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= of the accuracy or the error in the computed solution. In this paper, we present

a methodology and a computational framework for computing ||E || , in the

a posteriori error computations for both space-time coupled and space-time
decoupled finite element methods. It is shown that the proposed a posteriori
computations require %4, p, k framework in both space-time coupled as
well as space-time decoupled finite element methods to ensure that space-time
integrals over space-time discretization are Riemann, hence the proposed a
posteriori computations can not be performed in finite difference and finite
volume methods of solving initial value problems. High-order global differen-
tiability in time in the integration methods is essential in space-time decou-
pled method for posterior computations. This restricts the use of methods like
Euler’s method, Runge-Kutta methods, etc., in the time integration of ODE’s
in time. Mathematical and computational details including model problem
studies are presented in the paper. To authors knowledge, it is the first presen-
tation of the proposed a posteriori error computation methodology and com-
putational infrastructure for initial value problems.
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1. Introduction, Literature Review, and Scope of Work

1.1. Introduction

The mathematical models of initial value problems describe evolutions in which
dependent variables naturally exhibit simultaneous dependence on spatial coor-
dinates and time. Thus, the space-time coupled finite element method [1] with
space-time variationally consistent integral forms is ideally suited for obtaining
numerical solutions to the initial value problems. In space-time coupled finite el-
ement methods, one constructs space-time discretization using space-time finite
elements with space-time p-version hierarchical local approximations [1] in
higher-order scalar product spaces in space and time. In this approach, it is pos-
sible to maintain space-time integrals over space-time discretization as Riemann
integrals. One considers a space-time strip (in R') or a space-time slab (in R?)
and computes solution for the space-time discretization using %, p, and &
processes beginning with the first space-time strip 0<¢ < A¢. Upon obtaining a
converged solution for this space strip (requires a posteriori error computations
to quantify the errors in the solution), the solution is time marched for subsequent
space-time strips, keeping %, p, and k constant. In this approach, an initial
value problem in R' becomes a 2D problem with x, and ¢ and an initial
value problemin R® (x,, X, coordinates) becomes a 3D problem with spatial
coordinates X,, x, andtime ¢.Treatment of initial value problemsin R’ re-
quire consideration of x;, x,, X;,andtime ¢, leading to significant complex-
ities in the details of the computations. Thus, for initial value problems in R’,
space-time coupled finite element methods are generally avoided. We note that in
the space-time coupled finite element methods for initial value problems, we con-
struct a space-time discretization for an increment of time. Upon obtaining a con-
verged solution for the current space-time strip (or slab), we proceed to the next
increment of time Ze. next space-time strip using the calculated solution for the
current space-time strip to determine initial conditions for the next space-time
strip. This process continues till desired time is reached. We shall see in a subse-
quent section that a posteriori error computations in space-time coupled finite
element method are quite straight forward when using %, p, and k scalar
product spaces for space-time coupled local approximations for the space-time
elements and can be designed to yield precise a posteriori errors in the computed
solution.

To overcome the difficulties in space-time coupled methods for initial value

problems in RR’, we generally consider space-time decoupled methods for initial
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value problems. In space-time decoupled finite element methods, we construct a
discretization in space for the spatial domain of the initial value problem ze. a 1D
discretization in x, , for the 1D spatial domain [O,L] of the initial value prob-
lemin x, and f,a2D discretizationin x,,x, for the 2D spatial domain of the
initial value problem in x,,x, andtime s and so on. We construct an integral
form in space for the spatial discretization using fundamental Lemma [1] [2] of
the Calculus of Variations, in particular using Galerkin method with weak form
(GM/WE). The local approximation for an element in space consists of approxi-
mation functions dependent on spatial coordinates and nodal degrees of freedom
dependent on time. Upon substituting local approximations in the integral form
and carrying out the integration in space, we obtain element expressions in which
space coordinates are eliminated, and only degrees of freedom and their time de-
rivatives remain. Assembly of element equations yields a system of ordinary dif-
ferential equations in time. Thus, reducing partial differential equations in space
and time to ordinary differential equations in time, a consequence of decoupling
space and time.

