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Abstract

In this paper, we investigate the dynamic behaviour of a mathematical model
of cancer that includes immune cells, tumor cells, and normal cells, and ex-
plore the effects of the introduction of a delayed term of targeted therapy on
the model. This model was first proposed by Anusmita Das ef al, numerous
studies have attempted to model the interaction between tumours and the im-
mune system using deterministic delay differential equations (DDEs) so a de-
lay term was added, in this paper, on the basis to make the model more real-
istic. Also, the local and global stability of the equilibrium point of the model
is analyzed by linearization and Lyapunov method, and the numerical simu-
lation of MATLAB is used to verify the analysis results.
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1. Introduction

Cancer is a large group of diseases that can start in almost any organ or tissue of
the body when abnormal cells grow uncontrollably, go beyond their usual bound-
aries to invade adjoining parts of the body and/or spread to other organs. The
latter process is called metastasizing and is a major cause of death from cancer. A
neoplasm and malignant tumour are other common names for cancer. Character-
ized by the uncontrolled growth and spread of abnormal cells, is a major public
health challenge and the second leading cause of death worldwide [1]. The cancer
burden continues to grow globally, exerting tremendous physical, emotional and

financial strain on individuals, families, communities and health systems. Many
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health systems in low- and middle-income countries are least prepared to manage
this burden, and large numbers of cancer patients globally do not have access to
timely quality diagnosis and treatment. In countries where health systems are
strong, survival rates of many types of cancers are improving thanks to accessible
early detection, quality treatment and survivorship care.

Extensive research efforts have been dedicated to understanding the complex
mechanisms underlying cancer development, progression, and metastasis, with
the ultimate goal of developing effective treatment strategies. Mathematical mod-
eling has emerged as a powerful tool in cancer research, enabling researchers to
gain insights into the intricate dynamics of tumor growth, interactions with the
immune system, and responses to various therapeutic interventions. Those Math-
ematical models simulate complex systems in a relatively fast time without the
enormous costs of laboratory experiments and the corresponding biological vari-
ations. In particular for oncology, such models can be calibrated using experi-
mental or clinical data [2]-[4].

Cancer is the second leading cause of death in humans according to WHO.
Many Medical research centers are trying to develop new treatments and strate-
gies to fight cancer by understanding the dynamic of the growth and the interac-
tion of the tumor growth with the cells and the immune system [5]-[9]. This study
together with the different types of treatment was heavily modelled mathemati-
cally helping medics to develop treatments and ways to control the spreading of
cancer. Over the years, numerous mathematical models have been proposed to
study various aspects of cancer, including tumor evolution, angiogenesis, immune
response, and the effects of different treatment modalities. These models have in-
corporated various factors such as tumor cell proliferation, immune cell interac-
tions, and drug pharmacokinetics and pharmacodynamics. Some notable exam-
ples include the work of Allison et al [10] and Liu e al [11] on modeling tumor
growth rate, carrying capacity, and cytolytic activity of effector cells; Li et al [12]
on the effects of angiogenic growth factors; and De Pillis et a/ [13]-[15] on chem-
otherapy, immunotherapy, and combination therapies. The main problem in
modelling the cancer treatment or spread is the necessity to obtain data that define
the values of the biological parameters used within the mathematical model.

One of the key challenges in accurately modeling cancer dynamics is account-
ing for the time delays inherent in biological processes, such as the immune sys-
tem’s response time and the lag between drug administration and therapeutic ef-
fect. Time delays can significantly impact the behavior of mathematical models
and their stability properties. Several researchers have incorporated time delays
into their cancer models to better reflect the real-world dynamics. For instance, Li
et al [12] explored the effects of time delays on angiogenic growth, while Arabameri
et al [16] incorporated time delays in a dendritic cell-based immunotherapy model.

At the beginning, the study was done within a time range with no information
passed from the ‘past’. For the system to be realistic, numerous studies have at-
tempted to model the interaction between tumours and the immune system using

delay differential equations (DDEs) (see for example [8]), which has an important
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role in the mathematical modelling of multi-species interactions. The time-delay
Kuznetsor and Taylor model was studied by Galach [8] to achieve better con-
sistency with reality. Dehingia et al [17] studied the tumor-immune cells’ inter-
action with a delayed time, followed by Anusmita et al [18] who studied the dy-
namical behavior of a mathematical model of cancer including tumor-cells, im-
mune-cells, and normal-cells is investigated when a delay term is induced.

In this research, we modified the work of Anusmita et a/ [19] and analyzed the
delay-induced mathematical model of cancer that incorporates time delays to the
more realistic simulation of the immune system’s behavior and its interactions
with tumor cells. By studying the effects of these delays on the model dynamics
and stability properties through mathematical and numerical analysis, we aim to
gain insights into the complex interplay between cancer progression, immune re-
sponse, and potential therapeutic interventions.

