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A set of M positive integers (rational numbers) {al,az,---,am} is called a (ra-
tional) Diophantine m-tuple if aa; +1 is a perfect square for all 1<i< j<m.
The problem of finding four numbers such that the product of any two of them
increased by unity is a perfect square was first solved by the Greek mathematician

Diophantus of Alexandria [1]. He found a set of four positive rational numbers
1 33 17 105 . . . e
—,—,—,—— which satisfy this property. The first set of four positive inte-
16 16 4 16

gers with the above property {1,3,8,120} was introduced by Pierre de Fermat. In

1753, Leonhard Euler found an infinite number of sets of four positive integers
{a,b,a+b+2r,4r(r+a)(r+b)} where ab+1=r?, a,beN. In other words,

every Diophantine pair can be extended to a Diophantine quadruple. Euler was

able to add the fifth positive rational M to Fermat’s set [2]. In 1969, Baker

8288641
and Davenport proved that it is not possible to add a fifth positive integer to Fer-

mat’s set. The Fibonacci sequence (F, ) has several strong connections with

k>0
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the Diophantine quadruples. In 1977, Hoggatt and Bergum conjectured that the
set {FZk, Forin F2k+4’4F2k+1F2k+2F2k+3} is a Diophantine quadruple [3]. In 1979,
Arkin, Hoggatt and Strauss proved that every Diophantine triple can be extended
to a Diophantine quadruple [4]. More precisely, let {a,b,c} be a Diophantine
triple such that

ab+1=r%ac+1=s%bc+1=t>

Define d =a+b+c+2abc+2rst. Then the set {a,b,c,d} is a Diophantine

quadruple since

ad +1=(at+rs)’,bd +1=(bs+rt)’,dc+1=(cr+st)’.

In 1980, Veluppillai extended the triple {2, 4,12} to a Diophantine quadruple
[5]. In 1998, Kedlaya extended the following triples [6]:

{1,3,120},{1,8,120},{1,8,15},{1,15,35} ,{1,24,35} ,{2,12, 24}

to Diophantine quadruples. In 1997 and 1998 [7] [8] proved that the sets
{k-=1k+1,4k} and {F,,F,.,; Fy.,} can be extended respectively to a Dio-
phantine quadruple. In 1998, Dujella and Petho [9] proved that the pair {1, 3}

cannot be extended to a Diophantine quintuple. In 1999, Dujella proved the Hog-
gatt-Bergum conjecture, and this result also implies that if {szl Forior Foraas d}

is a Diophantine quadruple, then d cannot be a Fibonacci number [8]. In 2008,
Fujita proved that, for k > 2, the Diophantine pair {k—1k+1} cannot be ex-
tended to a Diophantine quintuple [10]. The question of finding the existence
of Diophantine quintuples was one of the oldest outstanding unsolved problems
in Number Theory. In 2004, Dujella showed that there are no Diophantine sex-
tuplets and there are at most a finite number of Diophantine quintuples exist
[11].In 2019, He, Togbe and Zieglé [12] proved that Diophantine quintuples do
not exist. A set of M nonzero positive rational numbers {ai, N am} is called a
strong Diophantine m-tuple if aa;+1 isa perfect square forall i, j=12,---,m.
It is quiet clear that there does not exist a strong Diophantine pair consisting of
integers. However, in 2008, Dujella and Petri¢Cevic [13] proved that there exist
infinitely many strong Diophantine triples of positive rational numbers and it is
not known whether any strong Diophantine quadruple exists. We are dealing with
one specific variant of the described problems, namely with matrix strong Dio-
phantine m-tuples. A set of M matrices with positive integers (rational number)
as entries {A,A,,---,A }, is called a (rational) matrix Diophantine m-tuple if
AA;+1,,A/A +1, are (rational) matrix squares, with positive integers as entries,
forall 1<i, j<m, i=j, AeM, (N) . A setof M matrices with positive inte-

gers (rational numbers) as entries
AA A LM, (N),

is called a matrix (rational) strong Diophantine m-tuple if AA; +1,AA +1,
are matrix squares for all i, j=1,---,m . In 2023, Mouanda [14] [15] proved that
there exists an infinite number of matrix strong Diophantine 540-tuples with pos-

itive integers entries and constructed the associated matrix elliptic curves.
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In this paper, we construct matrix strong exponential Diophantine m-tuples,
defined in Section 2. We construct matrix exponential Diophantine 540-tuples of
order N. We show that matrix strong Diophantine m-tuples generate matrix
strong exponential Diophantine m-tuples.

