr,m (Nd,m,r,m gd,r,t,Z,m,m +Md,m,r,m gd,r,t,4,m,m)

- Qd m r m (Ad,m,r,mgd,r,t,‘s,m,m _Kd,m,r,mgd,r,t,&m,m)
rm (Ad,m,r,m gd,r,t,lo,m,m _Kd,m,r,m gd,r,t,lZ,m,m )
r m (Nd,m,r,m gd,r,t,14,m,m +Md,m,r,m gd,r,t,le,m,m ):|'

K

w,d,cmrbm =

p
SC eZd meZ [Qd,m Qr,m (Nd,m,r,m gd,r,t,z,m,m _Md,m,r,m gd,r,t,4,m,m)

~QunRem (Ad,m,r,mgd,r,t,e,m,m +Kd,m,r,mgd,r,t,8,m,m) (146)
—Rym Qi (Ad,m,r,m Bortromm T Kamrm gd,r,t,lz,m,m)
+ Rd,m Rr,m (Nd,m,r,m 9d.r.t24.mm _Md,m,r,m 94.r.126.mm )]
For all vector driw-t oscillons, amplitudes of eigenfunctions are controlled by
Per Ky mem Admem Mamem Namem: Qo Ramr Zo»t (147)

via ezy,.(2).€Z,(2),Qrm(t), R, (t) and temporal shifts of eigenfunctions
depend on .,y 50 X%, Yot through

sd,><,m (XO)'sd,y,m (yo)'sr,x,m (XO'I)’Sr,y,m (yO't)’
a)d,r,t,k,m,m (t)'ar,l,m (t)’ar,l,m (t)’ar,z,m (t)

Similar to the drie-toscillons, driw- ¢ oscillons are smooth random functions of

(148)

time with an unbounded period.

4.3. The DRIG Oscillon

The symmetry resonance of the drie-¢ oscillons results in reduction of the deter-
ministic-random, internal, group oscillon (the drig oscillon for easiness, see (191)
of [7]) to an 8-rf oscillon, which is produced by 8-tuple of the deterministic-ran-

dom, internal, group interaction in ¢
fd,r,i,g,t = {gd,r,t,Zk—l,m,m 1 gd,r,t,ZI,m,m}' (149)

Eight-tuple f, ;. consistsof four sine waves g, ., .. Withfrequencies
g mm (t) and four cosine waves g, ., .. Wwith frequencies e, . . . (t)
for k=3,4,5,6, 1=12,7,8, and each m.

For any frozen X=X,,y=Y,,Z=Z,, expressing the drig oscillon via the drie

oscillons and substituting the inhomogeneous Fourier expansion of the vector
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drie-toscillons gives that the drig-foscillon is transformed into the 8-rf determin-

istic-random oscillon in £ which is created by 8-tuple f

K =K f

d,rig;t

(150)

g.d,imr,j,m g,d,i,m,r,j,m( d,r,i,g,t)

since

K

g.d.i,mr,j,m —

P
+?ezd,mezr,m I:Qd,m Rr,m (Ad,m,r,m gd,r,t,S,m,m _Kd,m,r,m gd,r,t,?,m,m)

+ Rd,m Qr,m (Ad,m,r,m gd,r,t,g,m,m +Kd,m,r,m gd,r,t,ll,m,m) (151)
_Qd,m Qr,m (Nd,m.r,m gd,r,t,z,m,m _Md,m,r,m gd‘r,t,4,m,m)
+ Rd,m Rr,m (Nd,m,r,mgd,r,t,14,m,m +Md,m,r,mgd,r,t,16,m,m ):|

Amplitudes of eigenfunctions are controlled by (147) via ez, . (z,).ez, ,(Z,)>
Q. (t),R,, (t) and temporal shifts of eigenfunctions depend on
Qg 1m1 Qg 2.mr %o» Yo, 1 through (148). Likewise the driw-£ oscillons, the drig-7 os-

cillon is a smooth random function of time with an unbounded period.

4.4. The DRIK Oscillon

The deterministic-random, internal, kinetic-energy oscillon (the drik oscillon for

brevity, see (86) of [7]) may be written as follows:
M
Ke,d,i,m,r,j,m = z Kg,d,i,m,r,j,m' (152)
m=1

Since all frequencies of the drik-zoscillon are distinct smooth random functions
of time, the drik-¢ oscillon is visualized as an 8/ rf oscillon. For any frozen
X=Xy, Y =Y,,Z=1Z,, the drik-foscillon is presented by the 8 M/-rf, deterministic-

random oscillon in £ which is formedby M 8-tuples f with frequencies

d,r,i,g,t
O ¢ cemm (t) for k=12,---,8, all m, Re, and wave paramesers of the drig-¢ os-
cillons. The drik-¢ oscillon is a smooth random function of time with an un-
bounded period, as well.

The drik-¢ oscillons for x =X,,y = Y,,Z = z,, Re =10%,Re =10°, and wave pa-
rameters (129)-(135) are displayed on [to,t0 +Te,d‘e] in Figure 2. The Reynolds
number strongly affects both the range and the shape of the 24-rf, deterministic-
random drik- £ oscillon.

5. Oscillons of Turbulent, External Interaction
5.1. The TEE Oscillons

The turbulent, external, elementary oscillons (the tee oscillons for shortness) are
computed as the superposition of the dee oscillons (see (149) of [7]) and ree os-
cillons (see (181) of [7]) as follows:

K =K + K i=ab,c, j=i+1 .--,d. (153)

o,t,i,mt,j,n o,d,i,md,j,n o,r,imr,jn’

Similar to the vector dee-#and ree-¢oscillons, six tee oscillons are grouped into

DOI: 10.4236/ajcm.2025.154019

430 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2025.154019

V. A. Miroshnikov

three vector tee-t oscillons

Kt,e,e,t,q = Kt,e,e,t,q ( ft,e,e,t,q )’ q=123, (154)

(b)

Figure 2. The drik-foscillons: (a) —K
Re=10°.

(t) for Re=10%, (b) —K (t) for

ed,imr,jm ed,imr,jm

which are formed by three 8-tuples of the turbulent, external, elementary interac-

tion in time:

ft,e,e,t,l = { fd,e,e,t,l' fr,e,e,t,l} = {fd,t,zk—l,m,n' 1:r,t,2k—1,m,n}'
ft.e,e,t,z = { fd.e,e,t,Z' fr,e,e,t,z} = {fd,t,Zk—l,m,n’ 1:r,t.2k—1,m,n}' (155)

ft,e,e,t,3 = { fd,e,e,t,S' fr,e,e,t,S} = {fd,t,Zk,m,n’ fr,t,Zk,m,n}'

Eight-tuple f .., consists of four deterministic sine waves f, , ;. =~ with

frequencies @, ,, ., and four random sine waves f with frequencies

r,t,2k-1,m,n

@,y omn (t) for k=13,57,and each m, n. Eight-tuple f comprises four

tee,t,2
deterministic sine waves f,, , = withfrequencies @, ., andfour random
(t) for k=14,6,7, and each

is composed of four deterministic cosine waves

sine waves f with frequencies

r,t,2k-1,m,n r.t.k,mn

m, n. Eight-tuple f

fd ,t,2k,m,n
with frequencies o

t,eet,3

with frequencies @, , ., and four random cosine waves f
(t) for k=1,2,7,8,and each m, n.

r.t,2k,m,n
r.t,k,m,n

For any frozen X=X,,Y =Y,,Z=Z,, the 1st vector tee-t oscillon
Kt,e,e,t,l = I:Ko,t,a,m,t,b,n ’ Ko,t,c,m,t,d,n :|( ft,e,e,t,l) (156)

is transformed into a list of two 4-f, 4-rf, turbulent oscillons in ¢ which are pro-

duced by 8-tuple f as

teet,l

DOI: 10.4236/ajcm.2025.154019 431 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2025.154019

V. A. Miroshnikov

Kotamtbn :_%[ezd,mezd,n (Qd,m Qun fatamn = Qum Ran faesmn
=Ry Qan faomn * Ram Ran o t13,m,n)
+ €2, 162, (Qn Qu Frmn Qrm ro frismn
_eran rt9mn+R anfrt13mn):'

P
Ko,t,c,m,t,d,n :+7|:ezd,mezd,n (Qd,m Qd,n fd,t,l,m,n + Qd,m Rd,n fd,t,5,m,n

+Rd de nfd t,9,m,n+R R fdtlS,m,n) (157)
+ez len(Qerrn rt,Lmn +Qrm r,n rt5mn
+eran rt9mn+R anfrtl3mn):|

The 2nd vector tee-t oscillon

Kt,e,e,t,Z = [Ko,t,b,m,t,d,n 1 Ko,t,a,m,t,c,n :I( ft,e,e,t,z) (158)
is presented by a list of two 4-f, 4-rf, turbulent oscillons in # which are generated
by 8-tuple f, . , since

p
Ko,t,b,m,l,d,n =+ 4? l:ezd meZd n (Qd m Qd n'dtlimn Qd,m Rd,n fd,t,7,m,n
+ Rd m Qd n fd tiLmn Rd,m Rd,n fd,t,13,m,n)
+ €z, len(Qerrn rtimn T Qr,m
-R

n fr,t,7,m,n
+eran r.t,11,m,n f

n rtl3,mn ):I’

Pe
Ko,t,a,m,t,c,n = 4 [ezd meZd n (Qd m Qd n 'd,t,Lmn + Qd m d n fd t,7,m,n

R.
R

_Rdednfdt,ll,mn_R R fdt,13,m,n) (159)
(Qerrn r,t,Lmn +Qrm r.n rt7mn

eran ritlim,n R anfrt13mn):|

The 3rd vector tee-t oscillon

Kt,e,e,t,3 = [Ko,t,a,m,t,d,n 1 Ko,t,b,m,t,c,n :|( ft,e,e,t,S) (160)
is visualized by a list of two 4-f, 4-rf, turbulent oscillons in ¢ which are formed by
8-tuple f .. , because

yo)
Ko,t,a,m,t,d,n :+Tc{ezd,mezd,n |:Qd,m Qd,n ( fd t2mn fd,t,zt,m,n)

- Rd,m I:ad,n ( fd,1,14,m,n - fd,t,16,m,n ):I
+ eZr,mezr,n |:Qr,m Qr,n ( 1:r,t,2,m,n - fr,t,A,m,n)
- Rr,m Rr,n ( fr,t,l4,m,n - fr,t,lG,m,n ):|}1

Kotbmicn = Z“ {ezd €24 0 [Qd 0 Qun (foczmn + foramn)
=Ry Ron (Fosaemn + foczmn) | (61)
+ ez rmezrn[Qrm oo (frozmn + froamn)
o Rea (Frasamn + Trassma) ]

;U
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Wave parameters of the vector tee-7 oscillons are provided by the correspond-
ent wave parameters of the vector dee-tand ree-toscillons. Like the ree-foscillons,
the tee-t oscillons are smooth random functions of time with an unbounded pe-

riod.

