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Abstract

In the work presented here, we investigate wave physics in compressible pol-
ymeric solids. The nonlinear system of partial differential equations is derived
using classical continuum mechanics with appropriate strain and stress
measures. Constitutive theories are derived using the representation theorem
incorporating ordered rate damping and memory. The complete mathemati-
cal model is thermodynamically and mathematically consistent. The solutions
of the initial value problems (IVPs) described by the mathematical model are
obtained using a space-time coupled finite element method. Model problems
and their solutions illustrate the nonlinear physics of wave propagation and
shock formation. The research presented here on wave propagation in com-
pressible polymeric solids for compressive loading is not available in the pub-
lished works.
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1. Published Works, Shock Physics in Polymeric Solids

In our recent paper [1] on waves in compressible thermoviscoelastic, we pointed

out that there are virtually no published works in this area that utilize mathemat-

ical models using classical continuum mechanics. The reported solutions of the

IVPs are rarely shown to be accurate and converged. Published works on ther-

moviscoelastic solids with rheology are even rarer than those for thermoviscoe-

lastic solids without memory. For the sake of completeness, a list of references [2]-

[9] cited and discussed in our earlier paper [1] is included here. Interested readers

can refer to reference [1] for more details regarding these references. The physics
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of wave propagation in a compressible solid medium has been demonstrated and
explained by the authors in reference [1] for thermoelastic solids in which there is
no entropy generation. In the case of polymeric solids, the viscosity and rheology
influence the shape of the propagating wave, and some mechanical work is con-
verted into entropy due to dissipation, resulting in a progressively diminishing
peak of the wave and progressively elongated base. Figure 1 shows how an applied
pulse in 1D wave propagation forms a stress and density shock front behind the

peak of the wave and a rarefaction ahead of the peak of the wave.
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Figure 1. 1D stress wave propagation. (a) Evolution of 0, ; (b) Evolution of density p.

In the presence of memory, Ze, in TVE solids with rheology, the details dis-
cussed above still hold, with the only difference being that due to memory, the
stresses do not become zero immediately at the cessation of disturbance. A TVE
solid with a larger value of relaxation time would require more time to completely
relax (achieve a stress-free state) upon cessation of external stimulus. Thus, this
physics will influence stresses in the medium, especially in the vicinity of the sharp
stress fronts, hence influencing the evolution. The study of shock fronts, their
propagation, their speed of propagation, and reflections in TVE solids with rhe-
ology is the subject of investigation in this paper. The shock front physics and the
solutions of the models problems calculated here are compared with TVE solids
without memory to clearly demonstrate the impact of rheology on shock fronts.

In this paper, wave propagation in compressible polymeric solids is investigated.
The mathematical model consists of the CBL of CCM and the constitutive theories
derived using the theory of isotropic tensor [10]-[21]. The damping physics are

incorporated using strain rates &) ,i=12,---.n and stress rates
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da[”, j=1,2,---,m. This leads to a spectrum of dissipation coefficients based on
the strain rates and a spectrum of relaxation times based on stress rates.

Numerical studies are conducted using a space-time coupled finite element
method based on a space-time residual functional yielding space-time variation-
ally consistent integral form. Complete evolution is obtained by using a space-
time strip with time marching. For space-time finite elements, the local approxi-
mations are p-version hierarchical with higher-order global differentiability in
space and time. Computed solutions are considered converged for each space-
time strip when the space-time residual functional for each space-time strip is
@ (10’8) or lower, ensuring accurate evolution.

We remark that the shock physics presented in this paper for compressible sol-
ids is quite different from tensile shock physics considered in reference [22].

2. Mathematical Model
[0]

Using o and &) measures, the conservation and the balance laws in La-
grangian description can be written as [23] [24]:
po(x0) =l (x.1) W
62 {U} b [0] T
Po— ~po{F }—[[J][o- ] ]{v}:o )
eijkai(jo) =0 (3)
De O.4 _
pOCVFt—V'q—O' .8[0]—0 (4)
Dg DO\ .. .99
——n—|-0" &, +——<0 5
po(Dt Dtj LI g ®)

[o]