The manuscript is structured as follows: Section 2, describes the work of Anusmita
et al. [19] in the normal case where the model is constructed as a system of ordi-
nary differential equations (ODEs) together with the basic assumptions and re-
sults. Section 3, we stated the suggested constant-delay model and examined the
positivity and boundedness of the model’s solution. Section 4, the existence of
equilibrium points and local stability for the system were discussed. Section 5, we
proved the global stability of the tumor-free state. Finally, Section 6, the simula-

tion of the solution is done and analysed.

2. The Ordinary Differential Equation (ODE) Model

The ODE model presented by Anusmita Das et al [19] shows that a prescribed
treatment can eradicate tumor cells from the body for a threshold value of tumor
growth rate. The numerical simulations in their paper, also, showed that the pre-
scribed treatment can eradicate tumor cells from the body without much effect on
other healthy cells if the tumor size is small. However, one limitation in the model
is that when the tumor size is large and, consequently, requires prolonged treat-
ment involving a high dosage or variety of drugs, this can harm the patient’s body.

The system of Anusmita Das ef a/was described by the ODEs;

I’:s+%—cllT—dll—al(l—n)Cl, (1a)
T'= KT (1-hT)~c,IT —¢,TN - a,CT, (1b)
N'=r,N(1-N)-¢,IN —a,(1-7)CN, (1c)

C'=u—-d,C—kTC, (1d)

with the initial conditions /(0)=1/,>0, T(0)=7,>0, N(0)=N,>0 and
C(O)=C0 >0. I=I(l), T=T(t), N=N(t), and C=C(l), for t>0. The
system represents the change of densities with time ¢ of the effector cells 7(),
tumor cells 7'(¢), healthy-cells N(¢) and the amount of targeted chemo drug
C(7) administered at time . The number of normal-cells was normalized by
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taking their carrying capacity equal to one.

The first term in (1a), namely s, represents the constant source rate of effec-
tor-cells. Effector-cells are recruited by tumor-cells through the Michaelis-Men-
tenterm pIT / (0+T),where p istherateat which the effector-cells grow, and
o represents the steepness of effector is response.

In the second Equation (1b), tumor-cells are assumed to grow logistically with
an intrinsic growth rate # and the maximum carrying capacity of b, in the ab-
sence of immune-cells and drug therapy. Tumor-cells are killed by the interaction
with immune-cells, normal-cells and targeted chemo-drug are represented by the
terms —c, /T, —c;IN and -a,CT.

In the third Equation (1c), normal-cells are also assumed to grow logistically
with an intrinsic growth rate », and the maximum carrying capacity of one. The
second and third terms, —c,NT, —a,(1-7)NC, represent the kill rate of the
normal-cell due to interaction with tumor-cells and targeted chemo-drug.

Finally, in the fourth Equation (1d), u represents the chemotherapy-treat-
ment. The second term, d,, represents decay rate of targeted chemo-drug, while
the third term, —K7C , represents the rate of the attachments of targeted chemo-
drugs with tumor-cells. The fourth term indicates that effector-cells die off at a
rate of d, per day and the fifth term —a, (1—7)CI , represents kill rate of effec-
tor-cell by targeted chemo-drug.

The authors proved that the model (1a-1d) solution is positive and bounded in
the domain;

A={(L,T,N,C)eR: | 1(t)<s/d,,T(t)<1/b,N(t)<1,C(t)<u/d,}.

The tumor free and co-axial equilibrium points E, and E" (respectively)
have been evaluated symbolically and proven to be locally stable. Then, the global
stability of the tumor-free equilibrium point was investigated and showed that the
targeted chemotherapeutic treatment kills the (small size) tumor cells under a cer-

tain condition.

3. The Time-Delay Model

Understanding why and how delays affect a model is critical, as they can signifi-
cantly influence system stability and dynamic behavior. To describe the time lag
by the effector system for developing a suitable response after recognizing the tu-
mor-cells, we need to include the effect of time-delay 7 (constant) into the
Michaelis-Menten term [20]. Hence, a discrete-time delay is added to the second
term of the first equation of system (la) and, as a result, the term becomes
pl(t—7)T(t— r)/[o- +T(1- r)] . The third term, —c IT , represents the kill rate
of effector-cells due to interaction with tumor-cells, at time ¢.

Our modification takes the following form: The model presented in this paper
is a modified form of that proposed by Anusmita Das e al [19]. The modification
is carried out by inducing a delay term in the second term (Michaelis-Menten
term) of the first equation of the system with proper biological justifications.