5.2. The TEW Oscillons

The turbulent, external, wave oscillons (the tew oscillons for straightforwardness)
are constructed as the superposition of the dew oscillons (see (151) of [7]) and rew

oscillons (see (183) of [7]) in the following form:

K =K +K i=ab,c, j=i+1 ---,d. (162)

w,t,i,m,t, j,n w,d,i,m,d,j,n w,r,i,mr,j,n?

Alike the vector dew-tand rew-toscillons, six tew-¢oscillons are combined into

three vector tew-t oscillons

Kt,e,w,t,q = Kt,e,w,t,q ( ft,e,e,t,q )' q :1! 213! (163)

which are produced by 8-tuples f

teetq”
For any frozen X=X,,Y=1Y,,Z=Z,, the Ist vector tew-¢oscillon

Kt,e,w,t,l = [Kw,t,a,m,t,b,n ’ Kw,t,c,m,t,d,n :I( ft,e,e,t,l) (164)
is represented by a list of two 4-f, 4-rf, turbulent oscillons in £ which are formed
by 8-tuple f, .., inview of

Kw,t,a,m,t,b n— /:]-c {ezd mezd n |:Nd,m,d,n (Qd,m Qd,n fd,t,l,m,n + Rd,m Rd,n 1:d,t,l3,m,n)

+Ad m,d,n (Qd m Rd n 1:d t.5,mn + Rd m Qd n fd,t,9,m,n )]
+le,mle,n|: rmrn(Qerrn rtimn +R anfrtlsmn)
+A r,m,r,n (Qrm an r,t,5m,n +eran rtan):|}'
P,
Kw,t,c,m,t,d,n :_Tc{ezd,mezd,n [Nd,m,d,n (Qd,m Qd,n fd,t,l,m,n + Rd,m Rd,n fd,t,ls,m,n)

_Ad,m,d,n (Qd,m Rd,n fd,t,S,m,n + Rd,m Qd,n fd,t,g,m,n ):|

(165)
+lemlen|: rmrn(Qerrn r.t,Lmn +R anfrll3mn)
rmrn (Qrm r,n rt5mn +eran rt9mn)]}
The 2nd vector tew-t oscillon
Kt,e,w,t,z = [Kw,t,b,m,t,d,n ’ Kw,t,a,m,t,c,n :I( ft,e,e,t,z ) (166)
is exposed by a list of two 4-f, 4-rf, turbulent oscillons in # which are established
by 8-tuple f, .., since

Kotomion :—%{ezd‘mezd’n [Naman(QnQunfacimn—Rom Ranforismn)
+Kg man (Qun Ranfoxrmn = Rom Qun fasamn) |

+ ez, , ezm[ emen (Qem Qenfriimn —Rem Ren frisamn)
e (Qun Rea Frazma = Rem Qe Freaamn) I
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P,
Kw,t,a,m,t,c,n :+Tc{ezd,mezd,n |:Nd,m,d,n (Qd,m Qd,n fd tLmn Rd,m Rd,n fd,t,ls,m,n)

_Kd,m,d,n (Qd,m Rd,n fd,t,?,m,n - Rd,m Qd,n fd,t,ll,m,n )]

(167)
+ ez,vmez,,n[ emen (Qen Qen friimn —Rem Ren frisamn)
“Kemen (Qun Ren frizmn = Ren Qun frssmn) I}
The 3rd vector tew-¢ oscillon
Kiewts = [Kw,t,a,m,t,d,n Kutomiten ,}( ft,e,e,t,3) (168)

is exhibited by a list of two 4-f, 4-rf, turbulent oscillons in £ which depend on

8-tuple f

K =—

w,t,a,mt,d,n

K

wtbmten —

where

and

t,eet,3

as

P,
Tc{ezd,mezd,n |:Nd,m,d,n (Qd,m Qd,n fd,t,z,m,n - Rd,m Rd,n 1:d,t,l4,m,n)
+Md,m,d,n (Qd,m Rd,n fd,t,z‘.,m,n - Rd,m Qd,n fd 4,16,m,n )]
+ezr,mezr,n[ rmrn(Qerrn r.t,2,mn R anfrtl4mn)

+Mrmrn (Qrm r,n rt4mn eran rthmn):I}

_%{ezd.mezd,n I:Nd,m,d,n (Qd.m Qd,n fd,t,Z,m,n - Rd,m Rd,n fd,t,l4,m,n)

_Md,m,d,n (Qd,m Rd,n fd,t,4,m,n - Rd,m Qd,n fd,t,lG,m,n )]

(169)
+ezr,mezr,n|: rmrn(Qerrn r,t,2,mn R anfrt14mn)
rmrn(Qrm r.n rt4mn eran rtlen)]}

Kman = +KamKen ~ Aamdan + HomMan
Agman = KamKan+Agmdan + Hamblon

(170)
Mg man = +KamKan + Agmdan + Hamblons
Nd,m,d,n = +Kd,mKd,n +/’i’d,mj'd,n _lud,mlud,n
I<r,m,rn K mKen ~ ﬂ“r mﬂ’rn + e mHens
Ar,m,r,n =~Kim rn+;Lr m)“rn+tur mben (171)
Mr‘m,r n = K mKen +lr mlr n T e mHen
Nr,m,r n = K mKen +/1r m/lr n = Hrmbene

Wave parameters of the vector tew-zoscillons are provided by the relevant wave

parameters of the vector dew-¢and rew-¢ oscillons. Likewise the tee-¢ oscillons,

the tew-¢ oscillons are smooth random functions of time with an unbounded pe-

riod.

5.3. The TEG Oscillon

The turbulent, external, group pulson (the teg oscillon for easiness) is composed

as the superposition of the deg oscillon (see (152) of [7]) and reg oscillon (see
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(184) of [7]), ie.

K =K FK (172)

g.ti,mt,j,n g.d,i,md,j,n g.ri,mr,j.n

Analogous to the deg-tand reg-z oscillons, the teg- ¢ oscillon
Kg,t,i,m,t,j,n = Kg,t,i,m,t,j,n ( fr,e,g,t )l (173)
where 12-tuple of the turbulent, external, group interaction in ¢

ft,e,g,t = { fd,e,g,t’ fr,e,g,t} = { fd,t,2k—l,m,n' fd,t,ZI,m,n’ 1:r,t,Zk—l,m,n’ fr,t,ZI,m,n} (174)

includes four deterministic sine waves f with frequencies @, ,, .. >

d,t,2k-1,m,n
two deterministic cosine waves f, , =~ with frequencies a,,, ., four ran-

dom sine waves f,, . Wwith frequencies e, , . (t),and two random co-

sine waves f with frequencies O\ mn (t) , for k=3,4,5,6, 1=17,

r.t2lmn
and each m, n

For any frozen X=X,,Y=Y,,Z=1,, the teg-t oscillon is displayed by a 6-f,
6-rf, turbulent oscillon in £ which is produced by 12-tuple f since

te.g.t

Kg,t,i,m,t,j,n =%{ezd,mezd,n |:Ad,m,d,n (Qd,m Rd,n 1:d,t,S,m,n + Rd,m Qd,n fd,t,g,m,n)

_Kd,m,d,n (Qd,m Rd,n fd,t,7,m,n - Rd,m Qd,n fd,t,n,m,n)

_Nd,m,d,n (Qd,m Qd,n fd,t,Z,m,n - Rd,m Rd,n fd,t,14,m,n )]
+ 62,062, [ Arrn(Qun R frismn +Ren Qunfroomn)
rmrn(Qrm r,n rt7mn “Rin Qe rtllmn)

“No oo (Qun Qi frizmn = Rem Ren frazema) -

Wave parameters of the teg-#oscillon are given by the appropriate wave param-

(175)

eters of the deg-#and reg-z¢ oscillons. Parallel to the tew- ¢ oscillons, the teg- £ oscil-

lon is a smooth random function of time with an unbounded period.

5.4. The TEK Oscillon

The turbulent, external, kinetic-energy oscillon (the tek oscillon for fastness),
which is set as the superposition of the dek and rek oscillons, may be represented

as

K =K + K, (176)

et,i,mt,j,n ed,i,md,j,n e,r,i,mr,j,n

With the help of (77) and (120) of [7], the inhomogeneous Fourier expansion
the tek- oscillon takes the following form:

etlmt]n Z ZthlmtJn (177)

m=1 n=m+1

If all deterministic and random frequencies of the tek-# oscillon are distinct,
then the tek-¢ oscillon is visualized as a 3M (M —1) -f, 3M (M —1) -rf oscillon.
For any frozen X=X,,¥=VY,,Z=2,, the tek-t oscillon is converted into the
3M (M -1) -f, 3M (M —1) -rf, turbulent oscillon in # which is produced by
M (M -1)/2 12-tuples f

teqt With frequencies @\ 00 @, oo (t) for
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k=134,56,7, all m, n, Re, and wave parameters of the teg-¢ oscillons. Like the
teg-t oscillon, the tek-# oscillon is a smooth random function of time with an un-
bounded period.

If N deterministic frequencies are repeated, then the number of independent
modes of the tek-¢ oscillon diminishes to [3M (M-1)- N] -f, 3M (M —1) -rf
due to the frequency resonance.