Consider additive decomposition of o
U= sy ) ol (6)

e

Following references [23] [24]:
[ ]=lp(e.0)| 37 19]] )
The entropy inequality [24] becomes:
oy + % <0 8)
p(p,0) is thermodynamic pressure. We consider dissipation to be dependent

on .s‘[i],i =1,2,---,n and memory to be due to da[j]; j=0,1---,m Hence, we

can write the following for the constitutive tensor ol

golm = do-[m](s[i]; do-“];6’); i=0,1---,n; j=0,1,---,m-1 9)
Let “gi ;i=12,---,N be the combined generators of the argument tensors of
d o™ in (9) that are symmetric tensors of rank two and let | I j=12,---,M be

the combined invariants of the same argument tensors in (9), all in the current

configuration. Then o™ canbe expressed as a linear combination of
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I, "gi ;i=1,2,---,N in the current configuration
N . .
do-[m]zo'q0|+z o'gl(o'gl) (10)
i1
in which
“a'="¢'("1),0); j=12-+,M;i=01-N (11)
The material coefficients are obtained using the standard approach of Taylor
series expansion of "in :i=0,1---,N
. . M Ao i . . o i
°ql = Ja|| +Za Q(_ ((rll _all| )+8_Ql (9_9| ); i=01---,N (12)
~ “lo et o) 00 |, o

Substitute “¢';i=0,1,---,N from (10) in (12)

a0
(Ulj_G'jL:)Jraag

) | 5 Q(H—HL)JI

(“lj o j|g)+8“qi (6,_%)] g
~ lQ

00
Defining the following material coefficients and collecting coefficients of

l, "[j I, Cr(5/",(6’—6’|9) (’gi and (0—6’|@) I and defining new coefficients we can

M 57"

[m] _| 0,0 z
do- { q|9+;6011

(13)

0

write
o 0 u 6“0{0 (o_ : ) o aaao
= - = (VL) T8 ==
Oy a |Q ;aalj o ~ |Q g‘j 6Jlj .
i M ao‘ai . ao.ai
o-b:o- ! =~ (Ull ), On — Z
~1 q|9+;ao"lj N ~ |Q glj ao-lJ A (14)
- :_6"0;' oy :_6‘7@0
2i 20 . tm 20 X
i=1,2,--N; j=12,---,M
M i N M . .
do'[m] =0l +3 78, (Ull)l +2.2.°5 (Glj)ggl
j=t i=1 j=1 (15)

3079 )3, 74, (0-0),) G e (0-0L )

=1

o
Gi»

The coefficients “a

=z

°b, °d;, and ‘g, are the material coefficients.
This constitutive theory requires (M +N +MN) material coefficients.

A simplified linear constitutive theory

Neglecting the thermal term, a constitutive theory linear in the components of
the argument tensors is given by:

2o+ :i. (s) =l +§2m (ﬂi})*i’fi”(ﬁu)' (1

For n=m=1 and neglecting o, we can write (16) as follows

g o+ A ( § 0'[1]) =27, (g[o] ) + Kotr(g[o]) I +2n, (.5‘[1] ) +rtr (5[1]) | (17)
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Fourier heat conduction law, a linear form of the constitutive theory for (

derived using integrity is given by:

g=-k-90 (18)
For 1D finite deformation, finite strain, we have:
[3]=1 :|J|=[ +%j (19)
2
ol ail[ai] @0
ox, 2\ 0ox
/4
. _ Oy OV, 0u oV, g_0 [0]
o] = . = a ox, + ox, 6X1' aO1r = a,[(do'u ) (21)
where
2-3(3)

Using (19)-(22), the mathematical model for 1D wave propagation in a com-

pressible polymeric solid can be written as:

2
p - (102 ol 212 0y
a‘[ 6X1 6)(1 e 6Xil 6)(1 d

o__ P(p)

O =7 N
%)
0%

2
[ Wy_c | 1o Ny, Oy vy
d011 +21(d0'11)—01[axl+2(ax1 +C, 8X1+8X1 o, (25)

(24)

and

vlz% V(x1t)eQ, =Q xQ (26)

inwhich C =2n,+x, and C,=2n+x.
We consider the following equation of state:

p(p)=0[ﬁ— j (27)

Po

Substituting (27) in (24) and then (24) in the third term of BLM (23), we can

obtain the following (assuming C to be constant):

d Hu%] a["]}:—ap(p ) (28)

a_xl X, 9

in which p ( p) can be written as follows (using CM):
=)
p(p):C[ﬁ—ljzc (1+%J -1 (29)
Po 0%
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We substitute (29) in (28) to obtain

2
O [142%) oo |og| L 24 (30)
% o, ), ou oX
1+t
ox
Using (30) in the balance of linear momentum we obtain the final mathematical
model.
2
poﬂ—poFlerC S N zauzl -2 (1+%j ol |=0 (31)
ot ou 0%, X % ),
1+
2
. (d ol o, 1f oy v, , ou, v,
d0'1[1]+31 =C,| — +C, (32)
0%, "2 6’x1 EX 0x x
ou,
=2 v (nyea, -0.x0, &

in which C, is elastic coefficientand C, is damping coefficient.