The change is made to see the impact of the delay in the complete system. Our
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modification takes the following form:

+pI(t—r)T(t—r)

I'=s o T(—0) —¢IT—d1-a,(1-1)CI, (2a)
T'=KT(1-bT)—c,IT —¢,TN —a,CT, (2b)
N'=r,N(1-N)-c,IN —a,(1-1)CN, (2¢)

C'=u—d,C—kIC, (2d)

4, Positive Invariance and Boundedness

Using standard comparison theory [21], on the equations of system (2a-2d), we
get;
dr(¢ [(t—7)T(t—
() pll=o)T(i—7)

= —cIT—dI-a (1-n)CI<s-d I,
dt G+T(t—T) “ ! al( ’7) ST

integrating the above leads to;
1(f)< dil+ 1(0)e™, ie limsup[Z(r)]< di.'
Furthermore;

dT (¢
dg )‘=nT (£) =BT =, IT —¢,TN = a,CT < 5T = b T>.

Proceeding as above, we have

1
T(1)$——
Q b +T(0)e™

ie. }i_)rgsup[T(t)J Sbll.

The next equation;

dl\;ft) =rnN-rN*-¢,IN —a,(1-1n)CN <r,N —r,N°,
1 . .
N(l‘)ﬁm, 1.C. }EESUPI:N(I)}SL
and similarly, the last equation we find;
dc—(t):u—dzC—kTCSu—dzC.
de
(1) sdizw(o)e*"zt, e limsup[C(1)] sdiz

with the initial conditions 1(0) >0, T(O) >0, N(O) >0 and C(O) >0, for
¢t>0 . Using the considered initial values, we assume that /(1)>0, T()>0,
N(2)>0 and C(¢)=0 forall +>0.Consequently, the corresponding domain
region for the system (2a-2d) is

A:{(z,r,zv,c)enmosz(t)s osT(t)sbl,OSN(t)g,osc(t)si}.
1

5
d’ d,
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The domain region A is a bounded set, and hence the solution of the system
(2a-2d) is bounded. The model’s Equations (2a-2d) are subject to the following

initial conditions:
1(&)=w(£). T(£)=v:(8). N(&)=y,(£). C(&)=.(£).
v ()20, v, (£)20, wy(£)20, w,(&)=0 for &e[-7,0], (3a)
and ,(0)>0,,(0)>0,,(0)>0,,(0)>0, where
S, ={(11 (&) w2 (£)ows (£)w(£)) e ([, 0L R? ).
The delay differential system (2a-2d) can be written in the vector form as

() S+p[(t—z')T(t—r)
( o+T(1-7)
X'= = KT (1-T)=¢,IT —¢;TN —a,CT
er(l—N)—c4TN—a3(l—77)CN
u—d,C—kTC (3b)

—¢IT—dI—a,(1-1)CI

where V eC” (Rf) is defined in the positive quadrant R! and represents a
mapping V :S, — R!. The right-hand side of the system (3b) is locally Lipchitz,

meaning that the derivative is bounded and satisfies;

Vi X)], ones, =Vi(0): Vi=123.4.

i

According to the second lemma by Yang et al [22], every solution of system
(3b) with the initial conditions (3a), where y,(¢)e S, ,say Y(t) = Y(t;Y(O)) , for
all 7> 0, remains positive throughout the domain S, Vz> 0. Therefore, the so-

lution of (3b) is positively invariant in time ¢.

5. Stability Analysis

5.1. Tumor-free equilibrium

Free the equilibrium point, the change with time is set to zero, ie,
& _df _dN _dC_ 0 which gives the following non-linear algebraic non-ho-
de de dr dt

mogenous equation;

0=s+522 —a T, —d\I, —a,(1-1)C/,, (4a)
0=nrT,(1-bT,)~c,1,T, —c;T;N, —a,C.T,, (4b)
0=rN,(1-N,)-¢,T;N, —a, (1-n)C,N,, (4¢)

0=u-d,C,—kI,C, (4d)

and hence the tumor-free equilibrium: E(/,,7;,N,,C,); (where 7'=0) can be
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evaluated as follows; from Equation (4c);
/N, (1= N,)=¢,T;N, —a, (1-77)C,N, =0,
LN, (1-N,)—a,(1-7)C,N, =0,
N[ (1=-N,)-a;(1-7)C, ]=0
which gives the equilibrium coordinate:

7, —dy (1_77)C1

n

N,=0or N, = (4e)

For N, =0, implies that the patients will not be alive, so we do not consider
those cases where N, =0.From Equation (4d) we get;

u
C] :d_ﬂ (Sa)

2

from Equations (5a) and (4e);

N=— % (5b)

Now, taking Equation (4b);
nT (1_b|T1)_C2[1T1 —-oIN, —a,CT,,
T; |:r1 (1_b171)_0211 - N, _azcl] =0,

i _(0211 - N, —a2C1)

T =0, T = ,
1b,
0_’1_(02[1_C3N|_azcl)
1, ,
and hence;
r,—c.N,—a,C
[ =078 %0
G

By substituting Equation (5a);

