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Abstract

In previous articles, the exact solutions for deterministic chaos, stochastic
chaos, and wave turbulence have been developed in terms of exponential os-
cillons and pulsons, which are governed by the nonstationary three-dimen-
sional Navier-Stokes equations. We have later considered theoretical quanti-
zation of the deterministic chaos in invariant structures and experimental
quantization in spatial and temporal eigenfunctions with the help of inhomo-
geneous Fourier expansions. The study of exact wave turbulence was also con-
tinued with the theoretical quantization of stochastic chaos and wave turbu-
lence. The current paper proceeds with experimental quantization of the sto-
chastic chaos and the wave turbulence in spatial x-eigenfunctions. The method
of inhomogeneous Fourier expansions in the deterministic eigenfunctions has
been extended to deterministic-random, random-deterministic, random, ex-
ternal, and internal eigenfunctions. The previous results on theoretical quan-
tization in invariant structures have been confirmed, analyzed, and visualized
in this work using experimental quantization in the novel eigenfunctions. Ar-
guments of exact solutions for quantized oscillons and pulsons are given by
1-, 2-, 3-,4-, 5-, 6-, 8-, 12-, 15-, 16, and 32-tuples of the spatial eigenfunctions.
The exact solutions are grouped into the vector, deterministic-random, exter-
nal oscillons, the vector, random-deterministic, external oscillons, the vector,
deterministic-random, internal oscillons, the vector, turbulent, external oscil-
lons, the vector, turbulent, diagonal oscillons, the vector, turbulent, internal,
oscillons, and the vector, turbulent pulsons. We compute independent ran-
dom parameters with the help of the random model of oscillatory cn-noise.
Computation is performed by experimental and theoretical programming in
Maple. The obtained results demonstrate a strong dependence of the quan-
tized oscillons and pulsons on the Reynolds number.
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1. Introduction

The exact solution for deterministic chaos of exponential oscillons and pulsons
governed by the nonstationary, three-dimensional (3-d) Navier-Stokes equations
has been developed by the method of decomposition in invariant structures (DIS)
[1]. Using the Helmholtz decomposition, we decompose the Dirichlet problem for
the Navier-Stokes equations into the Archimedean, Stokes, and Navier problems.
A cascade differential algebra is developed in [2] for four families of invariant
structures: deterministic scalar kinematic (DSK) structures, deterministic vector
kinematic (DVK) structures, deterministic scalar dynamic (DSD) structures, and
deterministic vector dynamic (DVD) structures. Scalar and vector variables of the
Stokes problem are decomposed into the theoretical DSK and DVK structures,
respectively. Scalar and vector variables of the Navier problem are expanded into
the theoretical DSD and DVD structures, correspondingly.

The exact solution for stochastic chaos of random exponential oscillons and
pulsons controlled by the nonstationary, 3-d Navier-Stokes equations has been
considered in [3]. Differential algebra is constructed for six families of random
invariant structures: random scalar kinematic (RSK) structures, time-comple-
mentary random scalar kinematic (RSK,) structures, random vector kinematic
(RVK) structures, time-complementary random vector kinematic (RVK,) struc-
tures, random scalar dynamic (RSD) structures, and random vector dynamic (RVD)
structures. We expand the random Dirichlet problem for the Navier-Stokes equa-
tions into the Archimedean, the random Stokes, and the random Navier problems.
Scalar and vector solutions of the random Stokes problem are represented via the
theoretical RSK, RSK,, RVK, and RVK, structures. Scalar and vector solutions of
the random Navier problem are computed using the theoretical RSD and RVD
structures.

The exact wave turbulence of exponential oscillons and pulsons is treated in [4]
by developing eight families of invariant structures: deterministic-deterministic
scalar dynamic (DDSD) structures, deterministic-random scalar dynamic (DRSD)
structures, random-deterministic scalar dynamic (RDSD) structures, random-
random scalar dynamic (RRSD) structures, deterministic-deterministic vector dy-

namic (DDVD) structures, deterministic-random vector dynamic (DRVD) struc-
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tures, random-deterministic vector dynamic (RDVD) structures, and random-
random vector dynamic (RRVD) structures in theoretical and experimental rep-
resentations. The deterministic Stokes problem, the random Stokes problem, and
the turbulent Stokes problem, which are subjected to the Dirichlet boundary con-
ditions and conditions at infinities, are solved in the theoretical DSK, DVK, RSK,
RSK, RVK, and RVK; structures. The turbulent Navier problem is tackled and
justified in the theoretical DDVD, DRVD, RDVD, RRVD, DDSD, DRSD, RDSD,
and RRSD structures.

Theoretical quantization of the deterministic chaos in the elementary, wave,
group, kinetic-energy pulsons, in the elementary, wave, group, kinetic-energy, di-
agonal oscillons, in the elementary, wave, group, kinetic-energy, internal oscillons,
and in the elementary, wave, group, kinetic-energy, external oscillons was devel-
oped via the experimental DSD structures in [5] [6]. Three families of x-eigen-
functions, y-eigenfunctions, and #eigenfunctions were defined to treat experi-
mental quantization and to study topology, periodicity, local properties, integral
properties, and shapes of the quantized deterministic oscillons and pulsons.

Theoretical quantization of the stochastic chaos in the random, elementary,
wave, group, kinetic-energy pulsons, in the random, elementary, wave, group, ki-
netic-energy, diagonal oscillons, in the random, elementary, wave, group, kinetic-
energy, internal oscillons, and in the random, elementary, wave, group, kinetic-
energy, external oscillons was considered in terms of the experimental RSD struc-
tures in [3]. Theoretical quantization of the wave turbulence, which complements
theoretical quantization of the deterministic chaos and the stochastic chaos by the
deterministic-random, elementary, wave, group, kinetic-energy, internal oscillons,
by the deterministic-random and random-deterministic, elementary, external os-
cillons, and by the deterministic-random, random-deterministic, wave, group, ki-
netic-energy, external oscillons, was treated in [7] using the experimental DDSD,
DRSD, RDSD, and RRSD structures.

The objective of this paper is to complete theoretical quantization of the wave
turbulence by experimental quantization in x-eigenfunctions of the deterministic-
random, external, and internal interaction, the random-deterministic, external in-
teraction, the random, external, and internal interaction, and the deterministic,
external, and internal interaction and to explore topology, periodicity, integral
properties, and visualizations of the quantized, deterministic-random, random-
deterministic, and turbulent oscillons and pulsons.

The contents of the current paper are as follows. The deterministic-random,
random-deterministic, and random x-eigenfunctions are introduced in Section 2.
Section 3 deals with oscillons of the deterministic-random, external interaction.
Oscillons of the deterministic-random, internal interaction are considered in Sec-
tion 4. Oscillons of the turbulent, external interaction are computed in Section 5.
Oscillons of the turbulent, diagonal interaction and the turbulent, internal inter-
action are studied in Sections 6 and 7, respectively. Turbulent and cumulative pul-

sons are treated in Section 8. Section 9 contains a brief discussion of the main
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results and further developments.

2. Eigenfunctions of Inhomogeneous Fourier
Expansions

2.1. Deterministic and Random Eigenfunctions of the Turbulent
Velocity Potential

The deterministic, velocity-potential, elementary oscillons (the dpe oscillons for
brevity, see (126) of [7])
Ko,d,a,m = ad,m' Ko,d,b,m = bd,m’ Ko,d,c,m = Cd,m' Ko,d,d,m = dd,m (1)

are defined via the experimental DSK (eDSK) structures
ay o, =+AV  Sse; , +Bv,  csey  +Cv,  scey |+ Dy, ccey o,
By m =—BVy , S84 1 + AV, , Csey  —Dvy , sce,  +Cv,  ceey [, 2)

Cym =—CVqy , SS€4 1 — DVy 1 CS€y 1 + AVy |, SC&y 1 + BV, , cCey 1,
dgm=+Dvy 5884, —Cvy , CS€y , — BV, | SCey  + AV, | CCEy o,
where m=12,---,M is an index of oscillons, [Avd,m' BVy 1 CVy o Dvd'm] are
deterministic functional amplitudes of a deterministic harmonic variable

Vo (X Y,2,t), [[55€4 1, CS€4 y SC8 s CCEy 1 | (X ms Y,

e Z) are three-variables (3-v)

eDSK functions, explicitly,

SS€q m = SXym SYam €Zg,mr CS€q m = CXy m SYa,m €Zg m>

(3)
SCE4m = SXgm CYam €Zgmr CCEy 1 = CXy 1y Oy m €Zg s

[sxd,m +CXg m } ( Xam ) , [SYd,m +CYq m } (Yd,m ) ,ezy . (2) are one-variable (1-v) eDSK

functions, which are calculated by
Xy =SIN (kg Xgm)r Xy =08k Xy ),

Syd,m:Sin(ﬂ’d,mYd,m)’ Cyd,mzcos(]’d,mYd,m)'

€2y m = eXp((_]‘)’7 Hym Z)' Hym =+ K;,m +ﬂdz,m , (5)

Xgm(X:t),Ys n(Y,t) are deterministic propagation variables defined by
Xam =X=Ugnl+Xgmor Yom =Y ~Vonl +Yamo- (6)

(4)

In the above definition of the dpe oscillons, (X, Y, Z) is the Cartesian coordi-

Y

nate of a motionless frame of reference, t is time, (X 4 ms

dum' z) is the Carte-
sian coordinate of the mth frame of reference moving with the dpe oscillon,

(Ud’m Vi m 0) is a celerity of propagation of the mth dpe oscillon,

(Xd,m,O!Yd,m,O) is a reference value of (dem,dem) at t=0,x=0,y=0,

Ky miAgmi Mg are deterministic wavenumbers of the mth dpe oscillon in the x-,
y-, z-directions, and a sign parameter 77=0 for Z<0 and =1 for z>0.

Following [5] [6], we express the 3-v eDSK functions in terms of the 1-v eDSK
functions and collect |:sxd,m +CXg s ezd'm} to obtain the dpe-xoscillons propagat-

ing in the x-direction via deterministic trigonometric polynomials
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Kod.am = (+Ayd,m SXgm T CYam CXd,m)eZd,m'
Kodpm = (_Cyd,m SXgm + AYg m CXg m )ezd,mv )
Kodem = (+Byd,m SXg,m + DYy m CXd,m)eZd,m’
Kodam = (_Dyd,m SXgm T BYam de,m)ezd,m'
where deterministic coefficients
AVam =+ AV 0 Yam+CVan CYom BYam =—CVym Vam+AVym Vam ®)

Cyd,m = +Bvd,m Syd,m + Dvd,m Cyd,m’ Dyd,m = _Dvd,m Syd,m + Bvd,m Cyd,m

depend on (y,t) .
We then define four deterministic trigonometric functions in the y-direction

. Cy m Ay .

SiN Ky g ym ) =, COS (K Uy g ) =

d,y,m Qd,y,m

Sin(Kd,m ﬁd,y,m): d,m , COS(Kd,m ﬂd,y,m): d,m '

Rd’y’m I:ed,y,m

deterministic X-shifts, depending on (y, t) ,
1 c D

Adym = *arcsin yd’m, ﬂd,y,m=iarcsin ydvm, (10)

d,m d,y,m Kd,m d.y.m

and deterministic trigonometric amplitudes

Qd,y,m =4 Aygm +Cy§,m ) Rd,y,m R Bygm + Dygm (11)

Substituting the deterministic trigonometric functions in the deterministic trig-
onometric polynomials and combining terms yields the inhomogeneous Fourier

form of the dpe-xoscillons in the mth moving frame (see (67) of [5])
Kod.am = €Zgm QuymSiN (Kd,m (Xd'm +ad,y‘m)),
Kogom = €Zgm Quym COS(Kd,m (xd,m T ym ))'

Kodem = €Zam Ry ym SN (K'd'm (Xd'm +Biym ))

K

od,dm = ezd,m Rd,y,m CC)S(Kd,m (xd,m +ﬂd,y,m ))

(12)

Eventually, four dpe-xoscillons may be grouped into two vector dpe-x oscillons

Kopexa = Ko pena( Fapexa) 4=12, (13)

which are formed by two 2-tuples of the dpe-x oscillons:
fd,p,e,x,l = {fd,x,l,m’ fd,x,Z,m}’ fd,p,e,x,z = { fd,x,3,m' fd,x,4,m}' (14)
Two-tuple f, .., consists of sine wave f, , ~ and cosine wave f; ,_

with wavenumber «, , for each m. Two-tuple f, _ ., comprises sine wave
fy sm @andcosinewave f, , = with wavenumber «,  for each m.
Here, deterministic eigenfunctions of the dpe-x oscillons in the motionless

frame
fd,x,l,m ZSin (Ad,x,l,m )’ fd,><,2,m = Cos (Ad,x,l,m )’

(15)
fd,x,S,m =Sin (Ad,x,Z‘m)’ fd,x,4‘m ZCOS(Ad,x,Z,m)
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depend on two arguments
Ay xim =Kam (X+ Sd,y,a,m)’ Ay xom =Kgm (X+ Sd,y,ﬁ,m)' (16)
where
Sayam = Xdamo ~Yaml + Qi yms Saypm=Xamo—Yamt +:Bd,y,m (17)

are deterministic x-shifts, which depend on (y, t) .

For any frozen Yy =Y,,z=12,t=t,, the 1st vector dpe-xoscillon
Kd,p,e,x,l = [Ko,d,a,m’ Ko,d,b,m]( fd,p,e,x,l) (18)

is reduced to a list of two one-wavenumber (1-w), deterministic oscillons in x,

which are produced by 2-tuple f, .., as

Ko,d,a,m = eZd,m Qd,y,m fd,x.l,ml Ko,d,b,m = ezd,m Qd,y,m fd,x,z,m' (19)

The 2nd vector dpe-x oscillon
Kd,p,e,x,Z = |:Ko,d,c,m’ Ko,d,d,m]( fd,p,e,x,z) (20)

is also transformed into a list of two 1-w, deterministic oscillons in x, which are

generated by 2-tuple f, .., since

Ko,d,c,m = ezd,m Rd,y,m fd,x,3,m’ Ko,d,d,m = eZd,m Rd,y,m fd,x,4,m' (21)

For all vector dpe-x oscillons, amplitudes of complementary eigenfunctions
vanish, while amplitudes of eigenfunctions depend on 7, Yy,,t, via
€Zy 1 Quymr Ryym and x-shifts are determined by Y,,t, through

sd,y,a,m'sd,y,ﬂ,m :
The x-period of the dpe-x oscillons
L or

d,x,m —

(22)

d,m

Since the average of the dpe-x oscillons over L,,, vanishes for each m, ie.

1 Ld‘x,m
[ Koaindx=0, i=[ab,c,d], (23)
Ld,x,m 0

the dpe-x oscillons are neutral.
The random, velocity-potential, elementary oscillons (the rpe oscillons for
briefness, see (156) of [7])

Koram =& m Korpm= br,m’ Korem = Crmr Koram= dr,m (24)
are represented via the experimental RSK (eRSK) structures
a,,=+Av, sse  +Bv  cse +Cv,  sce  +Dv  cce ,
b, ,=-Bv,sse ,+Av  cse —Dv,  sce +Cv  cce , (25)

Cym=—CV,,s8€ ,—Dv,  cse . +Av  sce  +Bv.  cce

r,m?

d, ,=+Dv,  sse  —Cv,  cse  —Bv,  sce  +Av  cce

r,m?

where [Avrvm, Bv, ,,Cv Dvrym](t) are random functional amplitudes of a ran-

r,m? r,m?

dom harmonic variable Vr(X, y,z,t), [sse

r,m?

CS€, 11, SCE, 1, CC, 1y | (X, s Vi Z)
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are 3-v eRSK functions, namely,

Sser,m = er,m Syr,m ezr,m’ Cser,m = er,m Syr,m ezr,m’

(26)
Scer,m = er,m Cyr,m ezr,m’ Ccer,m = er,m Cyr,m ezr,m’
(8% X (X e ) [ Yems e | (Yo ) €2, (2) are 1-v eRSK functions,
which are computed by
X =Sin(r, X, )y OX =08 (x 0 X, ), o)

Syr,m :Sin(ﬂ’r,er,m)’ CYr,m :Cos(ﬂ“r,er,m)’

2,0 =0D((-1)) i 2)s th =+ Ao, (28)

Xim(X1),Y, n (V,t) are random propagation variables:
Xem=X=U t+X Yom =Y =Vt +Y 0o (29)

r,m,0’

In the above definition of the rpe oscillons, (Xr,m Yo Z) is the Cartesian co-
ordinate of the mth frame of reference moving with the rpe oscillon,
(U e Ve 0)(t) is a celerity of propagation of the mth rpe oscillon,
(Xr,m,on )(t) is a reference value of (Xrym,Yr,m) at t=0,x=0,y=0, and

Arm My are random wavenumbers of the mth rpe oscillon in the x-, y-, z-

r,m,0

Ky mo

directions. Wave parameters
Ur,m :Ur,m (t)' Vr,m :Vr,m (t)’ Xr,m,O = Xr,m,O (t)’ Yr,m,O :Yr,m,o (t) (30)

together with functional amplitudes
AV, =Av, . (t), BV, =Bv,(t), Cv,,=Cv, (1), Dv,, =Dv, . (t) (31)

are smooth random functions of time from C”. Wavenumbers «, ., A .,
are random parameters.

Substitution of the 3-v eRSK functions in terms of the 1-v eRSK functions and
collection of [sxr'm,cxrym,ezrym] yield the rpe-x oscillons in terms of random

trigonometric polynomials

Koram = (A X, o +CY, 1 O, 1 ) €2, 1,
Korom = (=Crm e m+ AV, 0 X, 1 )€Z, 1, )
Korem = (+BYrm % m+ DY, 1 CX, 1 ) €7, 1,
Korom = (—DYrm X+ BY, 1 OX, 1, )67, 1,
where random coefficients
AY, n=+AV sy, +Cv ey s BY L =—Cv, sy LAY ey (33)

Cyr,m = +BVr,m syr,m + DVr,m Cyr,m’ Dyr,m = _DVr,m syr,m + Bvr,m Cyr,m

dependon (Y,t).

We then introduce four random trigonometric functions in the y-direction

. Cyr m Ayr m
sm(zcr'm a,,yym) =_—Jrm cos(x,ym ar,y,m) =_2om
Qr,y,m Qr,y,m
Dy By (34)
. r,m r,m
Sln(Kr,m ﬁr,y,m): R ’ COS(Kr,m ﬁr,y,m): R ’
r,y,m r,y,m
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random X-shifts, depending on (y,t),
D
o, =1 arcsin Yo

CYrm 1 . ,
fym , ﬂr'y,m =——arcsin , (35)
K K

r,m r,y,m r,m ry,m

and random trigonometric amplitudes

Qym =AY +C¥ s Roym =+BYim + DY/ (36)

Substitution of the random trigonometric functions in the random trigonomet-
ric polynomials gives the inhomogeneous Fourier form of the rpe-x oscillons in

the mth moving frame
Koram = €2 Qpym SIN (K'r‘m (Xem +ar,y,m))'
Korom = ZmQrym cos(zc,'m (Xem +ar,y,m)),
Korem =2 n ReymSin (Ko (X o+ £y ),

Ko,r,d,m = ezr,m Rr,y,m COS(Kr,m (Xr,m +ﬁr,y,m))'

(37)

Similar to the dpe-x oscillons, four rpe-x oscillons may be combined into two

vector rpe-x oscillons

K K f , q=12, (38)

rpexq r,p,e,x,q( r,p,e,x,q)

which are produced by two 2-tuples of the rpe-x oscillons:
fr,p,e,x,l = { fr,x,l,m’ fr,x,z,m}’ fr,p,e,x,z = { fr,x,3,m’ fr,x,4,m}' (39)

Two-tuple f is composed of sine wave f and cosine wave f

r.pexl r,x,Lm r,x,2,m

with wavenumber «,  for each m. Two-tuple f ., includes sine wave

f and cosine wave f with wavenumber «, , for each m.

r,x,3,m

So, random eigenfunctions of the rpe-x oscillons in the motionless frame

1:r,x,l,m =Sin(Ar,x,l,m)’ fr,x,z,m = COS<Ar,x,1,m)’

r,x,4,m

(40)
frvam =SIN(A,om)s froam =COS(A,, ;)
depend on two arguments
A iim =Kim (X+Sr,y,a,m)7 Aryom =Kim (x+s,‘yﬁ,m), (41)
where
Sty =XKemo ~ el ¥y Seypm =Ximo —Yrmt+ B ym (42)

are random x-shifts, which depend on (Y,t).

For any frozen Yy=Y,,z=12,1=t,, the Ist vector rpe-x oscillon
Kr,p,e,x,l = [Ko,r,a,m' Ko,r,b,m]( fr,p,e,x,l) (43)

is presented by a list of two 1-w, random oscillons in x; which are established by

2-tuple frpexa @S
Ko,r,a,m = le,m Qr,y,m fr,x,l,m’ Ko,r,b,m = ezr,m Qr,y,m fr,x,z,m' (44)
The 2nd vector dpe-x oscillon
Kr,p,e,x,z = |:Ko,r,c,m’ Ko,r,d,m:|( fr,p,e,x,z) (45)
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is visualized by a list of two 1-w, random, neutral oscillons in x, which are formed
by 2-tuple f .., since
K =€z

o,r,c,m r,m

Roymf K

r,y,m "r,x,3,m?

Rymf . (46)

r,y,m r,x,4,m

(574

ordm r,m

For all vector rpe-x oscillons, amplitudes of complementary eigenfunctions
vanish, while amplitudes of eigenfunctions are governed by z,,Y,,t, through
€Z > Q. m R, n and xshifts are influenced by Yy, t, via s, .8 ;.

The x-period of the rpe-x oscillons

L = (47)

Because the average of the rpe-xoscillons over L, vanishes for each m, ie.

I-r,><,m
Ll [ Korindx=0, i=[ab,c,d], (48)
r,X,m 0

the rpe-x oscillons are neutral, as well.

2.2. Eigenfunctions of Deterministic-Random, External Interaction

Consider the mth and nth families of deterministic eigenfunctions of the dpe-x

oscillons
fonrm =SIN(Agin ) Fouam =C0S(Aq,1m)s
fovam =SIN(Agom): Foram =C08(Ag,om)s )
fs i _sm(Ad’XJ’n), foom = cos(Advvan),
fscan =S|n(Ad,x,z,n), i o :cos<Ad,x,2n)
of four arguments
Agxim =Kim (x+sd'y,a,m), Ay xom =Kim (x+sd,yﬁ'm), (50)

Ad,x‘l,n :Kd,n (X+Sd,y,a,n)' Ad,x,2,n :Kd,n (X+ Sd‘y,ﬁ',n)

with two deterministic wavenumbers «,  and «,, for m=12.,M and
n=12,---,M.
We also consider the mth and nth families of random eigenfunctions of the rpe-

x oscillons

frvam =SIN(A, om ) fram =COS(A,, ;) -
froan =SIN(A,1n)s  frazn =C0S(A, 10)
frvan =SIN(A o0 )0 fraan =COS(A,,,,)
of four arguments
Arim =Kem (XS s am)s Arsom =Kem (X5, 5 ) 52

Ar,x,l,n :Kr,n <X+ Sr,y,oz,n )' Ar,><,2,n :Kr,n (X + Sr,y,/i,n)

with two random wavenumbers «,,, and «, ..
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of the deterministic-random, external interaction
and f . with i=123,4 and

d,x,i,m rXx,j.n

Matrix fd,x,i,m,r,x,j,n
(n # m) in the x-direction between f

j=1,2,3,4 (between scaled dpe-xand rpe-xoscillons) takes the following form:

d,x,Lm fr,x,1,n fd,x,l,m fr,x,Z‘n fd,x,l,m fr,><,3,n fdvxvlvm ffvxv“‘”

f _ fd,x,z,m fr,x,l,n fd,x,z,m fr,x,z,n fd,x,z,m fr,x,S,n fd,x,z,m fr,><,4,n
dximexjn = | ¢ f f f f f f f (53)

d,x,3,m 'r,x,,,n d,x,3,m 'r,x,2,n d,x,3,m "r,x,3,n d,x,3,m "r,x,4n

fd,x,4,m 1:r,><,1,n fd,x,4,m fr,x,z,n fd,><,4,m fr,x,S,n fd,x,A,m 1:r,><,4,n

Because of the trigonometric identities for products of sine and cosine (the

product identities), there are 16 deterministic-random, external eigenfunctions

fy rximn > Namely,

fd,r,x,l,m,n :Sln(Ad,r,x,l,m,n)' fd,r,x,z,m,n :COS(Ad rx,m n)

fd,r,x,&m.n =sin (Ad,r,x.z,m,n) fd,r,x,4,m‘n =COS(Ad r,x,2,m n)

1:d,r,x,S,m,n =sin (Ad,r,x,3,m,n) fd,r,x,6,m,n :COS(Ad r,x,3,m n)’

fd,r,x,7,m,n =sin (Ad,r,x,4,m,n )' fd,r,x,s,m,n =COS(Ad r,x,4,m n)’ (54)

fd,r,><,9,m,n =sin (Ad,r,x,5,m,n )' I:d,r,x,l(),m,n :COS(Ad r,x,5m n)

fd,r,><,11,m,n =sin (Ad,r,x,e,m,n) fd,r,><,12,m,n :COS(Ad r,x,6,m n)

fd,r,x,la,m,n =S (Ad,r,x,7,m,n) fd,r,x,14,m,n =COS(Ad rx,7,m n)’

fd,r,x,ls,m,n :Sln(Ad,r,x,S,m,n)' fd,r,x,lG,m,n :COS(Ad,r,x,S,m,n)

of eight deterministic-random, external arguments A, . ., explicitly,
Agrximn =KarimnX T KgmSayam T KenSryan
Ay rxamn =KaramnX+ Ko mSayam = KenSryan
Aqrxamn =KarimnX + KgmSdyem T KenSry pns
Aqrxamn =Kar2mn X+ K mSayam — KrnSry s (55)
Ad,r,x,S,m,n :Kd,r,l,m,nx + Kd,msd,y,ﬁ,m + Kr nSr y,a,n?
Ad,r,x,G,m,n :Kd,r,z,m,nx + Kd,msd,y,ﬂ,m Kr nsr y,a,n?
Agrxzmn =KgramaX + KamSdy.pm T KenSeypn
Ad,r,x,s,m,n =Kgr2mn X+ Kd,msd,y,ﬂ,m - Kr,nsr,y,ﬂ,n
with two deterministic-random, external wavenumbers
Kyrimn =Kam & nr Kgromn=Kqm—Krn (56)

Deterministic-random, external eigenfunctions f include sine and co-

d,r,x,I,mn

sine waves of all combinations of deterministic-random, external x-wave-num-
bers and x-shifts.