Theorem 1.1. Every matrix strong Diophantine m-tuple {A,A,,--- A} gen-

erates a matrix strong exponential Diophantine m-tuples
{Xl, Xy, Xm} M, (N), AeM, (N),

of order n.

We construct matrix elliptic curves described in Section 3.

2. Proof of the Main Result

In this section, we introduce new concepts linked to Diophantine m-tuples. In

particular, we investigate Diophantine m-tuples of the form
(4 -1).(¢=1), (x5 -2)},neN,n=1.

This concept is completely new and we are interested on knowing the possible
length of M. This will allow us to explore new types of Diophantine m-tuples.

Finite sets of positive integers which satisfy the Diophantine equation
(x” —1)(y” —1)+1: 22

never been explored before.

Definition 2.1. A set of M positive integers (rational numbers) {al, ay, -, am}
is called an exponential (rational) Diophantine m-tuple of order N if
(ai" —1)(a;‘ —1)+1 is a (rational) perfect square for all 1<i,j<m, i#j.

Definition 2.2. A set of M positive integers (rational numbers) {al, ay, -, am}
is called a strong exponential (rational) Diophantine m-tuple of order n if
(ai” —1)(8.;1 —1)+1 is a (rational) perfect square for all 1<i, j<m.

Strong exponential Diophantine m-tuples of order N of positive integers do
not exist.

Assume that n=1. The set {2, 4, 9,121} is an exponential Diophantine quad-
ruple of order 1. Every quadruple generates an exponential Diophantine quadru-
ple of order 1. Indeed, if set {a,b,c,d} isa Diophantine quadruple, then the set
{a +1Lb+Lc+1d+1} is an exponential Diophantine quadruple of order 1. In

fact, there is no exponential Diophantine quintuple
{06 =12).(% =1). (% =1).(x, =1).(% - 1)}

of order 1 of positive integers.

Assume n=2,theset {2,3,11} isan exponential Diophantine triple of order
2. It is not known if there exists any exponential Diophantine quadruple of order
2.

Assume n=3.In 2023, Adjibad Mustapha showed that the set {11,13} is an
exponential Diophantine pair of order 3. That is, (113 —1) (133 —1) +1=1709%. It

is not known if there exists any exponential Diophantine triple of order 3. We also
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introduce the matrix version of this new concept. Let

&; &, 853 K &0 &,
&1 &, 3 84 T &n
M, (C)=q| .~ . . . lia eC
a'n—l,l . . an—l,n—z an—l,n—l an—l,n
an,l an,Z . . an,n—l an‘n

be the set of n-by-n complex matrices.

Definition 2.3. A set of M matrices {Ai, A, A} with positive integers
(rational numbers) as entries is called a matrix (rational) exponential Diophantine
m-tuple of order N if (A{‘ -1, )(AJ” -1, )+ |, arematrix(rational) squares with
positive integers (rational number) as entries for all 1# j.

Definition 2.4. A set of M matrices {Ai, A, A} with positive integers
(rational numbers) as entries is called a matrix (rational) strong exponential Dio-
phantine m-tuple of order N if (A{‘ -1, )(A;1 - Iq)+ |, are (rational) matrix
squares with positive integers as entries for all 1<i,j<m.

Every Diophantine quadruple {a, b,c, d} generates a matrix exponential Dio-

phantine quadruple of order 2 (or 3). Indeed, let

0 0 0 100
0 0 0 010
0 0 0 001
A(:
x+1 0 0 00O
0 x+1 0 0 0 O
0 0 x+1 0 0 O

be a Rare matrix of order 6 and index 3. A simple calculation shows that
A} =(x+1)I4. Therefore, the set

{AAAA

is a matrix exponential Diophantine quadruple of order 2. In the other hand, let

0 0 1000

0 0 0100

B - 0 0 0010
g 0 0 0O0O01
x+1 0 0 0 0 O

0 x+1 0 0 0 O

be a Rare matrix of order 6 and index 2. A simple calculation shows that
B? =(X+1)l,. Therefore, the set

{B,.B,.B..By}
is a matrix exponential Diophantine quadruple of order 3. We can now prove that

exponential Diophantine quintuples do not exist.

Theorem 2.5. There does not exist an exponential Diophantine quintuple of
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order n of positive integers.