3. Solutions of the PDEs in the Mathematical Model

Equations (31)-(33) are nonlinear PDEs in dependent variables u,, dal[(l)] , and
v, . We obtain solutions of these using a space-time coupled finite element method
based on a space-time residual functional [22] [25] that yields a space-time varia-
tionally consistent space-time integral form.

We consider discretization for a space-time strip and time march upon obtain-
ing a converged solution [22] [25] to obtain entire evolutions. Let t=0 be the
time at which the evolution commences Let At be an increment of time. The
space-time domain QY =Q xQ =[0,L]x[0,At], of the first space-time strip
shown in Figure 2(a), Figure 2(b), is discretized using nine-node p-version hier-
archical space-time finite elements in which the local approximations are of
higher degree and higher order, yielding higher-order global differentiability in
space and time. See references [22] [25] for the space-time finite element method

based on space-time residual functional for a space-time strip with time marching.

v =0 ‘<—7“(t)
T ) -Qw — [O,L}
L |
(a)
t .Q_f.k open boundary at t = At
t= At ¥
v =0 I I v of ﬁbule (d)
(BC)—7 * §
t=0 =
r=0 T =
! L 1Cs v
(b)

DOI: 10.4236/ajcm.2025.153017

315 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2025.153017

K. S. Surana, E. Abboud

t 2 open boundary at t = At
t= At y 'ﬁ
vy =0 R x o v of figure (d)
(80— } (BO)
t=0 (L=1)
r=0 v=1
’ L 1Cs !
(©)
—v v
—2
ot ot o
B At A and C: v = 0 and Fri 0
A C
t t t
t=0 t=At t=2At

(d)

Figure 2. 1D solid domain, idealization of 1D solid domain, discretization of first space-
time strip with space-time finite elements and applied disturbance. (a) polymeric solid do-
main; (b) Mathematical idealization of solid domain; (c) Disretization of first space-time
strip using 10 space-time p-version finite elements; (d) Velocity (vi) pulse of duration 2A£

4. Numerical Studies

To non-dimensionalize PDEs (31)-(33), we write them in the following form (with

a hat (7) on each quantity) in which all quantities have their usual dimensions.

~ ~ 2 N 0
LRI B Y [1@—] R N
ot L aiu‘l axl 8X1 5’X1 d
%
o8N (a5 0,V ) (00, aa, o0
PR C I Wy T O X\
of R 2\ % 0%y OX, 0%,
\71:% v (%,f) e =0 <0 (36)
We choose the following reference and dimensionless quantities:
X, Po 0,
Xl =" pO = ' ul =7
I—o (,00 )ref LO
o
1[2]_ 11: tozi: Tozpﬂz(po)refvg’
0 Vo
. : s A (37)
Vo = °  E=2, n===, l:i:De’
(pO )ref 0 o tO
r\b 2 2 2
Flb—F_ly FOZV_(J’ C=£=£
F, Ly o B

Using (37) in (34)-(36), we can obtain their following dimensionless forms:

oV 1 o%u 0 ou
Pp == pyFP +C| ———— L |- [ +—1j ol =0 (38)
ot aUl aXl 8Xl 8Xl d
1+—
ox,
DOI: 10.4236/ajcm.2025.153017 316 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2025.153017

K. S. Surana, E. Abboud

g 0eol) (o 1fow) n(ov oy o
o) yDe——L-E —1+—[—1j +—[—1+—1—1j (39)

ot oX, 2\ 0% Rel ox, 0% Ox
vl:% V(xt)eQ, =Q,xQ, (40)
where
Re = LetVobo (41)

o

Figures 2(a)-(d) show a schematic of the rod, its mathematical idealization,
space-time finite element discretization of the first space-time strip, and the ap-
plied disturbance (pulse) at X=L. We note that k, =3 and k, =3 define a
minimally conforming scalar product space for which integrals are Riemann.