The dek-tand tek-t oscillons for x=x,,y=y,,z2=2,,Re= 10%,Re =10°, and
wave parameters (129)-(135) are visualized on [to,t0 +Te,d,e] in Figure 3. Since
the range of the 18-rf, random rek-t oscillon at Re =10° is [-350,600], the 15,
18-rf, turbulent tek-¢ oscillon in Figure 3(b) is altered lightly compared with the
15-f, deterministic dek-z oscillon in Figure 3(a). The range of the 18-rf, random
rek-¢ oscillon at Re =10° becomes [-1850,1600], therefore the range and the
shape of the 15-f, 18-rf, turbulent tek-oscillon in Figure 3(c) are modified signifi-
cantly. The dek-¢ oscillon is the 15-f oscillon because @y ,4,, =@y, 4,5 =77/3,

Oyr412 = Ogr702 =70 @y 555 =—0y 6,3 =131/3.

6. Oscillons of Turbulent, Diagonal Interaction
6.1. The TDE Oscillons

The turbulent, diagonal, elementary oscillons (the tde oscillons for clarity) are set
as the superposition of the dde oscillons (see (144) of [7]) and rde oscillons (see
(176) of [7]) as follows:

K =K

o,t,i,mt,i,n o,d,i,md,i,n + Ko,r,i,m,r,i,n' i= a, b' C, d. (178)

Like the vector dde-¢and rde-¢ oscillons, four tde-¢ oscillons are grouped in a

vector tde-toscillon

20004
10001

—10004

—20004

—3000-
(a)

20004
1000

—10004
—20004

—3000-
(b)
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Figure 3. The dek-f and tek-¢ oscillons: (a) —K_ .4, () (b) —K
Re=10°%, (c) —K t) for Re=10°.

t) for

e.t,i,m.t,J,n(

e,l,i,m,l,j,n(

Kt,d,e,t = [Ko,t,a,m,t,a,n' Ko,t,b,m,t,b,n’ Ko,t,d,m,t,d,n’ Ko,t,c,m,t,c,n]( ft,d,e,t) (179)

which is constructed using 16-tuple of the turbulent, diagonal, elementary inter-

action in ¢
ft,d,e,t = { fd,d,e,t’ fr,d,e,t} = { fd,'[,Zk,m,nl fr,t,2k,m,n}' (180)

where 16-tuple f embraces eight deterministic cosine waves fy ,

with fre-

tdet
with frequencies @, ,, ., and eight random cosine waves f

(t) for k=12,---,8 and each m, n
For any frozen X=X,,Y=Y,,Z=Z,, the vector tde-toscillon is represented by

r,t,2k,m,n

quencies

rt.k,mn

a list of four 8-f, 8-rf, turbulent oscillons in £ which depend on16-tuple f ., as

K __~

otamtan —
8

x{ezy nezy . [Qd,m Qun(faromn — faramn) —Qam Ran ( fa
~Rym Qo (fasomn = Taxaomn)+ Ram Ran (Tassemn = foraomn) ]
e2,,[Qm Qun (Friomn = friamn)=Qun Ren ( froomn = fresmn)
“Rem Qun (Fresomn = Trozzmn )+ Rem Ren frmm - me,m,n)]},

d,t6mn dtSmn)

Pe
Ko,t,b,m,t,b n +?

x{€24 1824 0 [ Qum Qun (Farzmn + fonamn) = Qo Ran (Tacemn + foxamn)
~Ram Qun (farsomn + fd wzmn)+Ram Ran (Facaamn + foszomn) ]
62,0 [Qun Qun (Friomn *+ froamn)=Qum Ren(Froomn + frioma)
~Rom Qun (Frcsomn + fm,lz,m,n )+ Re R (Frasamn + frasoma) |}

K Pe

otdmtdn — o
8

x{€24 0624 1[ Qum Qun (Taszmn = Faramn) + Qo Ran (farsmn = foromn)
+Rym Qun ( Taxsomn = Taxszmn ) Ram Ran (Farsmn = farismn )]
ez, .z, , [Qr’m Qun(frizmn = Froamn)+Qum Ren(friomn = froamn)
#Ren Qe (Frcsomn = Fragzmn )+ R Ren (Frazamn = Frasoma) |}
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Pec
Ko,t,c,m,t,c n =T ?

X{ezd‘mezd,n[Qd,den( dt2mn T fdt4mn) +Qym dn( dtemn T fdtSmn)
+Rd,den( dtiomn T dtlZmn)+R Ry ( dtiamn T dl,lG,m,n)] (181)
€2, €2, ,[ Q. Qun (Friomn + Froamn)+Qun Ren ( freomn + froama)
+R o Qi (Frisomn * Froszmn )+ Rem Ren (Frozamn + Frizomn )J}

Wave parameters of the vector tde-z oscillon indicated by similar wave param-
eters of the vector dde-¢and rde-¢ oscillons. The tde-¢ oscillons are smooth ran-
dom functions of time with an unbounded period.

6.2. The TDW Oscillons

The turbulent, diagonal, wave oscillons (the tdw oscillons for clarity) are com-
posed with the help of the superposition of the ddw oscillons (see (146) of [7])

and rdw oscillons (see (178) of [7]) as follows:

Kw,t,i,m,t,i,n = Kw,d,i,m,d,i,n + Kw,r,i,m,r,i,n’ 1= a,b,c,d. (182)

Parallel to the vector ddw-# and rdw-¢ oscillons, four tdw-¢ oscillons are

grouped into a vector tdw-Z oscillon
Kt,d,w,t = [Kw,t,a,m,t,a,n 1 Kw,t,b,m,t,b,n ’ Kw,t,d,m,t,d,n ’ Kw,t,c,m,t,c,n :I( ft,d,e,t )' (183)

which is formed by 16-tuple f, ..
For any frozen X=X,,Y =Y,,Z=Z,, the vector tdw-z oscillon is exhibited by a
list of four 8-f, 8-rf, turbulent oscillons in # which are established by 16-tuple

f for the reason that

-5

td,et

K ezd mezd n |:Qd m Qd n ( d,m,d,n fd t,2,m,n +Md,m,d,n fd,t,4,m,n)

+ Qd,m Rd,n (Ad,m,d,n fd,t,6,m,n _Kd,m,d,n fd,t,S,m,n)

+ Ry Qun (Ad,m,d,n fotomn ~Kaman fd,t,lZ,m,n)

+ Rd,m Rd,n (Nd,m,d,n fd,t,14,m,n +Md,m,d,n fd,t,le,m,n ):|
+ eZr,m eZr,n |:Qr,m Qr n ( r,m,r,n fr t,2,m,n +Mr,m,r,n fr,t,4,m,n)

+ Qr m I:ar n (Ar m,r,n r t,6,m,n _Kr,m,r,n fr,t,8,m,n)

+ Rr m Q r.n (Ar m,r,n rth m,n _Kr,m,r,n fr,t,lz,m,n)

+ Rr,m Rr n (Nr m,r,n rt14 m,n +Mr,m,r,n fr,t,16,m,n ):I}'

w,t,a,mt,an —

Kw,t,b,m,t,b,n :_%{ezd,mezd,n |:Qd,m Qd,n (Nd,m,d,n fd t,2,m,n _Md,m,d,n fd,t,A,m,n)

+ Qd,m Rd,n (Ad,m,d,n fd,t,6,m,n +Kd,m,d,n fd,t,8,m,n)

+ Ry Qun (Ad,m,d,n fotiomn +Kaman fd,l,lZ,m,n)

+ Rd,m Rd,n (Nd,m,d,n fd,t,14,m,n _Md m,d,n fd,1,16,m,n )]
+ €2, €7, |:Qr,m an( rmrnfrtz,m,n - rmrnfrt4mn)

+Qrman(Armrn r,t,6,mn rmrnfrtS,m,n)

+erQ n(Armrn r,;t,10,m,n rmrnfrtlzmn)

+ Rr,m Rr n (Nr m,r,n rt14 m,n _Mr,m,r,n fr,t,16,m,n ):'}'
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K

K

wt.d.mtdn :+%{ezd,mezd,n [Qd,m Qqn (Nd,m,d,n fotomn Maman fd,t,4,m,n)
- Qd,m Rd,n (Ad,m,d,n fd,t,e,m,n —Kgman fd,t,s,m,n)
- Rd,m Qd,n (Ad,m,d,n fd,t,lo,m,n _Kd,m,d,n fd,t,12,m,n>
+ Rd,m Rd,n (Nd,m,d,n 1:d,t,14,m,n +Md,m,d,n fd,t,lG,m,n ):|
+ ezr,m ezr,n |:Qr,m Qr n (Nr m,r,n fr t,2,m,n +Mr,m,r,n 1:r,t,cl,m,n)
- Qr,m Rr n (Ar m,r,n r t,6,m,n _Kr,m,r,n fr,t,8,m,n)
Rr m Q rn (Ar m,r,n r t,10,m,n _Kr,m.r,n fr,t,lz,m.n)

+ R an(Nrmrn r,t,14,mn +Mr,m,r,n fr,t,lG,m,n )]}’

Pe
w,t,c,mt,c,n :_?{ezd,mezd,n [Qd,m Qd,n (Nd,m,d,n 1:d,t,Z,m,n _Md,m,d,n fd ,t,4,m,n)

- Qd,m Rd n (Ad m.,d,n fd,t,G,m,n +Kd,m,d,n fd ,t,S,m,n)

d,md,n fd,t,lo,m,n +Kd,m,d,n fd,t,lz,m,n)

>

d.md.n fd,t,14,m,n —Md,m,d,n fd,t,ls,m,n )] (184)
+ le,m ezr,n |:Qr‘m Qr,n Nr,m,r,n fr,t,z,m,n _Mr,m,r,n fr,t,4,m,n)

Qr m Rr n (Ar m,r,n fr,t,ﬁ,m,n +Kr,m,r,n 1:r,t,8,m,n)
r,m Qr n ( r,m,r,n fr,t,lo,m,n +Kr,m,r,n fr,t,lz,m,n)
R ( r,m,r,n fr,t,14,m,n _Mr,m,r,n fr,t,lG,m,n ):I}

Wave parameters of the vector tdw-¢ oscillons are given by relevant wave pa-

+
Pu)
o
3
pu
o
:!