1 c u a,u
L =—|r-2r-a(l-n)— |-
1 Cz{l rz(z 3( ﬂ)dzj d2:|

1-
=L{n_cs+(M_azJi}
(&3 5 d,

and hence from Equations (5a) the tumor-free equilibrium is

(5¢)

n—a(1-n)—
h =N, —a,C 0 ’ 3( 77) u
G n d,

E =

E, exists if r1+u[c3a—3(1—77)—a2]/d2>c3r2 and 7, >au(1-n)/d, .
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5.2. Co-Axial Equilibrium Point

Next, we compute the Co-axial equilibrium point E° =(1 TN *,C*). From
(4c), we get

* u

=——, 6
d, + kT (6a)

then Equation (4d) becomes;

5

BN (1=-N")=¢,TN" —a, (1-7)C'N" =0,

5

N =0 or rz(l—N*)—c4T*—a3(1—n)C =0

which gives;

(6b)

From Equation (4b);

BT (1-5T" )=, I'T =, T'N" =a,C'T" =0,
T'[h(1-BT" )=l —e,N =a,C" | =0,

leads to;

T =0 or 7 (1-bT")=c,0" —c;N" =a,C" =0,

this gives;
.

I =g(rl(l—b1T*)—c3N*—a2C*),

and

u

r2—c4T—a3(1—77)7*

== rl(l—blT*)—c3 d, + KT —-a, “ — |, (6¢)
c, 7 d, +kT

evaluating T "
oI'T? ~[s+pl'—col' —dI" ~a,(1-n)C'T"|T*
+[dol" +ac(1-7)C'T -s0]=0.
After substituting the values of /* and C", we get

AT + AT+ AT + AT + AT + 4,
AT + AT + 4

0 (6d)

where;
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_ 2 2
A =cc;e,k” —bc ki,

_ 2 2 2 2 2
A, =cye,dk” —ce k" p—cies kT + o kTR +2¢c,¢c,d, k + ek O,

—bd k’rr, +b, k1, p—2b,c,d, kr,r, —b,c k11, 0,

A, =c cic,ds —cd kK r, vk p—c, ki rys+d kK — ki p
+2¢,¢,d,dyk+a,cic ku—2c,c,dkp+c,c,d k’ o +a,c c;ku
—2c,c;dykr, —a,c kryu+2c d,krr,—bc,d;rir, —c e,k r,o
+e k*nro+2¢cc,d, ko —a c,e,nku—a,c,c;nku—2bd,d, krr,

—a,b kr,ryu+2bd,krr,p—bd k*r,r,o—2bc d,krr,c+abnkrru,

2 2 2 2 2
A, =cyc,ddy —cye,dy p—cicdyry +edy iy, +a,ce d,u+c e dy o
+a,cc;du+aycd ku—2c,d dykr, —a,c d,,u—ac;kru—ay e,k pu
+2¢,d,kry p—a,d kr,u—2c,d, kr,s+2d d, knr, + a ky,r,u+a,kr, pu
2 2 2 2

-2d,knr,p-bd d;nr,—c,;d k" r,o+bdnr,p—c,k"rso
+d ko —ac,e,dynu+2c,e,d d ko +ac,c kou—a c,c,nkou
—ayc c;dynu—aycydinku+ayc c;kou—2c c;d, kr,o +a,c;nkru
+aye;nkpu—a b d,nru—a,ckr,ou+2cd,krr,oc—anknru

2
—bdynno—abknrou—aycc;nkou+a bd,nrru

-2bd d,kyr,o+a bnknrou,

A= dynp-aanu’ —cddyr, —c,dyrs+d dy nn —dy i p
+eyc,d do+ajaycu’ +ayc,didyu—acid,r,u—ayc,d, pu
—a,d,d,r,u+a,d,r,r,u+a,d,r, pu—2a,a,c,nu’ +a,a,nryu’
—c e din,oc+ed;rr,o+aa,c,n’u’ +a,cc,dyou—a,cic,d,nou
—ayc;did,qu+aycc;d,ou+a cyd,nru+asc,d,npu+asc,d kou
-2¢,d,d,kr,0 —a,c d,r,ocu—a,d,nrr,u—a,c,kr,ou—a,d kr,ou
-2¢,d,kr,so+2d,d,kr,r,o +aknr,ocu—bdd,’ rr,c—ankrr,ocu
—ayc c;dynou—a,c;dnkou+ac,nkr,ou—a bd,rr,ou

+a,bd,nrrou,

_ 2 2 2 2 2
As=a,a,c,o0u” —cyddyr,o0—a,a,,ou” —c,dynso+d d o
2 2
+a,a,¢6,n" ou” +ayc,did,ou—a,c;d,r,ou—a,d,d,r,ou
2 2
+a,d,nrou—2a,a,c,n0u” +a,a,nr,cu” —asc,d d,nou