Material properties and reference quantities used are listed below:

L=1, (), =1240, v, =116.05, 7, =372
p=1240, E=16.7x10°, /=129.51

0.0004 when /, =3.44677233x10°°

Ep =(p), XVe =16.7x10°, De= .
0.0006 when 4, =5.17015854x10°°

We consider the following numerical studies:

4.1. Wave Physics with Dissipation but without Memory

4.2. Wave Physics with Dissipation and Rheology

4.3. Wave Physics with Dissipation and Memory for a Rectangular Pulse

In all numerical studies, we consider a 30-element uniform mesh for the space-
time strip, with p-level of 7 in space and time and At =0.1, unless specified oth-
erwise. Newton’s linear method is considered converged using a tolerance of
0(10’6). The space-time residual functional <O (10’8) is considered sufficient
for good accuracy of the computed solution.

4.1. Wave Physics with Dissipation but without Rheology

We note that dissipation (resistance to motion) and rheology (resistance to the
motion of long chain molecules), both add stresses in addition to elastic stresses.
Figure 3(a), Figure 3(b) show the plots of dal[(l)] versus X at t=6At and
15At. We clearly observe larger peak values of ,ol) for TVE solids with
memory. We clearly note progressive peak increase and base reduction from the
results for TE solids, TVE, and TVE solids with rheology in Figure 3(a) and

Figure 3(b). Even for linear case (nearly incompressible matter), % #0

P (X 1)

")

1

resulting in density change that progressively increases with increasing Deborah

number, shown in Figure 4(a) and Figure 4(b) for t=6At and 15At. Increas-
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-0.06

ing peak values are accompanied by progressively reducing support of the wave

for progressively increasing De .

De=0
De = 0.0004
De = 0.0006

-0.08 |

t = 6At

‘ 0.06 ‘
(0.443678,-0.082811) De=0 _ (0.552874,-0.072365)

(0.443678,-0.089508) 004 | De =0.0004 —— (0.558621,-0.089027)
(0.442529,-0.093312) 1 De = 00006 (0.564368,-0.104926)

0.02 | 1

0

-0.02
-0.04
-0.06

Deviatoric Stress 40, 1[0]

-0.08 \
-0.1 |

0 0.2

04

! I -0.12 I L i
0.6 0.8 1 0 0.2 04 0.6 0.8 1

Distance x,; Distance x,;

(a)

(b)

Figure 3. (a) ,o0l versus X at t=B6At -LinearCase-Thermoviscoelastic with C, =0.0009; (b) ,o!¥ versus X, at t=15At-

LinearCase-Thermoviscoelastic with C, =0.0009 .

L2 f=6AF (0.442529,1.102860) L2 = I5AT ' (0.565517,1.117730)
(0.443678,1.098240) (0.559770.1.097750)
115 L (0.444828,1.090240) | 115 1 (0.551724,1.077970) |
1 1.1
Q. L
2 2
2 1'% 1.05
j5) j)
[a) [a)
1
095 | De=0 — | 095 | De=0 — :
De = 0.0004 _— De = 0.0004 _— ;
De = 0.0006 S De = 0.0006 —_—
0‘9 L il 3 L 1 0.9 L il AL L 1
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Distance x; Distance x,
(a) (b)

Figure 4. (a) p versus X at t=G0At-LinearCase-Thermoviscoelastic with C,=0.0009; (b) p versus x, at t=15At-Line-

arCase-Thermoviscoelastic with C, =0.0009 .

4.2. Wave Physics with Dissipation and Rheology

In this study, we consider a velocity pulse of amplitude v" =0.1, with a damping
coefficient of 0.0009, and Deborah numbers De=0.0004 and De=0.0006 .
We monitor o'l[f] at t=2At,5At,10At, and 15At along the length of the rod
(Figures 5(a)-(d)).

In Figure 5(b), a mild shock front is observed, which steepens upon further
propagation (t =10At, t=15At). At t=10At, the waves are at the fixed bound-
ary. The reflected waves with shock fronts are shown in Figure 5(d).

Increasing Deborah number results in steeper shock fronts due to increased
stress, higher peaks, and reduced support. In reference [7], we showed that oscil-
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lations present behind and ahead of the front in purely elastic cases are completely
eliminated by the presence of damping. In Figure 5(a) and Figure 5(d), we ob-
serve the reappearance of pre- and post-wave oscillations due to the presence of
unrelaxed stress field. These oscillations increase in magnitude and spread over
longer domains with increasing Deborah number.