—~
Z

-R
+ R,
rameters of the vector ddw-#and rdw-¢ oscillons. Analogous to the tde- ¢ oscillons,

the tdw-¢ oscillons are smooth random functions of time with an unbounded pe-

riod.

6.3. The TDG Oscillon

The turbulent, diagonal, group oscillon (the tdg oscillon for simplicity) is set as
the superposition of the ddg oscillon (see (147) of [7]) and rdg oscillon (see (179)
of [7]), viz.

K

=K AR (185)

g.t,i,mt,i,n g.d,i,m.d,i,n g.r,i,mr,i,n

Alike the vector ddg-tand rdg-zoscillons, the tdg- ¢ oscillon
Kg,t,i,m,t,i,n = Kg,t,i,m,t,i,n ( ft,d,g,t)' (186)
where 4-tuple of the turbulent, diagonal, group, interaction in ¢

ft,d,g,l = { fd,d,g,t' fr,d‘g,t} = { fd,t,Zk,m,n’ fr,t,2k,m,n} (187)

is composed of two deterministic cosine waves f, , .~ with frequencies
@ ¢ mn and two random cosine waves f_, - with frequencies e, . . (t)
for k=2,8,and each m, n

For any frozen X=X;,¥=Y,,Z=21,, the tdg-£oscillon is represented by a 2-f,

2-rf, turbulent oscillon in £ which is produced by 4-tuple f,, . because
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P,
Kg,t,i,m,t,i,n = ?C[ eZd,meZd,n Md,m,d,n (Qd,m Qd,n fd,t,4,m,n + I:zd,m Rd,n fd,t,ls,m,n)

+ ezr,m eZr,n Mr,m,r,n (Qr,m Qr,n fr,t,4,m,n + Rr,m Rr,n fr,t,lﬁ,m,n )]

(188)

Wave parameters of the tdg- oscillon are indicated by similar wave parameters
of the ddg-fand rdg-t oscillons. Parallel to the tdw-£ oscillons, the tdg-¢ oscillon

is a smooth random function of time with an unbounded period.

6.4. The TDK Oscillon

The turbulent, diagonal, kinetic-energy oscillon (the tdk oscillon for terseness),

which is established by the superposition of the ddk and rdk oscillons, becomes
K =K +K (189)

et,i,m;t,i,n e,d,i,md,i,n e,r,imr,in"

With the help of (64) and (107) of [7], we obtain the inhomogeneous Fourier
form of the tdk-# oscillon

M-1 M
Ke,t,i,m,t,i,n = Z Z Kg,t,i,m,t,i,n' (190)

m=1 n=m+1

If all frequencies of the tdg-¢ oscillons are distinct, then the tdk-# oscillon is
displayed asa M (M —1)-f, M (M —1)-rf oscillon. For any frozen
X=Xy,Y=Y5,2=12,, the tdk-¢ oscillon is converted into the M (M -1) -f,
M (M —1) -rf, turbulent oscillon in £ which is formed by M (M —1)/2 4-tuples

ft,d,g,t
wave parameters of the tdg- ¢ oscillons. Like the tdg- ¢ oscillon, the tdk-zoscillon is

with frequencies @y, 1 @ mn(t) for k=2,8, all m, n, Re and

a smooth random function of time with an unbounded period.

If N deterministic frequencies are repeated, then the number of independent
modes of the tdk-#oscillon diminishes to [M (M —1)—N|-f, M (M —1)-rf due
to the frequency resonance.

The ddk-and tdk-¢oscillons for x=x,,y=Y,,z=z,,Re =10°, Re =10°, and
wave parameters (129)-(135) are shown on [to,t0 +Te,d‘e] in Figure 4. Because
the range of the 6-rf, random rdk-# oscillon at Re=10° is [-370,480] the 4-f,
6-1f, turbulent tdk-¢ oscillon in Figure 4(b) is locally modified compared with the
4-f, deterministic ddk-#oscillon in Figure 4(a). Because the range of the 6-rf, ran-
dom rdk-£ oscillon at Re=10° increases to [-1600,2000], the range and the
shape of the 4-f, 6-rf, turbulent tdk-¢ oscillon in Figure 4(c) are changed signifi-
cantly. The ddk-#oscillon becomes the 4-f oscillon in the view of

By 1210 = Py1205 =573 a0 @y 51, =Wy 5,5 =—7/3.

7. Oscillons of Turbulent, Internal Interaction
7.1. The TIE Oscillons

The turbulent, internal, elementary oscillons (the tie oscillons for pithiness) are
defined as the superposition of the die oscillons (see (139) of [7]) and rie oscillons
(see (171) of [7]) in the following form:

Ko,t.i,m,t,j,m = Ko,d,i,m,d,j,m + Ko,r,i,m,r,j,m’ I = a,b,C, J = I +1’ 'd (191)
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Similar to the vector die-¢and rie-¢ oscillons, six tie-x oscillons are combined
in three vector tie-t oscillons
Kt,i,e,t,q = Kt,i,e,t,q ( ft,i,e,t,q)' q= 12,3, (192)

which are generated by two 6-tuples and 5-tuple of the turbulent, internal, elemen-

tary interaction in #

30001
20001

1600 [\ ~ /\

—1000
—2000+

11

o
o
-

~

w4
<
=

(a)

3000
20004

A A
A , y S W
6 8 9 10 11
—1000 t

—20001

@

(b)

11

(©
Figure 4. The ddk-f and tdk-¢ oscillons: (a) —K,4;nein(t) s B) =K, inua(t) for
Re=10°, (c) —K,,,n.n(t) for Re=10°.

ft,i,e,t,l = { fd,i,e,t,l' fr,i,e,t,l} = {gd,t,zk—l,m,m’gr,t,Zk—l,m,m}'
ft,i,e,t,z = { fd,i,e,t,Z' fr,i,e,t,z} = {gd,t,zk—l,m,m’ gr,t,zk—l,m,m}' (193)
ft,i,e,t,3 = {fd,i,e,t,3' fr,i,e,t,s} = {1! gd,t,2k,m,mlgr,t,zk,m,m}'

Six-tuple f consists of three deterministic sine waves gy, i, With

tietl
frequencies @, ., andthreerandom sinewaves g, , ;.. Wwithfrequencies

O iomm (1) for k=124 and each m. Six-tuple f ., comprises three de-
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terministic sine waves gy, ., Withfrequencies @, , . and three random
sine waves g, ., nn With frequencies @, .. (t) for k=134 and each m.
Five-tuple f, ;. , iscomposed of the unit pulson, two deterministic cosine waves
Oar2xmm With frequencies @, . and two random cosine waves g, , nn

with frequencies @, , . . (t) for k=14 andeach m.

For any frozen X=X,,Y =Y,,Z=Z,, the Ist vector tie-foscillon
Kt,i,e,t,l = [Ko,t,a,m,t,b,m’ Ko,t,c,m,t,d,m :|( ft,i,e,t,l) (194)

is reduced to a list of two 3-f, 3-rf, turbulent oscillons in # which are generated by

6-tuple f .., as

P
Ko,t,a,m,t,b,m :_?[ezg,m (dem gd,t,l,m,m - 2Qd,de,m gd,t,3,m,m + Rdzm gd,t,7,m,m)

+ezr2,m (Qrzm gr,t,l,m,m - 2Qr,m Rr,m gr,t,3,m,m + er,mgr,tj,m,m )j|’

P,
Ko,l,c,m,t,d,m :+_c|:ezs,m (dem gd,t,l,m,m + 2Qd,de,m gd,l,S,m,m + Rdzm gd,t,7,m,m)
8 (195)

2 2 2
+ezr,m (Qr,m gr,t,l,m,m +2Qr,m Rr,m gr,t,3,m,m + Rr,mgr,t,7,m,m ):|

The 2nd vector tie-f oscillon
Kt,i,e,t,z = [Ko,t,b,m,t,d ,m? Ko,t,a,m,t,c,m :|( ft,i,e,t,z ) (196)

is presented by a list of two 3-f, 3-rf, turbulent oscillons in # which are generated
by 6-tuple f

tiet,2 since

P,
Ko,t,b,m,t,d,m :+?C|:ezg,m (dem gd,t,l,m,m - 2Qd,de,m gd,t,s,m,m - Rdzm gd,t,7,m,m)

+ezr2,m (Qrzm gr,t,l,m‘m - 2Qr,m Rr,m gr‘t,S,m,m - er,mgr,tj,m,m ):|'

yo)
Ko,t,a,m,t,c,m :_?c[ezg,m (Qjm gd,t,l,m,m + 2Qd,de,m gd,t,s,m,m - Rdz,m gd,t,7,m,m) (197)

2 2 2
+ le,m (Qr,m gr,t,l,m,m + 2Qr,m Rr,m gr,I,S,m,m - Rr,m gr,t,?,m,m )J
The 3rd vector tie-t oscillon

Kt,i,e,t,3 = [Ko,t,a,m,t,d,m' Ko,t,b,m,t,c,m :|( ft,i,e,t,a) (198)

is visualized by a list of two 2-f, 2-rf, turbulent oscillons in # which are formed by

5-tuple f because

t,iet,3

Pe [ op2 2 2 2 2
Ko,t,a,m,t,d,m :__|:ezd,m (Qd,m - Rd,m _Qd,m Ya.t2mm T Rd,m gd,t,s,m,m)

8
+ ezrz,m (Qrzm - erm _Qrz,m gr,t,z,m,m + erm gr,t,8,m,m ):|'

P 2 2 2 2 2
Ko,t,b,m,t,c,m :+?|:ezd,m (Qd,m - Rd,m +Qd,m gd,t,z,m,m - Rd,m gd,t,S,m,m)

2 2 2 2 2
+€Z (Qr,m - Rr,m +Qr,mgr,t,2,m,m - Rr,m 9rtemm )]

(199)

Wave parameters of the vector tie-# oscillons are given by correspondent pa-

rameters of the vector die-#and rie-toscillons. The tie-# oscillons are smooth ran-
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dom functions of time with an unbounded period.