The ordinary differential equations in time resulting from decoupling of space
and time are integrated using explicit or implicit time integration methods or fi-
nite element methods in time to obtain solutions for the nodal degrees of freedom
and their time derivatives. Upon substituting the solutions for nodal degrees of
freedom in space-time decoupled local approximation, we obtain space-time ap-
proximation of the solution for each element of the spatial discretization. For the
finite element discretization in space, the resulting ordinary differential equations
in time are integrated for an increment of time. Using the calculated solution for
the current increment of time, we proceed to the next increment of time and con-
tinue till the desired time is reached. Thus, we see that a posteriori error compu-
tations in space-time decoupled methods also need to be performed for an incre-
ment of time as well, same as in the case of space-time coupled methods. Design-
ing a mathematical and computational infrastructure for a posteriori error com-
putation for the space-time decoupled finite element solution is not as simple and
as straight forward as for space-time coupled finite element processes as shown in
subsequent section.

From the details of space-time coupled and space-time decoupled finite element
methods for obtaining solutions, we note that in both methods we determine evo-
lution for an increment of time and then time march. Thus, a posteriori compu-
tation methodologies and infrastructures for both space-time coupled and space-

time decoupled require consideration for an increment of time.

1.2. Literature Review

Before the introduction of &-version of finite element method in which & is the
order of the approximation space, in additionto 4 and p as the independent
parameters in all finite element computational processes by Surana et al [1] [3]-

[9], all finite element computations for boundary value problems as well as for
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initial value problems were performed using approximation of class C° in space
for boundary value problems and of C° in space and time for initial value prob-
lems. Such solutions of global differentiability C° are not admissible in the par-
tial differential equations describing the boundary value problem or the initial
value problem, due to lack of required global differentiability, dictated by the or-
ders of derivatives of the dependent variables in space and time. Inter-element
discontinuities of the derivatives at the inter element boundaries lead to the inte-
grals over the discretization in Lebesgue sense that are not reliable measure of
residuals. Thus, in the /- p framework in the absence of & (ie solution of
class C° only), the order of the approximation space, a posteriori error compu-
tation based on space-time residual functionals obtained by substituting space-
time approximations in the equations of the mathematical model and then ob-
taining L, -norm is not possible. This led to investigations and research into
what is called “a posteriori estimation” methods [10]. In this approach, it is ac-
cepted that a posteriori computations are not possible, and one resorts to estab-
lishing a bound of the error in the computed solution. More compact or shorter
interval bounds of a posteriori error estimates are obviously more useful. Unfor-
tunately, the a posteriori error estimation methods were largely developed using
weaknesses in the global approximation as the major factor driving the determi-
nation of the estimates. As an illustration, consider solutions of class C°. Such
finite element solutions will exhibit discontinuity of the first derivative of the de-
pendent variable(s) normal to the inter-element boundaries. Thus, for solutions
of class C", one could undertake derivation of a posteriori error estimates based
on the jumps of the first derivatives of the solution normal to the inter-element
boundaries. In the study of convergence of the finite element solutions, how this
measure based on the jumps in the first derivatives approaches zero is some indi-
cation of the solution accuracy and convergence. This methodology has obvious
shortcomings. If we consider solutions of class C' over the discretization, then
the first derivative of the dependent variable in the tangential and normal direc-
tion to the inter-element boundaries is continuous. Hence, a posteriori error esti-
mates derived based on the jumps in the first derivatives normal to the inter-ele-
ment boundaries are meaningless as these don’t exist. Thus, we note that with the
introduction of &, the order of approximation space as an independent parame-
ter in additionto /4 and p, itis possible to construct local approximations that
yield desired global differentiability required by the orders of derivatives in the
partial differential equations. We examine the highest order of derivatives of the
dependent variable(s) in the partial differential equations in space and time and
then choose minimum value k = (k1 ,kz) , k, inspace and k, in time, so that
the residual function is continuous everywhere over the space-time domain or
dicsretization. This allows us to maintain integrals in L, -norm computations in
the Riemann sense over the discretization, essential to ensure accuracy of L, -
norms. To our knowledge, there are no published works on a posteriori error

computations except Surana ef al [1] [9] [11]. It is rather obvious that solutions
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of class C° cannot be solutions of any partial differential equation, as a partial
differential equation at the very least must have first order derivatives of the de-
pendent variables, requiring approximations of class C' if the integrals are to be
Riemann over the discretization, thus it is not surprising that there are no pub-
lished works on a posteriori error computations before the introduction of £ -

version of finite element methods by Surana et al [1] [3]-[9]

