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Abstract 
Free convection of Magnetohydrodynamic (MHD) fluid, seeded with nano-
particles, in a square cavity with a heated cone inside, has been investigated 
numerically in this work. The mathematical model is developed by combining 
the mass, momentum and energy equations. The system of equations is solved 
by finite element method. Calculations are performed for different values of 
the dimensionless parameters: Prandtl number (Pr), Rayleigh number (Ra), 
Hartmann number (Ha) and the volume fraction of the nanoparticle (φ). The 
results are illustrated with streamlines, velocity profiles, isotherms, local and 
average Nusselt number (Nu), and heat flux. It is found that, the volume frac-
tion of nanoparticle (φ) is the most important parameter affecting the entire 
convection process. Adding nanoparticles significantly slows down the fluid 
velocity, but enhances the heat transfer. The effect of varying φ, surpasses the 
effects of all other governing parameters with regards to heat transfer. 
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1. Introduction 

Nano materials are very interesting to the scientific community due to their unu-
sual properties, which arises out of their sizes. Much research is done to invent 
new materials of nano scale, and studying their properties and exploring suitable 
practical applications. Consequently, many claims are made regarding the benefits 
of using them in a wide range of practical applications. This paper, however, fo-
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cused on the thermo-fluidic behavior of nano fluid. Heat exchangers are widely 
used, from very small scale such as for cooling computer processors, to the mega-
scale such as nuclear power plants. Thus, designing efficient and robust heat ex-
changers have been a perpetual challenge. Nanoparticles with their unique prop-
erties have opened up new avenues to pursue the quest for the “ideal” heat ex-
changer. Moreover, fluid motion and heat transfer around a cone has many sci-
entific and engineering applications. Conical shapes are found in flow and pres-
sure control valves, high speed aircrafts and projectiles, deep sea probes and so on. 
According to NASA, the air around high-speed flying objects becomes ionized 
and shows MHD behavior [1]. Thus, combining conical shape and MHD nano 
fluid makes the study important. This paper presents the results from the research 
carried out by Mahjabin [2]. That work was done in two sections. The first section 
dealt with MHD fluid without the nano particles, and the results were published 
previously [3] [4]. This paper is focused on the second section, and will systemat-
ically present the results found for different concentration of nano particles, and 
intensities of the magnetic field, and point out the practical implications where 
applicable. 

2. Literature Review 

Nanomaterials have opened a new frontier for research due to their profound in-
fluence on the properties of matter. Fluids seeded with nanomaterials are found 
to influence thermophysical properties and significantly affect heat transfer. Con-
sequently, this attracted many researchers. Most of the researches are carried out 
by numerical techniques, as it is extremely difficult to conduct experimentally. 
Again, most of the investigations involved various types of enclosures and thermal 
boundaries. The results are reported in terms of dimensionless parameters, the 
most common being the Raleigh number (Ra), Hartmann number (Ha), Nusselt 
number (Nu), Grashoff number (Gr), and Prandtl number (Pr). A brief literature 
review, in chronological order, should illustrate this. 

 

 

Figure 1. Structures of nanofluids [7]. 
 

Chamkha et al. provided one of the early reviews on the state and challenges of 
nanofluid research [5]. They reviewed many works published at that time, sum-
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marized them, and provided some basic equations and methodologies, which are 
widely adopted in many researches later on. Choi clearly demonstrated that the 
thermal conductivity of fluids can be enhanced by nanoparticles [6]. Later, Yu and 
Choi attempted to explain heat transfer by proposing the structure of nanofluids, 
as shown in Figure 1 [7]. 