7.2. The TIW Oscillons

The turbulent, internal, wave oscillons (the tiw oscillons for quickness) are con-
structed as the superposition of the diw oscillons (see (141) of [7]) and riw oscil-
lons (see (173) of [7]) as follows:

Kw,t,a,m,t,b,m =+ Kw,d,a,m,d,b,m + Kw,r,a,m,r,b,m
=+ Kw,t,c,m,t,d,m =+ Kw,d,c,m,d,d,m + Kw,r,c,m,r,d,m’

Kw,t,b,m,t,d,m =+ Kw,d,b,m,d,d,m + Kw,r,b,m,r,d,m (200)
=+ Kw,t,a,m,t,c,m =+ Kw,d,a,m,d,c,m + KW,r,a,m,r,c,m’

Kw,t,a,m,t,d,m =+ Kw,d,a,m,d,d,m + Kw,r,a,m,r,d,m
=—K -K -K

w,t,b,mt,c,m = w,d,b,m,d,c,m w,r,b,m,r,c,m*
Alike the vector diw-¢and riw- ¢ oscillons, six tiw-¢ oscillons are combined into

three vector tiw- ¢ oscillons
Kt,i,w,t,q = Kt,i,w,t,q ( ft,i,w,t,q )! q :lv 2!31 (201)

which are produced by two 2-tuples and 1-tuple of the turbulent, internal, wave

interaction in #

ft,i,w,t,l = { fd,i,w,t,l’ fr,i,w,t,l} = {gd,t,3,m,m’gr,t,3,m,m}’

ft,i,w,t,z = { fd,i,w,t,Z' fr,i,w,t,z} = {gd,t,s,m,mlgr,t,s,m,m}! (202)
ft,i,w,t,3 = {fd,i,w,t,al fr,i,w,t,s} = {l}
Two-tuple f,;, ., is composed of deterministic sine wave g, ... Wwith

frequency @,,,,, andrandomsinewave g ., . withfrequency o,,, . (t)

for each m. Two-tuple f is constructed of deterministic sine wave g g

t,i,w,t,2

with frequency @,,;,,, and random sine wave with frequency

gr,t,S,m,m

@y 3mm (1) for each m. One-tuple f

tiwes includes the unit pulson.

For any frozen X=X,,Y =Y,,Z=Z,, the Ist vector tiw-#oscillon

Kt,i,w,t,l = I:Kw,t,a,m,t,b,m ’ Kw,t,c,m,t,d,m :|( ft,i,w,t,l) (203)
is represented by a list of two 1-f, 1-rf, turbulent oscillons in £ which are formed
by 2-tuple f; ., inview of

Kw,t,a,m,t,b,m = +Kw,t,c,m,t,d,m
(204)

P 2 42 2 42
=+?C(ezd,m/1d,de,de,m gd,t,S,m,m + le,m;l’r,mQr,m Rr,m gr,t,S,m,m )

The 2nd vector tiw-# oscillon

Kt,i,w,t,z = [Kw,t,b,m,t,d,m’ Kw,l,a,m,t,c,m]( ft‘i,w,t,z) (205)
is exposed by a list of two 1-f, 1-rf, turbulent oscillons in # which are established
by 2-tuple f ., since

K =+K

w,t,b,m,t,d,m w,t,a,m,t,c,m

Pec 2 2 2 2 (206)
:_?(ezd,mKd.de,mRd,mgd,t,s,m,m +le,mKr,mQr,mRr,mgr,t,S,m,m)‘
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The 3rd vector tiw-t oscillon

Kt,i,w,t,3 = [Ko,t,a,m,t,d ,m? Ko,t,b,m,t,c,m :l( ft,i,w,t,3) (207)

is exhibited by a list of two 0-f, 4-rf, turbulent pulsons in ¢, which are set by

I-tuple f; . ; with an amplitude depending on p, sy 1\ 4 1+ AVg 10 BV 1,
CVy m:DVg mi 2ot Via ezy . (2,).€z,,(2,), AV, , (1), BV, , (t),CV, (1), Dv, , (1)
for each mas

Kutamtdm = Kutomeen = 1P [ezj,mﬂj,m (Avd,m Dvy m — BVd,mCVd,m) (208)
+ ez’ 1 (AY, ,DV, , —Bv, Cv, | )]

Wave parameters of the vector tiw-¢ oscillons are provided by relevant wave
parameters of the vector diw-#and riw-#oscillons. Analogous to the tie-# oscillons,
the tiw- oscillons are smooth random functions of time with an unbounded pe-
riod.

7.3. The TIG Oscillon

The turbulent, internal, group pulson (the tig oscillon for clarity) is constructed
as the superposition of the dig oscillon (see (142) of [7]) and the rig oscillon (see
(174) of [7]), ie.

K =K

+K (209)

g.ti,mt,jm g.d,i,md,jm g,r.i,mr,jm*

Summation of the dig-¢and rig-¢ oscillons yields the inhomogeneous Fourier
expansion of the tig-f oscillon in the following form:

Kg,t,i,m,t,j,m = Kg,t,i,m,t,j,m ( ft,i,g,t )! (210)
where 4-tuple of the turbulent, internal, group interaction in ¢

ft,i,g,t = { fd,i,g,t’ fr,i,g,t} = {gd,t,Zk—l,m,m’ gr,t,Zk—l,m,m} (211)

is composed of deterministic sine waves gy, i, With frequencies @, .
and two random sine waves
k =2,3, and each m.

For any frozen X=X,y =Y,,Z=1,, the tig-£oscillon is displayed by a 2-f, 2-rf,

Oriokamm With frequencies e, .. (t) for

turbulent oscillon in ¢ which is generated by 4-tuple f since

tig.t

2 2 2
KQ,I,i,m,I,j,m =P |:ezd,de,m Rd,m (ﬂ’d,m 9a.t,3mm ~Kdm gd,t,s,m,m)

(212)
+ ezrz,mQr,mRr,m (/q’rzm gr,t,s,m,m - Krz,m gr,t,S,m,m )]

Wave parameters of the tig-¢ oscillon are specified by appropriate parameters
of the dig-#and rig-t oscillons. Parallel to the tiw-foscillons, the tig- oscillon is a
smooth random function of time with an unbounded period.

7.4. The TIK Oscillon

The turbulent, internal, kinetic-energy oscillon (the tik oscillon for shortness),
which is defined as the superposition of the dik-¢ and rik-# oscillons, takes the

following form:
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K =K + K (213)

et,i,mt,jm ed,imd,jm erimr,jm*

With the help of (72) and (115) of [7], the inhomogeneous Fourier expansion

of the tik- ¢ oscillon becomes
M
Ke,t,i,m,t,j,m = Z Kg,t,i,m,t,j,m' (214)
m=1

If all frequencies of the tig-# oscillons are distinct, then the tik-# oscillon is vis-
ualized as a 2M/-f, 2M-rf, turbulent oscillon. For any frozen X=X,,y=Y,,Z2=1,,
the tik-# oscillon is represented by the 2A4-f, 2 M-rf, turbulent oscillon in ¢ which

is produced by M 4-tuples f with frequencies @\ nn @ omn(t) for

ti,gt
k =2,3, all m, Re, and wave parargneters of the tig-# oscillons. Like the tig- ¢ oscil-
lon, the tik-£ oscillon is a smooth random function of time with an unbounded
period.

If N determinisric frequencies are repeated, then the number of independent
modes of the tik-£ oscillon diminishes to [2M — N|-f, 2A4-rf because of the fre-
quency resonance.

The dik-¢ and tik-¢ oscillons for x=x,,y =Y,z =z,,Re =10°,Re =10°, and

] in Figure 5. The 5-f,

wave parameters (129)-(135) are presented on [to o+ Toge

6-rf, turbulent tik-#oscillon in Figure 5(b) changes insignificantly compared with
the 5-f, deterministic dik-# oscillon in Figure 5(a) because the range of the 6-rf,

random rik-#oscillon at Re=10° is [280,275]. The shape of the 5-f, 6-rf, tur-
bulent tik-# oscillon in Figure 5(c) is modified significantly because the range of
the 6-rf, random rik-# oscillon at Re =10° becomes [-1425,1350]. The dik-#
oscillon is the 5-f oscillon since @, ,,,, = @y, 333 =47.
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DOI: 10.4236/ajcm.2025.154019 445 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2025.154019

V. A. Miroshnikov

[o]

2000-
1000+ )\
! 1
—1000
—2000-
(c)

Figure 5. The dik-¢ and tik-¢ oscillons: (a) —K, ;g im(t)> (B) —K t) for

Re=10°,(c) —K,, ne,m(t) for Re=10°.

e,t,i,m,t,j,m(

8. Turbulent and Cumulative Pulsons
8.1. The TE Pulsons

The turbulent, elementary pulsons (the te-pulsons for briefness) are set as the
superposition of the de pulsons (see (134) of [7]) and the re pulsons (see (166) of
[7]) as follows:

K =K +K i=a,b,c,d. (215)

p.ti,m,t,i,m p.d,i,m.d,i,m p,r,i,m,r,i,m’

Like the vector de-tand re-¢pulsons, four te- #pulsons are grouped into a vector

te-¢pulson
Kl,e,t = [K p.t.amt,am? K p.t,b,m,t,b,m? K p.t,d,mt,d,m? Kp,t,c,m,t,c,m :|( fl,e,t )' (216)
which is constructed using 9-tuple of the turbulent, elementary pulsons varying in ¢

ft,e,t = { fd,e,t’ fr,e,t} = {l’ gd,t,Zk,m,m ' gr,t,Zk,m,m}' (217)

Nine-tuple f, ., embraces of the unit pulson, four deterministic cosine waves
Oar2cmm With frequencies «, , .. and four random cosine waves g, , .
with frequencies @, .. (t) for k=12,34 andeach m.