Computing matrix f; ;.. ., Yields the following Fourier expansions in

f

d,r,x,I,m,n :
2 fd,x,l,m fr xin = fd,r,x,z,m,n + fd,r,><,4,m,nl
2 fd,x,l,m fr X2n + 1:d,r,x,l,m,n + fd,r,x,:‘s,m,n'
2 fd,x,l,m fr x3n = 1:d,r,x,e,m,n + fd,r,x,s,m,n'
2 fd x,1,m fr x,4,n =+ fd,r,><,5,m,n + fd,r,x,7,m,n'
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2 1:d,><,2,m fr X,1n =+ fd,r,x,l,m,n - 1:d,r,><,3,m,n’
2 1:d,><,2,m fr X2n + fd,r,x,z,m,n + 1:d,r,x,4,m,n'
2 fd,x,z,m fr x3n =T 1:d,r,x,s,m,n - fd,r,x,7,m,n’
2 fd,x,z,m fr X4n = + fd,r,x,e,m,n + fd,r,x,s,m,n'
2 fd,x,s,m fr xLn = 7 fd,r,><,10,m,n + 1:d,r,><,12,m,n’
2 fd,x,3,m fr x2n = + 1:d,r,x,Q,m,n + fd,r,x,ll,m,n’
2 fd,><,3,m fr x3n fd,r,><,14,m,n + fd,r,x,le,m,n’
2 fd,><,3,m fr x40 = + fd,r,><,13,m,n + fd,r,x,ls,m,n’
2 fd,><,4,m fr x4n = + fd,r,><,9,m,n - fd,r,x,ll,m,n'
2 fd,x,4,m fr ,X,2,n =+ fd,r,x,lo,m,n + fd,r,x,lz,m,n!
2 fd,x,4,m fr X,3,n =+ fd,r,x,lS,m,n - fd,r,x,ls,m,n'
21:d X,4,m fr x,4,n =+ 1:d,r,x,14,m,n + fd,r,><,1t3,m,n'

(57)

2.3. Eigenfunctions of Random-Deterministic, External Interaction

Matrix f_ ;4. ;, of the random-deterministic, external interaction (n=m)

in the x-direction between f ,; ~—and f, ;.
dpe-x oscillons) becomes
1:r,x,l,m fd,x,l,n fr,><,1,m fd,x,z,n 1:r,x,l,m fd,x,3,n
frvx,ivdeVX'jyn _ :r,x,z,m :d,x,l,n :r,x,z,m :d,x,z,n :r,x,z,m :d,x,3,n
r,x,3,m 'd,x,1n r,x,3,m 'd,x,2,n r,x,3,m 'd,x,3,n
fr,><,4,m fd,x,l,n fr,><,4,m fd,x,z,n fr,><,4,m fd,><,3,n

r.x,1,m
r,x,2,m

r,x,3,m

r,x,4,m

(between the scaled rpe-x and

—h

d,x,4,n
d,x,4,n ) (58)

d,x,4,n

d,x,4,n

In view of the product identities, there are also 16 random-deterministic, exter-

nal eigenfunctions f , ., specifically,

fr,d,x,l,m,n :Sin(Ardxlmn)7 1:rd,x,z,m,n :COS(Ar,d,x,l,m,n)’

)
)
),
)
)
)

(59)

fr,d,x,3,m,n =sin (Ar d,x,2,m n) r.d,x,4,mn =COS(Ar,d,x,2,m,n !
fr,d,x,s,m,n =sin (Ar d,x,3,m,n ) fr ,d,x,6,m,n :COS(Ar,d,x,3,m,n
fr,d,x,7,m,n =sin (Ar d,x,4m n) f, ,d,x,8,m,n :COS(Ar,d,x,A,m,n
frgxomn =SIN (Ar dx5m n) fr g xi0mn ZCOS(Ar,d,x.S,m,n
1:r,d,x,ll,m,n =sin (Ar d,x,6,m,n ) 1:r ,d,x,12,m,n :COS(Ar,d,x,fs,m,n
fr,d,x,ls,m,n =sin (Ar d,x,7,m n) fr ,d,x,14,m,n =COS(Ar,d,x,7,m,n !
fr,d,x,ls,m,n :Sin(Ar,d,x,S,m,n)' fr,d,x,lG,m,n :COS<Ar,d,x,8,m,n)

of eight random-deterministic, external arguments A, . ,, nhamely,
Ar,d,x,l,m,n :Kr,d,l,m nX + Kr er y,a,m + Kd,nsd,y,a,n'
Ar,d,x,z,m,n =Kr,d,2,m nX + Kr er y,a,m Kd,nsd,y,a,n’
Ar,d,x,3,m,n :Kr,d ,1,m,nX + Kr,msr,y,a,m + Kd,nsd,y,/?,n'
Ar,d,x,4,m,n =Kr,d,2,m nX + Kr msr y,o,m K‘d‘nsd,y,ﬂ,n’
Ar,d,x,s,m,n :Kr,d,l,m nx + Kr msr LY.8.m + Kd,nsd,y,a,n’
Ar,d,x,e,m,n :Kr,d,z,m nX + Kr msr y.Am Kd,nsd,y,a,n'
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Ar,d,x,7,m,n =Kr,d,l,m,nx + Kr,msr,y,ﬂ,m + Kd,nsd,y,ﬁ,n’ (60)
Ar,d,x,B,m,n :Kr,d,z,m,nx + Kr,msr,y,ﬁ,m - Kd,nsd,y,ﬁ,n
with two random-deterministic, external wavenumbers
Kr,d,l,m,n = Kr,m +Kd,n’ Kr,d,r,z,m,n = Kr,m _Kd,n' (61)
Random-deterministic, external eigenfunctions f_, . include sineand co-

sine waves of all combinations of random-deterministic, external x-wavenumbers
and x-shifts.

We compute matrix f in terms of f as follows:

r.x.i,md,x, j,n

f ,=—f

r,d,x,l,mn

2f + f

r.x,Lm 'd,x,Ln r,d,x,2,mn r.d,x,4,mn?’
2 1:r,x,l,m fd,x,z,n =+ 1:r,d,x,l,m,n + fr,d,x,3,m,n'
2 fr,x,l,m fd,x,?,,n == fr,d,x,G,m,n + fr,d,x,s,m,n'
2 fr,x,l,m fd,><,4,n =+ fr,d,x,S,m,n + fr,d‘x,7,m‘n’
2 fr,><,2,m fd,x,l,n =+ 1:r,d,x,l,m,n - fr,d,x,s,m,n'
2 fr,x,z,m fd,x,z,n =+ fr,d,><,2,m,n + 1:r,d,x,4,m,n’
2 I:r,><,2,m fd,><,3,n =+ fr,d,x,s,m,n - fr,d,><,7,m,n'
2 1:r,x,Z,m fd,x,4,n =+ fr,d,><,6,m,n + fr,d,x,B,m,n’ (62)
2 fr,x,a,m fd,x,l,n == fr,d,x,lo,m,n + fr,d,x,12,m,n'
2 fr,x,S,m fd,x,z,n =+ 1:r,d,x,Q,m,n + fr,d,x,ll,m,n’
2 1:r,><,3,m fd,><,3,n == 1:r,d,><,14,m,n + fr,d,x,lG,m,n'
2 fr,x,3,m fd,x,4,n =+ fr,d,x,13,m,n + fr,d,x,ls,m,n'
2 fr,x,4‘m 1:d,x,l,n =+ fr,d,x,g‘m,n - fr,d,x,ll,m,n’
2 fr,x,4,m fd,><,2,n =+ fr,d,x,lO,m,n + fr,d,><,12,m,nl
2 1:r,><,4,m fd,x,s,n =+ fr,d,x,ls,m,n - fr,d,x,ls,m,n'
2 fr,><,4,m fd,x,4,n =+ fr,d,x,ld,m,n + fr,d,><,16,m,n'

It is a tedious, but a straightforward matter to show that deterministic-random,

external eigenfunctions f and random-deterministic, external eigen-

d,r,x,Imn
functions f_, .. coincide up to the changing of index /and sign of eigenfunc-
tions. Consequently, inhomogeneous Fourier expansions in either f

f

of functional amplitudes.

d,r,x,I,mn or

rdximn are structurally invariant since they will differ only in order and signs

2.4. Eigenfunctions of Deterministic-Random, Internal Interaction

If n=m, then two wavenumbers «, , . and «x, , . of f are trans-

d,r,x,I,mn
formed into two wavenumbers of the deterministic-random, internal interaction

in the x-direction

Ky rimm = Kam +Kr,m’ Ker2mm = Kam = K m: (63)

Therefore, we introduce the following eight deterministic-random internal ar-

guments B, . explicitly,
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Bd,r,x,l,m,m :Kd,r,l,m,mx + Kd,msd,y,a,m +Kr,m5r,y,a,m'
By x2mm =Kar2mmX+KamSd y.am — KemSr.y.ams
By rxamm =KdrimmX T KamSdy.am T KrmSr.y pmo
By rxamm =Kar2mmX+ KgmSdyam ~ KemSeypm (64)
By rxsmm =KdrimmX T KgmSay.pm + KrmSr.yam
Bd,r,x,e,m,m :Kd,r,z,m,mx + Kd,msd,y,ﬁ,m Kr msr y,a,m?
Bd,r,x,?,m,m :Kd,r,l,m,mx +Kd,msd,y,ﬂ,m +Kr msr y,f,m?
Bd,r,x,s,m,m :Kd,r,z,m,mx+Kd,msd,y,ﬂ,m Kr er y.p.m*
Consequently, 16 deterministic-random, internal eigenfunctions g, . ..
are defined as follows:
Yo rxamm =SIN (Bd,r,x,l,m,m)v 94,rx2,mm :COS(Bd rxim m)’
Yarxamm =SiN (Bd,r,x,z,m,m )v 94.r x,4mm ZCOS(Bd rx.2m m)
Y4 rxsmm =SIN (Bd,r,x,3,m,m )v 94rx6mm =COS (Bd rx3m m)
94.rx7,mm _Sln(Bd,r,xA,m,m)’ O4.r.x8mm :COS(Bd,r,x,4,mm) (65)
gd,r,x,g,m,m =sin (Bd,r,x,s,m,m)’ gd,r,x,lo,m,m =Cos (Bd r,x,5,m m)
gd,r,x,ll,m,m =sin (Bd,r,x,e,m,m )' gd,r,x,lz,m,m :COS<Bd r,x,6,m m)
Y4.rx13mm = (Bd,r,x,7,m,m)’ O4,rx24mm = (Bd,r,x,7,mm)
94 r x15,mm =SiN (Bd,r,x,s,m,m)’ 94 r x16.mm :COS( drx8m m)
Matrix f of the deterministic-random, internal (n = m) in the x-

direction between f

d,x,i,m,r,x,j,m

d,xi,mrxjm —

axim and

1:d,x,l,m fr,x,l,m
fd,x,Z,m fr,x,l,m
fd,x,3,m 1:r,x,l,m
f

d,x,4,m fr,x,l,m

f..;m isnotasymmetrical matrix, specifically,

1:d,x,l,m fr \X,2,m fd,x,l,m 1:r,><,3,m
fd,x,Z,m fr X,2,m fd,x,z,m 1:r,><,3,m
fd,x,3,m 1:r ,X,2,m fd,x,3,m fr,x,3,m
fd x,4,m fr X,2,m fd,><,4,m fr,x,s,m

1:d,x,l,m r,x,4,m

d,x,2,m 'r,x,4,m

f
f f
fd,x,3,m fr,x,4,m
f f

d,x,4,m "r,x,4,m

Computation of matrix f, ;. ;. via 04, ., returns

. (66)

284 eam frxim = Yarxzmm +9arxamms
24 eam foxam =T 9arxamm + Gdrxamms
214 eam foxam == Yarxemm T Yarxgmm
2 1:d x,1,m 1:r x,4,m =+ gd,r,x,5,m,m + gd,r,x,?,m,m7
284 com foxam =T 9arxamm — Yarxamm
214 com frxom =t Yarxzmm T Yarxamms
214 com frxam =494 rxsmm — Jdrxzmm
214 wom frxam =T Yarxemm +9arxamms
2 fd,><,3,m fr,><,1,m == gd,r,x,lo,m,m + gd,r,x,lz,m,m’
2 fd,x,3,m fr,><,2,m =+ gd,r,x,g,m,m + gd,r,x,ll,m,m'
2 fd,><,3,m fr,><,3,m == gd,r,x,l4,m,m + gd,r,x,ls,m,m’
2f4 xam frxam =+ 9arxaamm + Yarxismm:
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2 fd,x,4,m fr xim — + gd,r,x,g,m,m - gd,r,x,ll,m,m’
2 1:d,x,4,m fr x2m = T g rxiomm + 9arxizmm: (67)
21:d x4mfrx3m =+04rxzmm — Yarxismme

f

2fdx4m rx4m_+gdrx14mm +gdrx16mm

It is also straightforward to show that deterministic-random, internal eigen-
functions g, @andrandom-deterministic, internal eigenfunctions
Or4x1mm coincide up to the changing of index /and sign of eigenfunctions.
Therefore, inhomogeneous Fourier decompositions in either g, .. or
Or4x1mm are structurally invariant since they will differ only in order and signs

of functional amplitudes.

2.5. Eigenfunctions of Random, External Interaction

Matrix fr,x,i,m,r,x,j,n of the random, external interaction (n # m) in the x-direc-
tion between f_; ~and f  ; (between scaled rpe-x oscillons) may be writ-
ten as follows:

fr,x,l,m fr,x,l‘n fr,x,l,m fr,x,z,n 1:r,x,l,m fr,x,3,n 1:r,x‘l,m fr,x,4‘n

f _ 1:r,><,2,m fr,x,l,n fr,x,z,m fr,x,z,n fr,x,Z,m fr,><,3,n fr,><,2,m fr,x,4,n
rx,i,mr.x, j,n = f f .I: f f .I: f f (68)

r,x,3;m r,x,1n rx,3m r,xz2n r,x,3;m 'r,x,3,n r,x,3m 'r,x,4,n

fr,x,4,m 1:r,x,l,n fr,x,A,rn 1:r,><,2,n fr,x,4,m fr,x,3,n fr,x,4,m fr,x,4,n

In agreement with the product identities, there are 16 random, external eigen-

functions f_ ., specifically,
fovamn =SIN(A, imn)s Fruzm cos(Ar“mn),
foamn =SIN(Ar, om0 )s framn =COS(A,,2mn):
frsmn =SIN(Aramn)s frvemn =COS(A;,5mn),
fozmn =SIN(A,amn ) Frxomn =COS(A,amn): )
foromn =SIN(Arsmn)s fraiomn =COS(A, csmn )
foxttmn =SIN(A;smn ) Frxizmn =COS(A,5mn)»
fr,><,13,m,n :Sm(Arx7mn) fr x,14,m,n =c (Arx7mn)
fr,x,ls,m,n :Sm (Ar x,8,m n) r,x,16,m,n :COS< r,x,8,m n)
of eight random, external arguments A, ., explicitly,
A ximn =KeamnX T KemSeyam T KenSryans
Ar,x,z,m,n = r2mnX+Krer y,a,m Kr nSryan'
Al yamn =K amnX K mSeyam T KrnSey pns
A xamn =KeamaX K 0Seyam — KenSey pns 70)
Al xsmn =KeimnX K mSey pm +KenSryans
Al omn =K 2mnX T K mSey pm = KrnSryan
Al e =Keima X K S, ypm T KenSey s
Aryxygym'n =Ky omnX T KemSry pm ~ KenSry s
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which include two random, external wavenumbers

K,

r,1,mn = Kr,m +K K,

rnt Keomn = Kem — Kene (71)
Random, external eigenfunctions f,,, . include sine and cosine waves of all
combinations of random, external x-wavenumbers and x-shifts, as well.

Computation of matrix f ., ., returns the following expansions in

fr,x,l,m,n :
2 1:r,x,l,m 1:r,x,l,n == fr,x,z,m,n + 1:r,x,4,m,n’ 2 1:r,x,l,m 1:r,x,z,n = 1:r,x,l,m,n + fr,x,3,m,n'
2 1:r,><,1,m fr,x,s,n == 1:r,><,6,m,n + fr,x,s,m,n' 2 fr,x,l,m 1:r,><,4,n = 1:r,><,5,m,n + fr X,7,m,n?
2 fr,x,z,m fr,x,l,n =+ fr,><,1,m,n - fr,><,3,m,n' 2fr,x,2,m fr,><,2,n = fr,><,2,m,n + fr,x,4,m,n’
2 fr,x,2,m fr,x,3,n =+ fr,x,S,m,n - fr,x,7,m,n’ 2 fr,x,z,m fr,x,4,n = fr,x,G,m,n + fr,x,8,m,n’ (72)
2 fr,x,3,m fr,x,l,n == fr,x,lo,m,n + fr,x,lz,m,n’2 fr,x,S,m fr,x,Z,n = fr,x,g,m,n + fr,x,ll,m,n’
2 1:r,x,3,m fr,x,3,n =" fr,x,14,m,n + fr,x,le,m,n’Zfr,x,fS,m fr,x,4,n = fr,x,ls,m,n + 1:r,><,15,m,n’
2 fr,x,A,m fr,x,l,n =+ fr,x,g,m,n - fr,x,ll,m,n' 2 fr,x,4,m 1:r,><,2,n = fr,x,lo,m,n + fr,x,lz,m,n'
2 fr,><,4,m fr,><,3,n =+ fr,><,13,m,n - fr,x,:ls,m,n’2 fr,><,4,m fr,x,zl,n = fr,x,14,m,n + fr,><,16,m,n'

Replacing index r with d results in the deterministic, external eigenfunctions
fy tmn > S€€ (98)-(104) of [5].

2.6. Eigenfunctions of Random, Internal Interaction

If n=m, then two wavenumbers «,, and «., of f = arereduced
to a single wavenumber since
Kr,l,m,m = 2Kr,m’ Kr,z,m,m =0. (73)

Eight random, external arguments A ,, = are transformed into four argu-

ments. Therefore, we define four random, internal arguments B, , . . as fol-
lows:
Br,><,l,m,m :ZKr,m (X + Sr,y,a,m )7 Br,x,2,m,m :Kr,m (2X + Sr,y,a,m + Sr,y,/i,m )! (74)
Br,x,S,m,m :2Kr,m (X+ Sr,y,[i,m)’ Br,x,4,m,m :Kr,m (Sr,y,a,m - sr,y,[;‘,m)'

Sixteen random, external eigenfunctions f, . areconverted into eight ran-
dom, internal functions, whereas six random, internal eigenfunctions ¢, ,, .

and two random shifts h, . and h_, = aresetin the following form:

rwrmm =SIN(B1mm)s Grxomm =C0S(B,,10n),
Grxamm =SiN(Brxzmm)s Grxemm =008(Brxzmm)s
Irxsmm =SiN(Brxamm)s Yrxsmm =COS(Brygmm),
By imm :sin(BrMm‘m), Ny zmm =cos(B,,X'4,mvm).

Matrix f,,; . ,;n of the random, internal interaction (n=m) in the x-di-

(75)

rection between f ; ~and f , ; ~ becomesa symmetrical one, explicitly,
2
fr,x,l,m fr,x,l,m fr,x,2,m fr,x,l,m fr,><,3,m fr,x,l,m fr,><,4,m
2
_ 1:r,x,2,m fr,x,l,m fr,x,2,m fr,x,2,m fr,x,S,m fr,x,2,m fr,x,4,m
frximrx'm_ . (76)
hme f f f f f? f f
r,x,3,m 'r,x,Lm rx,3m r,x,2,m r,x,3m r,x,3,m 'r,x,4,m
2
fr,x,A,m 1:r,><,l,m 1:r,><,4,m fr,x,z,m fr,x,A,m fr,><,3,m 1:r,><,4,m
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We then compute the following expansions of the elements of matrix

fr,x,i,m,r,x j.m n gr,x,l,m,m :

217 =—gr‘x’2'm‘m +1, 2f f

r,x,I,m r,x,m 'r,x,2,m = gr,x,l,m,m’
2 I:r,xl m fr x3m gr,x,4,m,m + hr,y,Z,m,m' 2 I:r,x,l,m fr,x,4,m = gr,x,s,m,m + hr,y,l,m,m’
2
21:rx2m +gr,x,2,m,m +l’

(77)
2 fr,x 2,m fr X,3,m =+ gr,x,3,m,m - hr,y,l,m,m' 2 fr,><,2,m fr,)<,4,m = gr,x,4,m,m + hr,y,z,m,m’

217 ~Orxomm t1L 2f f

rx3m = rx3m rxam =Yrxsmm

212 am=*0, xomm +1.

rx4am =

Replacement of index r with d produces the deterministic, internal eigenfunc-
tions g, nn See (105)-(111) of [5].