Khanafer et al. showed that, in a two-dimensional enclosure, the heat transfer 
rate increases substantially with the increase in φ for all values of Gr [8]. Jou and 
Tzeng, applying Khanafer’s model, noted that increasing Gr and φ enhances the 
average heat transfer coefficient considerably [9]. Tiwari and Das developed a 
model to analyze the behaviors of nanofluids inside a lid-driven square cavity [10]. 
They found that the fluid flow and heat transfer in the cavity were affected by the 
Richardson number and the direction of moving walls. Saidur et al. discussed a 
wide range of practical applications of nanofluids such as engine cooling, solar 
water heating, cooling of electronics, transformer oil, improving diesel generator 
efficiency, heat exchangers, chillers, domestic refrigerator-freezers, nuclear reac-
tors, etc. [11]. They stated that heat transfer can be enhanced by nanofluids. They 
also stated that the exact mechanism of enhanced heat transfer for nanofluids was 
still unclear. They also mentioned some major obstacles to the practical applica-
tions of nanofluids such as stability and production cost. Qi et al. simulated con-
vection in nanofluids with a two-phase Lattice Boltzmann model [12]. They noted 
the rapid increase in Nu with φ and Ra. Sheremet et al. utilized the Tiwari and Das 
nanofluid model in a differentially heated porous square cavity [13]. It showed 
that Nu was an increasing function of Ra. Lattice Boltzmann model was also ap-
plied by other researchers like Nemati et al., Ahmed and Eslamian, and so forth 
[14] [15]. Mokaddes et al. also investigated grooved enclosures considering Brown-
ian motion and showed that the heat transfer increases with Ra and φ, but de-
creases with increasing Ha. Moreover, the heat transfer rate accelerates signifi-
cantly in the presence of square grooves [16]. In a subsequent work, Mokaddes et 
al. considered entropy generation as well [17]. They showed that the average Nu 
and entropy generation increase with rising Ra and φ, decreasing with increasing 
Ha. They also attempted to find the combination of governing parameters to max-
imize heat transfer and minimize entropy generation. Chamkha et al. studied the 
case of a rotating cone in 2D/3D mixed convection [18]. They used carbon nano-
tube (CNT)-water nanofluid in a double lid-driven porous trapezoidal cavity. 
They showed that the average Nu is higher for the 2D case. The gap between the 
Nu values for the 2D and 3D cases increases with rotational speed. Also, Ha re-
duced the effective convection, but Nu increased due to the highly conductive 
CNT particles. Alomari et al. studied a hybrid nanofluid (MgO-Ag/water) in a 
trapezoidal cavity, subjected to sinusoidal heating from the bottom wall [19]. They 
reported that the strength of the stream functions increases with Ra and φ, while 
increasing Ha reduces the circulation of the flow. Heat transfer, as indicated by 
Nu, increases with Ra and φ while it decreases with Ha. Mondal et al. used an 
Al2O3-water MHD fluid and considered the entropy generation along with con-
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vection [20]. They observed a decreasing trend of average Nu and Sherwood num-
bers with Ha and the volume fraction of the nanoparticles (φ). Sannad et al. used 
different diameters of nanoparticles and concluded that the concentration in the 
base fluid plays the most important role in the heat transfer characteristics [21]. 
Abdelhameed reported that the magnetic field and porosity have a strong influ-
ence on velocity, entropy generation, and Bejan number. Moreover, the entropy 
generation can decrease with greater porosity [22]. Similarly, many other works 
may be cited, however, the following general observations apply: 

1) In addition to the Ra and Ha, the volume fraction of the nanoparticles, φ, 
affects the heat transfer and fluid flow in varying degrees. Increasing Ra increased 
circulation and heat transfer while increasing Ha had the opposite effect. 

2) Boundary conditions of the enclosures have a significant influence on heat 
transfer and fluid flow. 

3) The properties and concentration of the nanoparticle play the most im-
portant role regarding heat transfer and flow behavior. 

The novelty of this work lies in the presence of the heated cone, and applying 
nanoparticles and magnetic field simultaneously. It opened an opportunity to 
study the relative weights of these two extraneous parameters, namely the mag-
netic field’s intensity (Ha), and the volume fraction of the nano particle (φ), on 
the convection process in an MHD fluid. 