For any frozen X=X,,Y=Y,,Z=1Z,, the vector te-#pulson is represented by a
list of four 4-f, 4-rf, turbulent, supercritical pulsons in # which depend on 9-tuple

... seeing that

tet

o)

Kp,t,a,m,t,a,m :ﬁ{ezg,m I:Qt?m + Rgm _ch,m gd,t,z,m,m
+2Qd,de,m (gd,t,A,m,m - gd,t,6,m,m)_ Rc?m gd,t,s,m,m:|

+le2,m [Qrzm + erm _Qrz,m gr,t,z,m,m

+2Qr,m Rr,m (gr,t,4,m,m - gr,t,ﬁ,m‘m) - erm gr,t,B,m,mj|}’

Pc
Kp,t,b,m,t,b,m :E{ezg,m |:dem + Rdzm +de,mgd,t,2,m,m

2
_2Qd,de,m (gd,t,4,m,m + gd,t,e,m,m)+ Rd,m gd,t,S,m,m]
2 2 2 2
+ezr,m I:Qr,m + I:zr,m +Qr,m gr,t,z,m,m

_2Qr,m Rr,m (gr,t,4,m,m + gr,t,ﬁ,m,m) + erm gr,t,S,m,m:I}'
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P, 2 2 2 2
Kp,t,d,m,t,d,m :_c{ezd,m [Qd,m + Rd,m _Qd,mgd,t,z,m,m

16
_2Qd,de,m (gd,t,4,m,m - gd,t,ﬁ,m,m)_ Rdzm gd,t,s,m,m]

2 2 2 2
+ezr,m [Qr,m + Rr,m _Qr,m gr,t,z,m,m

_2Qr,m Rr,m (gr,t,4,m,m - gr,t,e,m,m) - erm Oy t.8.mm :|}'

P,
Kp,t,c,m,t,c,m :ﬁ{ezj,m |:dem + Rdzm +de,mgd,t,2,m,m

+2Qd,de,m (gd,t,A,m,m + gd,t,G,m,m)+ Rgm gd,t,S,m,m:| (218)

2 2 2 2
+ezr,m [Qr,m + Rr,m +Qr,m gr,t,z,m,m

+2Qr,m Rr,m (gr,t,A,m,m + gr,t,G,m,m) + erm gr,t,s,m,m :|}

Wave parameters of vector te-¢ pulson are indicated by similar parameters of
the vector de-t and re-t¢ pulsons. Analogous to re-¢ pulsons, the te-¢ pulsons are

smooth random functions of time with an unbounded period.

8.2. The TW Pulsons

The turbulent, wave pulsons (the tw pulsons for conciseness) are composed with
the help of the superposition of the dw (see (136) of [7]) and rw (see (168) of [7])
pulsons in the following form:

Kw,t.i,m,t,i,m = Kw,d,i,rn,d,i,m + Kw,r,i,m,r,i,m' I = a,b,C,d. (219)

Similar to the vector dw-¢ and rw-¢ pulsons, four tw-¢ pulsons are assembled

into a vector tw-¢ pulson
Kt,w,t = [Kw,t,a,m,t,a,m’ Kw,t,b,m,t,b,m’ Kw,t,d,m,t,d,m’ Kw,t,c,m,t,c,m ]( ft,W,t): (220)
which is formed by 5-tuple of the turbulent, wave pulsons varying in ¢
fowe = { fowes fr,w,t} = {L gd,t,zk,m,m'gr,t,zk,m,m}' (221)

Five-tuple f . consists of the unit pulson, two deterministic cosine waves
Ogrokmm With frequencies e, ,, . and two random cosine waves g, mn
with frequencies @, ,, . . (t) for k=2,3 andeach m.

For any frozen X=X,,Y=Y,,Z=1,, the vector tw-¢ pulson is exhibited by a
list of four 2-f, 2-rf, turbulent, supercritical pulsons in # which are established by
5-tuple f for the reason that

t,w,t

K =

w,t,a,m,t,a,m

%{ezﬁ,m |::u§m (chm + Rcfm) + 2Qd,m Rd,m (ﬂ’dzm gd,t,4,m,m _Kﬁ,m gd,t,e,m,m >:|

+ {ezrz,m |::ur2m (Qrzm + erm) + 2Qr,m Rr,m (ﬂ“rzm gr,t,4,m,m _Krz,mgr,t,e,m,m ):|}’

Kw,t,b,m,t,b,m =

%{ezém |::u§m (dem + Rdzm) - 2Qd,de,m (Z’dzm gd,t,A,m,m + Kg,m gd,t,6,m,m >:|

+ {ezrz,m |::ur2m (Qrzm + erm) - 2Qr,m Rr,m (/Irzm gr,t,4,m,m +Kr2,mgr,t,6,m,m ):|}’
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K

w,t,d,mt,d,m =

%{ezém |::u§m (dem + Rdzm) - 2Qd,de,m (Z’dzm gd,t,A,m,m _Kc%,m gd,t,G,m,m ):|

+ {ezrz,m |::ur2m (Qrzm + erm) - 2Qr,m Rr,m (/Irzm O t.a,mm _Krz,mgr,t,s,m,m ):|}'

K

wtemtem —

%{ezim |:Iu§,m (de,m + Rdzm) + 2(Qd‘de,m (ﬂ’dz,m gd,t,4,m,m +K§,m gd,t,ﬁ‘m,m )] (222)

+ {ezrz,m |:/ur2m (Qrzm + erm) + 2Qr,m Rr,m (;l‘rzm gr‘t,4,m,m +Kr2.mgr,t,6,m‘m ):|}

Wave parameters of vector tw-¢ pulson are given by relevant wave parameters
of the vector dw-#and rw-¢ pulsons. Alike the rw-¢ pulsons, the tw-¢ pulsons are

smooth random functions of time with an unbounded period.

8.3. The TG Pulson

The turbulent, group pulson (the tg pulson for brevity) is set as the superposition
of the dg (see (137) of [7]) pulson and the rg pulson (see (169) of [7]), viz.

K =K +K (223)

g.ti,mtim g,d,i,m,d,i,m g,r,i,mr,im*

Summation of the dg-¢and rg-¢ pulsons yields the tg-¢ pulson in the following

form:
Kg,t,i,m,'[,i,m = Kg,t,i,m,'[,i,m ( ft,g,t )' (224)

where 1-tuple of the turbulent, group pulson, which is constant in ¢
fooo=1{Tog0 froi) =11} (225)

consists of the unit pulson.

For any frozen z=12;, andall X,y the tg-fpulson is represented by the 0-f,
4-rf, turbulent, supercritical pulson in £ which is produced by 1-tuple f, with
the amplitude depending on p_, 1ty s £y ;s AV 1 BV 1, CVy 1y DV 11 Zg, T Via
eZy 1 (20).€2, 1 (25), AV, (1), BV, 1, (t),CV, , (t),Dv, , (t) for each mbecause

Kg,t,i,m,t,i,m :pc [ezém/udz,m (Avg,m + ng,m +CV§,m + va,m) (226)
+ez? (Avfm +BvZ, +CV} +DV} )J
Analogous to the te-f and tw-¢ pulsons, the tg-¢ pulson is a smooth random

function of time with an unbounded period.

8.4. The TK Pulson

The turbulent, kinetic-energy pulson (the tk pulson for easiness) is written as the
superposition of the dk pulson (see (58) of [7]) and the rk pulson (see (101) of [7]) by

M
Ke,t,i,m,t,i,m = Ke,d,i,m,d,i,m + Ke,r,i,m,r,i,m = Z Kg,t,i,m,t,i,m' (227)
m=1

For any frozen z=17, andall x,y the tk-¢pulson also becomes a 0-f, 4M-rf,

turbulent, supercritical, pulson in £ which is formed by 1-tuple f, with the

DOI: 10.4236/ajcm.2025.154019

448 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2025.154019

V. A. Miroshnikov

same wave parameters as the tg-#pulson for all m, Re. The tk-¢pulson is a smooth
random function of time with an unbounded period, as well.

The dk-t and tk-t pulsons for x=x,,y=Y,,z=2,,Re=10°,Re=10°, and
] in Figure 6. The
0-f, 12-rf, turbulent, supercritical tk-#pulson in Figure 6(b) at Re =10° becomes

wave parameters (129)-(135) are presented on [to,tO +Teqe
non-constant pulson compared with the constant 0-f, deterministic, supercritical
dk-¢ oscillon in Figure 6(a) because of smooth random functions of time
AV, . (t), BV, , (t),Cv, , (t),Dv, , (t). Both the range and the shape of the 0-f,
12-rf, turbulent, supercritical tk-# pulson in Figure 6(c) are altered significantly
compared with Figure 6(a) since the range of the 12-rf, random, supercritical
rk-fpulson at Re=10° becomes [0,2650].

3000/
2000
10001
5 6 7 8 3 10 11
t
(a)
3000
2000
1000
5 6 7 8 9 10 11
t
(b)
5000
4000
3000
2000
10001
s 6 7 8 9 10 11
t

(0)
Figure 6. The dk-¢ and tk-¢ pulsons: (a) —K_ 40 4im> () =K inum(t) for Re=10°,
(C) - Ke.t,i,m.t,i,m (t) for Re=10°.
8.5. The DCK Pulson

The deterministic, cumulative, kinetic-energy pulson in ¢ (the dck-¢ pulson for
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simplicity), which is the superposition of the dk-#pulson and the dik-¢, ddk-¢ and

dek-toscillons,

Kega =K +Kedimd, jm
=Keaa ( fd,c,i,t' fd,c,e,t)

is formed by 3-tuple of the deterministic, cumulative, internal interaction in ¢

+K +K

e,d,i,m,d,i,m e,d,i,md,i,n e,d,i,md,j,n

(228)

focic = {fd,g,tv fd,i,g,t} = {1, gd,t,Zk—l,m,m} (229)

and 8-tuple of the deterministic, cumulative, external interaction in ¢
fd,c,e,t = { fd,d,g,t’ fd,e,g,t} = { fd,t,Zk—l,m,n' fd,t,ZI,m,n}' (230)
Three-tuple f, ;, consists of the unit pulson and two sine waves g, . 1 nm

with frequencies @y, .., for k=2,3 and each m. Eight-tuple f com-

d,c.et

prises four sine waves f with frequencies @, ,, ., and four cosine

d,t,2k-1,m,n

waves f with frequency O ¢ 1mn for k=3,4,5,6, 1=12,7,8, and

d.t,2l,m,n
each m, n.