+a,c;d,nr,ou—ad,nnr,ou,

A, =c,k’r,,
A, =2c,d, kr,,
4y :Czdzzrza

The co-axial equilibrium E” exists if the roots of the Equation (6d) is positive,

ie, T">0 andthe following inequalities must hold:

>0,

5

a C u u
rl(l—blT )_r_j rz—c4T—a3(1—77)d2+KT* -a, 4 KT
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u

and r >C4T* ta, (1—ﬂ)m
2

To investigate the linear stability of the system around the two above stability,

one must compute the jacobian of the system;

J, J, 0 J,
I I Sy Iy (7a)
0 J, Jy Jyu
0 J, 0 Jy,
where
Jy=pT[(c+T)e ™ —¢T-d -a/(1-7)C,
J =a,01/(0'+T)2 e’ —cl,
Jyy=—a,(1-n)1,
Jy=-cT,
Jy =t -2rbT —c,] —c;N —a,C,
Jy=—cT,
Jy =—a,T,
Jy, =—,N,
Jyy=r—-2nN-c,T—a,(1-1)C,
Jy, =—a, (l—n)N >
Jp,=—kC,
Jy=—d,—kT.
The jacobian matrix of system (2a-2d) at the equilibrium point E,:
I
-d,—a,(1-1)C, p?lle_“ -l 0 —a,(1-1)1,
= 0 n—c,I, —c;N, —a,C, 0 0 ,
0 —c,N, r,—2nN,—a, (1—77)C1 —a, (l—r])N1
0 e 0 -d,

and so, the eigenvalues of the jacobian matrix corresponding to the steady-state

DOI: 10.4236/ajcm.2025.152006

E, are:
A =—d, —a (1-1)C,,

A =n-6l-cN -a,C,

A, =r,-2rN,—a, (1—77)C1 >
and:

A, =—d,
Clearly, 4, <0 and 4,<0.
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Therefore, E, is stable if A4, <0 ie, if 5 < +¢N,+a,C; and A, <0
ie,if r, <2rN,+a,(1-77)C,, otherwise E, is unstable.
The jacobian matrix of system (2a-2d) at the co-axial equilibrium point E" is

X,+Xe" X,eh-I'¢ 0 X,
;- -T’c, X, ~T'¢, -T'a,
E 0 ~-N'c, X, x, [
0 —C'k 0 —d,-Tk

where
X, =pl" (0+T"),

*

X,=-¢T" —d,—a,(1-n)C",
X, =r-2rbT" —c,I —¢;N —a,C",
X,=1r,-25N —¢,T" —a,(1-7)C",

* * 2
X,=opl'(c+T"),
Xo=-a/(1-n)I",
X, =-a,(1-n)N".
The eigenvalues associated with the coexisting equilibrium point E~ are de-
rived from the characteristic equation

A4 X 2+ XA+ XA+ X, + (Y, 280+ 15,7+ YA+ Y, )e ™ =0 (7b)

where
X, =d,-X,-X,-X,+T'k,
X, =X, X, + X, X, + X, X, - X,d, - X,d, - X,d, - T" X, k=T X,k
~T'X,k—C'T"a,k—I'T ¢c,c,— N T ¢yc,,
X,=X,Xd,- X, X, X, + X, X,d, + X, X,d, +T" X, X, k+T X, X,k
+T X, X, k+C' T X,a,k+C'T" X,a,k+I'T" X,c,¢, -C' T" X,c, k
~-C'T"X,c;k+N'T" X,c;e, - I'T ¢,c,dy =N T cye,dy, =1 TP e e,k
~-N'T"¢,c,k,
X, =-X, X, X,d,-T" X, X, X,k-C'T" X, X, a0,k +C' T" X, X, c; k

+C T X, Xye,k+ 1 T X,c,c,dy + N'T" X,c5¢,d, +I' T X, c,c, k

+N'T? X, cyc,k,

Y, ==X,
Y, =X, X+ X, X, - X,d,+T X,c, -T" Xk,

Y, =X, X,d, - X, X, X, + X, X,d, +T* X,c,k—T" X, X,c, +T" X, X, k

+T X, X,k +T" X,c,d, +C' T X,a,k+N'T" X, c;c,,
Y,=-X, X, X,d,-T" X, X, X, k-T" X, X;c,d, - T X, X ¢,k

~C'T" X, X,a,k+C'T" X, X,c,k+N'T" X,c;c,d, + N'T? X,¢c,c,k,
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The classical Routh-Hurwitz criterion does not apply to the delay system (1-4),
since this equation is transcendental and has an infinite number of solutions. Sub-

stituting A =¢i (¢ >0) into Equation (7b) gives;
(¢i)4 + Xy (¢i)3 +X (¢i)2 + X (¢i)+X14
+<Yll (¢l)3 + le (¢l)2 + YI} (¢i))eir¢i = 09

by separating the imaginary and real parts leads to

X, — X9 = (Y9-8 )cos(g7) +(%.8” — 1, )sin(¢7), (7¢)
#' = X + X,y = (Y8 =¥, )cos(gr)— (Y9~ Y, 4 )sin(g7), (7d)
squaring Equations (7c-7d) and adding the resulting equations yields to;
¢+ pud’ + pud’ + pid’ + pud’ + pish+ pi =0, (7e)
where
Py =X\-Y5,
P =72X,,