3. Physical Model 

Figure 2 shows a schematic diagram of the model. The cavity is filled with an 
MHD fluid, in addition there is nano particles suspended in it. The left and right 
vertical walls of the cavity are thermally insulated, while the bottom and top walls 
are kept at different high (Th) and low (Tc) temperatures respectively. The heated 
cone is kept at vertical position only. A magnetic field of uniform intensity B0 is 
applied, perpendicular to the direction of flow. The gravitational force g, acts ver-
tically downward. 

 

 

Figure 2. Schematic diagram of the model. 
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4. Mathematical Formulation 

The steps for mathematical formulation are briefly outlined next. 

4.1. Governing Equation in Dimensional Form 

The base flid is assumed Newtonian and incompressible. The fluid flow is laminar 
in the laminar regime, set in motion by free convection. The fluid properties are 
assumed constant. The density variation is treated according to Boussinesq ap-
proximation, while the viscous dissipation effects are neglected. The viscous in-
compressible flow and the temperature distribution inside the cavity are described 
by the Navier-Stokes and the energy equations, respectively. The governing equa-
tions of the present problem are as follows: 

Conservation of mass: 

 0u v
x y
∂ ∂

+ =
∂ ∂

 (1) 

Conservation of momentum: 
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  (3) 

Conservation of Energy: 

 
2 2

2 2nf
T T T Tu v
x y x y

α
 ∂ ∂ ∂ ∂

+ = + ∂ ∂ ∂ ∂ 
 (4) 

Properties of the nanofluid are combinations of the properties of the base fluid, 
denoted by the subscript “f”, and those of the nanoparticle, denoted by the sub-
script “s”. These properties are defined as follows: 

Effective density 

 ( )1nf f sρ φ ρ φρ= − +   

where φ is the solid volume fraction of nanoparticles. 
Heat capacitance 

 
( ) ( )( ) ( )1p p pnf f s

C C Cρ φ ρ φ ρ= − +  

Thermal expansion coefficient  

 ( )1nf f sβ φ β φβ= − +   

Thermal diffusivity  

 
( )nf nf p nf

k Cα ρ=  

Electrical conductivity  
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  [23] 

Thermal conductivity  

 
( ) ( )
( ) ( )

2 2

2
s f f s

nf f
s f f s

k k k k
k k

k k k k

ϕ

ϕ

 + − −
 =

+ + −  
 [24] 

Viscosity 

 ( )21 39.11 533.9nf fµ µ ϕ ϕ= + +  [25] 

4.2. Boundary Conditions 

At the bottom wall: 

 ( ) ( ),0 0, ,0 0, , 0, 0hu x v x T T y x L= = = ∀ = ≤ ≤   

At the left wall:  

 ( ) ( )0, 0, 0, 0, 0, 0, 0u y v y T x x y L= = ∂ ∂ = ∀ = ≤ ≤   

At the right wall: 

 ( ) ( )0, 0, 0, 0, 0, , 0u y v y T x x L y L= = ∂ ∂ = ∀ = ≤ ≤   

At the top wall: 

 ( ) ( ), 0, , 0, , , 0cu x L v x L T T y L x L= = = ∀ = ≤ ≤  

4.3. Dimensional Analysis 

To obtain non-dimensional governing equations, we incorporate the following 
dimensionless dependent and independent variables:  

xX
L

= , 
yY
L

= , 
f

uLU
α

= , 
f

vLV
α

= , 
2

2
nf f

pLP
ρ α

=  and c

h c

T T
T T

θ −
=

−
 

where X and Y are the coordinates varying along horizontal and vertical directions, 
respectively, U and V are the velocity components in the X and Y directions, re-
spectively, θ is the dimensionless temperature, P is the dimensionless pressure, 
and α is the thermal diffusivity of the fluid.  