Corresponding graphs of the density evolution are shown in Figures 6(a)-(d),
with exactly the same behavior as observed in Figures 5(a)-(d) containing 01[2]

versus X, graphs.

0.06 0.06 T T

De=0 _ Eg.ggi iﬁg,-g.gg ; g?g; De =0 JE— (0.600000,-0.077255)
0.04 | De=0.0004 ——— . »-0. R | - (0.604598,-0.081837) |
De = 0.0006 ——— (0.902299,-0.082875) 0.04 g: = 88882 - (0.606897.-0.084416)
5 0.02 I 0.02 1
5 0 g 0
a 7]
8 -002| g 002}
3 3
L -0.04 | o -0.04 |
g 5
s L k=] L
AE 0.06 g -0.06
0.1 P 0.1 | 1
t=2At : t=5At H
-0.12 : : : — -0.12 : ' ‘ :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Distance x; Distance x;
(a) (b)
0.06 T T T T 0.06 i i .
De =0 JEE— (0.078161,-0.076026) : De=0 R (0.431034,-0.064295)
0.04 | De=0.0004 —— (0.094253,0.082605) 0.04 | De=0.0004 —— (0.418391-0.076588) |
De = 0.0006 —— (0.100000,-0.089337) : De = 0.0006 (0.411494,-0.084083)
§ 0.02 ™ 1 § 0402 -
5 0 5 0
% w
g -0.02 18 -002
7] 7
2 -0.04 1.2 -004
s 5
- 1 g
= 0.06 % -0.06
A 08 b 19 008
-0.1 , 0.1 | i
t=15At
'0-12 L Il L _0.12 L Ll L I
0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Distance x, Distance x;
() (d)

Figure 5. (a) ,ol) versus X at t=2At -NonLinearCase-Thermoviscoelastic with C,=0.0009 ; (b): ,olJ versus X, at

t =5At - NonLinearCase-Thermoviscoelastic with C, =0.0009; (c): ,o% versus X at t=10At - NonLinearCase-Thermovis-

coelastic with C, =0.0009; (d) ,oi% versus X at t=15At-NonLinearCase-Thermoviscoelastic with C, =0.0009 .

4.3. Wave Physics with Dissipation and Rheology for a Rectangular
Velocity Pulse

We consider a rectangular velocity pulse (Figure 7) in this study. Plots of o-l[f]

versus X, are shown in Figures 8(a)-(d). Corresponding density p versus X,
graphs are shown in Figures 9(a)-(d). We observed similar behavior as discussed
earlier for a velocity pulse of duration 2At. We summarize key observations in

the following:
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(0.095402,1.106000) (0.417241,1.096360)
115 | (0.080460,1.094610) | 115 | (0.429885,1.077370) |
-— | —
(=N Q
z z
j9) 93
a a
e | 0.95 [ De=0 — |
— De=0.0004 ——
S— De=0.0006 ——
: ‘ ‘ 0.9 ! ‘ ‘ :
0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Distance x; Distance x;
© (d)

Figure 6. (a) p versus X, at t=2At - NonLinearCase- Thermoviscoelastic with C,=0.0009; (b) p versus X, at t=D5At
- NonLinearCase - Thermoviscoelastic with C,=0.0009; (c) p versus X at t=10At - NonLinearCase - Thermoviscoelastic

with C,=0.0009;(d) p versus X, at t=15At - NonLinearCase - Thermoviscoelastic with C, =0.0009 .

Vi

v* P ? [
et =At—=<—— = 2At —>i=—1t = At—!

Figure 7. Rectangular velocity pulse of duration 2At.
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Figure 8. (a) ,ol versus X, at t=4At - C,=0.0009 - De=0.0004 ; (b) ,cl) versus x at t=8At - C,=0.0009 -

De=0.0004; (c) 0'1[2] versus X, at
De =0.0004 .

t=15At - C, =0.0009 - De=0.0004; (d) ,oi versus x at t=17At-C,=0.0009 -

1) Lower wave speed for compressible (nonlinear) case compared to linear case
is observed due to increased density.

2) After reflection, we observe distinct shock front formation behind the wave.

3) Due to rheology, the unrelaxed stress fields result in oscillations behind the

shock front.

4) The constant | Ul[(l)] region corresponding to constant V" (as seen in Fig-
ure 8(a) at t=4At) slowly disappears upon further evolution, resulting in oscil-
lations ahead of the shock front as well.