Proof. A set of M positive integers {ai, a ,'--,am} is called an exponential
Diophantine m-tuple of order n if (ai“ —l)(a;‘ —1) +1 is a perfect square for all
1<i,j<m with i# j.In other words, the set {ai" -la -1,---,a; —1} is a Di-
ophantine m-tuple for a given N. Due to the fact that Diophantine quintuples do
not exist implies that m<4.

Mouanda and Dehainsala, proved that there exists an infinite number of matrix
strong Diophantine 540-tuples [15]. It is now possible to construct matrix expo-
nential Diophantine 540-tuples of order n.

Theorem 2.6. There exist infinitely many matrix exponential Diophantine 540-
tuples of order N .

Proof Let W = {A i :1,2,3,---,540} c Mq (N) be a matrix strong Diophan-
tine 540-tuple. Let & be a positive integer and let

0 0 1 - 000
0 0 0. 0O00O0
0 0 0100
0 0 0 - 001
a+l 0 0 .- 0
0 a+1 0 -~ O

o
o

o
o

be a complex matrix. It is well known that X =(a +1)1,,. Therefore,
0 0 ly, -~ 0 0 0
0 0 o - 0 0O
0 0 o -1, 00
Xp = : : o b e My (N).
0 0 0 -~ 0 0 I
A+l 0 0 0 0O
0 A+l, 0 0 0O

This implies that X, = (A +1, ) l,,, - We can claim that

2nq
XR - I2nq = A1|2nq'
Thus
(Xz‘ - I2nq)(XR]— - |2nq)+ I2nq :(AAj + Iq) I2nq = Bi2,j|2nq'

The set {X A i =1,-~~,540} is a matrix strong exponential Diophantine 540-
tuple of order n. It is well known that there exist infinitely many matrix strong
Diophantine 540-tuples. Finally, there exist infinitely many matrix strong expo-
nential Diophantine 540-tuples of order n.

We can now prove our main result, Theorem 1.1.

ProofLet W ={A:i=123-mjcM . (N) be a matrix strong Diophantine

m-tuple. Let @ be a positive integer and let
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0 0 0 - 00O
0 0 0 - 100
X, =| : : A eM,, (N)
0 0 0 - 00
a+l1 0 O0 - 0 0 O
0 «+1 0 --- 0 0 O

be a complex matrix. It is well known that X =(a +1)1,,. Therefore,
0 0 l,b, -~ 0 0 0
0 0 o - 0 0O
0 0 o -1, 00
Xy = : : ot [eMy ().
0 0 0 - 0 0 I,
A+l 0 o .- 0 0O
0 A+l, 0 - 0 0 O

This implies that X} = (A +1, ) l,,, - We can claim that

2nq
n —
xAi - I2nq - AIan'

Thus

(X/r-l' - I2nq)(XR» - I2nq)+ I2nq :(AAj + Iq) I2nq = Bi2,j|2nq'

1

The set {X A i=1---, m} cM 2ng (N) is a matrix strong exponential Diophan-
tine m-tuple of order n. Finally, every matrix strong Diophantine m-tuples gen-

erates a matrix strong exponential Diophantine m-tuple of order n.

3. Matrix Elliptic Curves

Elliptic curves play an important role in cryptography. Perhaps by extending this
work to matrices, we could investigate and introduce another new concept called
matrix cryptography. In this section, we explore new types of matrix elliptic
curves. We investigate matrix elliptic curves which do not have any positive in-
teger points. Let {ai, az,---,am} be an exponential Diophantine m-tuple of order
3. Let

E:y’ :(a13 —1)(x3 —1)+1
and

£y = [(a -0 1) o2 -1) (1) 1] (o)1) 1]

be two elliptic curves. Every element of the set {az,---,am} generates a point on
E and every element of the set {ae yag,, am} generates a pointon E,.

Let {X;:i=1--,540}c M o (N) be a matrix strong exponential Diophantine
540-tuple of order 3. Every matrix of the set {Xi =2, 540} generates a ma-

trix point of the matrix elliptic curve
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However, every matrix of the set {X-

EY?=(X7-1,)(X?=1,)+1,.

[ 11=6,, 540} generates a matrix point

of the matrix elliptic curve

By Y2 =[(X7 =1, )(X2 =1, )+ 1, [ (X3 =1, ) (X3 =1, )+ 1, J[(X3 =1, ) (X3 =1,)+1, |
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