After applying the above dimensionless variable, Equations (1)-(4) are trans-
formed into dimensionless form as the following: 

 0U V
X Y
∂ ∂
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  (5) 
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2 2

2 2
nf
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X Y X Y

αθ θ θ θ
α
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+ = + ∂ ∂ ∂ ∂ 

 (8) 

Here the dimensionless parameters are defined as follows: 

Prandtl number, Pr ν
α

=  (ratio of viscous to thermal diffusion rates, which 

indicates the ratio or dominance of heat transfer mode-convection over conduc-
tion) 

Hartmann number, 0Ha B L σ
µ

=  (ratio of electromagnetic force to the vis-

cous force) 

Grashof number, ( )3

2
h cg L T T

Gr
β

ν
−

=  (ratio of the buoyancy to viscous force) 

Rayleigh number, ( )3

2
h cg L T T Pr

Ra
β

ν
−

=  (product of Gr and Pr. It also indi-

cates the ratio or dominance of heat transfer mode-convection over conduction, 
but incorporates the buoyancy force). 

4.4. Dimensionless Boundary Conditions 

The dimensionless boundary conditions become: 
0, 1U V θ= = =  at bottom wall and heated conical body (at higher constant 

temperature) 
0, 0U V θ= = =  at top wall (at lower constant temperature) 

0, 0U V
N
θ∂

= = =
∂

 at side walls (thermally insulated) 

0P =  Fluid pressure at the inside and on the walls of the cavity 
where X and Y are dimensionless coordinates varying along horizontal and verti-
cal directions, respectively; U and V are dimensionless velocity components in X 
and Y directions, respectively; θ  is the dimensionless temperature. 

5. Numerical Analysis  

The above system of equations is solved along with the boundary conditions 
shown above, by finite element method. This technique is described by various 
researchers such as Dechaumphai [26], Reddy [27], Taylor and Hood [28]. In this 
method, the solution domain is discretized into finite element mesh. Then the 
nonlinear governing equations are transferred into a system of integral equations 
by applying the Galerkin weighted residual method. Gauss quadrature method is 
used to perform the integration involved in each term of these equations. The 
nonlinear algebraic equations thus obtained are modified by imposing boundary 
conditions. Then Newton’s method is used to transform these modified equations 
into linear algebraic equations, and then these linear equations are solved by ap-
plying the triangular factorization method. 

5.1. Grid Generation  

The model is subdivided into many smaller discrete elements, and the set of equa-

https://doi.org/10.4236/ajcm.2025.152010


S. Mahjabin, M. A. Alim 
 

 

DOI: 10.4236/ajcm.2025.152010 198 American Journal of Computational Mathematics 
 

tions are solved for each element. The mesh structure of finite elements for the 
present physical model displays in Figure 3. 

 

 

Figure 3. Mesh with 8039 elements. 

5.2. Grid Refinement Check 

Grid independence test was performed with different number of elements and the 
average Nusselt number was assumed to be the test variable. The results are shown 
in Table 1 and Figure 4. 

 
Table 1. Grid sensitivity on Average Nusselt Number (Nu) by number of elements. 

Number of Elements Average Nu 

670 0.14405 

1218 0.14671 

1794 0.14781 

2663 0.14865 

8039 0.14977 

21,974 0.15013 

 

 

Figure 4. Grid sensitivity test (Ha = 0, Ra = 105). 
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It is seen that after about 8000 elements, further refinement does not have any 
appreciable impact on the average Nusselt number. Therefore, grid independence 
is attained around 8000. The present model used 8039 elements for the computa-
tions. Table 2 shows the thermo physical properties of the base fluid and the nano 
particle. 

 
Table 2. Properties of the base fluid and the nano particle. 

Physical property Symbol (Unit) Base Fluid Nano Particle 

Specific heat Cp (J/kg-K) 14,179 540 

Density ρ (kg/m3) 997.1 6500 

Thermal conductivity k (W/m-K) 0.613 18 

Thermal expansion β (1/K) 2.1 × 10−4 0.085 × 10−4 

Electrical Conductivity σ (Ω·m)−1 0.05 10−10 

6. Results and Discussions 

The calculations are performed for a fixed Prandtl number Pr = 6.2. The Rayleigh 
numbers were Ra = 1 × 103, 1 × 104, 1 × 105; the Hartmann numbers Ha = 0, 20, 
40; and the volume fraction of nanoparticle φ = 0, 0.01, 0.05, and 0.10. The results 
were examined with streamlines, velocity profiles, isotherms, heat fluxes, average 
velocities, and average temperatures. Several observations were made from the re-
sults which are discussed next. 