Pz =2X), _Yé —2X, X3 +2Y50,
P = X5 —Y5 421, + XD,
Pis =2X,X14»
P = X124 _Yli :
p, and p,, can be re-written as;
pu=(d+d,~r-r,+Ca,+I'c,+ N'e, + T'c, + T'c, + T'k
SN 42Ty + Cay(1-n)+ Cay (1)) -2
(O'+T*)

and

P Tk po, o, +T*d2p0'10'3 +N*T*2c3c4d2p+N*T*3c3c4kp
0 " +o T"+o T +o " +o

3 C'T?a,kpo, _I*T*Zczkpaa1 _I*T*cza’zpao-1
I'+o (T*+0')2 (T*+0)2

N C'N'T?a,c,kp
T"+o

2
1 .
(7 )J +(d,0,0,0,+T ko,0,0,

+N'T%c,c,ko,-C T a,ko,0,-1'T¢c,c,ko,+ N T c,c,d, o,
~I'T"¢,c,d, o, —C*I*T*alczk(iy—l)o] +C*N*T*a3c3k(r7—1)0'2)2,

where o, =r,-T ¢,—-2N'r, +C*a3(77—1) , 0,=d,+T ¢,—Cq, (77—1) , and
0,=C"a,—r,+1 c,+ N c,+2T b1 . Equation (7e) will have a positive root if
B, >0 and P <0.Now, we can conclude that Equation (7e) has at least one
nonnegative real root and so, the characteristic Equation (7b) has purely imagi-

nary roots +¢i (say). This implies that there is a stability switch at E* as 7
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changes. Eliminating sin(gr) from (7c) and (7d) we get;
#' =X, + X, = (Y9 -, )cos ()
(%6=%0)((X,8’ ~ Xi8)~(p =X, 6" Jeos(g7))
Yo Y,
(¢ = X" + X, ) (Yot — 11, )
= (Yot ~1,,) cos(gr) - (Vuh - ¥,0" ) (X, 0" - X,s9)
~(Vp =Y cos(gr),
(¢ = X" + X0, ) (Y8 ~ 11 )+ (Vg = Y0 ) (X018 — X,9)
(Yot - 1.) (Yup- X8

From the above equation, the time lag 7, correspondingto ¢, is given by

B

cos(¢7) =

>

«  2nr
T =
4
+Larccos (¢ ~Xf +X14)(le¢ _Y];)JF(YIW—YH(f )(Xn¢ —X13¢) ,
g (1t~ 1) (Vg—¥.0")

where 7 is an integer. The equilibrium point E* is locally asymptotically sta-
ble for all [0,7,) where 7, =7, (byputting n=0 in the above expression of
7,)if p,>0 and p,<0 [?].

6. Global Stability at Tumor-Free Steady State E1

Let;

V() =1 (0)+1, (0)+ 5 (0) +y, (0)+ LACIACOMN

o+, (s)

V(‘/’):d'/’l(0)+‘/’2(0)+‘/’3(0)+W4(0)+ij'0 Pl//l(s)‘/’z(s)ds
dr dr dr dr e dr' o+y,(s)

:S"'%)(Wiz(_)_r)_cl%(O)Wz(o)_dll//l(0)_‘11(1_77)‘//4(0)'//1(0)
+r21//2( )(1_171'//2( ))—621/11(0)91/2 (0)_03‘//2(0)l//3(0)_a2l//4(0)!//2 (0)
155 (0) (1= (0)) = ey (0)5 (0) = s (1=1)w, (0)w5 (0)

oy pl//l(O)%(O)_pl//l(—r)u/z(—f)
dyy,(0)—ky, (0)y, (0)+ o+, (0) oty (-r)

=s=dy,(0)=a,(1=7)w, (0)p, (0) + s (0)(1-v5(0))

_a3(1_77)‘//4(0)'//3(0)+”_d2W4(0)~

Using the equilibrium condition: s =d,y, (0) —-a, (1 N 77)!//4 (O)!//1 (0) ,
1w (0) (1= (0))—a; (1-7)w, (0)w; (0)=0, u=d,p,(0), and the fact that
r(y)
de

>

=0, we get the set
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E ={w e R :1(£)=w,(£).T(&) =y, (&) =0.N(&) =y (£),C(£) = (&)}

The classical La Salle’s invariance principle implies that E, is globally at-
tractive. This confirms the global asymptotically stability of E, when
r, <2r N, +a, (1 —77)C] .