If all frequencies of the dck-# pulson are distinct, then the dck- £ pulson is visu-
alized asa 2M (2M —1) -f pulson. For any frozen X=X,y =Y,,Z = Z,, the dck-¢
pulson is represented by the 2M (2M —1)-f, deterministic, supercritical pulson
in £ which is produced by M 3-tuples f, ., with frequencies w,,, . for
k=23 and all m, Re and M (M -1)/2 8-tuples f

@y ¢ kmn for k=1,2,---,8 and all m, n, Rebecause

dceq With frequencies

M
Ke,d,d =P {Zezg,m [/ujm (Avg,m + ij,m +CV§,m + Dvi,m)
m=1
+Qd,de,m (ﬂ’dzm gd,t,S,m,m _Kﬁ,m gd,t,s,m,m ):|

M
Z €2y m®Z4 n [Qd,m Rd,n (Ad,m,d,n fd,t,5,m,n _Kd,m,d,n 1:d ,t,7,m,n) (231)

1 n=m+1
+Rym Qun (Ad,m‘d‘n fotomn ¥ Kaman fd,t,ll,m,n)
_Qd,m Qd,n (Nd,m,d,n 1:d t.2,mn _Md,m,d,n fd,t,A,m,n)
+ Rym Ran (Nd,m,d,n fotaamn T Mg man faiemn )]}

<
N

1
+_
2

3
1

If N frequencies are repeated, then the number of independent modes of the
dck-¢pulson diminishes to 2M (2M —1)— N  due to the frequency resonance.
A period of the dck-¢pulson is given by

Te,d,t =LCM (Te,d,i ’Te,d,d 'Te,d,e ) = ke,d,iTe,d,i = ke,d,dTe,d,d = ke,d,eTe,d,e' (232)

where KegirKega Kege areintegers.

The global period of the deterministic internal interaction

Toai = LCM(T, g mm ) =K T

w,d,m,m "w,d,m,m?

2n (233)
Tw,d,m,m =LCM (Td,l,m,m): I(w,d,l,m,de,I,m,m' Td,l,m,m = ’
d,t,I,m,m
where K, oo Kyqimm areintegers, |=23.

The global period of the deterministic diagonal interaction
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Te,d,d =LCM (Tg,d,m,n ) = ke,d,m,nTg,d,m,n'
2n (234)
Tg,d,m,n = LCM (Td,l,m,n ) = I(g,d,l,m,n-l-d,l,m,n’ Td,l,m,n = !
d,t,Imn
where K, 0Ky 4 mn areintegers, 1=2,8.
The global period of the deterministic external interaction
Te,d,e =LCM (Tg,e,m,n ) = I(e,e,m,nTg,e,m,n’
on (235)
Tg,e,m,n = LCM (Td,l,m,n): I(g,e,l,m,n-l-d,l,m,n' Td,l,m,n = ’
d,t,I,m,n

where KeomntKgenmn are integers, 1=13,4,56,7.

Combining the average of the dk-#pulson and the dik-£ ddk-¢ dek- £ oscillons,

we find the average of the dck-#pulson over T,

;
1 edt M
[ Kegodx=p,D 625 npiin AV, + BV, +CV5 , +DVZ, ). (236)
Te,d,t 0 m=1
Since
K t)=Le (w2, +u2 +u? t 237
ead (X0 Yo 2o, t) = 5 (ud,x+ud,y+ud,z)(xo:yovzov ), (237)

where u,,,u, .U, are x-, y-, z-components of deterministic velocity Uy, the
dck- £ pulson remains positive for all times and transfers a positive amount of the

kinetic energy in time.

8.6. The RCK Pulson

The random, cumulative, kinetic-energy pulson in #(the rck- #pulson for fastness),
which is constructed as the superposition of the rk-¢ pulson and the rik-, rdk-¢,

rek-t oscillons,

Ko =K

er,r e,r,imr,i,m +K
= Ke,r,r ( fr,c,i,t’ fr,c‘e,t)

is produced by 3-tuple of the random, cumulative, internal interaction in time

+K + K

e,r,imr,j,m e,r,i,m,r,i,n e,r,imr,j,n

(238)

fr,c,i,t = { fr,g,t' fr,i,g,t} = {1’ gr,t,2k—1,m,m} (239)
and 8-tuple of the random, cumulative, external interaction along in time
froed = { frage fr,e,g.t} = {fr,t,Zk—l,m,n’ fr,t,ZI,m,n}' (240)

Three-tuple f is composed of the unit pulson and two sine waves

r,c,it

Oriokaimm With frequencies @, .. (t) for k=2,3 and each m. Eight-tuple

f includes four sine waves f

e with frequencies @, ,, ., (t) and

Jtl,m,n (t) for k=3,4,5,6,

r,t,2k-1,m,n

with frequencies o,

four cosine waves f "

r,t,2l,m,n

1=1,2,7,8, and each m, n.
As all frequencies of the rck-# pulson are distinct smooth random functions of

time, the rck-# pulson is exposed as a 2M (2M —1) -rf pulson. For any frozen

X=%,Y =Yy, Z=1,, the rck-¢ pulson then exhibited by the 2M (2M —1)-rf,
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random, supercritical pulson in # which is established by M 3-tuples f

r,c,it
with frequencies @, , , » (t) for k=2,3 andall ;3 Reand M (M —1)/2 8-tuples

f with frequencies o, (t) for k=1,2,---,8 andall m, n, Resince

r,cet r,t,k,m,n

M
Ko = | et i (A B 4OV DY)
m=1
+Qr,mRr,m (ﬂ’rzm gr,t,3,m,m _Krz,m gr,t,S,m,m ):|
M-1 M

1
+E Z Z eZr,mezr,n ':Qr,m Rr,n (Ar,m,r,n fr,t,5,m,n _Kr,m,r,n fr,t,7,m,n) (241)

m=1 n=m+1
+ Rr,m Qr,n (Ar,m,r,n fr,t,g,m,n +Kr,m,r,n fr,t,ll,m,n)
_Qr,m Qr,n (Nr,m,r,n fr,t,z,m,n _Mr,m,r,n fr,t,4,m,n)
+ R R, (Nr,m,r,n fr,t,14,m,n +M, nen fr,t,ls,m,n ):|}

The rck-t pulson is a smooth random function of time with an unbounded pe-
riod. As

Kerr (X0 Yo: 20,t) = %(uf,x +UZ, +ul, )(XO, Yo: Zo:t), (242)

where u,,,u, U, are x-, y-, z-components of random velocity U,, the rck-7

pulson is positively defined for all times and also transfers a positive amount of

the kinetic energy in time.

8.7. The TCK Pulson

The turbulent, cumulative, kinetic-energy pulson in # (the tck-# pulson for swift-
ness), which is the superposition of the dck-¢ rck-#pulsons and the drik-¢ drek-¢
oscillons (see (1) and (201) of [7]),

Ke,t = Ke,d,d + Ke,r,r + Ke,d,i,m,r,j,m
= Ke,t { ft,c,i,t’ ft,c,e,t}

is produced by 13-tuple of the turbulent, cumulative, internal interaction in ¢

ft,c,i,t = { fd,c,i,t' fr,c,i,t’ fd,r,i,g,t}

+ K

e, d,i,mr,j,n

(243)

(244)
= {L 94 t,29-mm1 Irt,2g-1mm D r ot 2k-1mm gd,r,t,zl,m,m}
and 32-tuple of the turbulent, cumulative, external interaction in ¢
fl,c,e,t = { fd,c,e,tv fr,c,e,t' fd,r,e,g,t}
= { foracimn faramnr frizcimn froamn (245)

f

d,r,t,2k-1,m,n? fd,r,t,ZI,m,n’ fr,d,t,Zk—l,m,n’ fr,d,l‘ZI,m,n}'

Thirteen-tuple f embraces the unit pulson, two deterministic sine waves

t,c,it
Og12q-1mm With frequencies @, . . ., two random sine waves g ,. ., With
frequencies @, , .. (t), four deterministic-random sine waves g, . ;.o
with frequencies @, nn(t), and four deterministic-random cosine waves
Ugrioimm With frequencies e, . (t) for q=2,3, k=3,4,56, 1=1,2738,

and each m.

DOI: 10.4236/ajcm.2025.154019 452 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2025.154019

V. A. Miroshnikov

Thirty-two-tuple f is constructed of four deterministic sine waves

t,cet

f

with frequencies @, ,, > four random sine waves f

with frequencies «, ,, , ,» four deterministic cosine waves f

d,t,2k-1,m,n d,t,2l,m,n

re2kamn With frequencies

@, .mn (), four random cosine waves f with frequencies o, .. (t),

r,t,21,m,n

four deterministic-random sine waves f, ., ., withfrequencies

@q r v xmn (1) > four deterministic-random cosine waves  f with frequen-

d,r.t,2l,m,n

cies @, 1 mn(t)> four random-deterministic sine waves f with fre-

r,d,t,2k—-1,m,n

quencies @, 4, mn (1), and four random-deterministic cosine waves f_, , .
with frequencies @, 4, ., (t) for k=3,4,5,6, 1=1,2,7,8, and each m, n

If all deterministic frequencies of the tck-#pulson are distinct, then the tck-£pulson
is displayed asa 2M (2M —1)-f, 2M (6M —1) -rf pulson. For any frozen X =X,
Y =Y,2=1,, the tck-¢ pulson is given by the 2M (2M —1)-f, 2M (6M —1)-rf,
turbulent, supercritical pulson in £ which dependson M 13-tuples f ., with
frequencies @, 4 mm+ @ qmm (1)@, omm (1) for 9=2,3, k=12,---,8, and
all m, Reand M (M —1)/2 32-tuples f,