3. Oscillons of Deterministic-Random, External Interaction
3.1. The DREE Oscillons
Because of the identity resonance, 16 deterministic-random, external, elementary

oscillons (dree oscillons for shortness, see (194) of [7]) are grouped into eight vec-

tor dree-x oscillons
Kd,r,e.e,x,q = Kd,r,e,e,x,q ( fd,r,e,e,x,q)l q=12,-,8, (78)

which are formed by the following eight 2-tuples of the deterministic-random,

external, elementary interaction in x:

fd,r,e,e,x,l = { fd r,x,Lmn? fd r,x,3,m,n}’ fd,r,e,e,x,z { fd r,x,2,m,n? d r,x,4,m,n}’
fd,r,e,e,x,a { d,r,x,5,mn? d rx7mn} fd,r,e,e,x,4 {fd r,x,6,mn? d r,x,B,m,n}’ (79)
fd,r,e,e,x,s { fd r,x,9,mn? d ,rx14Lmn }’ f d,reex6 { fd r,x,10,m,n? d r,x,lZ,m,n} !
fd,r,e,e,x,7 { fd r,x,13,m,n? d r,x,lS,m,n}’ fd,r,e,e,x,8 = { fd,r,x,l4,m,n' fd,r,x,le,m,n}'

Two-tuple f consists of two sine waves f, ., =~ and 2-tuple
drxzkmn for k=1,2. Two-tuple f

and 2-tuple f

d,r.eex1l

f
comprises two sine waves f, o, .0
f for k=3,4. Two-tuple f

fyrxokamn and2-tuple f, . . oftwo cosinewaves f, .

of two cosine waves f

d,reex,2 d,reex3

dreexa WO cosine waves
is composed of two sine waves
for k=5,6.
Two-tuple f drxz2kimn and 2-tuple
f for k=7,8. All 2-tuples f

are controlled by wavenumbers &y .., Ky,,m, fOr each m, n

d,r,x,2k,m,n d,r.eex5

dreexs i constructed of two sine waves f

of two cosine waves f

d,r.ee,x,8 d,r,x,2k,m,n d,r.ee,x\q

For any frozen y=Y,,z=12,t=1,, application of matrix f, ;. ;. vyields

that the 1st vector dree-x oscillon
Kd,r,e,e,x,l = [Ko,d,b,m,r,a,n' Ko,d,a,m,r,b,n:l( fd,r,e,e,x,l) (80)

is displayed by a list of two 2-w, deterministic-random, neutral oscillons in x,

which are produced by 2-tuple f, .. , as

P,
Ko,d,b,m,r,a,n +7Cezd mezr nQd,y,m Qr,y,n ( fd,r,x,l,m,n - fd,r,><,3,m,n )’
(81)

P
Ko,d,a,m,r,b,n +7ezd mezr n Qd,y,m Qr,y,n ( fd,r,x,l,m,n + fd,r,><,3,m,n )
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The 2nd vector dree-x oscillon
Kd,r,e,e,x,z = [Ko,d,a,m,r,a,n ! Ko,d,b,m,r,b,n :|( fd,r,e,e,x,z) (82)

is presented by a list of two 2-w, deterministic-random, neutral oscillons in x,

which are generated by 2-tuple f, since

Pe
Ko,d,a,m,r,a,n :_? eZd,mezr,nQd,y,m Qr,y,n ( fd,r,x,z,m,n - 1:d,r,><,4,m,n)7

,r.e.e,x,2

(83)

P
Ko,d,b,m,r,b,n :+?ezd,mezr,n Qd,y,m Qr,y,n ( fd,r,x,z,m,n + fd,r,x,4,m,n )

The 3rd vector dree-x oscillon
Kd,r,e,e,x,S = [Ko,d,b,m,r,c,n’ Ko,d,a,m,r,d,n]( fd,r,e,e,x,3) (84)

is visualized by a list of two 2-w, deterministic-random, neutral oscillons in x,

which are formed by 2-tuple f, because

,reex3
_ ., P

Ko,d,b,m,r,c,n _+?c ezd,mezr,nQd,y,m Rr,y,n ( fd,r,x,s,m,n - fd,r,x,?,m,n)’

(85)

_ ., P
Ko,d,a,m,r,d,n _+?ezd,mezr,n Qd,y,m Rr,y,n ( fd,r,x,s,m,n + fd,r,><,7,m,n)'

The 4th vector dree-x oscillon
Kd,r,e,e,x,4 = |:K0,d,ax,m,r,c,nl Ko,d,b,m,r,d,n]( fd,r,e,e,x,4) (86)

is represented by a list of two 2-w, deterministic-random, neutral oscillons in x,

which are established by 2-tuple f, in the view of

e84

0,
Ko,d,a,m,r,c,n :_?C eZd,mezr,nQd,y,m Rr,y,n ( fd,r,><,6,m,n - fd,r,x,S,m,n)'
(87)

_ P
Ko,d,b,m,r,d,n _+?ezd,mezr,n Qd,y,m I:er,y,n ( fd,r,x,6,m,n + fd,r,x,8,m,n )

The 5th vector dree-x oscillon
Kd,r,e,e,x,S = [Ko,d,d,m,r,a,n’ Ko,d,c,m,r,b,n :|( fd,r,e,e,x,s) (88)

is exposed by alist of two 2-w, deterministic-random, neutral oscillons in x, which

are created by 2-tuple f, since

r.eex5

P,
Ko,d,d,m,r,a,n :+?Cezd,mezr,n Rd,y,m Qr,y,n ( fd,r,x,g,m,n - fd,r,x,ll,m,n)'
(89)

_, P
Ko,d,c,m,r,b,n _+?ezd,mezr,n Rd,y,m Qr,y,n ( fd,r,x,g,m,n + fd,r,x,ll,m,n)'

The 6th vector dree-x oscillon
Kd,r,e,e,x,e = [Ko,d,c,m,r,a,n’ Ko,d,d,m,r,b,n:|( fd,r,e,e,x,e) (90)
is exhibited by a list of two 2-w, deterministic-random, neutral oscillons in x,

0,
Ko,d,c,m,r,a,n :_?C ezd,mezr,an,y,m Qr,y,n ( fd,r,x,lo,m,n - fd,r,x,lz,m,n)'
(91)

_ P
Ko,d,d,m,r,b,n _+?ezd,mezr,n Rd,y,m Qr,y,n ( 1:d,r,><,10,m,n + fd,r,x,lz,m,n)'
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The 7th vector dree-x oscillon
Kd,r,e,e,x,7 = [Ko,d,d,m,r,c,n' Ko,d,c,m,r,d,n:l( fd,r,e,e,x,7) (92)

is given by a list of two 2-w, deterministic-random, neutral oscillons in x;, which

are determined by 2-tuple f, in the view of

,reex7
0

Ko,d,d,m,r‘c,n :+?C eZd,mezr,an,y,m Rr,y,n ( 1:d,r‘><,13,m,n - fd,r,x‘lS,m,n)’

(93)

P
Ko,d,c,m,r,d,n :+?ezd,mezr,n Rd,y,m Rr,y,n ( fd,r,x,13,m,n + fd,r,x,ls,m,n)'

The 8th vector dree-x oscillon
Kd,r,e,e,x,S = [Ko,d,c,m,r,c,n ! Ko,d,d,m,r,d,n :|( fd,r,e,e,x,e) (94)

is envisioned by a list of two 2-w, deterministic-random, neutral oscillons in x,

which are governed by 2-tuple f, because

r.eex8

P,
Ko,d,c,m,r,c,n :_?C ezd,mezr,an,y,m Rr,y,n ( fd,r,><,l4,m,n - fd,r,x,le,m,n)'
(95)

_ P
Ko,d,d,m,r,d,n _+?ezd,mezr,n Rd,y,m Rr,y,n ( fd,r,x,14,m,n + fd,r,x,ls,m,n)'

For all vector dree-x oscillons, amplitudes of eigenfunctions are controlled by

Per20:Youty via ezy .z, ,Qy 1 QrynRyym Ry, and x-shifts of eigenfunc-
tions depend on Y,,t, through s, , ..Si, 5008 0niSeypn-
The x-periods L, ., and Ly ., of f, = foreach 1=12/---,16
are
2 2
Ld,r,x,l,m,n =T I‘d,r,x,Z,m,n = (96)
d,r,,mn Kd,r,Z,m,n

The wavelength of the dree-x oscillons is given by
I‘d,r,x,m,n = LCM (Ld,r,x,l,m,n’ Ld,r,x,Z,m,n ) = I(d,r,x,l,m,n I‘d,r,x,l,m,n = kd,r,x,z,m,n Ld,r,x,Z,m,n’ (97)

where LCM(a,b) is a least common multipleof a and b, k and

k

d,r,x,,m,n

drx2mn areintegers.

Because integrals of cosine waves and sine waves over L, and

r,x,1,m,n

L

well. Therefore, the vector dree-x oscillons are neutral since on average they do

vanish, the average of the dree-x oscillons over L, vanishes, as

d,r,x,2,m,n r,x,m,n

not transfer any kinetic energy along the x-axis.

3.2. The RDEE Oscillons

Due to the identity resonance, 16 random-deterministic, external, elementary os-
cillons (rdee oscillons for concision, see (195) of [7]) are combined into eight vec-

tor rdee-x oscillons
Kr,d,e,e,x,q = Kr,d,e,e,x,q ( fr,d.e,e,x,q )l q=1 2,8, (98)

which are produced by the following eight 2-tuples of the random-deterministic,

external, elementary interaction in x:
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frdeexl {frdxlmn7 rd,x,3,m,n}’ fr,d,e,e,xz {frdXme rd,><,4,m,n}7
fr,d,e,e,xs {frd x,5,m,n? rd,x,7,m,n}’ fr,d,e,e,x4 {frd X,6,m,n? rd,x,s,m,n}’

(99)
fr,d,e,e,xS { 1:rd x,9,m,n? rd,x,ll,m,n}’ fr,d,e,e,xe {frd x,10,m,n? rd,x,lZ,m,n}'
fr,d,e,e,x 7 { fr d,x,13,m,n* 'r d,x,lS,m,n}’ 1:r,d,e,e,x,S = { fr,d,><,14,m,n' fr,d,x,l(i,m,n}'

Two-tuple f . .., is constructed of two sine waves f ., = and 2-tu-
ple f ..., oftwocosinewaves f , , = for k=12.Two-tuple f , .. -

is composed of two sine waves f and 2-tuple f_, ., , of two cosine

r,d,x,2k-1,m,n

rdxz2kmn for k=34. Two-tuple f
and 2-tuple f

waves f

fr,d ,X,2k=1,m,n

Two-tuple f

fr,d,e,e,x,
depend on wavenumbers

comprises two sine waves
rdx2kmn for k=56.
r,d,x,2k-1,m,n and 2—tuple

for k=7,8. All 2-tuples f

for each m, n

r,d,ee x5

rdeexs WO cosine waves f

rdeexy CONSISLS of two sine waves f

s of two cosine waves f

r,d,x,2k,m,n r.d.eex\q

K,

r,dlmn? ™r.d,2,mn

For any frozen y=Y,,z=12,t=t;, we use matrix f to compute

rx.i,md,x, j,n

that the 1st vector rdee-x oscillon
Kr,d,e,e,x,l = [Ko,r,b,m,d,a,n' Ko,r,a,m,d,b,n]( fr,d,e,e,x,l) (100)

is exposed by alist of two 2-w, random-deterministic, neutral oscillons in x, which

depend on 2-tuple f in the view of

r,d,ee,x21

_ . P
Ko,r,b,m,d,a,n _+7ezr,mezd,nQr,y,m Qd,y,n ( fr,d,x,l,m,n - fr,d,x,3,m,n)'

(101)
P,
Ko,r,a,m,d,b,n :+7cezr,mezd,n Qr,y,m Qd,y,n ( fr,d,><,1,m,n + fr,d,x,S,m,n )

The 2nd vector rdee-x oscillon
Kr,d,e,e,x,z = [Ko,r,a,m,d,a,n ’ Ko,r.b,m,d,b,n :|( fr,d,e,e,x,z) (102)

is exhibited by a list of two 2-w, random-deterministic, neutral oscillons in x,

which are created by 2-tuple f because

P
Ko,r,a,m,d,a,n == 2 ez r, mezd nQr y,m Qd ,y.n ( rdx2mn 1:r,d,x,4,m,n)7

r,d,ee,x,2

(103)

P
Ko,r,b,m,d,b,n :+?ezr,mezd,n Qr,y,m Qd,y,n ( fr,d,x,z,m,n + fr,d,x,4,m,n )

The 3rd vector rdee-x oscillon
Kr,d,e,e,x,3 = [Ko,r,b,m,d,c,n’ Ko,r,a,m,d,d,n]( fr,d,e,e,x,3) (104)

is given by a list of two 2-w, random-deterministic, neutral oscillons in x, which

are governed by 2-tuple f ;.. . since

P
Ko,r,b,m,d,c n +? €z, ezd nQr,y,m Rd,y,n ( fr,d,x,S,m,n - fr,d,x,?,m,n)’

(105)
P,
I‘(o,r,a,m,d,d,n :+?Cezr,mezd,n Qr,y,m Rd,y,n ( fr,d,><,5,m,n + fr,d,><,7,m,n)'
The 4th vector rdee-x oscillon
Kr,d,e,e,x,4 = [Ko,r,a,m,d,c,n' Ko,r,b,m,d.d,n]( fr,d,e,e,x,4) (106)
DOI: 10.4236/ajcm.2025.153018 345 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2025.153018

V. A. Miroshnikov

is envisioned by a list of two 2-w, random-deterministic, neutral oscillons in x,

which are determined by 2-tuple f as

rd.eex4

Pc
Ko,r,a,m,d,c,n :_? ezr,mezd‘nQr,y,m Rd,y,n ( fr,d,x,G‘m,n - fr,d,x,S,m,n)'

(107)
P,
Ko,r,b,m,d,d,n :+7Cezr,mezd,n Qr,y,m Rd,y,n ( fr,d,x,e,m,n + fr,d,x,S,m,n )
The 5th vector rdee-x oscillon
Kr,d,e,e,x,& = [Ko,r,d,m,d,a,m Ko,r,c,m,d,b,n ]( fr,d,e,e,x,s) (108)

is displayed by a list of two 2-w, random-deterministic, neutral oscillons in x,

which are generated by 2-tuple f because

r.d,eex5

_ . P
Ko,r,d,m,d,a,n _+7 ezr,mezd,n Rr,y,m Qd,y,n ( fr,d,x,g,m,n - fr,d,x,ll,m,n)’

(109)
P,
Ko,r,c,m,d,b,n :+?Cezr,mezd,n Rr,y,m Qd,y,n ( fr,d,x,9,m,n + fr,d,x,ll,m,n )
The 6th vector rdee-x oscillon
Kr,d,e,e,x,ﬁ = [Ko,r,c,m,d,a,n ’ Ko,r,d,m,d,b,n :|( fr,d,e,e,x,ﬁ ) (110)

is presented by a list of two 2-w, random-deterministic, neutral oscillons in x,

which are produced by 2-tuple f in the view of

r.d.eex56

Pec
Ko,r,c‘m,d,a,n :_? eZr,mezd‘nRr,y,m Qd,y‘n ( fr‘d,x,lo,m,n - fr,d,x,lz,m,n)'

(111)
P,
Ko,r,d,m,d,b,n :+?Cezr,mezd,n Rr,y,m Qd,y,n ( fr,d,x,lo,m,n + fr,d,x,lz,m,n)'
The 7th vector rdee-x oscillon
Kr,d,e,e,x,7 = [Ko,r,d,m,d,c,n' Ko,r,c,m,d,d,n:l( fr,d,e,e,x,7) (112)

is visualized by a list of two 2-w, random-deterministic, neutral oscillons in x,

which are established by 2-tuple f_, . . as

P,
Ko,r,d,m,d,c,n :+?c ezr,m(:“zd,nRr,y,m Rd,y,n ( fr,d,><,13,m,n - fr,d,x,ls,m,n)’
p (113)
Ko,r,c,m,d,d,n :+?Cezr,mezd,n Rr,y,m Rd,y,n ( fr,d,><,13,m,n + fr,d,x,lS,m,n)'
The 8th vector rdee-x oscillon
Kr,d,e,e,x,s = [Ko,r,c,m,d,c,n’ Ko,r,d,m,d,d,n:|( fr,d,e,e,x,B) (114)

is represented by a list of two 2-w, random-deterministic, neutral oscillons in x,

which are formed by 2-tuple f since

rd.eex8

P,
Ko,r,c‘m,d,c,n :_?C le,meZd,n Rr,y,m Rd,y,n ( fr,d,x,l4.m,n - fr,d,x,le,m,n)!
(115)

o,r,d,md,d,n r,y,m d,y,n

P,
K :+?Cezr,mezd,n R R ( fr,d,x,14,m,n + fr,d,x,le,m,n)'
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For all vector rdee-x oscillons, amplitudes of eigenfunctions are determined by

P20, Yorly via ez, ..ez, ., Q. ., Qu Ry m Ry, and x-shifts of eigenfunc-

tions are governed by Y,t, through s s . .s; . ..S; ...
The x-periods L 4,,,, and L 4, . of f = foreach 1=12,--16
are set by the following equations :
2 2
Lr,d,x,l,m,n = 1 Lr,d,x,z,m,n = (116)
r,d,mn Kr,d,z,m,n

The wavelength of the rdee-x oscillons is determined by

Lr,d,x,m,n =LCM (Lr,d,x,l,m,n’ I-r,d,x,z,m,n ) = kr,d,x,l,m,n Lr,d,x,l,m,n
(117)
= kr,d,x,z,m,n r.d,x,2,m,n?
where k ;... and Kk ., areintegers.
Since integrals of cosine waves and sine waves over L, . and L 4 .

vanish, the average of the rdee-x oscillons over L also vanishes. Conse-

r,d,x,m,n
quently, the vector rdee-x oscillons are neutral since on average they do not trans-

fer any kinetic energy along the x-axis.

3.3. The DREW Oscillons

We use the decomposition of deterministic-random, external, wave oscillons
(drew oscillons for conciseness, see (197 of [7]) via the dree and rdee oscillons and
substitute the inhomogeneous Fourier expansion of the vector dree-xand rdee-x
oscillons to find that 16 drew-x oscillons are grouped into four vector drew-x os-

cillons
Kd,r,e,w,x,q = Kd,r,e,w,x,q ( fd,r,e,w,x,q)’ q :11 213!41 (118)

which are generated by four 8-tuples of the deterministic-random, external, wave

interaction in x:

fd,r,e,w,x,l = {fd,r,x,Zk—l,m,nl fr,d,x,2k—1,m,n}’ fd,r,e,w,x,z = { fd,r,x,Zk,m,n’ 1:r,d,x,Zk,m,n}'
(119)

fd,r,e,w,x,s = {fd,r,x,zk—l,m,n' 1:r,d,x,zk—l,m,n}’ fd,r,e,w,x,4 = { fd,r,x,zk,m,n’ fr,d,x,zk,m,n}'

Eight-tuple f, ., ., isconstructed of four sine waves f, ., = andfour

sine waves f and 8-tuple f consists of four cosine waves

r,d,x,2k-1,m,n d,r.e,w,x,2

fyrxocmn and four cosine waves f , . =~ for k=1278. Eight-tuple
fyrewxs comprises four sine waves f, .. . =~ and four sine waves
f gxokamn and8-tuple f, - iscomposed of four cosine waves f, .

and four cosine waves f for k=3,4,56. All 8-tuples f de-

for each m, n.

r,d,x,2k,m,n

pend on wavenumbers Ky ;1 Ky omn ADd K

d,rewxq

K,

r,dlmn?™r.d,2,mn

Due to the identity and wavenumber resonances of the vector dree-xand rdee-x

oscillons for any frozen y=Y,,Z =12yt =ty, the Ist vector drew-x oscillon
Kd,r,e,w,x,l = I:Kw,d,b,m,r,a,n’ Kw,d,a,m,r,b,n' Kw,d,d,m,r,c,n' Kw,d,c,m,r,d,n:|( fd,r,e,w,x,l) (120)

is visualized by a list of four 4-w, deterministic-random, random-deterministic,

neutral oscillons in x, which are produced by 8-tuple f, ., as
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K eZd meZ {Qd,y,m Qr,y,n

%[ (Ko = Ha b)) Forama + (KamKen + Homblen) Faramn |
~Raym ReynAamAen ( farxazmn = fd,r,x,ls,m,n)}
+ €z, .62, , {Q,'y,m Quyn
X [(%e ka0 = e mttan) Frawamn = (Koman + temths ) Fraxamn |

- Rr, Rd v, nﬂ“r mj’ ( fr,d,x,13,m,n + fr,d,x,ls,m,n )})!

)
Kw,d,a,m,r,b,n :_?C(ezd,mezr,n {Qd,y,m Qr,yvn

X[ (e = s mben) Tacnama = (KomKen + Homben) Tarmamn |
=Ry Reyndsnden (Farsssmn + Fornasma )|
+ €z, .6z, . {Q,,y,m Quyn
%[ (Ko = e ttsn) Framama + (Keaon + Hembon) fraxamn |

= Reym Rayntenden ( frdxizmn— fr,d,x,ls,m,n)}>l

K =L

wd,dmr.cn —

ezd,mezr,n {Rd‘y,m Rr,y,n

[(Kd m&en ™ Mo mby n) fd,r,x,13,m,n +(Kd,mKr,n +:ud,m:ur,n) fd,r,x,lS,m,n]
Qd ,y.,m Qr y.n d m r n ( 1:d,r,x,l,m,n - 1:d,r,><,3,m,n )}

+ €z, .z, , {R R

r,y,m "d,y,n

X I:(Kr,mKd,n _ﬂr,m/ud,n) 1:r,d,x,ls,m,n _(Kr,mKd,n + ﬂr,m:ud,n) fr,d,x,ls,m,n]

- vayvm Qdvy,nﬂ’r,mﬂ’d,n ( fr,d,x,l,m,n + fr,d,x,3,m,n )})'

__ P
Kw,d,c,m,r,d,n __ﬁ(ezd,mezr,n {Rd,y,m Rr,y,n

|:<Kd m r n — HygmHr n) fd,r,><,13,m,n _(Kd,mKr,n + :ud,m:ur,n) 1:d,r,><,1"-':,m,n]

Qd ,y,m Qr y.n d m r n ( fd,r,x,l,m,n + fd,r,><,3,m,n )}

+ eZr,mezd,n {Rr,y,m Rd,y,n

(121)

x [(Kr,mKd,n _/ur,m/ud,n) fr gxaamn +(Kr,mKd,n +/ur,mlud,n) fr,d,x,lS,m,n:I
_Qr,y,m Qd,y,nﬂ’r,mﬂ’d,n ( fr,d,x,l,m,n - fr,d,x,3,m,n )})
The 2nd vector drew-x oscillon
Kd,r,e,w,x,z = [Kw,d,a,m,r,a,n' Kw,d,b,m,r,b,n’ Kw,d,c,m,r,c,n’ Kw,d,d,m,r,d,n:|( fd,r,e,w,x,z) (122)

is presented by a list of four 4-w, deterministic-random, random-deterministic,

neutral oscillons in x, which are generated by 8-tuple f because

d,r.e,w,x,2

DOI: 10.4236/ajcm.2025.153018 348 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2025.153018

V. A. Miroshnikov

K Pc(

€z, .87, {Qd,y,m Qryn

w,d,a,m,r,an

X [(Kam&rn = Hamblen ) Torxomn+(KamKen + Hamben) Tarcamn |
=Ry ym Reyndsmen (fornsemn = Tarniomn )]
+ €2, 1024 {Q s Qs
% [(K & = Hembon) Tramamn +(Kmon + Hemtlon) Franamn |

- I:er,y d,y, nﬂr mﬂ“ ( 1:r,d,><,14,m,n - fr,d,x,le,m,n )})’

__ P
Kw,d,b,m,r,b,n __?(ezd,mezr,n {Qd,y,m Qr,y,n

%Ky = Homttn) Tarmamn = (KamKon + Homblen) Taramn |
= Raym Reynamen (forxsamn * fortsmn )}
+ ez, .62, Q. Qi
%[ (Koo = thnlan) Franamn = (KenKan * Henblsn) Froxamn |

- I:\)r,y,m Rd WY nj’ /1 ( 1:r,d,x,14,m,n + 1:r,d,><,16,m,n )})v

p
KW,d,c,m,r,cn - 2(: (ezd meZ {Rd,y,m Rr,y,n

[(Kd m r n lud m/ur n) fd,r,x,14,m,n +(Kd,mKr,n +/ud,m/ur,n) fd,r,x,le,m,n]
- Qd,y,m Qr,y,nﬂ‘d,mﬂ’r,n ( fd,r,x,z,m,n - fd,r,x,4,m,n )}

+ eZr,mezd,n {Rr,y,m Rd,y,n

X [(Kr,mKd,n _rur,m:ud,n) fr,d,x,14,m,n +(Kr,mKd,n +:ur,m:ud,n) fr,d,x,le,m,n]
- Qr,y,m Qd‘y,n/lr,m//!’d,n ( fr,d,x,Z,m,n - 1:r,d,><,4,m,n )})’

K Pc(

€2, €2, , {Rd'y‘m Ry

w,d,d,m,r,d,n ==

|:(Kd m r n /ud miy n) fd,r,x,14,m,n _(Kd,mKr,n +/ud,m:ur,n) fd,r,x,lﬁ,m,n:|

Qd ,y.m Qr y.n d m r n ( fd,r,x,z,m,n + fd,r,x,4,m,n )}
+ ez, .z, , {R R

r,y,m ' d,y,n

(123)

x [(Kr,mxd,n - :ur,m:ud,n) fr,d,x,14,m,n _(Kr,mKd,n + :ur,m:ud,n) fr,d,x,le,m,n]
- Qr,y,m Qd,y,n/’{r,mld,n ( 1:r,d‘x,z.m.n + fr,d,x,4,m,n )})