7. Numerical Simulation

In this section, we used Matlab to graphically verify our analytical results for the
system (2a-2d), which is crucial from a practical standpoint. The parameter values
listed in Table 1 have been used in all simulations [19]. We assume that the pa-

rameter values’ units are arbitrary.

Table 1. Model’s parameters definitions and values.

Parameters Definition Values Ref.
N constant population of effector cells present in the body 0.05 [19]
P maximum recruitment of effector cells by tumor cells 1 [19]
o half saturation constant for the proliferation term 0.4 [19]
d, effector cells’ natural death rate 0.2 [19]
h intrinsic growth rate of tumor cells 04 [19]
7 normal cells’ growth rate 0.35  [19]
1 1
E maximum carrying capacity of tumor cells 3 [19]
d, decay rate of targeted chemo-drug 0.05 [19]
a, kill rate of effector cell by targeted chemo-drug 0.2 [19]
a, kill rate of tumor cell by targeted chemo-drug 0.5  [19]
a, kill rate of normal cell by targeted chemo-drug 0.25 [19]
G effector cells’ growth rate due to tumor cells 0.2 [19]
c, tumor cells’ decay rate due to immune cells 0.3 [19]
Gy tumor cells’ decay rate due to normal cells 0.2 [19]
C, normal cells’ decay rate due to tumor cells 0.25 [19]
n effectiveness of the targeted chemo-drug 0.01 [19]
k rate of attachments of targeted chemo-drug with tumor cells  0.01  [19]

The two-dimensional (2D) plot of time ¢ versus the density of the normal cells
N(t) using the same data mentioned in Table 1 and different values of the delay
factor 7=0.01,2,15, is demonstrated in Figure 1. As time increases, the density
decreases then increases with the highest valueat 7 =15 atalarger value of time
t compared with 7=0.01. As time increases more, the density N(¢) de-
creases and tends to E, = (0.1766,0,0.7101,0.41) . The case of higher delay
7 =15 takes a slightly longer time in approaching the steady state value with a

larger number of normal cells compared with 7 =0.01 and 2.
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Figure 1. Two dimensional plot (2D) of the density of tumor T(z) versus
time ¢ for the initial values I(O) =0.6; T(O) =04; N(O) =09 and
C(0)=0.1, u=0.0205 and the rest of data stated in Table 1 for the de-
lay lag 7=0.01,2 and 15.

As time increases, Figure 2 shows that the density of the effector cells 7(¢) is
increased, then decreases and stabilizes at the steady-state value. It further shows
that when the delay term increases it takes longer time to stabilize towards the

equilibrium point E,, indicating the effectiveness of targeted treatment.

157
% —17=001

ld \ . 7=2

. \ - -1=15

Effector I(t)

0 10 20 30 40 50 60 70 80 90 100
Time
Figure 2. 2D plot shows the density Effector cells /(7) versus time ¢

for same data of Figure 1.

For the same value of the chemotherapy-treatment, Figure 2 shows that the den-
sity of effector cells increases slowly as time increases (compared to normal cells). As
the delay value increases, 7 =107,10,15 we conclude a higher increase of the
effector cells’ density in a higher value of the time. A decrease on the density is
observed at a higher value of time as the delay gets higher 7 =107,10,15 and sta-
bilized at the tumor-free equilibrium point E, . This shows that when the delay term
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increases /() takes more time to stabilize towards the equilibrium point E,.

The density of Tumor cells 7'(r), Figure 3, decreases rapidly as time increases
reaching the stable state point at a shorter time for a larger delay value r=15.
This shows the effectiveness of the medication provided in an earlier stage. The
earlier effector cells recognize the tumor cells, the better effectiveness of the med-
ication afterwards. For this reason, and before any chemo-treatment begins, a less
harmful medica-tion, probably natural remedies, has to be provided that will en-
hance the power and health of the effector cells.

04
-1 =0.01
0.35 =2
- =t=15

o
w
T

o

)

3]
:

Tumor cells T(t)
2 o
[6)] N

ik LR

25 30 35 40

Figure 3. 2D plot shows the density Tumor cells 7'(¢) versustime ¢ for

same data of Figure 1.

For the chemotherapy treatment and as time increases, the density for different
delay values stays close, Figure 4, as all stabilized towards the tumor-free point.

This is logical as the treatment will be the same for any delayin / and T'.

0.451

0.4

—_1=0.01
0.351 - 1=2
- =r=15

Chemotherpy C(t)
5 ©
[6)] w

o
)
:

o

o

o
T

°
N

0 10 20 30 40 50 60 70 80 90 100
Time

Figure 4. 2D plot shows the density chemotherapy cells C(r) versus

time ¢ for same data of Figure 1.