D iemn Drimn () D riwmn (1)) @rgrgmn (1) for k=12,---,8 and all m, n,

with frequencies

Re seeing that

M
. (z{ezs,m (4 (AVE + BVEy +CVEy + V2, )

m=1

+Qd,m Rd,m (ﬂdzm gd,t,3,m,m - K;,m gd,t,S,m,m ):|
2m |::ur2,m (Avrz,m + Bvrz,m +Cvr2,m + Dvrz,m)

+Qr,m Rr,m (/Irzm gr,t,3,m,m - Krz,m gr,t,S,m,m ):|

1
+ Eezd,mezr,m |:Qd,m Rr,m (Ad,m,r,m gd,r,t,s,m,m _Kd,m,r,m gd,r,t,7,m,m)

A

d,m,r, mgd r,t,9,mm +Kd,m,r,m gd,r,t,ll,m,m)

Qi (
Qd m m(Nd mrmgd r,t2,mm _Md,m,r,mgd,r,t,4,m,m)

rm Ndmrmgd rt14,mm +Mdmrmgd rthmm)]}
M-1 M

1
+E Z Z {ezd mezd n |:Qd m "'d,n (Ad m,d,n d ,6,5,m,n _Kd,m,d,n fd,t,?,m,n)

m=1 n=m+1

+Rd,den<Admdn d,t,9,m,n +Kdmdnfdt11mn)
_Qd de n(Nd m,d,n dt,Z,m,n _Md,m,d,n fd,t,4,m,n)

246
+R Rn(Ndmdn dtl4mn+Mdmdnfdtlemn)] ( )

,m |:Qrm an(Armrn r,t,5,m,n _Kr,m,r,n fr,t,7,m,n)
errn(Armrn rt,9,mn +Kr,m,r,n fr,t,ll,m,n)
Qerrn(Nrmrn r,t,2,mn _Mr,m,r,n fr,'r,zl,m,n)
R R ( r,mr,n rtl4mn +Mr,m,r,n fr,t,lﬁ,m,n ):|

+ N
+ eZd,mez |:Qd m Rr n (Ad m,r,n d r,t,5,mn _Kd,m,r,n fd,r,t,?,m,n)

rn
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Rim (Ad men farcomn +Kamrn fd,r,t,n,m,n)
Qd m <r,n (Nd m,r,n d r.t,.2,mn _Md,m,r,n fd,r,t,4,m,n)
r n (Nd m,r,n d r,t,14,mn +Md ,m,r,n fd,r,1,16,m,n )]
+ €2, €y |:Qr m Ran (Arman fraisme ~Kiman fr,d,t,7,m,n)
+R 0 Qun (Ar man fracomn +Kiman fr,d,t,ll,m,n)
Qr m Qd n (Nr m,d,n r d,t,2,mn _Mr,m,d,n fr,d,t,4,m,n)
+R., Ryn (N f +M f )}}

r,md,n 'r,d,t14,mn r,md,n 'r,d,t16,mn
If N deterministic frequencies are repeated, then the number of independent
modes of the tck-#pulson diminishes to [2M (2M -1)- N] -f, 2M (6M —1) -rf
due to the frequency resonance. Analogous to the rck-#pulson, the tck-# oscillon
is a smooth random function of time with an unbounded period.

Because
Kot (Xo) Y1 Zgit) = [;C(u +UZ, +u? )(xo,yo,zo,t), (247)

where u, ,u, U, are x-, y-, z-components of turbulent velocity u,, the tck-¢

t,x Yty Ytz

pulson remains positive for all times and transfers a positive amount of the kinetic
energy in time, as well.

The dck-¢ rck-4 and tck-¢pulsons for x = x,,y = Y,,z = z,,Re =10°, Re = 10°,
and wave parameters (129)-(135) are compared on [t ty+ T, 4 e] in Figure 7.
Despite the fact that the range of the 30-rf, random, supercritical rck-t pulson in
Figure 7(b) is [0,1520], the 23-f, 102-rf, turbulent, supercritical tck- pulson at
Re =10 in Figure 7(c) changes significantly compared with the 23-f, determin-
istic, supercritical dck-#pulson in Figure 7(a) due to range [-3000,3300] of the
48-rf, deterministic-random, random-deterministic drek- f oscillon in Figure 1(a)
and range [-2900,2600] of the 24-rf, deterministic-random drik-# oscillon in
Figure 2(a). The shape and the range of the 23-f, 102-rf, turbulent, supercritical
tck-#pulson at Re =10 in Figure 7(e) becomes unrecognizable in comparison
with the 23-f, deterministic, supercritical dck-# pulson in Figure 7(a) because of
the comparable ranges [0,6000] of the 30-rf, random, supercritical rck-#pulson
in Figure 7(d), [-4800,7000] of the 48-rf, deterministic-random, random-de-
terministic drek-#oscillon in Figure 1(b), and [-5900,5400] of the 24-rf, deter-
ministic-random drik-¢ oscillon in Figure 2(b). There are 23 of 30 independent
deterministic frequencies since deterministic frequencies =,7/3,4n,87/3,131/3

are repeated and deterministic frequency 5mt/3 is repeated twice.

9, Conclusions

The method of inhomogeneous Fourier expansions, which was originally devel-
oped for deterministic x-, y-, t-eigenfunctions in [6], [9] and generalized in [5] at

the deterministic-random, random-deterministic, random, external, and internal
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Figure 7. The dck-£ rck-£ and tck-£pulsons: (a) K, ,(t),(b) —K_, (t) for Re=10°,
() —K,(t) for Re=10°,(d) -K,, (t) for Re=10°,(e) —K,(t) for Re=10°.
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x-eigenfunctions. In the current paper, we have successfully extended the method
on the deterministic-random, random-deterministic, random, external, and in-
ternal feigenfunctions that include smooth random functions of time. Theoreti-
cal quantization [7] in experimental DDSD, DRSD, RDSD, and RRSD structures
has been confirmed, analyzed, and visualized in the present work using experi-
mental quantization in the developed #eigenfunctions.

It was shown that similar to spatial quantization [5], the exact solution for tem-
poral quantization may be grouped into the vector, deterministic-random, elemen-
tary, external oscillons, the vector, random-deterministic, elementary, external os-
cillons, the vector, deterministic-random, random-deterministic, wave, external
oscillons, the vector, deterministic-random, elementary, internal oscillons, and
the vector, deterministic-random, wave, internal oscillons with eight components.
The vector, turbulent, elementary and wave, external oscillons and the vector, tur-
bulent, elementary and wave, internal oscillons have two components. The vector,
turbulent, elementary and wave, diagonal oscillons and the vector, turbulent,

elementary and wave pulsons include four components.

The vector and scalar oscillons and pulsons depend on 1-, 2-, 3-, 4-, 5-, 6-, 8-,
9-,12-, 13-, 16-, and 32-tuples of the correspondent #-eigenfunctions. Namely, the
vector, deterministic-random, elementary, external oscillons on two 8-tuples

f

8-tuples f

d.reerq the vector, random-deterministic, elementary, external oscillons on two

rdeetq » the vector, deterministic-random, random-deterministic,
wave, external oscillons on two 16-tuples  f; . ,,and the vector, deterministic-
The
vector, turbulent, elementary and wave, external oscillons on three 8-tuples

f

ft,d,e,t >

ft,i,e,t,q
two 2-tuples f,; . .,and1-tuple f

random, elementary and wave, internal oscillons on two 8-tuples f, ... ..

1eet,q> the vector, turbulent, elementary and wave, diagonal oscillons on 16-tuple
the vector, turbulent, elementary, internal oscillons on two 6-tuples

, and 5-tuple f the vector, turbulent, wave, internal oscillons on

tiet3?
1i.we3> the vector, turbulent, elementary pul-
son on 9-tuple f, ,and the vector, turbulent, wave pulson on 5-tuple f,_ .

Independent random parameters (130) of the deterministic-random, random-
deterministic, and turbulent oscillons and pulsons have been computed using the
random oscillatory cn-noise [8] for all m, Re=10°, and Re =10°. Despite the
fact that the deterministic oscillons and pulsons do not depend on the Reynolds
number, empirical scales (133) produce a strong dependence of the quantized os-
cillons and pulsons on Re. So, the 23-f, 102-rf, turbulent, supercritical tck-#pul-
sonat Re=10° in Figure 7(c) modifies considerably in comparison with the 23-
f, deterministic, supercritical dck-# pulson in Figure 7(a) due to the 48-rf, deter-
ministic-random, random-deterministic drek-¢ oscillon and the 24-rf, determin-
istic-random drik-# oscillon. The 23-f, 102-rf, turbulent, supercritical tck-#pulson
at Re=10" in Figure 7(e) becomes unrecognizable compared with the 23-f, de-
terministic, supercritical dck-# pulson because of the 30-rf, random, supercritical
rck-¢ pulson, the 48-rf, deterministic-random, random-deterministic drek-¢ oscil-

lon, and the 24-rf, deterministic-random drik-¢ oscillon.
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From the mathematical point of view, components of the vector quantized os-
cillons and pulsons are invariant structures, which are constructed on the corre-
spondent tuples of temporal eigenfunctions. Wave oscillons and pulsons, which
are dot products of various DVK and RVK structures, always become more so-
phisticated than elementary oscillons and pulsons, which are expressed via corre-
spondent DDSD, DRSD, RDSD, and RRSD structures. Compared with wave os-
cillons and pulsons, group oscillons and pulsons become simplified due to sym-
metry and identity resonances. Kinetic-energy oscillons and pulsons again be-
come more complicated than group oscillons and pulsons since they are com-
posed of M internal group oscillons and pulsons and M (M —1)/ 2 external
group oscillons and pulsons. The maximal number 4M (4M —1) of independ-
ent modes in teigenfunctions, which equals to 132 for M =3, of the
2M (M -1)-f, 2M (6M —1)-rf, turbulent, supercritical tck-# pulson considera-
bly exceeds the maximal number 4M? of independent modes in x-eigenfunc-
tions, which equals to 36 for M =3, of the 4M ? -w, turbulent, supercritical tck-x
pulson [5].
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