The 3rd vector drew-x oscillon
Kd,r,e,w,x,S = Iin,d,b,m,r,c,nl Kw,d,a,m,r,d,n’ Kw,d,d,m,r,a,n' Kw,d,c,m,r,b,n]( fd,r,e,w,x,S) (124)

is displayed by a list of four 4-w, deterministic-random, random-deterministic,

neutral oscillons in x, which are formed by 8-tuple f, ., 5 since
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Kw,d,b,m,r,c,n :_%(ezd,mezr,n {Qd,y,m Rr,y,n
X[(Kd,mKr,n - /ud,m:ur,n) forxsmn +(Kd,mKr,n + /ud,m/ur,n) fd,r,x,7,m,n:|
+ Rdyvym vay,nﬂ’d,mlr,n ( fd,r,x,g,m,n - fd,r,x,ll,m,n )}
+ ez, .62 (R, 0 Qg
X |:(Kr,mKd,n _lur,m/ud,n) frgxomn _(Kr,mKd,n +/ur,m/ud,n) fr,d,x,ll,m,n:|

+ Qr,y,m Rd,y,nﬂ’r,mﬂ‘d,n ( fr,d,x,S,m,n + fr,d,x,?,m,n )})'

Kw,d,a,m,r,d,n :_%(ezd,mezr,n {Qd,y,m Rr,y,n
X |:(Kd,mKr,n - /ud‘mlur,n) forxsmn — (Kd,mKr,n + /ud‘mlur,n) fd,r,x,?,m,n:|
+ Ry ym Qryndamdrn ( farxomn + forxaimn )}
+ €z, .6z, , {Rr,y,m Quyn
x |:(Kr,mKd,n - /‘r,mﬂd,n) frdxomn* (Kr,mKd,n + /‘r,mﬂd,n) fr,d,x,ll,m,n:|

+ Qr,y,m Rdvy,nﬂ“r,mﬂ’d,n ( fr,d,x,s,m,n - fr,d,><,7,m,n )})’

P,
KW,d,d,m,r,a,n :_?C(ezd,mezr,n {Rd,y,m Qr,yvn

X [(Kd,m’(r,n _ﬂd,mﬂr,n) forxomn +(Kd,mKr,n +/ud,mtur,n) fd,r,x,ll,m,nj|
+ Quym Reyntdmden ( forxsmn = farxzmn )}

+ €7, .24 {Qym Ry yn
X [(Kr,m’(d,n _lur,m/ud,n) frgxsmn _(Kr,mKd,n +Hr,mﬂd,n) fr,d,x,?,m,n:|

+ I:Qr,y,m Qd,y,nj‘r,mﬂ’d,n ( fr,d,x,9,m,n + fr,d,x,ll,m,n )})’

__ P
Kw,d,c,m,r,b,n __?C(ezd,mezr,n {Rd,y,m Qr,y,n

x I:(Kd,m’(r,n _:ud,mlur,n) fd,r,><,9,m,n _(Kd,mKr,n +/ud,m:ur,n) fd,r,><,11,m,n:|
+ Qd,y,m Rr,y,nid,mﬂ’r,n ( fd,r,x,S,m,n + fd,r,x,7,m,n )}

+ ezr,meZd,n {Qr,y,m Rd,y,n

(125)

X [(Kr,mKd,n _lur,m:ud,n) fr,d,x,5,m,n +(Kr,mKd,n +/ur,m/ud,n) fr,d,x,7,m,n:|

+ Rr,)’,m Qd,y,nﬂ’r,mﬂ’d,n ( fr,d,x,g,m,n - fr,d,x,ll,m,n )})

The 4th vector drew-x oscillon
Kd,r,e,w,x,4 = [Kw,d,a,m,r,c,n’ KW,d,b,m,r,d,nl Kw,d,c,m,r,a,n' Kw,d,d,m,r,b,n:|( fd,r,e,w,x,4) (126)

is given by a list of four 4-w, deterministic-random, random-deterministic, neu-

tral oscillons in x, which are established by 8-tuple f in the view of

d,r.e,w,x,4

DOI: 10.4236/ajcm.2025.153018

350 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2025.153018

V. A. Miroshnikov

p
Kw,d,a,m,r,c,n =+ 2C (ezd mez {Qd,y,m Rr,y,n

[(Kd e n — My mHr, n) forxomn +(Kd,mKr,n +:ud,m:ur,n) fd,r,x,e,m,n]
+ Rd y,m Qr y,n d m r n ( fd,r,x,lo,m,n - fd,r,x,lz,m,n )}
+ €z, .82, , {Rr,y,m Quyn
x [(Kr,mKd,n _ﬂr,mﬂd,n) frdxi0mn +(Kr,mKd,n +#r,mﬂd,n) fr,d,x,lz,m,nj|
+ Qr,y,m d,y, nﬁ' ’1 (fr,d,x,ﬁ,m,n - fr,d,x,B,m,n )}),

Kw,d,b,m,r,d‘n == pzc (ezd meZ {Qd.va Rr,y.n

':(Kd mKrn = Ha mHr, n) forxomn _(Kd,mKr,n +:ud,m/ur,n) fd,r,x,B,m,n:|
+ Rd y.m Qr y.n d m r n ( fd,r,x,lo,m,n + fd,r,x,lz,m,n )}
+ ez, 2, AR 0 Quyn
x [(Kr,mKd,n _:ur,m/ud,n) fr,d,><,10,m,n _(Kr,mKd,n +:ur,m:ud,n) fr,d,x,lz,m,n:|

+ Qr,y,m d.y, nﬁ' /1 (fr,d,x,e,m,n + fr,d,x,s,m,n )})’

P,
Kw,d,c,m,r,a n +?C(ezd mez {Rd,y,m Qr,y,n
':(Kd m r n ,l,ld mid n) fd,r,><,10,m,n +(Kd,mKr,n +/ud,mlur,n) fd,r,x,lz,m,n:|
+ Qd,y,m Rr Y, nﬁd mﬂ’r n ( fd,r,x,e,m,n - fd,r,x,&m,n )}
+ le,meZd,n {Qr,y,m Rd,y,n
X ':(Kr,mKd,n _lur,m/ud,n) 1:r,d,x,e,m,n +(Kr,mKd,n +:ur,m:ud,n) fr,d,><,8,m,ni|

+ Rr,y,m Qd,y,nﬁ'r,m}“d,n ( fr,d,x,lo,m,n - 1:r,d,x,lz,m,n )})’

yo)
Kw‘d,d,m,r,b,n 2_?0(ezd,mezr,n {Rd,y,m Qr‘y,n

|:(Kd m r n Iud mir n) fd,r,x,lo,m,n _(Kd,mKr,n +/ud,m/ur,n) fd,r,x,lz,m,n:|
+ Qd,y,m Rr Y, nﬂ’d mﬂ’r n ( fd,r,x,6,m,n + fd,r,x,s,m,n )}

+ ezr,mezd,n {Qr,y,m Rd,y,n

(127)

x [(Kr,mkd,n _/ur,m/ud,n) fraxemn _(Kr,mKd,n +:ur,m/ud,n) fr,d,x,&m,n:|
+ Ry QuyndemAan ( fraxiomn T Fraxizmn )})
For all vector drew-x oscillons, amplitudes of eigenfunctions are influenced by
PorKam Kans Aams Adns Hamo Hans Kemo Koo Aems Ao Hems s Zos Youto - (128)
via
€24 €24 182 1,62, 1, Qy 1y Qu y s Ry Rayns Qroyns Qry s Rey s Rey o (129)

and x-shifts of eigenfunctions are controlled by Y,,t, through
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Sd,y,oz,m ' Sd,y,m,n ’ Sd,y,ﬁ,m ’ Sd,y,ﬁ,n ' sr,y,a:,m ' Sr,y,oz,n ’ Sr,y,ﬁ,m’ sr,y,ﬂ,n' (130)
The wavelength of the drew-x oscillons is computed by
L[,d,r,x,m,n = LCM (Ld,r,x,m,n’ Lr,d,x,m,n ) = kd,r,x,m,nLd,r,x,m,n = I(r,d,x,m,n Lr,d,x,m,n’ (131)

d,r,x,m,n and k

cillons, the average of the drew-x oscillons over L, ,,,,., vanishes. The vector

where k are integers. Similar to the dree-x and rdee-x os-

r,d,x,m,n

drew-x oscillons do not transfer any kinetic energy along the x-axis, as well.

3.4. The DREG Oscillon

The symmetry and wavenumber resonances of the dree-x and rdee-x oscillons
result in reduction of the deterministic-random, external, group oscillon (the
dreg-oscillon for briefness, see (198) of [7]) to a 4-w oscillon, which is produced

by 16-tuple of the deterministic-random, external, group interaction in x
fd,r,e,g,x = {fd,r,><,4k—3,m,nl fd,r,x,4k,m,n’ fr,d,x,4k—3,m,n’ fr,d,x,4k,m,n}’ k =1’ 2'3’4' (132)

Sixteen-tuple f includes four sine waves f with wave-

d,r.eg,x d,r,x,4k-3,m,n

number x, ..., four cosine waves f with wavenumber x, , .,

d,r,x,4k,m,n

four sine waves f
f

with wavenumber «, 4, ., and four cosine waves
rdox.akmn for k=1,2,3,4 and eachm, n

Expressing the dreg oscillon via the dree and rdee oscillons and substituting the

r,d,x,4k-3,m,n

with wavenumber «, .,
inhomogeneous Fourier expansion of the vector drie-xand rdie-x oscillons yields
that the dreg-x oscillon for any frozen y=Y,,z=2,t=t; represents the 4-w,
deterministic-random, random-deterministic, neutral oscillon in x, which is
formed by 16-tuple f

d,reg,x?

K =K foreon) (133)

g.d,imr,j,n g,d,i,m,r,j,n(

because

K . L=

g, d,i,mr,jn

pc { ezd,mezr,n |:Ad,m,r,n Qd,y,m Qr fd r,x,,,mn + Rd,y,m r,y.,n fd r,x,13,m,n)

(
Nd,m,r,n (Qd,y,m Rrynfd r,x,5,m,n + Rd merynfd rx9mn)

+ Mg mrn (Qd,y m Qe yn Farxamn T Raym Reyn Ffarxiom n)

+ I<d,m,r,n (Qd,y,m Rr y.n fd r,x,8,m,n + Rd mer y.n fd rlemn):| (134)
+ ezr,mezd,n I:Ar,m,d,n (Qr y,m Qd ,y.n rd x,1,m,n + Rr y,m Rd ,y.n rd x13mn)

~Niman (Qr,y,m Rayn fraxsmn * Reym Qayn fraxom n)

+ Mr,m,d,n (Qr,y,m Qd,y,n fr,d,x,4,m,n + Rr,y,m Rd,y,n fr,d,x,le,m,n)

+K (

f
r,md,n Qr,y,m Rd,y,n fr,d,><,8,m,n + Rr,y,m Qd,y,n fr,d,><,12,m,n ):|}'

where nonlinear amplitudes

Kd m,r,n :+Kd,mKrn /Id mﬂrn +:ud,mﬂr,n’
Admrn ==Ky mKrn +ﬂ“d m/lrn +/ud mbe s
Mdmrn _+Kd mKrn+ﬂ’d mﬂ‘rn +,le mﬂrn’
N

d,m,r,n _+Kd,mK +ﬂ’ ﬂ’ :ud,mlur,n

(135)

d,m”*r,n
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and
I<r,m,d,n = +Kr,mKd,n _)“r,m/ld,n +/ur,m/ud,n’

Ar,m,d,n =—KimKan +ﬂ“r,mﬂ’d,n +:ur,m:ud,n’

(136)
Mr,m,d,n = +Kr,mKd,n + /’i’r,mﬁ’d,n + :ur,mtud,n'
Nr,m,d,n = +Kr,mKd,n + j‘r,mﬂ’d,n _:ur,m:ud,n
are generated by the deterministic and random wave numbers.
Amplitudes of eigenfunctions depend on
pc’Kd,m,r,n’Ad,m,r,n’Md,m,r,n’Nd,m,r,n’
(137)

I<r,m,d,n ! Ar,m,d,n’lv[r,m,d,n’Nr,m,d,n ' ZO’ yO'tO

via (129) and x-shifts of eigenfunctions are determined by Y,,t, through (130).
The wavelength of the dreg-x oscillon is also equal to L 4 .. The vanishing
average of the dreg-xoscillon over L., . .~ demonstrates that the dreg-xoscil-

lon is also neutral.

3.5. The DREK Oscillon

The deterministic-random, external, kinetic-energy oscillon (the drek oscillon for

pithiness, see (92) of [7]) takes the following form:

M-1 M
Ke,d,i,m,r,j,nzz Z Kg,d,i,m,r,j,n' (138)

m=1 n=m+1

If all wavenumbers of the drek-x oscillon are distinct, then the drek-x oscillon
is displayed asa 2M (M —1) -w oscillon. For any frozen y=Y,,Z=2,,t=t,, the
drek-x oscillon is converted into the 2M (M —1) -w, deterministic-random,
random-deterministic, neutral oscillon in x, which is formed by M (M -1) / 2
16-tuples f for all
m, 1, Re, and wave parameters of the dreg-x oscillons.

with wavenumbers &y ;0 Ky omn K

r,d,l,m,n’K

d,reg,x r,d,2,mn

The wavelength of the drek-x oscillon is given by
Le,d,r,x,e =LCM ( Lt,d,r,x,m,n) = kt,d,r,x,m,n I‘t,d,r,x,m,n7 (139)

where k is an integer. Alike the dreg-x oscillon, the vanishing average of

't,d,r,x,m,n

the drek-x oscillon over L demonstrates that the drek-x oscillon on aver-

e, d,r,xe
age is also neutral.

The drek-x oscillons for Yy =Yy,,Z=z,,t=t,, the Reynolds number Re =10°,
and Re=10° are shown in Figure 1 on wavelength L,,,, =24 of the dek-x
oscillon. We observe a substantial growth of the range of the 12-w, deterministic-
random, random-deterministic, neutral drek-x oscillon with Re.

In Figure 1 and sequential figures, the independent deterministic parameters
are the same as in [5], namely,

p=1 M=3 n=0, X, =0, Yo=0, z,=0, t, =5,
Kaa :zv Ky,2 :2_7[1 Ky :B_ﬂ’ da :%’ Aaz :2?7[' Ays =27,

4 3 2
Ugi=4, Uy,=3 Uy;=2, V=3 Vy,=2 V=1
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1000
500

—500
—1000

—1500

Xd,l,o =1, Xd,z,o =3, Xd,s,o =3, Yd,l,O =5, Yd,z,o =3, Yd,3,0 =1
Avy, =11 Avy, =7, Av 3 =3, Bvy; =6, Bv,,=4, By ;=2 (140)
Cvy,=8,Cvy,=6, Cvy;=4, Dvy, =7, Dvy,=4, Dv;,=1

4000+

2000

-2000 X

-4000-

(b)

Figure 1. The drek-xoscillons: (a) —K, ;. ;.(x) for Re=10°, (b) —K 4, . (x) for Re=10°.

Using the random oscillatory cn-noise [8], the independent random parameters
are computed by

5

Ur,m = SU (RG)ZAJ,m,I cn Sf (Re)UU,m,I t0 —K(g),g),

Vin =S, (Re)D A en(S; (Re)wy ity —K(£).£),

AV, , :SA(Re)ZSJ Ay i N (S (RE)VAm T —K(g),g), (141)
BV, , =SA(Re)25: gy N (S (Re) Vg m b —K(g),g),
CV, =SA(Re)2 Ac i EN(S; (R€)ve sty —K(g),g),

DV, =S (Re)ZADmcn( (Re)UD,m,lto_K(S)'g)’
Kem =S, (Re)U, 1, rym—Sy(Re)ui‘m,

where cn(t,¢) is the elliptic cosine, &=0.9999 is the elliptic modulus,
K (&)=5.64514827 is the complete elliptic integral of the first kind,
At At A At Aamas At Acmi Ao ma (142)
are random amplitudes selected from a list of 120 random numbers on [0, 1],
Vum & m 1 Ox m o Uy im0 Pam 11 Vg m,1 1 Ve, m, 1 1 Pomt 1 Vem 1 Uam (143)
are random frequencies chosen from a list of reciprocals of first 126 prime num-
bers mixed up randomly,
S, (Re)=696.7909371Re**%2%2%% - g
S, (Re) =5529.843495 Re®7#2010% g

e)=
S, (Re)=0.5303300858 Re" 1478 g
S, (Re)=1.237436866 Re**®**7 g

e) = 058.7435364 Re 04994726271
e) = 0.6787933393 Re 1215190243
Re) = 0.8838834764 Re 15514978, (144)
)

Re) =1.590990258 Re® 15014978

Y

(
(R
(
(
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are scales of the random parameters.

For Re=10°, the independent random parameters have the following values:

797 797 797
rl = ' Kr,2 = ' Kr,3 = !

383 599 163
1353 1353 1353
VT "2 349 317’

U,, =-0.15394, U, ,=-084986, U, ,=-0.11692
V,, =-0.041219, V,, =-0.030365 V,,=+0.21192,
X,10=+1.9894, X, ,,=-25902, X, ,, =-14556,
Y, =-25835 Y,,,=+096785 Y, =+1.1671,
Av,, =-1.1359, Av,, = +0.0089523, Av, , =-1.1091,
Bv,, = -0.17456, Bv,, =+0.29824, By, , = +0.65630,
Cv,, = +0.53216, Cv,, = +0.49016, Cv,, = -0.21265,

Dv,, =+0.69036, Dv,, =—0.042070, Dy, , = +0.51550.

For Re =10, the independent random parameters become

872 872 872
Krlz 1 Kr2: 1 Kr3: 1

1383 2" 599 *7 163
1703 1703 1703
STy "2 349" 317’

U,=-13184, U,,=-0045891, U, ,=+2.8227,
V,,=+0.0036312, V,,=-55983,  V,,=-+0.3801L
X, 1, =+0.48879, X,,,=-0.18596, X,,,=-5.3347,
Y., =-6.9272, Y,,,=+0.12119, Y, =+5.7784,
Av,, =+2.0121,  Av,,=-17599,  Av,, =+1.8337,
Bv,, =+0.68324, Bv,, =+0.46434, B, =+0.74922,
Cv,, =+0.16767, Cv,,=+3.8844,  Cv,,=+0.70078,

Dv,, =-0.010623, Dv,,=+2.0548,  Dv,, =+2.2215.

(145)

(146)

Maple programs for computation of spatial quantization in the x-eigenfunc-

tions will be published elsewhere.

4. Oscillons of Deterministic-Random, Internal Interaction

4.1. The DRIE Oscillons

In the view of the identity resonance, 16 deterministic-random, internal, elemen-

tary oscillons (the drie oscillons for briefness, see (188) of [7]) are arranged into

eight vector drie-x oscillons:

Kd,r,i,e,x,q = Kd,r,i,e,x,q ( fd,r,i,e,x,q)' q =1 2’“"8’

(147)

which are formed by eight 2-tuples of the deterministic-random, internal, elemen-

tary interaction in x:
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1:d,r,i,e,x,l = {gd,r,x,l,m,m' gd,r,x,3,m,m}' fd,r,i,e,x,z = {gd,r,x,z,m,m' gd,r,x,4,m,m}'
fd,r,i,e,x,3 = {gd,r,x,S,m,m’ gd,r,x,7,m,m}' fd,r,i,e,x,d = {gd,r,x,ﬁ,m,m’ gd,r,x,s,m,m}'

(148)
fd,r,i,e,x,s = {gd,r,x,9,m,m’ gd,r,x,ll,m,m}' fd,r,i,e,x,ﬁ = {gd,r,x,lo,m,mlgd,r,x,lz,m,m}’
fd,r,i,e‘xj = {gd,r,x,IS,m,m’ gd,r,x,lS,m,m}' fd,r‘i,e,x,B = {gd,r,x,l4‘m,m’ gd‘r,x,lﬁ,m,m}'

Two-tuple f, ;. , consists of two sine waves @,  , ;nn and 2-tuple
fd,r,i,e,x,z of two cosine waves 94 ,r.x,2k,m,m for k=12. Two—tuple fd,r,i,e,x,S

comprises two sine waves gy o 1mm and 2-tuple f two cosine waves

d,riex4

Oarxzkmm for k=3,4. Two-tuple f is composed of two sine waves

d,r,i,e,x,5

Ogrxokimm and2-tuple f of two cosine waves g, ., nn fOor k=56.

d,r,iex,6
Two-tuple f
f

are parametrized by wavenumbers «, ;. Ky ,n, fOr €ach m.

driexs 1sconstructed of two sine waves @, 5 ;.. and 2-tuple

of two cosine waves g, ., ,cmm for k=7,8. All 2-tuples f

d,r,iex8 d,riexq

the 1st vector drie-x oscillon
Kd,r,i,e,x,l = [Ko,d,b,m,r,a,m’ Ko,d,a,m,r,b,m]( fd,r,i,e,x,l) (149)

is exposed by a list of two 2-w, deterministic-random, neutral oscillons in x, which

depend on 2-tuple f since

d,r,iexl

P,
Ko,d‘b,m‘r,a‘m :+?Cezd,mezr,de,y,m Qr,y,m (gd,r,x‘l‘m,m - gd,r,x,&m,m)’
(150)

Pc
Ko,d‘a,m‘r,b‘m :+?ezd,mezr,m Qd,y,m Qr,y‘m (gd,r,x,l,m,m + gd,r‘x,3,m‘m )

The 2nd vector drie-x oscillon
Kd,r,i,e,x,Z = [Ko,d,a,m,r,a,m7 Ko,d,b,m,r,b,m :'( fd,r,i,e,x,z) (151)

is exhibited by a list of two 2-w, deterministic-random, neutral oscillons in x,

which are created by 2-tuple f, ;. ., as
P,
Ko,d,a\,m,r,a,m :_?C ezd,mezr,de,y,m Qr,y,m (gd,r,x,z,m,m - gd,r,x,A,m,m)’
(152)
K —+Peez e
o,d,b,m,r,bm =+ 2 Zd,m Zr,m Qd,y,m Qr,y,m (gd,r,x,z,m,m + gd,r,x,4,m,m)'

The 3rd vector drie-x oscillon
Kd,r,i,e,x,3 = [Ko,d,h,m,r,c,m' Ko,d,a,m,r,d,m ]( fd,r,i,e,x,s) (153)

is given by a list of two 2-w, deterministic-random, neutral oscillons in x, which

are governed by 2-tuple f in the view of

d,r,iex3

Pc
Ko,d,b‘m,r,c,m :+7 ezd,mle,de,y,m Rr,y,m (gd,r‘x,s,m,m - gd‘r,x,7,m,m)’

(154)
P,
Ko,d,a,m,r,d,m :+7Cezd,mezr,m Qd,y,m Rr,y,m (gd,r,x,S,m,m + gd,r,x,7,m,m)'
The 4th vector drie-x oscillon
Kd,r,i,e,x,4 = [Ko,d,a,m,r,c,m’ Ko,d,b,m,r,d,m:l( fd,r,i,e,x,4) (155)
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is envisioned by a list of two 2-w, deterministic-random, neutral oscillons in X,

which are determined by 2-tuple f because

d,r,iex,4
K - Pog ez Q. R ( - )
od,amrcm — 2 d,m~%r,m~<d,y,m "‘r,y,m gd,r,x,G,m,m gd,r,x,s,m,m !
(156)
_ P
Ko,d,b,m,r,d,m _+?ezd,mezr,m Qd,y,m Rr,y,m (gd,r,x,6,m,m + gd,r,x,S,m,m)'

The 5th vector drie-x oscillon
Kd,r,i,e,x,S = [Ko,d,d,m,r,a,m' Ko,d,c,m,r,b,m :|( fd,r,i,e,x,s) (157)

is displayed by a list of two 2-w, deterministic-random, neutral oscillons in x,

which are generated by 2-tuple f as

d,r,i,e,x,5

Pe
Ko,d,d,m,r,a,m :+7ezd,mezr,de,y,m Qr,y,m (gd,r,x,Q,m,m - gd,r,x,ll,m,m)'

(158)

Pe
Ko,d,c,m,r,b,m :+7ezd,mezr,m Rd,y,m Qr,y,m (gd,r,x,Q,m,m + gd,r,x,ll,m,m )

The 6th vector drie-x oscillon
Kd,r,i,e,x,e = [Ko,d,c,m,r,a,m’ Ko,d,d,m,r,b,m:|( fd,r,i,e,x,G) (159)

is presented by a list of two 2-w, deterministic-random, neutral oscillons in x,

which are produced by 2-tuple f, ;. . since

0,
Ko,d,c,m,r,a,m :_?C €24 w€Zr m Rd,y,m Qr,y,m (gd,r,x,lo,m,m - gd,r,x,lz,m,m)'
(160)

_ . P
Ko,d,d,m,r,b,m _+?ezd,mezr,m Rd,y,m Qr,y,m (gd,r,x,lo,m,m + gd,r,x,lz,m,m)'

The 7th vector drie-x oscillon
Kd,r,i,e,x,7 = [Ko,d,d,m,r,c,m ' Ko,d,c,m,r,d,m :|( fd,r,i,e,x,7) (161)

is visualized by a list of two 2-w, deterministic-random, neutral oscillons in x,

which are established by 2-tuple f because

d,riex7

P,
Ko,d,d‘m,r,c,m :+?C eZd,mle,m Rd,y,m Rr,y,m (gd,r,x,lS,m,m - gd,r,x,lS‘m,m)y
(162)
K L

2 eZd,mezr,m Rd,y,m Rr,y,m (gd,r,x,lS,m‘m + gd,r,x,15,m‘m )

o, d,c,mr,d,m

The 8th vector drie-x oscillon
Kd,r,i,e,x,e = [Ko,d,c,m,r,c,m' Ko,d,d,m,r,d,m:|( fd,r,i,e,x,e) (163)

is represented by a list of two 2-w, deterministic-random, neutral oscillons in x,

which are formed by 2-tuple f in the view of

d,r,iex8

Ko,d,c,m,r,c,m :_?c ezd,mezr,de,y,m Rr,y,m (gd,r,x,14,m,m - gd,r,x,le,m,m)’
(164)

_ P
Ko,d,d,m,r,d,m _+?ezd,mezr,m Rd,y,m Rr,y,m (gd,r,x,14,m,m + gd,r,x,le,m,m)'

For all vector drie-x oscillons, amplitudes of eigenfunctions are governed by

Peor29:Youty via ezg .6z, 0, Qy Qi Ryym Ry m @nd x-shifts of eigenfunc-
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tions are influenced by y,,t, through Sd.y.cems Sy gms Sroy.ams Sy pum -
The x-periods Ly ;o and Ly o of g4 .. foreach 1=12,--16
become
27 27
Ld,r,x,l,m,m =T I‘d,r,x,2,m,m = (165)
d,r,mm Kd,r,z,m,m

The wavelength of the drie-x oscillons is determined by

Ld,r,x,m,m = LCM (Ld,r,x,l,m,m1 I-d,r,x,Z,m,m ) = I(d,r,x,l,m,m Ld,r,><,1,m,m (166)
:kd,r,x,z,m,m d,r,x,2,mm?
where ky ... and kg ., . areintegers.
Because integrals of cosine and sine waves over L, .. and Ly, ...
vanish, the average of the drie-xoscillons over L,,, .. alsovanishes. The vec-

tor drie-x oscillons are neutral since on average they do not transfer any kinetic

energy along the x-axis.