1.3. Why Proposed Approach? Proof of Accuracy and Convergence

Consider an initial value problem A¢— /=0 in Q, with Q! =[]Qf , as
space-time discretization of space-time domain Q_, inwhich ¢, = Jd; isap-

proximation of ¢ over Q) and ¢, the approximation of ¢ over Q°,,a
space-time element e. Then, in the absence of the theoretical solution of the ini-

tial value problem, the best measure of the accuracy of ¢, is how well it satisfies
the initial value problem A¢—f =0 over S_):, . This requires that we substitute
¢, in Ap—f =0, and since ¢, isthe approximation of ¢, there will be a re-

sidual function E=A4¢,—-f Vxte (_2; . The corresponding residual func-

tional [ (¢h) Le. ||E||i2 is obtained by calculating:

1(8)=(B.E)gy, = 2(EE) = X (405~ 1,485~ 1)

o

When ¢, converges to the theoretical solution ¢, then [ (¢h)=1 (¢) =0.
Thus, proximity of [ (¢h) to zero is a measure of the accuracy or error in the
solution ¢, . This is undeniably the best measure of solution accuracy or error as
I (¢h) indicates how well A4¢— f =0 is satisfied in the pointwise sense over the
space-time discretization ﬁ; .This is a posteriori error computation, however,
for the a posteriori error computations to be accurate, the approximation ¢,
must have the required differentiability over 5_2; as dictated by the highest order
of the derivatives of ¢ inspaceandtimein A¢— f =0.With the choice of min-
imally conforming approximation spaces for ¢, , the integrals in the calculation

of 1(4,) over Q'

Xt

are ensured to be Riemann, in which case when
I(¢h)—>0 , A¢—f =0 s satisfied over S_); in the pointwise sense ie.

A, — f = 0 holds everywhere in ﬁ; With minimally conforming approxi-
mation spaces, /,p refinements are carried out to ensure that [ (¢h ) — 0, gen-
erally of the order 0(1076) or lower when using dimensionless form of the
equations in the mathematical model describing the initial value problem is found
to be adequate but can be reduced as low as 0(10715) with much improved ac-

curacy.
In the currently published works on a posteriori literature, only a posteriori

error estimates (bounds on error) are reported, generally derived using jumps in
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the derivatives of the dependent variable(s) normal to the inter-element bounda-
ries. Obviously, these estimates are incapable of determining quantitatively how
well the equations in the mathematical model of the initial value problem are sat-
isfied by the computed solution. There is no reported work on a posteriori error
computations because valid, meaningful and accurate a posteriori computations
are not possible with solution of class C° in space and time used currently for
initial value problems. Thus, there is nothing in the published works to compare
the residual reported in this paper. Convergence and proof of convergence of
||E || , to computed zero based on A, p refinements for minimally conforming
approximation spaces follows the details on convergence reported by Surana et al
[1] [6] [9] [11]. For a fixed mesh (fixed /%), progressively increasing p results
in progressively increasing convergence rate of ||E||L2 . Likewise, for a fixed p
with % -refinement, convergence rate does not change. Increased in p -level re-
sults in increased convergence rate with / -refinement. Details of the convergence

of ||E || L and its rate of convergence can be found in references [1] [6] [9] [11].

1.4. Scope of Work

In this paper, we present a posteriori error computation methodology and com-
putational infrastructure for space-time coupled as well as space-time decoupled
finite element processes for initial value problems strictly based on L,-norm of
the space-time residual function obtained using the mathematical model for the
discretized space-time computational domain. In space-time coupled finite ele-
ment method, the p -version hierarchical local approximations with required
regularity are substituted using computed solutions in the partial differential
equations to compute residual functions followed by the computation of L, -
norm of the residual functions over the space-time elements of the discretization
yielding || E||L2 , the L,-norm of residual function for the space-time discretiza-

tion. When the computed solution ¢, (x,t) approaches ¢(x,t) , the theoretical

solution,

| E||L2 — 0. Thus, proximity of ||E||IQ to zero is a measure of error in

the solution or is a measure of accuracy of the solution. Thus, in space-time cou-
pled methods, a posteriori error computation involves computing |E||, over the
2