DOI: 10.4236/ajcm.2025.152006

144 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2025.152006

Z. M. Albariqi et al.

Figures 5(a)-(c) show the effect of increasing the chemotherapy treatment rate
gradually on the different densities of the system for the delay term 7=15. As
seen in Figures 5(a)-(c), the intersection points of the density-curves /(¢), the
effector, and C(r), the chemotherapy cells, happened in an earlier time of ¢
where the density of the effector cells become less than the chemotherapy ones.

All densities tend to the free-tumor equilibrium point as time increases.

1.5 r
(@) — It
= =T
N(t)
—C()
1
8
=
@
(=)
0.5
i1 . . \ \
00 10 20 30 40 50 60

Time

—I(t)

= =70
N(t)

—C()

Densities

Densities

0 10 20 30 40 50 60
Time

Figure 5. System’s densities when time delay 7 =15 and increasing treat-
ment rate (a) u=0.0205, (b) »=0.021 and (c) u=0.024 for with the
same data of Figure 1.
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Next, Figure 6 is showing the behaviour of the three densities of 7(7), T(¢)
and C(r) for different delay factors.

0.9 .-
0.88
0.86
0.84
0.82

0.8
0.78
0.76
0.74
0.72

Normal Cells

Figure 6. 3D for the density of Effector, Normal and Tumor cells for the
initial values /(0)=0.6; T(0)=04; N(0)=09 and C(0)=0.1
when (a) 7=0.01 (b) r=2 and(c) r=15 with the same data of Ta-
ble 1.

Figure 7(a), Figure 7(b) show the effect of increasing the intrinsic growth
rate of the tumor cells 5 =0.4,0.5 respectively, with the rest of data stay the
same, u =0.0205 and the delay-time r=15. For r =04, Figure 7(a), we
observe that as C(¢) increases, the density of the tumor cells decreases and
tends to the free-tumor equilibrium value, the density of the effector cells in-
creases up-to a certain value of C (t) then rapidly decreases (as the number of
tumor cells is reduced) and the density of the normal cells approach the equilib-
rium E, =[0.18,0,0.71,0.41]. As 15 =0.5 increases, an almost similar behav-
iour was observed as C(7) increases, but the system loses its stability as C(t)
approaches 0.41, Figure 7(b), Figure 7(c), moving away from the coexisting equi-
librium point E,, while the effector system takes a longer time to respond appro-
priately to the tumor cells for recognition in the case of tumors with a higher
growth rate (which is in the unstable range).

From a biological perspective, we know that the immune system does not stop
responding to tumors until all tumor cells are removed; otherwise, it stays active.
Immune cells need more time to fully destroy tumor cells in this procedure be-
cause, as time lag is increased.

In Figure 8, both trajectories of densities, C(7) and T(r), are displayed as
the density of the normal cells, N(z) increases/decreases. Figure 8(a), the tu-
mor cells-density increases slowly as N (¢) increasesand C decreases, dashed
red-arrow, then a sudden-jump appeared (switch-up) ataround N =0.82 to the

upper branch for a larger value of the tumor-denisity and continue increases. The
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Figure 7. System’s densities with time delay =15, u=0.0205 and in-
trinsic tumor growth rate (a) 7 =0.4, (b) r=0.5 for with the same

data of Figure 1.
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Figure 8. Parametric plot of N(¢) versus T(z) and C(z) cells

for the similar initial values as Figure 1, r=15, »=0.0205 and
rn=04.

switch-down effect happened as N decreases, at around N =0.79 where the
density of T increases and switches-down to a very small value and continue to
approach zero (the equilibrium point). The same discussion can be done for Fig-
ure 8(b) for C . This bistability behaviours show the range where the system is

unstable.

8. Conclusions

In this paper, we introduce a delay term into the interaction term between the
immune system and tumor to study the dynamic behavior of the nonlinear model
first proposed by Anusmita Das et al [19]. This is to make the model more real-
istic. We have examined the fundamental properties, such as positivity and
boundedness, of the solutions of the model. To investigate the model’s dynamic

behavior, we conducted a stability analysis of the system in question. Our findings

DOI: 10.4236/ajcm.2025.152006

148 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2025.152006

Z. M. Albariqi et al.

indicate that the tumor-free steady state is locally stable, given the following con-
dition # <c¢,I, +¢;N, +a,C, . Furthermore, this steady state is globally stable.
However, when there is a significant delay in the immune system’s recognition of
tumor cells, resulting in a delayed response, the tumor growth rate accelerates. As
a consequence, the system loses stability and moves away from the tumor-free
equilibrium point E,.

In conclusion, our findings would indicate that there is potential for further
valuable research in, for example, an examination of real-life data or the compar-
ison of different treatment regimes, understanding and advancing the field, for
example, a researcher might examine the results using real data or/and modify the
system to suggest different delay type (un-equal or variable), or a combination of

two types of treatments that will be sequentially applied.
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