4.2. The DRIW Oscillons

We apply the decomposition of the deterministic-random, internal, wave oscil-
lons (the driw oscillons for straightforwardness, see (190) of [7]) via the drie os-
cillons and substitute the inhomogeneous Fourier expansion of the vector drie-x
oscillons to obtain that 16 driw-x oscillons are assembled into four vector driw-x

oscillons
Kd,r,i,w,x,q = Kd,r,i,w,x,q ( fd,r,i,w,x,q)l q :11 213!41 (167)

which are produced by four 4-tuples of the deterministic-random, internal, wave

interaction in x:

fd,r,i,w,x,l = {gd,r,x,zk—l,m,m}' fd,r,i,w,x,z = {gd,r,x,zk,m,m}’ (168)

fd,r‘i‘w,x,S = {gd,r,x,zk—l,m‘m}' fd,r,i,w,><,4 = {gd,r,x‘zk,m,m}'

Four-tuple f consists of four sine waves @y, 1nm and 4-tuple

d,r,i,w,x,1

f is constructed of four cosine waves g, nm for k=1,2,7,8. Four-

d,r,i,w,x,2
tuple f,,,,.s is composed of four sine waves @,,,,1mm and 4-tuple
Ty iwxs comprises four cosine waves g, ., .. K=34,56. All 4-tuples
fyriwxg arecontrolled by wavenumbers x, . &y ,m, for each m.

Because of the identity and wavenumber resonances of the vector drie-x oscil-

lons for any frozen Yy =Y,,7=12,t=t,, the Ist vector driw-x oscillon
Kd,r,i,w,x,l = |:Kw,d,b,m,r,a,m’ Kw,d,a,m,r,b,m’ Kw,d,d,m,r,c,m' Kw,d,c,m,r,d,m:|( fd,r,i,w,x,l) (169)

is displayed by a list of four 2-w, deterministic-random, neutral oscillons in x,

which depend on 4-tuple f in agreement with

d,r,i,w,x,1

P,
Kw,d,b,m,r,a,m =_?C(ezd,mezr,m {Qd,y,m Qr,yvm

X ':(Kd,mKr,m - tud,m:ur,m ) gd,r,x,l,m,m +(Kd,mKr,m + /Ud,m:ur,m ) gd,r,x,3,m,m:|

- Rd,y,m Rr,y,mﬂ’d,mﬂr,m (gd,r,x,ls,m,m - gd,r,x,ls,m,m)})'
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__P
Kw,d,a,m,r,b,m __?c(ezd,mezr,m {Qd,y,m Qr,y,m

m , , , ) rX,9,m,
I:(Kd rm :udmzurm)gdrxlmm (Kderm+:udmlurm)gdrx3mm:|

- Rd,y,m ry, mﬂ’ ﬂ“r m (gd,r,x,13,m,m + gd,r,x,ls,m,m )})7
Kw,d,d,m,r,c,m =_%(ezd,mezr,m {Rd,y,m I:Qr,y,m

|:(Kd m r m :ud midy m) gd r,x,13,m,m +(Kd,mKr,m + tud,mﬂr,m)gd,r,x,ls,m,m]

- Qd,y,m Qr,y m/ld mﬁr m (gd,r,x,l,m,m ~O4,rx3mm )})’

__P
Kw,d,c,m,r,d,m __?C(ezd,mezr,m {Rd,y,m Rr,y,m

[(Kd m&rm — Ha mHem ) 94, x13mm (Kd,mKr,m +lud,m/ur,m)gd,r,x,15,m,m:| (170)
= Quym Qrymda mAe m (gd,r,x,l,m,m +04,r x3mm )})
The 2nd vector driw-x oscillon
Korimne = [Kugamran Kugomrom Kugemrem Kugamean ] (foriuz) (171)

is represented by a list of four 2-w, deterministic-random, neutral oscillons in x,

which are formed by 4-tuple f as

d,r,i,w,x,2
K —+ P (o7, ez Q,,.Q

w,d,a,m,r,a,m 2 d,m~%r,m d,y,m <r,y,m

[(Kd m rm —Hy m:urm)gd r,x,2,mm +(Kd mKrm +:ud mir, m)gd,r,x,A,mm]

- Rd,y,m Ty, mﬂ‘ ﬂ‘r m (gd,r,x,14,m,m —04.rx16mm )})’

0,
Kw,d,b,m,r,b,m =_7c(ezd,mezr,m {Qd,y,m Qr,y,m

':(Kd m r m /ud mb m)gd r.x,2,mm (Kd,mKr,m +ﬂd,m:ur,m ) gd,r,x,4,m,m:|

- Rd,y,m r.y, mﬂ’d m/lr m (gd,r,x,l4,m,m + gd,r,x,ls,m,m)})'

R

_. P
Kw,d,c,m,r,c,m +?C(ezd mez {Rd,y,m ry,m
|:(Kd m r m :ud miy m) gd r,x,14,m,m +(Kd,mKr,m +/ud,mlur,m ) gd,r,x,le,m,m:|

- Qd,y,m Qr,y,mﬂ‘d,mﬂ’r,m (gd,r,x,z,m,m - gd,r,x,4,m,m )})'

o
Kw,d,d,m,r,d,m :_?(ezd,mezr,m {Rd,y,m Rr,y,m

[(Kd nKrm ~ HamMrm ) 94.r x14,mm (Kd,mKr,m + Ly e ) gd,r,x,le,m,m:| (172)
= Qqym QrymAamArm (gd,r,x,z,m,m + 94, rx4mm )})
The 3rd vector driw-x oscillon
Kd,r,i,w,x,s = |:Kw,d,b,m,r,c,m7 Kw,d,a,m,r,d,mv Kw,d,d,m,r,a,m’ Kw,d,c,m,r,b,m]( fd,r,i,w,x,s) (173)

is visualized by a list of four 2-w, deterministic-random, neutral oscillons in x,

DOI: 10.4236/ajcm.2025.153018

359 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2025.153018

V. A. Miroshnikov

which are generated by 4-tuple f, . . . inthe view of

K

wdbmrem —

P,
- (ezd mle m {Qd y.m r,y,m

I:(Kdm rm :ud mﬂrm)gerSmm+(Kd mKrm+:ud m:urm)gd,r,xj,mm]

+ Rd,y,m Qr,y mﬂ‘d mﬂ“r m (gd,r,x,g,m,m - gd,r,x,ll,m,m )})'

P,
Kw,d,a,m,r,d,m :_?C(ezd,mezr,m {Qd,y,m Rr,y,m

I:(Kd m r m :ud m:ur m ) gd r,x,5mm (Kd,mKr,m +:ud,m/ur,m ) gd,r,x,7,m,m:|

+ Rd,y,m Qr,y m;Ld mﬂ’r m (gd,r,x,Q,m,m + gd,r,x,ll,m,m )})’

K €z, €2, {Rd,y’m Qym

y P 2
w,d,d,m,r.am 2
[(Kd m rm :ud m/urm)gd r,x,9,mm +(Kd,mKr,m +:ud,m/ur,m)gd,r,x,11,m,m:|

+ Qd ,y,m r Y, mﬂd mﬂr m (gd,r,x,s,m,m ~Garx7,mm )})’

K

w,d,c,mrbm —

— Pc (ezd rn€'Z {Rd,y,mQr,y,m

[(Kd m r m :ud m/ur m ) gd,r,x,9,m m (Kd,mKr,m + tud,m/ur,m ) gd,r,x,ll,m,m:| (174)
+ Qd ,y.m r Y, m;Ld m/lr m (gd,r,x‘S‘m,m + gd,r,x,7,m,m )})
The 4th vector driw-x oscillon

Kd,r,i,w,><,4 = |:Kw,d,a,m,r,c,ml Kw,d,b,m,r,d,m’ Kw,d,c,m,r,a,m’ Kw,d,d,m,r,b,m]( fd,r,i,w,><,4) (175)

is given by a list of four 2-w, deterministic-random, neutral oscillons in x;, which

are determined by 4-tuple f, . ., because

K e

w,d,amrcm —

eZd meZ {Qd,y,m Rr,y,m
|:(Kd m r m :ud mir m) gd r,x,6,m,m +(Kd,mKr,m +/ud,m/ur,m) gd,r,x,S,m,m:|

+ Rd,y,m Qr,y,mﬂ’d,mﬂr,m (gd,r,x,lo,m,m ~04,r x12mm )})7

P
Kw,d,b,m,r,d,m =_?c<ezd,mezr,m {Qd,y,m Rr,y,m

|:(Kd m r m /ud mby m) gd r,x,6,m,m (Kd,mKr,m +tud,m/ur,m ) gd,r,x,S,m,m:|
+ Rd,y,m Qr,y m/ld mﬂ'r m (gd,r,x,lo,m,m + gd,r,x,lz,m,m )})'
Kw,d,c,m,r,a,m _+%(ezd meZ {Rd,y,m Qr,y,m

|:(Kd m r m :ud mby m) gd r,x,10,m,m +(Kd,mKr,m +:ud,m/ur,m ) gd,r,x,lz,m,m:|

+ Qd ,y.m r Y, mﬂ’d mﬂ’r m (gd,r,x,e,m,m - gd,r,x,&m,m )})’
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I'<W,d,d,m,r,b,m :_%(ezd,mezr,m {Rd,y,m Qr,y,m
I:(Kd m rm lud m/urm)gd r,x,10,m,m (Kd,mKr,m +/Jd,m/ur,m)gd,r,x,12,m,m:| (176)
+ Qd y,m r y, m/1 ﬂ“r m (gd,r,x,e,m,m + gd,r,x,s,m,m )})

For all vector driw-x oscillons, amplitudes of eigenfunctions are controlled by

pc’Kd,m'/Id,m':ud,m'Kr,m’ﬂ'r,m’:ur,m'ZO’ yO’tO via

€24 1 €2 s Qqyms Rayms Qryms Ry and x-shifts of eigenfunctions depend on

Yo.ty through s, s, . .S . 0:S., sm- Lhe wavelength of the driw-x os-

cillonsisalso L, nm

oscillons over L

. Similar to the drie-x oscillons, the average of the driw-x
arxmm vanishes, ie. the vector driw-x-oscillons do not transfer

any kinetic energy along the x-axis.

4.3. The DRIG Oscillon

The symmetry and wavenumber resonances of the drie-x oscillons produce re-
duction of the deterministic-random, internal, group oscillon (the drig oscillon
for easiness, see (191) of [7]) to a 2-w oscillon, which is generated by 8-tuple of

the deterministic-random, internal, group interaction in x
fd,r,i,g,x = {gd,r,x,4k—3,m,m’ gd,r,x,4k,m,m} ’ k :1' 2’ 3’ 4 (177)

Eight-tuple f, ; . consists of four sine waves gy, 4 gmm With wave-

number x, . .,and four cosine waves g, . ., ., With wavenumber
Kyromm for k=1,2,34,andeach m.

We then express the drig oscillon via the drie oscillons and substitute the inho-
mogeneous Fourier expansion of the vector drie-x oscillons to obtain for any fro-
zen Y=Y,,Z=12,t=t, thatthe drig-xoscillon is converted into the 2-w, deter-

ministic-random, neutral oscillon in x, which is determined by 8-tuple f, ; .,

Kg,d,i,m,r,j,m = Kg,d,i,m,r,j,m ( fd,r,i,g,x) (178)
since

K =824 187,

g.d,i,mr jm
[ dmrm(Qd ym Qrymdrximm + Raym rymgdrx13mm)
d mrm(Qd y,m r ymgd,r,x,s,mm + Rd mer ymgd rx9mm) (179)
My mrm (Qd w QrymYarxamm T Raym Rr,y,mgd,r,x,lﬁ,m,m)
+ Ky mrm (Qd,y,m Reym%arxsmm ¥ Raym Qrym gd,r,x,lz,m,m):l'
Amplitudes of eigenfunctions are determined by

pc ’ I<d,m,r,m ’ Ad,m,r,m’Md,m,r,m ’ Nd,m,r,m ’ ZO! yO’tO (180)

via ezy .62 1, Qyy s Ry yms Qrym Rrym and x-shifts of eigenfunctions are gov-
The wavelength of the
drig-xoscillon is L, . . as well. The vanishing average of the drig-x oscillon

erned by Y,.t, through s, . .s; ;. .s

r.y,a,m? ryﬁm

over L

drxmm Shows that the drig-x oscillon on average is neutral since it does
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M,

not transfer the kinetic energy along the x-axis.

4.4. The DRIK Oscillon

The deterministic-random, internal, kinetic-energy oscillon (the drik oscillon for

brevity, see (86) of [7]) may be written as follows:
M
Ke,d,i,m,r,j,m = z Kg,d,i,m,r,j,m' (181)
m=1

Since all wavenumbers of the drik-x oscillons are distinct, the drik-x oscillon is
visualized as a 2M-w oscillon. For any frozen y=Y,,2=12,t=t;, the drik-x os-
cillon is presented by the 2A/-w, deterministic-random, neutral oscillon in x,
which is formed by A 8-tuples f

for all m, Re, and wave parameters of the drig-x oscillons.

drigx With wavenumbers «y 100Ky, om0

The wavelength of the drik-x oscillon is computed by

Le,d,r,x,i = LCM (Ld,r,x,m,m ) = kd,r,x,m,m Ld,r,x,m,m’ (182)
where k, . isaninteger. Similar to the drig-xoscillon, the vanishing average
of the drik-xoscillonover L., .. shows thatthe drik-xoscillon on average does

not transfer any kinetic energy along the x-axis.

The drik-x oscillons for y=Y,,z=12,t=t,,Re= 10%,Re =10°, wave parame-
ters (140), (145), (146) are displayed on L, . in Figure 2. The Reynolds num-
ber strongly affects both the range and the shape of the 6-w, deterministic-random,

3000
2000 M
1000

AN I\/\ M\

neutral drik-x oscillon.

(o)

—10007

Figure 2. The drik-x oscillons: (a) —K

@

]
s

—2000
_1500 —3000
(a) (b)

(x) for Re=10°,(b) —K,g;nm,m(X) for Re=10°.

ed,imr,jm

5. Oscillons of Turbulent, External Interaction
5.1. The TEE Oscillons

The turbulent, external, elementary oscillons (the tee oscillons for simplicity) are
computed as the superposition of the dee oscillons ((149) of [7]) and the ree os-
cillons ((181) of [7]) as follows:

Ko,t,i,m.t,j.n = Ko,d,i,m,d,j,n + Ko,r,i,m,r,j,n’ i=ab,c, J =i+l--,d. (183)

Similar to the vector dee-x and ree-x oscillons, six tee oscillons are grouped in

three vector tee-x oscillons

K K f L q=12,3, (184)

teexq t,e,e,x,q( t,e,e,x,q)

which are formed by 4-tuple and two 8-tuples of the turbulent, external, elemen-
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tary interaction in x:

fl,e,e,x,l = { fd,e,e,x,l’ fr,e,e,x,l} = { 1:d,><,2k—1,m,n’ fr,x,Zk—l,m,n}7
ft,e,e,x,z = { fd,e,e,x,Z' fr,e,e,x,Z} = { fd,x,Zk,m,n’ fr,x,Zk,m,n }’ (185)

ft,e,e,x,3 = { fd,e,e,x,3' fr,e,e,x,B} = {fd,x,zk—l,m,m fr,x,2k—1,m,n}'

Four-tuple f,,.,, consists of two deterministic sine waves f, , .~ with

wavenumber «,,,, and two random sine waves f with wavenumber

for k=1,7 and each m, n. Eight-tuple f

r,x,2k-1,m,n

K comprises four deter-

rlmn te.ex,2

ministic cosine waves f with wavenumbers xy, ... K4,m, and four

d,x,2k,m,n

random cosine waves f with wavenumbers « for

rimne K

r,2,mn

is composed of four determin-

r,x,2k,m,n

k =3,4,5,6 , and each m, n. Eight-tuple f

istic sine waves f

t,ee,x,3

with wavenumbers «, . & ,,, andfourrandom
for k=3,4,5,6, and

d,x,2k-1,m,n

with wavenumbers «

sine waves f rimn?

K,

r,x,2k-1,m,n r,2,mn

each m, n.

For any frozen Yy =Y,,z=12,t=t, the 1st vector tee-x oscillon
Kt,e,e,x,l = [Ko,t,a,m,t,b,n' Ko,t,c,m,t,d,n:|( ft,e,e,x,l) (186)

is reduced to a list of two 2-w, turbulent, neutral oscillons in x, which are produced

by 4-tuple f ..., as

Ko,t,a,m,t,b,n =P (ezd,mezd,nQd,y,m Qd,y,n fd,x,l,m,n

+ ezr,mezr,n Qr,y,m Qr,y,n fr,x,l,m,n )'

(187)
Kotemtdn = P (ezd,mezd,an,y,m Ry fg xaamn
+€2, .62, R R f o)
The 2nd vector tee-x oscillon
Kt,e,e,x,z = [Ko,t,a,m,t,c,n’ Ko,t,b,m,t,d,n]( ft,e,e,x,z) (188)

is presented by a list of two 4-w, turbulent, neutral oscillons in x, which are gener-

ated by 8-tuple f . , since

Ko,t,a,m,t,c,n = _%{ €24 €24 n |:Qd,y,m Rd,y,n ( fd,x,e,m,n - fd,><,8,m,n)
+ Rd,y,m Qd,y,n ( 1:d,><,10,m,n - fd,x,lz,m,n >:|
+ezr,mezr,n [Qr,y,m Rr,y,n ( fr,x,G,m,n - fr,x,s,m,n)
+ I:er,y,m Qr,y,n ( fr,x,lO,m,n - fr,x,lz,m,n ):I} J
o,t,b,mt,d,n = +%{ezd,mezd,n [Qd,y,m Rd,y,n ( fd,x,G‘m,n + 1:d,x,B,m,n)
+ Rd,y,m Qd,y,n ( 1:d,x,lo,m,n + fd,x,lz,m,n ):|

+ezr,mezr,n [Qr,y,m Rr,y,n (fr,x,e,m,n + 1:r,x,S,m,n)

+ Rr,y,m Qr,y,n ( fr,x,lO,m,n + fr,x,lz,m,n )]}

(189)
K

The 3rd vector tee-x oscillon
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Kt,e,e,x,3 = |:K0,t,b,m,t,c,n' Ko,t,a,m,t,d,n]( ft,e,e,x,B) (190)

is visualized by a list of two 4-w, turbulent, neutral oscillons in x, which are formed

by 8-tuple ft,e,e,x,3 because

P,
Ko,t,b,m,t,c,n = +7C{ €24 €24 5 [Qd,y,m Rd,y,n ( fd,x,S,m,n - fd,x,7,m,n)
+ I:ed,y,m Qd,y,n ( fd,x,g,m,n + fd,><,11,m,n >:|
+ezr,mezr,n [Qr,y,m Rr,y,n ( fr,><,5,m,n - fr,x,?,m,n)

+ Rr,y,m Qr,y,n ( fr,><,9,m,n + fr,x,ll,m,n ):I} !
Ko,t,a,m,t,d,n = +%{ezd,mezd,n [Qd,y,m Rd,y,n ( fd,x,s,m,n + fd,x,?,m,n)

+ I:Qd,y,m Qd,y,n ( 1:d,><,9,m,n - fd,x,ll,m,n ):|
+ezr,mezr,n [Qr,y,m Rr,y,n (fr,x,s,m,n + fr,x,?,m,n)

+ Rr,y,m Qr,y,n ( fr,x,19,m,n - fr,x,ll,m,n ):|}

Wave parameters of the vector tee-x oscillons are given by correspondent pa-

(191)

rameters of the vector dee-xand ree-xoscillons. The wavelength of the first vector

tee-x oscillon

Lt,x,l,m,n = LCM (Ld,x,l,m,n’ I‘r,><,l,m,n ) = kt,d,x,l,m,n Ld,x,l,m,n = kt,r,x,l,m,n I-r,x,l,m,n’ (192)

where K .., and k... areintegers,
2 2
Ld,x,l,m,n = ! Lr,x,l,m,n = (193)
d,1m,n rlmn

The wavelength of the second and third vector tee-x oscillons is given by wave-

length of the turbulent external interaction in the x-direction

Lt,x,m,n = LCM(Ld,x,m,n’ Lr,x,m,n) = kt,d,x,m,nLd,x,m,n = k1,r,><,m,n I-r,><,m,n’ (194)

where k ., and k= areintegers,
Ld,x,m,n = LCM (Ld,x,l,m,n' Ld,x,z,m,n ) = kd,x,l,m,nLd,x,l,m,n = I(d,x,z,m,n Ld,x,z,m,n' (195)
I‘r‘x,m,n = LCM (Lr,x,l,m,n’ Lr,x,Z,m,n) = kr,)(,l,m,n I‘r,x,l,m,n = I(r,x,Z,m‘n T,X,2,m,n’
2z 2z
Ld,x,z,m,n =7 Lr,x,z,m,n = ' (196)
Kd,z,m,n r,2,mn

where kd,x,l,m,n ) kd,x,z,m,n’ kr,x,l,m,n’ kr,x,z,m,n are integers. The average of the tee-xos-
cillons over the correspondent wavelength vanishes, 7.e. the vector tee-x oscillons
are neutral because on average they do not transfer any kinetic energy along the

X-axis.