space-time discretization using the computed solution for an increment of time.
In space-time decoupled methods, we have finite element discretization in
space, followed by integral form over the spatial discretization using fundamental
lemma of the calculus of variations (generally GM/WF). Substitution of local ap-
proximation, in which approximations are function of space coordinates and are
p -version hierarchical with higher-order global differentiability and the degrees
of freedom are function of time. After carrying out integration in space and sum-
ming element equations, we obtain ordinary differential equations in time. These
are integrated using implicit time integration methods such as Newmark’s linear
method. When the approximation functions in space and the time approximation
of solution in the time integration method have desired global differentiability

in space and time, the space-time decoupled approximations ¢(x,t ) can also be
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substituted in the partial differential equations of the mathematical model to ob-
tain space-time residual functions for the element in space and the time increment
constituting space-time domain. This is followed by L,-norm computation for
the space-time domain. Proximity of | E||L2 to zero in this case is a measure of
error or accuracy of the solution.

Thus, the proposed framework of “a posteriori” error computation requires
higher-order global differentiability approximations in space and time in space-
time coupled as well as decoupled methods. When we choose approximations in
space and time that are minimally conforming, the space-time integrals over the
space-time discretization in both methods are ensured to be Riemann, essential
for accurate computation of ||E||IQ . In choosing time integration method for or-
dinary differential equations in time in space-time decoupled method, we must
ensure that the time integration scheme has desired global differentiability in the
entire discretized time domains.

Thus, the proposed a posteriori error computations are based on space-time
residual functions for the discretized space-time domains in both space-time cou-
pled and space-time decoupled methods. These error measures are true measures
of how well the partial differential equations in the mathematical model are satis-
fied by the computed solutions in the pointwise sense, ensured by the Riemann
integrals over the space-time discretization. Clearly, these a posteriori error com-
putations require /#, p and k framework in which desired global differentia-
bility in space and time as necessitated by the partial differential equations is pos-
sible. The proposed a posteriori error computations are not possible in finite dif-
ference or finite volume methods of solving initial value problems.

Mathematical and computational details associated with the proposed a poste-
riori error computation are presented in this paper. This is followed by model
problem studies to demonstrate the applications, effectiveness, and usefulness of
a posteriori computation frameworks presented in the paper for space-time cou-

pled as well as space-time decoupled finite element methods.

2. Theoretical Consideration and Computational
Infrastructure

In this section, we present some theoretical considerations in space-time coupled
and space-time decoupled finite element methods that are necessary to design a
possible a posteriori error computation strategy in these methods for initial value

problems. We present details in the following.

2.1. A Posteriori Error Computation in Space-Time Coupled Finite
Element Method for Initial Value Problems

Let
Ap—f=0inQ_ =0 xQ, (1)

be an initial value problem over the space-time domain €2, inwhich A isthe

space-time differential operator containing 2m, and 2m, as the highest orders

DOI: 10.4236/ajcm.2025.151005

87 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2025.151005

K. S. Surana, J. Abboud

of derivatives in space and time. Let Q_, =Q_ UT, in which T is the closed
boundary of €, . Surana et al [1] have shown that space-time differential oper-
ators are non self-adjoint or non-linear but not self-adjoint as in space-time dif-
ferential equations, A~ adjoint of the operator is not the same as the operator
A and there are issues in the concomitant due to open boundary. Thus, for initial
value problems, all space-time integral form based on fundamental lemma (Space-
time Galerkin Method, Space-time Galerkin Method with Weak Form, Space-
time Petrov-Galerkin Method, Space-time Weighted Residual Method) are space-
time variationally inconsistent due to lack of unique extremum principle. Thus,
for initial value problems, only the integral form based on space-time residual
functional are space-time variationally consistent [1], hence are considered in the

present work for a posteriori error computations.

¢ OpenBoundary 13
.
4 ‘
'( g nt" space-time strip
ol -
(BC) M1 Qi 3 (BC) .
to : 2" gpace-time strip
o
t ” 15 space-time strip
Q, —
Lo H2 r to "
x=0 (ICs) v=1L " 0 L t
(a) Space-time domain Q. (b) Discretization of Q, into space-time strips
t
© )
| —— > O
(¢ S
t’n,+1
tn
L1

(c) Discretization of Q") into space-time elements.