6.1. Fluid Flow Behavior (Streamlines and Velocities) 

Figure 5 shows the effect of Ra on the streamlines with no nanoparticles (φ = 0) 
and no magnetic field (Ha = 0), as a baseline case. The streamlines represent the 
fluid flow pathways, while the colors represent the velocity. The velocity magni-
tude is indicated by the color legend shown at the right side of each figure. 

At Ra = 103, two vortices are seen on both side of the cone. The velocity varies 
from 0.05 to 0.5. At Ra = 104, four additional major and two minor vortices appear, 
and the velocities increase by an order of magnitude. Further increase of Ra to 105, 
total number of vortices remains the same but their shapes changed. Velocity also 
increased noticeably. However, the flow patterns remain symmetric around the 
cone for all cases. 

 

 
Ra = 103 
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Ra = 104                            Ra = 105 

Figure 5. Streamlines for different Ra, φ = 0, Ha = 0. 
 

Next, Ra is kept constant at 104, and the values of φ and Ha are increased. The 
reason for keeping Ra fixed at a high value is that, the effects of Ha become more 
pronounced at higher Ra’s, providing better understanding of the phenomenon 
being studied. The results are shown in Figure 6. 

 

 

Figure 6. Streamlines for different Ha and φ, Ra = 104. 

https://doi.org/10.4236/ajcm.2025.152010


S. Mahjabin, M. A. Alim 
 

 

DOI: 10.4236/ajcm.2025.152010 201 American Journal of Computational Mathematics 
 

It is seen that with increasing φ, the additional vortices disappear, and the ve-
locities reduce significantly. However, for a given φ, increasing Ha does not have 
much effect. With increasing φ, the effect of Ha becomes less and less noticeable. 
It implies that the nano-particles have a more dominating effect over the magnetic 
field to influence the fluid movement. The physical explanation to this behavior 
is that, adding nano particles makes the nano-fluid heavier, thus slowing down 
the motion. This dominated over magnetic field because the nano particles con-
sidered in this study has very low electrical conductivity and magnetic suscepti-
bility. 

6.2. Heat Transfer Behavior (Isotherms and Heat Flux) 

Isotherms: Figure 7 show the effect of Ra on temperature distribution in the 
form of isotherms, with φ = 0, and Ha = 0. The labels next to the curves show the 
values of θ, the dimensionless temperature whose value range is from 0 to 1. The 
coloring also indicate temperature gradually changing from hotter to cooler (from 
red to green). 

 
Ra = 103 

 
Ra = 104                         Ra = 105 

Figure 7. Isotherms for different Ra, φ = 0, Ha = 0. 
 
It is noted that the distortion of the isotherms becomes more and more promi-

nent with increasing Ra. The isotherm corresponding to 0.95 moved closer to the 
bottom wall with increasing Ra, indicating that the larger portion of the cavity is 
cooler. 
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Next, Ra is kept constant at 105, and the values of φ and Ha are increased. The 
reason for doing this is mentioned in the previous section. The results are shown 
in Figure 8. It is noted that, the nano-particles have a greater influence on the 
temperature distribution as well, compared to that of the magnetic field. Similar 
to the influence on fluid movement as seen in the previous section (Figure 6). 

 

 

Figure 8. Temperature distribution for different Ha and φ, Ra = 105. 
 

Heat flux: It is seen that in the previous figures that, adding more nanoparticle 
retarded flow. Increasing Hartmann number also retarded flow. Adding more na-
noparticle also affected temperature distribution by making the isotherms smoother. 
Increasing Hartmann number also had similar effect but to a lesser degree. How-
ever, these observations are not sufficient to say conclusively whether heat transfer 
was enhanced or not. Therefore, Heat Flux was calculated for different values of 
Ra, Ha, and φ. The results are presented next in Figure 9. 