5.2. The TEW Oscillons

The turbulent, external, wave oscillons (the tew oscillons for straightforwardness)
are constructed as the superposition of the dew oscillons ((151) of [7]) and the

rew oscillons ((183) of [7]) in the following form:

DOI: 10.4236/ajcm.2025.153018

364 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2025.153018

V. A. Miroshnikov

Kutimtin = Kudimd jn T Kurimejnr 1=a,b,¢, j=i+1---.d. (197)

Like the vector dew-x and rew-x oscillons, six tew oscillons are combined into

three vector tew-x oscillons

Keewsa = Kiowxa ( Freema)r =123 (198)
which are produced by 4-tuple f . . and8-tuples f . .  , and f. . ..
For any frozen Yy =Y,,Z=12,t=t,, the 1st vector tew-x oscillon
Kt,e,w,x,l = [Kw,t,a,m,t,b,n' Kw,t,c,m,t,d,n]( ft,e,e,x,l) (199)

is represented by a list of two 2-w, turbulent, neutral oscillons in x, which are

formed by 4-tuple f in view of

t.eexl

Kutamepn =P {ezd‘mezd,n |:Qd,y,m Qq.yn (Kd,mKd‘n _/ud,m/ud,n) foximn
- Rd,y,m Rd,y,nﬂ'd,mﬂ’d,n fd,x,13,m,n:|

€2, 162, [ Qi Qi (Keon = Hrnblen ) i

“ReymReynemen | 1

r,y,n”r,m”r,n 'r,x,13,m,n

200
Kutemtdn = —Pe {ezd,mezd,n [Rd,y,m Ry (Kd,mKd,n _ﬂd,mﬂd,n) fg xaamn .
_Qd,y,m Qd,y,nﬂ“d,m/ld,n fd,x,l,m,n]
+ez, ez, [Rr'y,m Reyn (Kemken = tembten) frssmn
~Quyn Qynemen framan |}
The 2nd vector tew-x oscillon
Kiewxz = [Kw,r,a,m,t,c,n Kutomedn ]( fieex2 ) (201)

is exposed by a list of two 4-w, turbulent, neutral oscillons in x, which are estab-
lished by 8-tuple f
K =

w,t,a,m,t,c,n

P,
+7C {ezd,mezd,n |:Kd,m,d,n (Qd,y,m Rd‘y,n fd,x.8,m,n + Rd.y,m Qd,y,n fd,x.lZ‘m.n)

+ Nd,m,d,n (Qd,y,m Rd,y,n fd,x,6,m,n + Rd,y,m Qd,y,n fd,x,lO,m,n ):|
+ eZr,mezr,n I:Kr,m,r,n (Qr,y,m Rr,y,n fr,x,B,m,n + Rr,y,m Qr,y,n fr,x,lz,m,n)

+ Nr,m,r,n (Qr,y,m Rr,y,n fr,x,e,m,n + Rr,y,m Qr,y,n fr,x,lo,m,n ):|}'

teex2 sice

K (202)

wtbmtdn —

P,
+7C {ezd,mezd,n |:Kd,m,d,n (Qd,y,m Rd‘y,n fd,x.B,m,n + Rd.y,m Qd,y,n fd,x.lZ‘m.n)

- Nd,m,d,n (Qd,y,m Rd,y,n fd,x,e,m,n + Rd,y,m Qd,y,n fd,x,l(),m,n ):|
+ eZr,mezr,n I:Kr,m,r,n (Qr,y,m Rr,y,n fr,x,B,m,n + Rr,y,m Qr,y,n 1:r,x,lz,m,n)

- Nr,m,r,n (Qr,y,m Rr,y,n fr,x,G,m,n + Rr,y,m Qr,y,n fr,x,lO,m,n ):|}

The 3rd vector tew-x oscillon

DOI: 10.4236/ajcm.2025.153018 365 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2025.153018

V. A. Miroshnikov

Kt,e,w,x,3 = I:Kw,t,b,m,t,c,n Kw,t,a,m,t,d,n’]( ft,e,e,x,S) (203)

is exhibited by a list of two 4-w, turbulent, neutral oscillons in x, which depend on
8-tuple f .. ., as
K

wtbmtcn =

_% {ezd m®Zdn |:Md‘m.d,n (Qd,y,m Riyn faxzmn = Raym Qayn faxizm n)
+ Ndmdn(Qd v Rayn Faxsmn + Raym Qayn dx9mn):|

+ ez, 87, , [1\/{,,m,,,n(Qr,y'm Reyn frxzmn = Reym Qryn frxaimn)

+ Nr,m,r,n (Qr,y,m Rr,y,n fr,x,S,m,n + Rr,y m <r,y,n r X,9,m n):|}

(204)
Kw,t,a,m,t,d,n =
Pe
+? {ezd mezd n |:Md.m,d,n (Qd,y,m Rd,y,n fd,x,7,m,n - Rd y.m Qd y.n d x,11,m n)
Ndmdn(Qd y,m d ynfd x5mn+Rd med y.n dx9mn):|
+ eZr,mezr,n |:Mr,m,r,n (Qr,y,m Rr,y,n 1:r,x,7,m,n - Rr,y m <r,y,n r x,1L,m n)
- Nr,m,r,n (Qr,y,m I:Qr,y,n fr,x,S,m,n + Rr,y m <r,y,n r x,9,m,n ):|}
where
Ko man =K mKan — A mAan + HamHa ns
Agman ="KgmKgn T AamAan T Homtano
(205)
Md,m,d,n = +Kd,mKd,n +ﬂ“d,mﬂ’d,n + /ud,mlud,n’
Ny man =K mKan + AamAan = Hambans
and
I<r,m,r n +Kr m&rn /1r mﬁ’r n +:ur,m:ur,n’
Ar,m,r,n ==K mKin +/1r mﬂ'r n +:ur,m/ur,n' (206)
Mr,m,r n=— +Kr m™r,n +2’r mj’r n +/“lr,m/ur,n’
Nr,m,r n— +Kr mKr n +ﬂ’r mﬂ“r n /ur,mtur,n'

Wave parameters of the vector tew-x oscillons are provided by relevant param-
eters of the vector dew-x and rew-x oscillons. The wavelength of the first vector
tew-xoscillonis L, , andthe wavelength of the second and third vector tew-x
oscillons is L, . . Likewise the vector tee-x oscillons, the average of the tew-x
oscillons over the correspondent wavelength vanishes. Therefore, the vector tee-x
oscillons are neutral because on average they do not transfer any kinetic energy

along the x-axis.

5.3. The TEG Oscillon

The turbulent, external, group oscillon (the teg oscillon for easiness) is composed
as the superposition of the deg oscillon ((152) of [7]) and the reg oscillon ((184)
of [7]), ie

K K +Ko (207)

gtimtjn = "Ngdimd,jn g.ri,mr,jn
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Analogous to the deg-x and reg-x oscillons, the teg-x oscillon
Kg,t,i,m,t,j,n = Kg,t,i,m,t,j,n ( ft,e,g,x)’ (208)
where 12-tuple of the turbulent, external, group interaction in the x-direction

ft,e,g,x = { fd,e,g.x’ fr,e,g,x} = { fd,x,4k—3,m,n’ fd,x,4|,m,n' 1:r,><,4k—3,m,n' fr,x,4l,m,n} (209)

includes four deterministic sine waves f,, , .., withwavenumber «,, . for

k =1,2,3,4 and each m, n, two deterministic cosine waves f with wave-

d,x,4l,mn

number x,,. . for =23 andeach m, n, four random sine waves f_ , .

with wavenumber « for k=1,2,3,4 and each m, n, and two random co-

rlmn

with wavenumber x

r2mn for 1=2,3 andeach m, n.

sine waves f_ .
For any frozen y=Y,,z=2,,t=t,,theteg-xoscillon is displayed by a 4-w, tur-
bulent, neutral oscillon in x; which is generated by 12-tuple ft,e,g,x since

K =

g,ti,mt,j,n

Pe { €2y m€Z4n |:Ad,m,d,n (Qd,y,m Qq.yn faxamn + Raym Rayn fd,x,lS,m,n)
=Ny mdn (Qd,y,m Ry faxsmn + Raym Quyn fd,x,g‘m,n)
+ Kymdn (Qd,y,m Riyn foxgmnt Riym Quyn fxi2mn ):| (210)
+ €z, .6z, , [A,vmm (Quym Qynfrnimn +Reym Reynfrrismn)
“Nren (Qym Reyn frasmn +Reym Quyn froomn)

+ I<r,m,r,n (Qr,y,m Rr,y,n fr,x,8,m,n + Rr,y,m Qr,y,n fr,x,lz,m,n):l}'

Wave parameters of the teg-x oscillons are specified by appropriate parameters
of the deg-x and reg-x oscillons. The wavelength of the teg-x oscillon is given by
L xmn - The average of the teg-x oscillon over L, .. vanishes. Therefore, the
teg-x oscillon on average is neutral since it does not transfer any kinetic energy

along the x-axis, as well.

5.4. The TEK Oscillon

The turbulent, external, kinetic-energy oscillon (the tek oscillon for fastness),
which is set as the superposition of the dek and rek oscillons, may be represented

as

Ke,t,i,m,t,j,n = Ke,d,i,m,d,j,n + Ke,r,i,m,r,j,n' (211)

With the help of (77) and (120) of [7], the inhomogeneous Fourier expansion
the tek-x oscillon becomes

M-1 M
Ke,t,i,m,t,j,nzz Z Kg,t,i,m,t,j,n‘ (212)

m=1 n=m+1

If all wavenumbers of the tek-x oscillon are distinct, then the tek-x oscillon is
visualized as a 2M (M —1) -w oscillon. For any frozen Y=Y,z =2,t=t,, the
tek-x oscillon is represented by the 2M (M —1) -w, turbulent, neutral oscillon in
x which is generated by M (M -1)/2 12-tuples f . with wavenumbers

Ky1mnr K 2mn Krimn Kr2amn for all m, n, Re, and wave parameters of the teg-x
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The wavelength of the tek-x oscillon is specified by
Le,t,x,e = LCM ( Le,d,x,e’ Le,r,x,e) = ke,t,d,x,e Le,d,x,e = ke,t,r,x,e Le,r,x,e' (213)

where K., ,. and K, . areintegers,

Le,d,x,e =LCM (Ld,x,m,n ) = I(d,x,m,n I-d,x,m,n’
Le,r,x,e = LCM (Lr,x,m,n) = kr,x,m,nLr,x,m,n

are the wavelengths of the dek-xand rek-xoscillons, Ky, ., and K, arein-

(214)

tegers. The vanishing average of the tek-xoscillon over L., shows that the tek-
x oscillon on average does not transfer any kinetic energy along the x-axis.

The dek-x and tek-x oscillons for y=Y,,z=2,t=t,Re=10° Re=10, and
wave parameters (140), (145), (146) are visualized on Le,d,x,e in Figure 3. Since
the range of the 6-w, random, neutral rek-xoscillon at Re = 10° is [—58, 52] , the
12-w, turbulent, neutral tek-x oscillon in Figure 3(b) alters insignificantly com-
pared with the 6-w, deterministic, neutral dek-xoscillon in Figure 3(a). The range
of the 6-w, random, neutral rek-x oscillon at Re=10° becomes [—1180,1250] R

therefore shape of the 12-w, turbulent, neutral tek-x oscillon in Figure 3(c) modi-

fies significantly.

Figure 3. The dek-x and tek-x oscillons: (a) —K,4;nq;0(X)> (0) =K o0 (x) for Re=10°, (¢) —K, ;. jn(X) for

Re =10°.

6. Oscillons of Turbulent, Diagonal Interaction
6.1. The TDE Oscillons

The turbulent, diagonal, elementary oscillons (the tde oscillons for swiftness) are
set as the superposition of the dde oscillons ((144) of [7]) and the rde oscillons
((176) of [7]), namely,

Ko,t,i,m,t,i,n = Ko,d,i,m,d,i,n + Ko,r,i,m,r,i,n’ I =4, b,C, d (215)
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Like the vector dde-x and rde-x oscillons, four tde-x oscillons are grouped into

two vector tde-x oscillons
Kt,d,e,x,q = Kt,d,e,x,q ( ft,d,e,x,q)’ q =1l 2! (216)

which are constructed using two 4-tuples of the turbulent, diagonal, elementary

interaction in x; specifically,

ft,d,e,x,l = { fd,d,e.x,l’ fr,d,e,x,l} = { fd,x,z,m,n’ fd,x,4,m,n’ fr,x,z,m,n' fr,x,A,m,n}l (217)
ft,d,e,x,Z = { fd,d,e,x,zl fr,d,e,x,z} = { fd,x,14,m,n’ fd,x,ls,m,n' fr,x,l4,m,n' r,x,lG,m,n}'
Four-tuple f .., embraces two deterministic cosine waves f; ;. ., with
wavenumbers Ky Kgomn > respectively, and two random cosine waves
f 2cma with wavenumbers K. .,K ,n,, likely, for k =1,2, and each m, n.
Four-tuple f ;.., includes two deterministic cosine waves fi,, ., with
wavenumbers Kg, 11K o n > similarly, and two random cosine waves f, 5
with wavenumbers &, ;11K om0 accordingly, for k =7,8, and each m, n.

For any frozen Yy =Y,,z=12,t=t, the 1st vector tde-x oscillon
Kt,d,e,x,l = [Ko,t,a,m,t,a,n' Ko,t,b,m,t,b,n]( ft,d,e,x,l) (218)

is represented by a list of two 4-w, turbulent, neutral oscillons in x, which depend

on4-tuple f . . seeing that
Kotamtan = _%[ezd,mezd,n Qqym Quyn ( foxomn = fd,x,4,m,n)
+ez, ez, Q  Q(fromn = froamn )]
Kotpmepn = +%|:ezd,mezd,n Quym Quyn ( faxomn + fd,x,4,m,n)

+ ezr,m ezr,n Qr,y,m Qr,y,n ( fr,><,2,m,n + fr,><,4,m,n ):I

(219)

The 2nd vector tde-x oscillon
Kt,d,e,x,z = [Ko,t,c,m,t,c,n’ Ko,t,d,m,t,d,n ]( ft,d,e,x,z) (220)

is displayed by a list of two 4-w, turbulent, neutral oscillons in x, which are con-

trolled by 4-tuple f ;.. , considering that

0,
Ko,t,c,m,t,c,n = _?[ezd,mezd,n Rd,y,m Rd,y,n ( 1:d,><,14,m,n - fd,><,16,m,n)

+ eZr,m eZr,n I:zr,y,m Rr,y,n ( fr,x,14,m,n - fr,x,le,m,n )j|’
(221)

_ P
Ko,t,d,m,t,d,n - +7|:ezd,mezd,n Rd,y,m Rd,y,n ( fd,x,14,m,n + fd,x,le,m,n

+ eZr,m eZr,n Rr,y,m Rr,y,n ( fr,x,14,m,n + fr,x,le,m,n )]

Wave parameters of the vector tde-xoscillons are indicated by similar parameters
of the vector dde-x and rde-x oscillons. The wavelength of the tde-x oscillons is
L; y mn - The average of the tde-xoscillons over L, vanishes. Therefore, the vec-
tor tde-x oscillons are neutral since on average they do not transfer any kinetic

energy along the x-axis.

6.2. The TDW Oscillons

The turbulent, diagonal, wave oscillons (the tdw oscillons for quickness) are com-
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posed with the help of the superposition of the ddw oscillons ((146) of [7]) and
the rdw oscillons ((178) of [7]) oscillons, explicitly,

K =K +K i=a,b,c,d. (222)

w,t,i,mt,i,n w,d,i,m,d,i,n w,r,i,m,r,in?’

Parallel to the vector ddw-x and rdw-x oscillons, four tdw-x oscillons are as-

sembled into two vector tdw-x oscillons
Kigxo = K (Frams )» =12, (223)
which are formed by 8-tuple of the turbulent, diagonal, wave interaction in x
fodwx = { fo g fr,d,w,x} = { fo xokmns fr,x,zk,m,n}' (224)

Eight-tuple f 4, , consists of four deterministic cosine waves fy, ., with
wavenumbers Ky;n.:Kqomn and four random cosine waves f, ., .. with
wavenumbers ;0K on, for 1=12,7,8,and each m, n.

For any frozen Yy =Y,,z=2,t=t, the 1st vector tdw-x oscillon
Kt,d,w,x,l = I:Kw,t,a.m,t,a,n' Kw,t,b,m,t,b,n ]( ft,d,w,x) (225)

is exhibited by a list of two 4-w, turbulent, neutral oscillons in x, which are estab-

lished by 8-tuple f, ;. for the reason that

e
Kw,t,a,m,t,a,m :+7c(ezd,mezd,n {Qd,y,m Qd,y,n

X I:(Kd,mKd,n _:ud,m/ud,n) 1:d,x,2,m,n +(Kd,mKd,n +/ud,m:ud,n) fd,x,4,m,n]
- Rd,y,m Rd,y,n)“d,mj’d,n ( fd,x,14,m,n - fd,x,ls,m,n )}

+ ezr,mezr,n {Qr,y,m Qr,y,n
x I:(Kr,mKr,n _:ur,mfur,n) fr,x,z,m,n +(Kr,mKr,n +lur,m:ur,n) fr,x,4,m,n:|

- Rr,y,m Rr,y,n}’r,m/lr,n ( fr,x,14,m,n - fr,x,16,m,n )})’

P
Kw,t,b‘m,t,b,m Z_?C(ezd,mezd,n {Qd‘y,m Qd,Yvn

X [(Kd,m’(d,n _/ud,m/ud,n) I:d,x,z,m,n _<Kd,mKd,n +/ud,m/ud,n) fd,x,4,m,n:|
- Rd,y,m Rd,y,nﬂ’d,mﬂ’d,n ( fd,x,l4,m,n + fd,x,le,m,n )}

+ ezr,mezr,n {Qr,y,m Qr,y,n

(226)

x [(Kr,mKr‘n _lur,m/ur,n) fr,x‘Z,m,n _(Kr,m’(r,n +lur,m/ur,n) 1:r,x,4‘m,n:|

- Rr,y,m Rr,y,nﬂ’r,mﬂ’r,n ( fr,x,lél,m,n + fr,x,:LG,m,n )})
The 2nd vector tdw-x oscillon

Kt,d,w,x,z = [Kw,t,c,m,t,c,n’ Kw,t,d,m,t,d,n]( ft,d,w,x) (227)

is exposed by a list of two 4-w, turbulent, neutral oscillons in x, which are also set

by 8-tuple f 4, , because
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R

w,t,c,mt,c,n d,y,m "d,y,n

K =+%(ezdymezdyn{R

X [(Kd,m’(d,n _/ud,mlud,n) fd,x,lA,m,n +(Kd,mKd,n +lud,m/ud,n) fd,x,lﬁ,m,n]
- Qd,y,m Qd,y,nﬁ’d,mﬂ’d,n ( fd,x,z,m,n - fd,x,4,m,n )}

+ez, €7, (R R

r,y,n
x |:(Kr,mKr,n _ﬂr,m/ur,n) fr,x,14,m,n +( r,m r n +,U,. mHy n) fr,><,16,m,n:|
Qr y.m Qr y.n r m r n ( fr,><,2,m,n - fr,)<,4,m,n )})'

P
Kw,t,d,m,t,d,n :_?(ezd,mezd,n {Rd,y,m Rd,y,n

X [(Kd,mKd,n - lud,mlud,n) fd,x,lA,m,n _(Kd,mKd,n + /ud,m:ud,n> fd,x,le,m,n:l

- Qd,y,m Qd,y,nﬂd,mﬂ'd,n ( fd,x,z,m,n + fd,><,4,m,n )} (228)
+€z, ez, {Rr,y,m R

r,y.n
[(Kr mKr n /'Ir,m:ur,n) fr,x,l4,m,n ( r m r n + :ur m:ur n) fr,x,16,m,n:'
Qr y,m Qr y.n r m r n ( fr,x,z,m,n + fr,x,4,m,n )})

The vector tdw-xoscillons vary by the structure of amplitudes of eigenfunctions.
Wave parameters of the vector tdw-x oscillons are given by relevant parameters
of the vector ddw-xand rdw-x oscillons. The wavelength of the tdw-x oscillons is
also provided by L, ,. The average over L, of the tdw-x oscillons also
vanishes. Therefore, the vector tdw-x oscillons are neutral since on average they
do not transfer any kinetic energy along the x-axis.

6.3. The TDG Oscillon

The turbulent, diagonal, group oscillon (the tdg oscillon for curtness) is set as the
superposition of the ddg oscillons ((147) of [7]) and the rdg oscillons ((179) of [7]),

Viz.

Kotimein = Kgdimain t Kgrimein: (229)
Alike the vector ddg-xand rdg-x oscillons, the tdg-x oscillon
Kotimein = Kgtimein ( ft,d,g,x)’ (230)
where 4-tuple of the turbulent, diagonal, group, interaction in the x-direction
fiaox = {fd,d,g,x’ fr‘d,g,x} = { fax2kmns fr,x‘zk,m,n} (231)

is composed of two deterministic cosine waves f;, ., with wavenumber
Kgomn and two random cosine waves f ., = with wavenumber «,,,, for
k =2,8,and each m, n
For any frozen y=Y,,7=12,t=t,, the tdg-x oscillon is represented by a 2-w,
turbulent, neutral oscillon in X, which is produced by 4-tuple ft,d,g,x because
K. .. =

g.timtin

pc I: eZd,mezd,n Md,m,d,n (Qd,y,m Qd,y,n fd,x,4,m,n + Rd,y,m Rd,y,n fd,x,lﬁ,m,n) (232)

+ ezr,m le,n Mr,m,r,n (Qr,y,m Qr,y,n fr,x,4,m,n + Rr,y,m Rr,y,n fr,x,lG,m,n ):|
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Wave parameters of the tdg-x oscillon are indicated by relevant parameters of

the ddg-xand rdg-x oscillons. The wavelength of the tdg-x oscillon
L(,x,z,m,n = LCM ( Ld,x,Z,m,n’ Lr,x,Z,m,n ) = kt,d,x,z,m,n Ld,x,z,m,n = kt,r,x,Z,m,n Lr,x,z,m,n' (233)

where K 4,,n, and K ,,., are integers. The vanishing average of the tdg-x
oscillon over L;,, ., shows that the tdg-x oscillon on average also is neutral

since it does not transfer any kinetic energy along the x-axis.

6.4. The TDK Oscillon

The turbulent, diagonal, kinetic-energy oscillon (the tdk oscillon for terseness),

which is established by the superposition of the ddk and rdk oscillons, becomes

K Ke,d,i,m,d,i,n + Ke,r,i,m,r,i,n' (234)

et,i,mt,i,n =

Using (64) and (107) of [7], we compute the inhomogeneous Fourier form of

the tdk-x oscillon as follows:

M-1 M
Ke,t,i,m,t,i,n = Z Z Kg,t,i,m,l,i,n' (235)

m=1 n=m+1

If all wavenumbers of the tdg-x oscillons are distinct, then the tdk-x oscillon is
displayed as a M (M —1) -w oscillon. For any frozen y=Y,,z=2,t=t,, the
tdk-xoscillon is converted into the M (M —1) -w, turbulent, neutral oscillon in x,
which is formed by M (M-1)/2 4-tuples f, with wavenumbers
Kgomn1Kromn for each m, n, Re, and wave parameters of the tdg-x oscillons.

The wavelength of the tdk-x oscillon

Le,t,x,d =LCM (Le,d,x,d ) Le,r,x,d ) = ke‘t,d,x,d Le,d‘x,d = ke,t,r,x,d Le,r,x,d ' (236)

where K, 4,4 and K 4 areintegers,

Le‘d,x,d = LCM (Ld,x,z,m,n) = ke,d,x,m,n Ld,x,z,m,n'
Le,r,x,d =LCM (Lr,x,Z,m,n) =k L

e,r,x,m,n—r,x,2,mn

(237)

are wavelengths of the ddk-xand rdk-x oscillons, K.y, ., and K., .. arein-
tegers. The vanishing average of the tdk-xoscillon over L,  demonstrates that
the tdk-xoscillon on average does not transfer any kinetic energy along the x-axis,
as well.

The ddk-x and tdk-x oscillons for y=Y,,z=2,t=t,,Re= 10°,Re =10°, and
wave parameters (140), (145), (146) are shown on Le'd,x,e in Figure 4. Because
the range of the 3-w, random, neutral rdk-x oscillon at Re=10° is [-105,143],
the 6-w, turbulent, neutral tdk-xoscillon in Figure 4(b) is modified insignificantly
compared with the 3-w, deterministic, neutral ddk-x oscillon in Figure 4(a). As
the range of the 3-w, random, neutral rdk-x oscillon at Re=10° increases to
[-850,1500], shape of the 6-w, turbulent, neutral tdk-x oscillon in Figure 4(c) is
changed significantly.
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Figure 4. The ddk-x and tdk-x oscillons: (a) —K,gimnain(X)> 0) =K. inain(X) for Re=10%, () —K, nuin(X) for
Re=10°.

7. Oscillons of Turbulent, Internal Interaction
7.1. The TIE Oscillons

The turbulent, internal, elementary oscillons (the tie oscillons for pithiness) are
defined as the superposition of the die oscillons ((139) of [7]) and the rie oscillons
((171) of [7]) in the following form:

Kotimejm = K +K i=ab,c, j=i+l--,d. (238)

od,i,md,jm o,r,i,mr,jm?