Figure 1. Space-time domain, space-time strips, and discretization of the n" space-time element.
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— T —
Let (Q(X'f)) = UQF;) be discretization of the n” space-time strip or the 7"

space-time slab Q") in which Q! isa p -version hierarchical space-time fi-
nite element (see Figure 1). Let ¢, (x,t) be local approximation of ¢ over

0l given by

xt
4 (x.0)= 3N, (x.0)0F @
i=1
in which N, (x,t) are space-time local approximation functions for an element
f_lgj) derived using its map in the natural coordinate space &£, 7 and ¢ ina
one unit length, one unit square or a one unit cubein R', R> and R’ respec-
tively.
Let

¢, (x.0)=Ud; (x.1) (3)

— T —
be approximation of #(x,f) over the discretization (Q(")) of QU the

Xt
space-time domain of 7 -th space-time strip.
Since 2m; and 2m, are the highest orders of the derivatives of ¢ in the

space and time, then we have:

— T
#, (x,t) eV < H*) ((g&;ﬂ) j (4)
in which
k, 22m +1, k,22m, +1, 5)
p, 22k -1, p, =22k, -1
Thus,
¢ (v.1)ev < H"(Q)) 6)

must hold ie. the union of local approximation ¢, in (3) must yield the desired
global differentiability of ¢, (x,t) over (Ezf;}) )T. Equation (6) implies that the
local approximation function N, (,) must belong to the scalar product space
H"?(0,) defined by (5), in which

k, =2m +1, k, =2m,+1 and p, =2k -1, p, =2k, -1
define minimally conforming scalar product approximation space for which the

— T
space-time integrals over (Q(;;)) will be Riemann.

In the space-time finite element method based on space-time residual func-
tional, the space-time integral forms that are space-time variationally consistent
for linear as well as non-linear space-time differential operators [1], hence are
meritorious for obtaining solutions of initial value problems. Details of space-time
coupled finite element methods for linear and nonlinear differential operators can

be found in [1] and are omitted here for the sake of brevity.
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If ¢, (x, t ) in (4) is minimally conforming space or is of class higher than min-

T
imally conforming, then the space-time integrals over (Q(")) are Riemann and

Xt

T
the residual function over (Q(";)) and is given by:

g~ f =E(x1) ¥ (x)e(Ql)) %
residual functional /(¢,) is given by
I(¢,)=(E.E) (8)
or
1(¢h)=§19(¢;)=‘Z(E6,59)% ©)
in which

EC=Af; (x,t)-f VxeQ (10)

and /° is the residual functional and E¢ is the residual function over S_)it S
domain a space-time element e.

For a space-time strip we calculate /° and 7 using(9). When ¢, > ¢ ,the
theoretical solution, then

1(¢,)>1(¢)=0 (11)

Thus, ¢ (¢h) is a posteriori measure of error in space-time element e and
I (¢h) is the a posteriori measure of error for the space-time discretization of a

space-time strip.

2.2. A Posteriori Error Computations Procedure

The procedure for calculating a posteriori error based on space-time residual
functional for space-time coupled finite element methods for initial value problem
is given in the following:

1) Choose minimally conforming spaces for local approximation based on the
highest orders of the derivatives of dependent variable(s) in space and time so that
the space-time integral over the space-time finite element discretization is Rie-
mann. If the evolution is sufficiently smooth, the order of the space in space and
time can be lower by one, if the space-time integral in Lebesgue sense suffices over
the space-time discretization depending on the smoothness of the solution.

2) Calculate the solution for the first space-time strip or slab, ie, ¢ and
¢, =\J._4; - In cases of nonlinear initial value problems, calculate the converged
solution using iterative solution methods (such as Newton’s linear method).

3) Using ¢ (x,) for each space-time element, calculate the residual function-

als I"(¢,f) for Q°, and [ (¢,) for (S_)(l))r space-time discretization of the

xt

first space-time strip.

13(¢;):<E€,E")ﬁil , EC=Ag—f (12)
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1(¢,,)=§1€(¢;) (13)

1 (¢h) is a measure of error in the computed solution for the first space-time
strip or slab.
4) When @, —> ¢, I(4,)—>1(¢)=0, thus proximity of calculated 7(g,) to

computed zero (0(10‘4) or lower) is a measure of error in the solution for the
space-time discretization of f_th) and 7° (¢;) is a measure of error in the space-
time finite element with space-time domain Q, .