Figure 9(a) shows the case of base fluid only, with no nano particles added. It 
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is seen that the effect of Ha is quite noticeable at higher values of Ra. It also shows 
that, increasing Ha decreased the heat flux. Figures 9(b)-(d) are the cases with 
increasing concentration of nano particles. It is noted that while heat flux in-
creased with Ra, the difference in heat flux due to different values of Ha almost 
vanished. In other words, the nano-particles just overwhelmed the heat transfer 
process, making the Magnetic field almost irrelevant.  

 

 
(a) 

 
(b) 

 
(c) 
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(d) 

Figure 9. Effect of Ha on heat flux as a function of Ra for different values of φ. 
 

 
(a) 

 
(b) 

Figure 10. Effect of φ on heat flux as a function of Ra for different values of Ha. 
 

Figure 10(a) compares the effects of nano particles when no magnetic field is 
applied. It shows that each increment of φ has a more prominent effect on the heat 
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flux. The greater the φ, the higher is the heat flux. Figure 10(b) shows the same, 
with the application of a strong magnetic field. The behavior of heat flux is almost 
same as in Figure 9(a). However, there is hardly any effect due to the magnetic 
field. Therefore, both Figure 9 and Figure 10 lead to same conclusion, that φ has 
the dominating effect on convection. This phenomenon can be explained by the 
nature of the thermal conductivity of nanofluid used in this work. For the base 
fluid and the nano particle considered, the thermal conductivity of the solid nano 
particles is significantly higher than that of the base fluid. Therefore, the nanopar-
ticles carry significant amount of heat along with the base fluid. Thus, the overall 
heat transfer of the system is increased by adding more nanoparticles. Moreover, 
the nanoparticle has very low electrical conductivity and magnetic susceptibility, 
thus it is indifferent to the magnetic field applied. This finding has practical im-
plications. It is possible to design efficient heat exchangers just by adding nano 
particles without worrying about magnetic interference from any source. How-
ever, it is possible that there is a cut-off limit for adding φ, beyond which the fluid 
will become too “thick” or too “heavy” for easy circulation, thus retarding heat 
transfer. This point can be a potential ground for future research. 

7. Conclusion 

Increasing φ reduced fluid velocity but enhanced heat transfer, while increasing 
Ha reduced fluid velocity and reduced heat transfer. The effect of Ha lost signifi-
cance with increasing φ. For the values of Ra, Ha and φ considered in this work, 
it appears that φ is the most important factor in convection in a closed cavity. This 
finding has practical implications, with potential applications in heat exchanger 
design and operation. 
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Nomenclature, Greek Symbols and Subscripts 

θav: average temperature 
B0: magnetic induction 
Cp: Specific heat at constant pressure (J/kg K) 
g: gravitational acceleration (m/s2) 
Gr: Grashof number 
h: convective heat transfer coefficient (W/m2 K) 
Ha: Hartmann number 
k: thermal conductivity of fluid (W/m K) 
L: Height or base of trapezoidal cavity (m) 
K: Thermal conductivity ratio fluid 
N: Total number of nodes  
Nuav: Average Nusselt number 
Nulocal: Local Nusselt number 
P: non-dimensional pressure 
p: pressure 
Pr: Prandtl number 
Ra: Rayleigh number 
T: non-dimensional temperature 
Th: Temperature of hot bottom wall (k) 
Tc: Temperature of cold top wall (k) 
U: x component of dimensionless velocity 
u: x component of velocity (m/s) 
V: y-component of dimensionless velocity 
v: y-component of velocity (m/s) 
x, y: Cartesian coordinates 
X, Y: dimensionless Cartesian coordinates 
α: Thermal diffusivity (m2/s) 
β: Coefficient of thermal expansion (K−1) 
ρ: Density of the fluid (kg/m3) 
∆θ: Temperature difference 
θ: Fluid temperature (dimensionless) 
μ: Dynamic viscosity of the fluid (Pa s) 
Ψ: Stream function 
ν: Kinematic viscosity of the fluid (m2/s) 
σ: Fluid electrical conductivity (Ω−1·m−1) 
f: Base fluid 
p: Nanoparticle (solid) 
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