Similar to the vector die-x and rie-x oscillons, six tie-x oscillons are grouped

into three vector tie-x oscillons
Kt,i,e,x,q = Kt,i,E,X,q ( ft,i,e,x,q )’ q Zl, 2131 (239)

which are formed by three 4-tuples of the turbulent, internal, elementary interac-

tion in the x-direction:
fiiexs= {fd,i,e,x,l' fr,i,e,x,l} = {gd,x,l,m,m' 9d,x5mm Ir x1mme gr,x,S,m,m}’
fiex2= { fiiexas fr,i,e,x,z} = {gd,x,4,m,m' Or xamm hd,y,z,m,m'hr,y,z,m,m}’ (240)
fiiexs= { fiiexa fr,i,e,x,3} = {gd,x,a,m,m' 9y xamm Nayimm hr,y,l,m,m}'

Four-tuple f; ., consists of two deterministic sine waves Uy, yy1mm With
wavenumber Ky;p, and two random sine waves ., nn With wave-
number K., for k=13, and each m. Four-tuple f ., , comprises deter-
ministic cosine wave 04,45, With wavenumber &y, ., random cosine wave
O/ xamm With wavenumber K, ., deterministic uniform pulson hd,y,z,m,m ,
and random uniform pulson hr,y,z,m,m for each m. Four-tuple f;, , is com-
posed of deterministic sine wave 0y ,3n, With wavenumber &y, , random
sine wave 0,3, Wwith wavenumber &, ., deterministic uniform pulson

hd,y,l,m,m , and random uniform pulson hr,y,l,m,m for each m.
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For any frozen Yy =Y,,z=12,t=t,, the 1st vector tie-x oscillon
Kt,i,e,x,l = [Ko,t,a,m,t,b,m’ Ko,t,c,m,t,d,m:|( ft,i,e,x,l) (241)

is reduced to a list of two 2-w, turbulent, neutral oscillons in x, which are produced

by 4-tuple ft,i,e,x,l as

_ P (a2 02 2 A2
Ko,t,a,m,t,b,m =+ 2 (ezd,de,y,mgd,x,l,m,m+ezr,mQr,y,mgr,x,l,m,m)'
(242)
_ 2 Pc(n2 p2 2 Q2
Ko,t,c,m,t,d,m =+ 2 (ezd,de,y,mgd,x,S,m,m +ezr,mRr,y,mgr,x,5,m,m)'

The 2nd vector tie-x oscillon
Kt,i,e,x,z = [Ko,t,a,m,t,c,m' Ko,t,b,m,t,d,m]( ft,i,e,x,z) (243)

is presented by a list of two 2-w, turbulent, non-neutral oscillons in x, which are

generated by 4-tuple f,;. , since

P
Ko,t,a,m,t,c,m :_7[eZ§,de,y,m Rd,y,m (gd,x,4,m,m - hd,y,Z,m,m)

+ eZrz,mQr,y,m Rr,y,m (gr,x,4,m,m - hr,y,z,m,m ):|, (244)

P, 2
Ko,t,b,m,t,d,m :+7C|:ezd,de,y,de,y,m (gd,x,4,m,m + hd,y,z,m,m)

2
+ eZr,mQr,y,mRr,y,m (gr,x,4,m,m + hr,y,Z,m,m )]
The 3rd vector tie-x oscillon

Kt,i,e,x,S = I:Ko,t,a,m,t,d,m’ Ko,t,b,m,t,c,m ]( ft,i,e,x,a) (245)

is visualized by a list of two 2-w, turbulent, non-neutral oscillons in x; which are

formed by 4-tuple f;, ; because
P,
Ko,t,b,m,t,c,m =+ ?c[ezg,de,y,m Rd,y,m (gd,x,3,m,m - hd,y,l,m,m )
+ lez,mQr,y,m Rr,y,m (gr,x,3,m,m - hr,y,l,m,m )j| '

(246)
P
Ko,t,a,m,t,d,m =+ 2 [ezg,de,y,m Rd,y,m (gd,x,3,m,m + hd,y,l,m,m)

2
+ eZr,mQr,y,mRr,y,m (gr,x,S,m,m + hr,y,l,m,m ):|

Wave parameters of the vector tie-x oscillons are given by correspondent pa-
rameters of the vector die-xand rie-x oscillons. The wavelength of the tie-x oscil-

lons
I-t‘x,m,m = LCM(Ld,x,m,m’ Lr,x,m,m ) = kt,d,x,m,m I-d,x,m,m = kt,r,x‘m,m I-r,x,m‘m’ (247)

where K g, nm and K., .. areintegers,

L - L - (248)
K

d,x,m,m
are wavelengths of the die-x and rie-x oscillons.
The average of members of the first vector tie-x oscillon over L, vanishes.
The average of members of the second and third vector tie-x oscillons over
Lixmm takes the following form:
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l Lt,x,m,m
j o,t,a,mt,c,m dx =+ I Ko,t,b,m,t,d,mdx
Lt Xx,m,m 0 ,X,m,m 0
_ P 2 2
+?(ezd’de,yym Rd,y,mhd,y,Z,m,m + ezr,mQr,y,mRr,y,mhr,y,z,m,m ),
(249)
1 L(,x‘m,m 1 Ll,x,m,m
J Ko,t,b,m,t,c,mdx == J. Ko,t,a,m,t,d,mdx
X,m,m 0 ,X,m,m 0
P 2 2
= _?C(ezd,de,y,m Rd,y,mhd,y,l,m,m + eZr,mQr,y,m Rr,y,mhr,y,l,m,m )

Thus, the members of the first vector tie-x oscillon on average do not transfer
the kinetic energy along the x-axis, the members of the second vector tie-xoscillon
transfer equal positive amounts of the kinetic energy, and the members of the third
vector tie-x oscillon transfer equal amounts of the kinetic energy of opposite signs.
See (157)-(160) of [5], for the pulsatory nature of the kinetic energy of propagation
of vector fields and the oscillatory nature of the kinetic energy of interaction of

vector fields.

7.2. The TIW Oscillons

The turbulent, internal, wave oscillons (the tiw oscillons for pithiness) are con-
structed as the superposition of the diw oscillons ((141) of [7]) and the riw oscil-
lons ((173) of [7]) as follows:

Kw,t,a,m,t,b,m =+ Kw,d,a,m,d,b,m + Kw,r,a,m,r,b,m
=+ Kw,t,c,m,t,d,m =+ Kw,d,c,m,d,d,m + Kw,r,c,m,r,d,m'
Kw,t,a,m,t,c,m =+ Kw,d,a,m,d,c,m + Kw,r,a,m,r,c,m
(250)
=+ Kw,t,b,m,t,d,m =+ Kw,d,b,m,d,d,m + Kw,r,b,m,r,d,m’
Kw,t,b,m,t,c,m =+ Kw‘d,b,m‘d,c,m + KW,r,b,m,r,c,m
=—K -K ~-K

wtamtdm — w,d,a,m,d,d,m w,r,a,m,r,d,m"

Alike the vector diw-x and riw-x oscillons, six tiw-x oscillons are combined in

three vector tiw-x oscillons

K K f q=12,3, (251)

t,i,w,x,q = t,i,w,x,q( t,i,w,x,q)'

which are produced by 4-tuple and two 2-tuples of the turbulent, internal, wave

interaction in x:

tlwxl { d,i,w,x,1? rlwxl} = {gd,x,l,m,m'gd,x,S,m,m’gr,x,l,m,m’gr,x,s,m,m}’
t|wx2 { d,i,w,x,2? rl,w,x,z}z {hd,y,z,m,m’hr,y,z,m,m}’ (252)
ft,i,w,x,S = {fd,i,w,x,3' fr,i,w,><,3} = {hd,y,l,m,m’ hr,y,l,m,m}'

Four-tuple f;, ; is composed of two deterministic sine waves Gy, 51mm
with wavenumber &y, ,, and two random sine waves 0, 1,n Wwith wave-

number K., for k=13, and each m. Two-tuple f is constructed of

t,i,w,Xx,2

deterministic uniform pulson h , and random uniform pulson h

d,y,2,mm r,y,2,mm

for each m. Two-tuple f includes deterministic uniform pulson h

t,i,w,x,3 d,y,1,mm?>

and random uniform pulson h for each m.

r,y,Lmm
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For any frozen Yy =Y,,z=12,t=t, the 1st vector tiw-x oscillon
Kt,i,w,x,l = [Kw,t,a,m,t,b,m’ Kw,t,c,m,t,d,m:|( ft,i,w,x,l) (253)

is represented by a list of two 2-w, turbulent, neutral oscillons in x, which are

in view of

=+K

formed by 4-tuple f
K

t,i,w,x,1

w,t,a,m,t,b,m w,t,c,m,t,d,m

_+%|:ezd m z,m (de,y,m aximm T Rj,y,m gd,x,s,m,m) (254)
+ €22 022 (Qy G imn * Ry mGrxsmm) |
The 2nd vector tiw-x oscillon
Keiwxz = [Kw,t,a,m,t,c,m’ Kw,t,b,m,t,d,m]( ft,i,w,x,z) (255)

is exposed by a list of two 0-w, turbulent pulsons in x, which are established by

2-tuple f,, ., since

_ _ 2 2
Kw,t,a,m,t,c,m - +Kw,t,b,m,t,d,m =tp (ezd,mKd,de.y,m Rd,y,mhd,y,z,m,m

(256)
+le2m errym Rrymhryme
The 3rd vector tiw-x oscillon
Kiiexs = [Ko,t,a,m,t,d,m' Kotbmtcm ]( ft,i,e,x,s) (257)
is exhibited by a list of two 0-w, turbulent pulsons in x, which depend on 2-tuple
fiiwxs @S
Kutomtem = Kutamtdm == P (ezg,mluj,de,y,mRd,y,mhd,y,l,m,m

. (258)
ezr,m:ur,m Qr,y,m Rr,y,m hr,y,l,m,m)'

Wave parameters of the vector tiw-x oscillons are provided by relevant param-
eters of the vector diw-xand riw-x oscillons. The wavelength of the tiw-x oscillons
is given by L, . as well. The average of members of the first vector tiw-x os-
cillonover L, . . alsovanishes. The average of members of the second and third

vector tiw-x oscillons over L, .. becomes

1 Lt,x‘m,m l Lt.x‘m.m

j Kw,t,a,m,t,c,mdx =+ _[ Kw,t,b,m,t,d,mdx
0
2
r,

,X,m,m 0 L[,x,m,m

_ 2 2
_+pc(ezd,mKd,de,y,mRd,y,mhd,y,z,m,m+eZ m errym rymhr yme)

1 Lt,x‘m,m thmm

j Kw,t,b,m,t,c,mdX = J. Kw,t,a,m,t,d,mdx
0
2
r,

(259)

thmm 0 L[xmm

pc<ezd m:ud de ,y,m d ymhd ylmm_{—eZ m:uerr ymRr ymhrylmm)

So, the members of the first vector tiw-x oscillon on average does not transfer
any kinetic energy along the x-axis, the members of the second vector tiw-x oscil-
lon on average transfer along the x-axis equal amounts of the kinetic energy, and
the members of the third vector tie-x oscillon on average transfer along the x-axis

equal amounts of the kinetic energy of opposite signs.
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7.3. The TIG Oscillon

The turbulent, internal, group oscillon (the tig oscillon for concision) is con-
structed as the superposition of the dig oscillon ((142) of [7]) and the rig oscillon
((174) of [7]), e

K =K

+K (260)

g.timt, jm g.d,imd,jm g.,rimr,jm*

Summation of the dig-x and rig-x oscillons yields the inhomogeneous Fourier

expansion of the tig-x oscillon in the following form:
Kouimeim = Korimoin ( Fuign)s (261)
where 6-tuple of the turbulent, internal, group interaction in the x-direction
fign = { foigx fr,i,g,x} = {gd,x,Zk—l,m,m’ Ur x2ktmms Ny 2mm: hr,y,z,m,m} (262)

is composed of two deterministic sine waves g,, ., 1m. With wavenumber

Kyimm» two random sine waves g _ ., .. With wavenumber &, deter-

rlmm?

for

ministic uniform pulson h, , ., and random uniform pulson h_ ,

k =1,3, and each m.
For any frozen y=Y,,Z=12,t=t,, the tig-xoscillon is displayed by a 2-w, tur-
bulent, non-neutral oscillon in x; which is generated by 6-tuple f since

K

ti,9,x

g,ti,mt, j,m =

pc {ezg,m |:ﬂ’dzm (Qj,y,mgd,x,l,m,m + Rdz,y,mgd,x,S,m,m)+2K§,de,y,mRd,y,mhd,y,z,m,m:l (263)
+ezr2,m |:/1r2m (Qrz,y,m gr,x,l,m,m + er,y,mgr,x,s,m,m) +2Kr2,mQr,y,m I:zr,y,mhr,y,z,m,m ]}

Wave parameters of the tig-x oscillon are specified by appropriate parameters
of the dig-x and rig-x oscillons. The wavelength of the tig-x oscillon is also given

by L ,nn- The average of the tig-x oscillon over L, .

1 Lt,x,m,m
Kytime i mdX=
Lt,x,m,m '(|J. prambm (264)

2 2 2 2
20, (623 w3 nQuy mRoy My 2mm + €2 Qe y mRey ey 2 )

proves that the tig-x oscillon on average is non-neutral as it transfers the kinetic

energy along the x-axis.

7.4. The TIK Oscillon

The turbulent, internal, kinetic-energy oscillon (the tik oscillon for shortness),
which is defined as the superposition of the dik-x and rik-x oscillons, takes the

following form:

K =K + Ke,r,i,m,r,j,m' (265)

eti,mt,j,m e,d,imd,jm

With the help of (72) and (115) of [7], the inhomogeneous Fourier expansion

of the tik-x oscillon becomes
M
Ke,t,i,m,t,j,m = z Kg,t,i,m,t,j,m' (266)
m=1

Since all wavenumbers of the tik-x oscillon are distinct, the tik-x oscillon is vis-
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ualized as a 2A4-w oscillon. For any frozen y=Y,,Z=1z,,t=t,, the tik-x oscillon
is represented by the 2M-w, turbulent, non-neutral oscillon in x that is produced
by M 6-tuples f

wave parameters of the tig-x oscillons.

with wavenumbers «,, . .,k for each m, Re, and

ti,g,x r,1,mm

The wavelength of the tik-x oscillon

Le.t,)u LCM(Led ><|’Ler><|) etd, ><|Led X,i :ke.t,r.x.i Le,r.x.i' (267)
where k.., . and k, . ; areintegers,
Le xiZLCM I‘xmm =k x,m,m x,m,m?
dx, (d) axmmbd e, (268)
Le,r,x,i = LCM (Lr,x,m,m) = kr,x,m,m Lr,x,m,m
are the wavelengths of the dik-x and rik-x oscillons, respectively, k, .. and
K, xmm areintegers.
The average of the tik-x oscillon over L, ;,
Le .t x,i
1 WLX,
j Ke,t,i,m,t,j,mdx =
Letxi o (269)
ZPCZ(eZd mKd de y,m d ymhd y2mm+ezrm errym rymhr y2mm)
m=1

shows that the tik-x oscillon on average is also non-neutral since it transfers the
kinetic energy along the x-axis.

The dik-x and tik-x oscillons for y=y,,z=1z,t=t,, Re=10°,Re =10°, and
in Figure 5. The 6-
w, turbulent, non-neutral tik-x oscillon in Figure 5(b) changes insignificantly

wave parameters (140), (145), (146) are presented on L

e,d,x,e

compared with the 3-w, deterministic, non-neutral dik-x oscillon in Figure 5(a)
because the range of the 3-w, random, non-neutral rik-x oscillon at Re=10° is
[-8,83]. Shape of the 6-w, turbulent, non-neutral tik-x oscillon in Figure 5(c) is
modified significantly as the range of the 3-w, random, non-neutral rik-x oscillon
at Re=10° becomes [-720,630].

nhhlhl I hlhhhhml I hlhl

(a)

2000+

(©

Figure 5. The dik-xand tik-xoscillons: (a) —K_ ;. ;. (X), (b) =K ;. (x) for Re =10%, (¢) —Keiimejm(x) for Re =10°.
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8. Turbulent and Cumulative Pulsons
8.1. The TE Pulsons

The turbulent, elementary pulsons (the te pulsons for briefness) are set as the
superposition of the de pulsons ((134) of [7]) and the re pulsons ((166) of [7])
as follows:

K =K +K i=a,b,c,d. (270)

p.ti,mt,i,m p,d.,i,md,i,m p,r,i,m,r,im?

Like the vector de-x and re-x pulsons, four te-x pulsons are grouped into two

vector te-x pulsons

Kt,e,x,q = Kt,e,x,q ( fl,e,x,q)' q :11 2: (271)

which are constructed using two 3-tuples of the turbulent, elementary, pulsons

propagating in the x-direction:

ft,e,x‘l = { fd,e,x,l! fr,e,x,l} = {11 gd,x,z,m,ml gr,x,z,m,m}’

(272)
ft,e,x,z = { fd,e,x,Z’ fr,e,x,z} = {1’ gd,x,e,m,m' gr,x,e,m,m}'

Three-tuple f embraces the unit pulson, deterministic cosine wave

t.e,x,1

Odx2mm With wavenumber «,, . and random cosine wave @, , .. with
wavenumber x,

deterministic cosine wave gy, ¢ .. With wavenumber «,, . andrandom co-

for each m. Three-tuple f includes the unit pulson,

t,e,x,2

sine wave @, With wavenumber « for each m.

r,lL,mm

For any frozen Yy=Y,,z=12,1=t;, the Ist vector te-x pulson

Kt,e,x,l = [Kp,t,a,m,t,a,m’ Kp,t,b,m,t,b,m:|( ft,e,x,l) (273)

is represented by a list of two 2-w, turbulent, supercritical pulsons in x; which

depend on 3-tuple f seeing that

t,e,x,1

Kp,t,a,m,t,a,m = _%[ezst;,y,m (gd,x,Z,m,m _1) + lez,mQrz,y,m (gr,x,z,m,m _1):|'
(274)

Kp,l,b,m,t,b,m :+%|:ezg,dez,y,m (gd,x,z,m,m +1)+ezf,mQr2,y,m (gr,x,z,m,m +1):|

The 2nd vector te-x pulson
Kt,e,x,z = |:K p,t,c,mt,c,m? Kp,t,d,m,t,d,m :|( ft,e,x,z) (275)

is displayed by a list of two 2-w, turbulent, supercritical pulsons in x, which are

controlled by 3-tuple f, ,, considering that

tex,

Kp,t,c,m,t,c,m =_%|:ezj,dez,y,m (gd,x,G,m,m _1)+ eZr2,n'|Rr2,y,m (gr,x,G,m,m _1):|’
(276)

Kp,t,d,m,t,d,m =+%[ezz§,mR§,y,m (gd,x,ﬁ,m,m +1>+ eZ|'2,mRr2,y,m (gr,x,ﬁ,m,m +1):|

Wave parameters of the vector te-x pulsons are indicated by similar parameters
of the vector de-x and re-x pulsons. The wavelength of the te-x pulsons is given

by L, nm- The average of the te-xpulsons over L = becomes
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1 Lt x,mm 1 Lt x,mm
Kp,t,a,m,t,a,mdx

L(,x,m,m E‘)‘ ) Lt,x,m,m '([

P, 2 A2 2 A2
:_c(ezd,de,y,m +le,mQr,y,m)’

K dx

p.t,b,mtbm

4

(277)
1 L(,x‘m‘m 1 Ll‘x,m,m
dx = K dx
p.t.,c,mt,c,m p.t.d,mt,d,m
Lt,x,m,m 0 L[,x,m,m 0
P, 2 p2 2 p2
= Tc(ezdyde,yym +ez? R%ym )

Thus, the vector te-xpulsons on average transfer positive amounts of the kinetic

energy along the x-axis.

8.2. The TW Pulsons

The turbulent, wave pulsons (the tw pulsons for conciseness) are composed with
the help of the superposition of the dw pulsons ((136) of [7]) and the rw pulsons
((168) of [7]) in the following form:

K =K

w,t,i,mt,i,m w,d,i,m,d,i,m + Kw,r,i,m,r,i,m’ I =a, bv C, d- (278)

Parallel to the vector dw-x and rw-x pulsons, four tw-x pulsons are assembled

into two vector tw-x pulsons

Kt,w,x.q = Kt.w,x,q ( ft,w,x)' g=12, (279)

which are formed by 5-tuple of the turbulent, wave pulsons propagating in the

x-direction:
ft,w,x = { fd,w,x' fr,w,x} = {lv gd,x,Zk,m,ml gr,x,Zk,m,m}' (280)

Five-tuple f consists of the unit pulson, deterministic cosine wave

t,w,x

Ogx2kmm With wavenumber «,, .~ and random cosine waves g, ,. ., Wwith

wavenumber x for k=13, and each m.

r,lL,mm

For any frozen y=Y,,z=12,t=t;, the lstvector tw-xpulson
Kt,w,x,l = [Kw,t,a,m,t,a,m ’ Kw,t,b,m,t,b,m :I( ft,w,x) (281)

is exhibited by a list of two 2-w, turbulent, supercritical pulsons in x, which are

established by 5-tuple f for the reason that

WX

ussmsan =2{e2n [ (203 + 22000 4 2R

d,y,m

_ﬂ’dz,m <de,y,m gd,x,z,m,m + Rdz,y,m gd,x,ﬁ,m,m ):|
+ ezf,m |:(2Kr2,m + ﬂrz’m )QZ + 1% R?

ry,m rm-ry,m

_/Irz,m (Qrz,y,mgr,x,Z,m,m + er,y,mgr,x,G,m,m ):|}v

w,t,a,mt,am

Kw,t,b,m,t,b,m :%{ezg,m |:(2K§m + j“dzm )Qj,y,m + ﬂ’dzm R[?,y,m
+/7'dz,m (Q(iy,m gd,x,Z,m,m + Rj,y,m gd,X,G,m,m ):|

(282)
+ez?, [(2;(3,,” + 220 ) Q2+ AL RE

r,m"r,y,m

+ /1r2m (Qrz,y,mgr,x,z,m,m + er,y,m gr,x,6,m,m ):|}
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The 2nd vector tw-x pulson
Kt,w,x,z = I:Kw,t,c,m,t,c,m' Kw,t,d,m,t,d,m:l( ft,w,x) (283)

is exposed by a list of two 2-w, turbulent, supercritical pulsons in x, which are also

set by 5-tuple f because

t,w,x

Kw,t,c‘m,t,c,m :%{ezg,m I:ldzdezym +(2K§,m +)“dz,m) Rdz,y,m

_ﬂ'dz,m (Q;y,m gd,x,z,m,m + Rdz,y,mgd,x,e,m,m ):I
€220 [ 220 Q (2000 + AL )R,

r,y,m

_ﬂ'rz,m (Qrz,y,mgr,x,z,m,m + er,y,m gr,x,e,m,m ):I}'

P
Kw,t,d,m,t,d,m :T{ezg,m |:ﬂ’dzdezym +(2K§,m +ﬂ’dz,m) Rtiy,m
+ﬂ‘dz,m (Qtiy,m gd,x,Z,m,m + Rdz,y,mgd,x,e,m,m):|
€2 A2nQy (260 + 200 )R

ry,m r,y,m

+ﬂ’r2,m (Qrz,y,mgr,x,Z,m,m + er,y,mgr,x,ﬁ,m,m):|}'

(284)

The vector tw-x pulsons vary by the structure of amplitudes of eigenfunctions.
Wave parameters of the vector tw-x pulsons are given by relevant parameters of
the vector dw-xand rw-x pulsons. The wavelength of the tw-x pulsons is also pro-
videdby L, .-

The average of the tw-x pulsons over L, = becomes

1 L(,X,m,m 1 L‘,X,m,m
J- Kw,t,a,m,t,a,mdx = J- Kw,t,h,m,t,b,mdx
xmm 0 L(,x,m,m 5
P 2 2 2 2 ) ) .
= Tc{ezd,m [ld,m (A, +BV;, +CVi , +DVj )+ 2K‘d’de'y’m:|
+ez’, [ﬂfm (AV?, +BV, +CV, +DV, ) +2x7,Q7, ]}
L‘I L e (285)
K t t dX: K cdmtd dX
Ll,x,m‘m 0 whembem Ll‘X‘m,m o w,t,d,mt,d,m

- %{ez;m [ 220 (AVE o +BE , +CV2 , + DVE )+ 265 oRE 1

+ez} [ﬂfm (Avf'm +BVZ, +CVZ + va'm) +2K7, R? J}

r,mitry,m

So, the members of the vector tw-x pulsons on average transfer equal amounts

of the kinetic energy along the x-axis.