5) Weuse &, p adaptive refinement for QY to obtain converged solutions

(ie, I(¢,)< (9(10'4) ), keeping minimally conforming k= (kl,kz) LI (¢;)
are helpful in refining mesh or changing p -levels in space and time. Upon ob-

taining converged solutions for (_ZS) , we time march to the next space-time strip
(t,+Ar<1<t,+2At), keeping h, p and k fixed. In general, this procedure
works well. If a change in % or a change in p -level is necessary for subsequent
space-time strips, then, unfortunately, we must again begin with S_l(xlt) with the
new mesh and p -levels.

6) We note that for a space-time strip or a space-time slab the residual func-
tional /° for an element e with domain QF, isa measure of the error in the
solution for element e. These residual functionals 7°,e=1,2,--- are quite effec-
tive in designing an 4, p (possibly k) adaptive strategy. The element with the
largest value of 7° is the first candidate for & or p or hp -refinements. This
process can be designed such that all elements with a value of /¢ larger than I
(a threshold value) are considered for & or p or hp -refinements. How these
refinements are carried out is beyond the scope of this work. Here we only wish
to point out that quantities /° calculated in ‘a posteriori’ error computations in-

deed provide excellent measures to design adaptive processes.

3. A Posteriori Error Computation in Space-Time Decoupled
Finite Element Processes

3.1. Mathematical Model, Integral Form in Space

Let

Ap—f=0inQ, =Q xQ, (14)
be the initial value problem over the space-time domain Q _,, in which 4 isa
space-time differential operator of the highest order 2m, in space and 2m, in
time. Q,=Q_ Ul ,where T isthe closed boundary of Q_,.We discretize the
spatial domain S_)X with finite elementsin R',orin R”* or R’ in space such

that Q' is the discretization of Q_, and consists of O =JG; , in which

Q° (x) is a finite element in the spatial domain Q. . Consider an increment of

time Af,and let ¢, (x,t ) be the approximation of ¢ over the spatial domain
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@)

Q) = Q¢ fortime #,<t<t,+At inwhich t=¢, isthe initial time when the

x
e

evolution described by (14) commences. We consider ¢, (X,l ) to be the union
of ¢ (x,t)
4, (x.0)=Ud (x) 15)

in which ¢,f(x,t) is the approximation of ¢(x,t) over f_li for time

ty St<t,+At, given by:
8 (n0) =3 N, (x) 57 (1) and ¢, (x.0) = (x.0) (16)

In (16), N, (X) are the approximation functions that are functions of space
coordinates only and & (¢) are nodal degrees of freedom that are a functions of
time only. The local approximation ¢, (x,t) (16) decouples space and time for

Q¢ and ¢, (X, t ) decouples space and time for the discretization
((_Zx )T xQ, = (flx )T x[ty,t, + At]. Using fundamental lemma of the calculus of var-

iations, we construct the integral form of (14) over the discretization Q' of the

spatial domain Q_ using a test function v(x) and treating time as a constant.
(A¢h (x,t)—f,v(x))(ﬁx)r =0 (17)

Since (17) is a functional, we can write this as a sum of the functional over S_li

Le.

(46, (x0) = f2V)oy = (445 (x1) = f2v), =0 (18)

Consider ( Ag (x,0)—f ,v(x)) in Galerkin methods with weak form in space

treating time constant, we perform integration by parts in space if beneficial [1]

[9] to obtain the following:
(4 (x.0)=fv(x)) = B (¢r2v)=1°(v) (19)

We perform some integration by parts in (A¢,f (x,0)-f ,v)ﬁe only for those
terms that contain even order derivatives in spatial coordinate x to transfer half

of the differentiation from ¢; (x,t) to the test function v(x) . Integral form (19)

for S_li is called the weak form of the initial value problem (14) in space. In the

weak form the order of differentiation on ¢ (x,t), with respect to x may have
been lowered or weakened, hence the name weak form, but increased on the test
function. After performing the integration in space for an element e, we obtain
a system of ordinary differential equations in time and {5"} and its time deriv-

atives. The order of the time derivatives of {53} in the ordinary differential

equations depends upon the order of the time derivatives of ¢ in (14), that is

(19) can be written as
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(A¢,f (x,t),v(x))ﬁe =B (¢;,v(x))—l“ (v)