5) We note in Figure 8(c) and Figure 8(d) that the constant | 0—1[21 region of
the rectangular pulse completely disappeared.

6) The integrated sum of squares of the space-time residual function is

(’)(10’8) or lower for minimally conforming spaces ensures that the PDEs are

satisfied accurately across the discretized space-time domain.
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Figure 9. (a) p versus X at t=4At - C,=0.0009 - De=0.0004; (b) p versus x, at t=8At-C,=0.0009 - De =0.0004;
(c): p versus X, at t=15At-C,=0.0009 - De=0.0004;(d): p versus x at t=17At-C,=0.0009 - De =0.0004.

5. Summary and Conclusions

We have presented wave propagation and shock formation in compressible poly-
meric solids with dissipation and rheology. The following is a brief summary of
the work and some conclusions drawn from it.

1) The mathematical model is derived strictly using the CBL of CCM.

2) The constitutive theories are initiated using conjugate pairs in the entropy
inequality and are derived using the representation theorem.

3) The complete mathematical model is thermodynamically and mathemati-
cally consistent.

4) Space-time coupled finite element method based on space-time residual
functional yields unconditionally stable computations. Use of higher-order scalar
product spaces in space and time is essential to maintain Riemann integrals over
space-time discretization and when the integrated sum of squares of space-time
residual | — 0, the calculated evolution approaches the theoretical solution.

5) A unique aspect of volumetric deformation physics in solids is explained. It
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is shown that volumetric deformation in solids is due to |J | and not the equation
of state. Volumetric deformation due to [J]| has associated with thermody-
namic pressure that defines the equilibrium stress tensor necessary for correct
force balance in BLM.

6) The oscillation free solution for stress and density behind and ahead of the
wave for the TVE case regains oscillation due to the presence of unrelaxed stresses.
With time, their magnitude reduces. Higher Deleads to higher stresses, resulting
in higher peaks and more pronounced oscillations in the vicinity of the front.

7) Due to compressive loading, higher density results in lower wave speed com-
pared to TE solids or TVE solids without rheology.

8) Shock front formation behind the peak of the wave due to piling up of com-
pression waves moving at higher speeds is clearly observed. Rarefaction ahead of
the front is also observed.

9) Reflection of the waves with shock fronts from the clamped boundary and
reversal of the shock front so that it is always behind the peak of the waves is
clearly observed.

10) This work sheds light on intricate aspects of shock physics in the presence
of dissipation and memory that are helpful in the design of polymer-based appli-
cations.

11) The applications of this work to actual practical problems of interest in de-
sign will require extending this work to 2D and 3D.

12) The novel aspect of this work is shock physics in polymeric solids due to
compressive loading compared to reference [22] in which tensile shock physics is
investigated.

13) In the case of a rectangular wave, reduction in the constant stress and den-
sity region during evolution, presence of oscillations on both sides of the shock,
and finally almost complete disappearance of the constant stress and density re-
gion followed by pronounced oscillations (note-worthy aspect of the study) are
clearly observed.

14) All reported solutions are time-accurate as the computed solution satisfies
PDEs in the pointwise sense over the discretized space-time domain due to the

use of minimally conforming spaces.
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C:

C;:

C,:

X, %, {X

X, X, {x}:

[9]:

u, u, {u}
v, Vi, {v
Po:

(po)ref

p:

n:

o+

A:

ty:

e:

p:

0.

E:

q? ql’ {q}
9, g {9}

Bulk Modulus

Modulus of Elasticity

Dissipation Coefficient

Coordinates in the current configuration
Coordinates in the reference configuration
Deformation gradient tensor
Determinant of [J ]

Displacements (Lagrangian description)
Velocities (Lagrangian description)
Density in reference configuration
Reference density

Density (current configuration)

Entropy density

Reference damping

Relaxation time

Reference time

Internal energy density

Pressure

Temperature

Young’s modulus

Heat vector in Lagrangian description

Temperature gradients

Second Piola-Kirchhoff stress

Equilibrium part of the Second Piola-Kirchhoff stress

Deviatoric part of the Second Piola-Kirchhoff stress

Convected time derivative of order j of the Devia-

toric Second Piola-Kirchhoff stress tensor

Cauchy stress

Cauchy stress (Equilibrium)
Cauchy stress (Deviatoric)
Green’s strain

Material derivative of &[] of order |
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