8.3. The TG Pulson

The turbulent, group pulson (the tg pulson for brevity) is set as the superposition
of the dg pulson ((137) of [7]) and the rg pulson ((169) of [7]), viz.

Kg,t,i,m,t,i,m = Kg,d,i,m,d,i,m + Kg,r,i,m,r,i,m' (286)

Summation of the dg-xand rg-x pulsons yields the tg-x pulson in the following
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form:
Kg.t.i,m,t,i.m = Kg.t.i,m,t,i.m ( ft,g,x)’ (287)

where 1-tuple of the turbulent, group pulsons propagating in the x-direction
ft,g.x = { fd,g.x* fr.g,x} = {l} (288)

consists of the unit pulson because of the identity resonance.

For any frozen z=z, and all Y,t, the tg-x pulson is represented by the 0-w
(uniform), turbulent, supercritical pulson in x, which is produced by 1-tuple
f

and rg-x pulsons since

1o With wave parameters indicated by correspondent parameters of the dg-x

2 2 2 2 2 2
Kg,t.i,m,t,i,m =P |:ezd,m:ud,m (Avd,m +Bvy  +Cvy p + Dvd,m)

2 2 2 2 2 2 (289)

+ €z, Hr (Avr,m +Bv;, +Cv;, +Dv; )J

Since the tg-x pulson is uniform in space,
L1 x,m,m
1 o 2 2 2 2 2 2
_[ Kg,t,i,m,t,i,mdx =P [ezd,m/ud,m (Avd,m + Bvd,m +Cvd,m + Dvd,m)
L(,x,m,m 0 (290)
+ ezl ul (Avf,m +BVZ, +CVZ, + vaym)].

Therefore, the tg-x pulson transfers a positive amount of the kinetic energy

along the x-axis.

8.4. The TK Pulson

The turbulent, kinetic-energy pulson (the tk pulson for easiness) is written as the
superposition of the dk pulson ((58) of [7]) and the rk pulson ((101) of [7]) by

M
e,ti,mti,m = Ke,d,i,m,d,i,m + Ke,r,i,m,r,i,m = Z Kg,t,i,m,t,i,m' (291)

m=1

K

For any frozen z=12, andall Y,t, the tk-xpulson also becomes a 0-w, turbu-
lent, supercritical pulson in x; which is formed by 1-tuple f  with the same
wave parameters as the tg-x pulson for each m, Re.

Because the tk pulson is also uniform in space,

Let xi
1 7 < 2 2 2 2 2 2
Le _[ Ke,t,a,m,t,a,mdx = pcz |:ezd,m/ud,m (Avd,m + BVd,m +Cvd,m + Dvd,m) ( )
txi 0 m=1 292
+ez’ ul (Avf,m +BVZ, +CV2 + vavm)]

Thus, the tk-x pulson on average transfers a positive amount of the kinetic en-

ergy along the x-axis.

8.5. The DCK Pulson

The deterministic, cumulative, kinetic-energy pulson in the x-direction (the dck-x
pulson for simplicity), which is the superposition of the dk-x pulson and the dik-x,
ddk-x, and dek-x oscillons, namely,

Kead = Kegimaim* Kedimaim ¥ Kegimain ¥ Kegima,jn (293)
293
= Ke,d,d ( fd,c,i,x’ fd,c,e,x)
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depends on 4-tuple of the deterministic, cumulative, internal interaction along the

X-axis
fd,c,i,x = { fd,g,x’ fd,i,g,x} = {1' gd,><,4k—3,m,ml hd,y,z,m,m} (294)

and 8-tuple of the deterministic, cumulative, external interaction in the x-direc-

tion
fd,c,e,x = { fd,d,g,x' fd,e,g,x} = { 1:d,x,4k—3,m,n’ fd,x,4k,m,n}' (295)

Four-tuple f consists of the unit pulson, two sine waves gy, 4 smm

for k=1,2, and

comprises four sine waves f; , . . with wave-

d,c,i,x

with wavenumber &, and uniform pulson h, ,

each m. Eight-tuple f, .
number x,,.  and four cosine waves f, , =~ with wavenumber «,, .
for k=1,2,3,4, and each m, n.

If all wavenumbers of the dck-x pulson are distinct, then the dck-x pulson is
visualized by a A#-w pulson. For any frozen Y =Y,,Z = z,,t =t,, the dck-xpulson
is represented by the A-w, deterministic, supercritical pulson in x, which is pro-
duced by M 4-tuples f

M (M —-1)/2 8-tuples f, . with wavenumbers «,,  .&;,,, forall m n

dcix With wavenumber - forall mand

because
u 2 2 2 2 2 2
Ke,d,d =P zezd,m [:ud,m (Avd,m + BVd,m +Cvd,m + DVd,m)
m=1

2 2 2 2
+ j‘d,m (Qd,y,mgd,x,l,m,m + Rd,y,mgd,x,S,m,m)+2Kd,de,y,m Rd,y,mhd,y,z,m,m]
M-1 M
+z Z ezdymezdyn |:Ad,m,d,n (Qd,y,m Qd,y,n fd,x,l,m,n + Rd,y,m Rd,y,n fd,><,13,m,n) (296)
m=1 n=m+1
_Nd,m,d,n (Qd,y,m Rd,y,n fd,x,S,m,n + Rd,y,m Qd,y,n fd,x,g,m,n)

+Md,m,d,n (Qd,y,m Qd,y,n 1:d,x,4,m,n + Rd,y,m Rd,y,n fd,x,le,m,n)

+ I<d,m,d,n (Qd,y,m Rd,y,n 1:d,x,8,m,n + I:zd,y,m Qd,y,n fd,><,12,m,n ):|}

If N wavenumbers are repeated, then the number of independent modes of
the dck-x pulson diminishes to M?—N  due to the wavenumber resonance.

The wavelength of the dck-x pulson is given by

Le,d,x = LCM (Le,d,x,i’ Le,d,x,d ! Le,d,x,e) = I(e,d,x,i I‘e,d,x,i = ke,d,x,d Le,d,x,d = ke,d,x,e Le,d,x,e' (297)

where K, iiKegyarKegxe areintegers.

Combining the average of the dk-xpulson and the dik-x, ddk-x, dek-xoscillons,

the average of the dck-x pulson over L.,  becomes

1 Le,d X

I‘e,d,x 0

M
Ke,d,ddx = pc Z ezj,m |:/u§m (Avs,m + Bvs,m + Cvj,m + Dvg,m)
m=1 (298)

2
+ 2Kd,de,y,m Rd,y,mhd,y,z,m,m:"
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Since
_ P2 2 2
Kega (X Yo Zosto) _?(ud,X +Ug, +udyz)(x, Yor Zo:to), (299)

where u, Uy .Uy, are x-, y-, zcomponents of deterministic velocity U, , the
dck-x pulson remains positive for all x and transfers a positive amount of the ki-

netic energy along the x-axis.

8.6. The RCK Pulson

The random, cumulative, kinetic-energy pulson along the x-axis (the rck-xpulson
for fastness), which is constructed as the superposition of the rk-x pulson and the
rik-x, rdk-x; rek-x oscillons,

K., =K

err er,im,r,i,m

+ Ke,r,i,m,r,j,m +K +K

= Ke,r,r ( fr,c,i,X’ fr,c,e,x)

is produced by 4-tuple of the random, cumulative, internal interaction in the x-

e,r,i,m,r,i,n e,r,i,mr,j,n

(300)

direction
freie={Trom Friox) =L 0raaksmmeyomm) (301)
and 8-tuple of the random, cumulative, external interaction along the x-axis
fr,c,e,x = { fr,d,g,x’ fr,e,g,x} = {fr,x,4k—3,m,n’ fr,x,4k,m,n}- (302)

Four-tuple f is composed of the unit pulson, two sine waves g, 4 smm

for k=1,2, and each

r.c,i,x

with wavenumber & and uniform pulson h

r.lmm r,y,2,mm
m. Eight-tuple f___  includes four sine waves f_ , . = with wavenumber
Krimn and four cosine waves f_ ., = with wavenumber «,, . for

k=12,3,4, and each m, n.

If all wavenumbers of the rck-x pulson are distinct, then the rck-x pulson is
exposed as a AMP-w pulson. For any frozen Yy =Y,,z=2,t=t;, the rck-x pulson
is exhibited by the A#-w, random, supercritical pulson in x, which is established
by M4-tuples f, ., forall m, Reand M (M -1)/2

8-tuples f with wavenumbers «, for all m, n, Resince

r,c,e,x

with wavenumber «,,

K,

rimn ®r.2mn

Koo = St [ (A B9 OO DV )
m=1

2 2 2 2
+ ﬂ‘r,m (Qr,y,mgr,x,l,m,m + Rr,y,mgr,x,s,m,m)+2Kr,mQr,y,m Rr,y,mhr,y,Z,m,m:|

M

M-1
+z z eZr,mezr,n I:Ar,m,r,n (Qr,y,m Qr,y,n fr,><,1,m,n + Rr,y,m Rr,y,n fr,><,13,m,n) (303)
m=1 n=m+1
_Nr,m,r,n (Qr,y,m Rr,y,n fr,x,S,m,n + Rr,y,m Qr,y,n fr,x,9,m,n)
+ lv[r,m,r,n (Qr,y,m Qr,y,n 1:r,x,4,m,n + Rr,y,m Rr,y,n fr,)(,l(i,m,n)

+ I<r,m,r,n (Qr,y,m Rr,y,n 1:r,x,&m,n + Rr,y,m Qr,y,n fr,x,lz,m,n ):|}

If N wavenumbers are repeated, then the number of independent modes of
the rck-x pulson diminishesto M? —N  due to the wavenumber resonance.

The wavelength of rck-x pulson is computed by
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Le,r,x = LCM(Le,r,x,i‘ Le,r,x,d ! Le,r,x,e) = I(e,r,x,i I-e,r,x,i = ke,r,x,d Le,r,x,d = ke,r,x,e Le,r,x,e' (304)

where k k k are integers.

e,r,x,i? ve,r,x,d? e,r,x.e

We combine the averages of the rk-xpulson and the rik-x, rdk-x, rek-xoscillons

to compute the average of the rck-xpulson over L, as follows:

L€ r,x
1 iy M
J. Ke,r,rdx = pczezrz,m [:urzm (Avrz,m + BVrz,m +CVr2,m + DVrz,m)
m=1

Lerx 0 (305)

2
+ 2Kr,mQr,y.m Rr,y,mhr,y,Z,m,m :|

As

Ke,r,r (X, y0' ZO’tO) = %(urz,x +ur2,y + urz,z )(X’ yO’ ZO’tO)' (306)

where u,,,u, U, are x-, y-, z-components of random velocity U, , the rck-x

rxUry Yz

pulson is positively defined for all x and also transfers a positive amount of the

kinetic energy along the x-axis.

8.7. The TCK Pulson

The turbulent, cumulative, kinetic-energy pulson in the x-direction (the tck-xpul-
son for swiftness), which is the superposition of the dck-x; rck-x pulsons and the
drik-x, drek-x oscillons (see (1) and (201) of [7]),

Ke,t = Ke,d,d + Ke,d,i,m,r,j,m + K
= Ke,t ( ft,c,i,x’ ft,c,e,x)

is formed by 15-tuple of the turbulent, cumulative, internal interaction in the

+K

ed,imr,j,n er,r

(307)

x-direction

ft,c,i,x = { 1:d,c,i,x' fr,c,i,x’ fd,r,i,g,x}
:{lv gd,x,4|—3,m,m ’ gr,x,4|—3,m,m ’ hd,y,2,m,m ’ hr,y,2,m,m ! (308)

gd,r,x,Ak—3,m,m 1 gd,r,x,4k,m,m}

and 32-tuple of the turbulent, cumulative, external interaction along the x-axis

ft,c,e,x = { fd,c,e,x' fr,c,e,x’ fd,r,e,g,x}

= { fd,><,4k—3,m,n' 1:d,><,4k,m,n’ 1:r,x,4k—3,m,n' fr,x,4k,m,n' (309)
fd,r,x,4k—3,m,n’ fd,r,x,4k,m,n’ fr,d,x,4k—3,m,n' fr,d,x,4k,m,n}'
Fifteen-tuple f, ., embraces the unit pulson, two deterministic sine waves

U4 xaamm Withwavenumber «,, ., tworandomsinewaves ¢ , .. with

wavenumber & deterministic uniform pulson h random uniform

rl,mm?>

four deterministic-random sine waves g, , s smm With wave-

d,y,2mm?

pulson hr,y,z,m,m ,

number «, ;. ., and four deterministic-random cosine waves g,y nn With
wavenumber x, ., for =12, k=1234,and each m.
Thirty-two-tuple f,.,, is constructed of four deterministic sine waves

Ty aamn Withwavenumber «,, . ,four deterministic cosine waves f, , .
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with wavenumber «,, .., four random sine waves f with wave-

r,x,4k-3,m,n

with wavenumber &«

four random cosine waves  f " 2mn

number «

r.lmn > r,x,4k,m,n

four deterministic-random sine waves f, ., . = with wavenumber «, .,

four deterministic-random cosine waves  f with wavenumber x,,. >

d,r,x,4k,m,n
four random-deterministic sine waves f_, , .. with wavenumber «, . .,
and four random-deterministic cosine waves f with wavenumber
rd2mn fOT k=12,3,4, and each m, n

If all wavenumbers of the tck-x pulson are distinct, then the tck-x pulson is

r.d,x,4k,m,n

K

displayed as a 4A#-w pulson. For any frozen y=Y,,z=12,t=t,, the dck-x pul-
son is given by the 4A£-w, turbulent, supercritical pulson in x;, which depends on
M 15-tuples f for =12, all
m, Reand M (M -1)/2 32-tuples f

with wavenumbers ;. 0\ K imm Kdrimm

cex With wavenumbers

Kg 1 mn Ketmn Kd rimn Kr g pmn fOr 1=1,2,all m, n, Re seeing that
& 2 2 2 2 2 2
Ke,t = Pe Z {ezd,m |:/ud,m (Avd,m + Bvd,m + Cvd,m + DVd,m)
m=1

+ ldz,m (Qg,y,mgd,x,l,m,m + Rg,y,mgd,x,s,m,m) + 2K(‘iz,de,y,mF\)d,y,mhd,y,z,m,m:|
+ezl [ﬂf’m (Avf’m +BVZ, +CV + va,m)
+ )“rz,m (Qrz,y,m gr,x,l,m,m + er,y,mgr,x,S,m,m) + 2Krz,mQr,y,mRr,y,mhr,y,Z,m,m:|
+ezd,mezr,m [Ad,m,r,m (Qd,y,m Qr,y,m gd,r,x,l,m,m + Rd,y,m Rr,y,m gd,r,x,13,m,m)
_Nd,m,r,m (Qd,y,m Rr,y,m gd,r,x,s,m,m + Rd,y,m Qr,y,m gd,r,x,g,m,m)
+ Md,m,r,m (Qd,y,m Qr,y,m gd,r,x,4,m,m + Rd,y,m Rr,y,m gd,r,x,16,m,m)

+ Kd,m,r,m (Qd,y,m Rr,y,m gd,r,x,S,m,m + Rd,y,m Qr,y,m gd,r,x,lz,m,m ):|}

M-1 M
+2 2 {ezd,mezd,n |:Ad,m,d,n (Qd,y,m Qa.yn faxamn +Ra,ym Rayn fd'Xv13'mv")

m=1 n=m+1

- Nd,m,d,n (Qd,y,m Rd,y,n fd,><,5,m,n + Rd,y,m Qd,y,n fd,><,9,m,n)
+Md,m,d,n (Qd,y,m Qd,y,n fd,x,4,m,n + I:zd,y,m Rd,y,n fd,><,l6,m,n)
+ Kd,m,d,n (Qd,y,m Rd,y,n fd,><,8,m,n + Rd,y,m Qd,y,n fd,x,12,m,n )]

+ €2y m€Z; |:Ar,m,r,n (Qr,y,m Qr,y,n fr,><,1,m,n + Rr,y,m Rr,y,n fr,x,lS,m,n)

f +R

rm,r,n erm r,y,n 'r,x,5mn r,y,m Qr,y,n 1:r,x,9,m,n)

r ,m,r,n Q y,m Qr,y,n fr,><,4,m,n + Rr,y,m Rr,y,n fr,x,le,m,n)

(
(
r ,m,r,n (Qr y,m r y,n fr X,8,m,n + Rr,y,m Qr,y,n fr,x,lZ,m,n ):|
+ €Z4 mezrn|:Ad mrn(Qd merynfd rxlmn+Rd ,y,m rynfd,r,xlSmn)
_Nd,m,r,n (Qd,y,m Rr,y,n 1:d,r,x,S,m,n + Rd,y,m Qr,y,n fd,r,x,Q,m,n)

+ Md,m,r,n (Qd,y,m Qr,y,n fd,r,><,4,m,n + Rd,y,m Rr,y,n fd,r,x,lG,m,n)

+ Kd,m,lr,n (Qd,y,m Rr,y,n fd,r,x,8,m,n + Rd,y,m Qr,y,n fd,lr,x,12,m,n )}
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+ ezr,mezd n |:Ar m,d,n (Qr y,m Qd y,n fr ,d,x,1,m,n + Rr,y,m Rd,y,n 1:r,d,><,13,m,n)
rmdn(Q dyn rdx5mn+Rrmedyn rdxgmn)

rmdn(erde y,n rd><4mn+R I:Qd,y,n fr,d,x,lG,m,n)
(Qr y,m d y,n r d,x,8,m,n + Rr‘y,m Qd,y.n fr,d,x,lz,m,n )i|})

(310)

rmdn

If N wavenumbers are repeated, then the number of independent modes of
the tck-x pulson diminishes to 4M?—N due to the wavenumber resonance.

The wavelength of the tck-x pulson is provided by

:LCM(Le,d,x'Lerx'Ledrxi'Ledrxe)
=k k =k

e,d,x edx: e,r,X erx e, d,r,x,i eer|:ke,d,r,x,eLe,d,r,x,e’

(312)

where K., K, o KogryirKeq e areintegers.
Finally, we use the averages of the dck-x, rck-x pulsons and the drik-x, drek-x

oscillons to find the average of the tck-x pulson over L

oix in the following form:

1 Le‘t.x

? _[ Ke,tdx = pci{ezj,m [/udzm (Avg,m + ij,m +CV§,m + Dvg,m)
Lx 0 m=1

2
+ 2K'd,de,y,mRd,y,mhd,y,z,m,m] (313)
2 2 2 2 2 2
ez [ 1o (AVZ + BV + OV + DVY,, )

+2Kerrym rymhryme]}

Because

Koo (X Yo, Zsy) = ’I;°(u U7, +U )(x,yo,zo,to), (314)

where u, U, U, arex-, y-, z-components of turbulent velocity U, , the tck-x

tx Yty Ytz

pulson remains positive for all x and transfers a positive amount of the kinetic
energy along the x-axis, as well.

The dck-x, rck-x; and tck-x pulsons for y=vy,,z=z,,t=t,,Re =10°, Re =10°,
and wave parameters (140), (145), (146) are compared on L, . in Figure 6.
Although range of the 9-w, random, supercritical rck-x pulson in Figure 6(b) is
[0,330], the 36-w, turbulent, supercritical tck-x pulson at Re =10° Figure 6(c)
changes significantly compared with the 9-w, deterministic, supercritical dck-x
pulson in Figure 6(a) due to range [-1500,1400] of the 12-w, deterministic-ran-
dom, random-deterministic, neutral drek-x oscillon in Figure 1(a) and range
[-1600,1550] of the 6-w, deterministic-random, neutral drik-xoscillon in Figure
2(a). Shape of the 36-w, turbulent, supercritical tck-xoscillonat Re=10° in Fig-
ure 6(e) is unrecognizable in comparison with the 9-w, deterministic, supercritical
dck-x pulson in Figure 6(a) because of comparable ranges [0,3900] of the 9-w,
random, supercritical rck-x pulson in Figure 6(d), [-5000,5300] of the 12-w,
deterministic-random, random-deterministic, neutral drek-x oscillon in Figure

1(b), and [-3600,3700] of the 6-w, deterministic-random, neutral drik-x oscil-
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lon in Figure 2(b).
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Figure 6. The dck-x, rck-x, and tck-x pulsons: (a) —K, 44 (%), (b) —K,, (x) for Re =10%, (c) — K..(x) for Re =10°,
(d) -K,,,(x) for Re =10°, (e) - K. (x) for Re =10°.

9, Conclusions

The method of inhomogeneous Fourier expansions, which was originally devel-
oped for deterministic x-, y-, t-eigenfunctions in [5] [6], has been successfully ex-
tended in this paper to the deterministic-random, random-deterministic, random,
external, and internal x-eigenfunctions. The previous results [7] on theoretical
quantization in experimental DDSD, DRSD, RDSD, and RRSD structures have
been confirmed, analyzed, and visualized in the present work using experimental
quantization in the novel eigenfunctions.

It was discovered that the exact solution for the quantized oscillons and pulsons
are grouped into the vector, deterministic-random, elementary, external oscillons,
into the vector, random-deterministic, elementary, external oscillons, and into the
vector, deterministic-random, elementary, internal oscillons with two compo-
nents. The vector, deterministic-random, random-deterministic, wave, external
oscillons and the vector, deterministic-random, wave, internal oscillons have four
components. The vector, turbulent, elementary, external, internal, and diagonal

oscillons, the vector, turbulent, wave, external, internal, and diagonal oscillons,
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and the vector, turbulent, elementary, and wave pulsons also include two compo-
nents. From the mathematical point of view, components of all vector oscillons
and pulsons are invariant structures constructed on the corresponding tuples with
various amplitudes.

The vector and scalar oscillons and pulsons depend on 1-, 2-, 3-, 4-, 5-, 6-, 8-,
12-, 15-, 16, and 32-tuples of the relevant x-eigenfunctions. Namely, the vector,
deterministic-random, elementary, external oscillons on eight 2-tuples  f, ... .>

the vector, random-deterministic, elementary, external oscillons on eight 2-tuples

fr,d,e,e,x,q 4
oscillons on four 8-tuples f

the vector, deterministic-random, random-deterministic, wave, external

drewxq> (he vector, deterministic-random, elementary,

internal oscillons on eight 2-tuples f , and the vector, deterministic-ran-

d,r,iex.q

dom, wave, internal oscillons on four 4-tuples f The vector, turbulent,

d,ri,wxq*

elementary and wave, external oscillons on four-tuple f and two 8-tuples

teexl

fieexq> the vector, turbulent, elementary, diagonal oscillons on two 4-tuples
fiaexq> the vector, turbulent, wave, diagonal oscillons on 8-tuple f,, ., the
vector, turbulent, elementary, internal oscillons on three 4-tuples f ., the

vector, turbulent, wave, internal oscillons on 4-tuple f
f

the vector, turbulent, wave pulsons on 5-tuple f

and two 2-tuples

ti,w,x,1

the vector, turbulent, elementary, pulsons on two 3-tuples f; and

ti,w,x,q 2 tex,q’

t,w,x *

Independent random parameters (145), (146), of the deterministic-random,
random-deterministic, and turbulent oscillons and pulsons have been computed
for all m using the random oscillatory cn-noise [8] for Re=10° and Re=10°.
Although the deterministic oscillons and pulsons do not depend on the Reynolds
number, the empirical scales (144) result in a strong dependence of the quantized
oscillons and pulsons on Re. So, the 36-w, turbulent, supercritical tck-x pulson
at Re=10° in Figure 6(c) changes significantly compared with the 9-w, deter-
ministic, supercritical dck-xpulson in Figure 6(a) due to the 12-w, deterministic-
random, random-deterministic, neutral drek-x oscillon and the 6-w, determinis-
tic-random, neutral drik-x oscillon. The 36-w, turbulent, supercritical tck-x pul-
son at Re=10° in Figure 6(e) is unrecognizable in comparison with the 9-w,
deterministic, supercritical dck-xpulson because of the 9-w, random, supercritical
rck-x pulson, the 12-w, deterministic-random, random-deterministic, neutral
drek-x oscillon, and the 6-w, deterministic-random, neutral drik-x oscillon.

As regards a list of open problems, we may mention spatial experimental quan-
tization of the exact wave turbulence in the y-direction and temporal experimental

quantization of the exact wave turbulence.
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