:Hf{5e}+H‘{é‘e}+ +H@{5[en]} { e}_{Fe} (20)

Substituting (20) into (18), we obtain
(A6, (x.0)= £.v)gy =[H, Yo+ 1, {8} -+, ){ 8,0} - 1P} ~{F} =0 2
In which
H =Y[H], Hy=Y[H;]...etc.and {5}={J{8.}, {8} =UU{4.} ... etc.
In (21; we have a syster; of ordinary differential eqeuations in timeefor the initial
value problem (14) for QI = Qf x[1,,1, + At]

3.2. Methods for Obtaining Solution of Ordinary Differential
Equations in Time

The system of ordinary differential equations in (21) is linear if the space-time
differential operator 4 in (14) is linear, otherwise (21) represents a system of
non-linear ordinary differential equations in time.

The ordinary differential equations in time in (21) can be integrated in time
using:

1) Finite element methods in time

2) Explicit time integration methods

3) Implicit time integration methods

Explicit time integration methods have poor accuracy and stability issues but
are much simpler and are quite fast computationally. We do not consider these
methods in this work because of poor accuracy, but also due to other requirements

discussed later.

3.3. Finite Element Method in Time

Consider space-time coupled finite element method for initial value problems.
The local approximation of ¢°(x,7) over a space-time element Q° or ﬁg is
given by:

¢h xt [N xt ]{5"} (22)

If [N (x, t)} are generated using tensor product, then we can write (22) as fol-

lows:
¢ (x1) =[N (x)]®[ N (1) {5} (23)
The ® symbol indicates tensor product [1] [6] as we use it in finite elements

to generate 2D approximation functions from 1D approximation functions.

We can also write (23) as:
¢ (x.t)=[N(x ]([N(t)} 59) (24)
or

¢ (x.t)=[ N (x)]{5° (1)} (25)
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where
5 (t)=[N(t) {o°} (26)
In (24) and (26) {55} is not a function of time.

Remarks

1) Equation (24) is the space-time coupled finite element method.

2) Equation (25) is the space-time decoupled finite element method.

3) Equation (26) is the finite element method in time.

4) Substitution from (26) into (25) yields (24).

That is in space-time decoupled methods, if we solve ordinary differential equa-
tions in time using finite element method in time, then the space-time coupled
and the space-time decoupled methods are the same provided the space-time ap-
proximation functions are generated using tensor product of 1D space and time
approximation functions. This has been investigated by Surana ef al [12] and is
shown to be true. For further details on this approach, see reference [12].

3.4. Implicit Time Integration Methods for Ordinary Differential
Equations in Time

The a posteriori error computation proposed in the present work considers L, -
norm of the space-time residual function for space-time decoupled finite element
methods. This technique requires:

(i) Desired regularity or differentiability of ¢ (x,7)= [N (x)J 5°(7) in space

and time. Since the spatial discretization uses finite elements in space, the desired
regularity in space can be easily satisfied by appropriate choicesof & and p in
space.

(ii) We also need desired global regularity or differentiability of ¢, (x,7) in
time as well. That is, we must consider a time integration method in which ap-
proximation of ¢ over a time increment is a function or an expression in time
(for example, polynomial in time).

(iii) At the inter-element boundaries, desired order of differentiability required
by the initial value problem must be satisfied so that the space-time integrals are
Riemann.

(iv) When the requirements (i) - (iii) are satisfied, the space-time decoupled
approximation ¢, (x,t) = [N (x)]{5“ (t)} can be substituted in the initial value
problem (14) for any value of time in the interval (n - I)At <t <nAt. Thus, per-
mitting L, -norm of the space-time residual functional over

Q° x [(n - I)At <t< nAt} for the n" space-time step.

(v) The requirements (i) - (iv) rule out the use of explicit time integration meth-
ods and the integration method in which we do not have an expression of the
solution as a function of time explicitly for an increment of time.

Remarks [a.]

a. Requirements (i) - (iv) rule out methods like Runge-Kutta in which we do

not have an analytical expression of solution as a function of time in a time interval
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as required in the L,-norm computations.

b. Wilson’s 6 -method with linear acceleration and Newmark’s linear acceler-
ation methods are suitable for second-order systems of ordinary differential equa-
tions in time.

c. In the case of first-order systems of ordinary differential equations in time,
we must derive details of time integration methods based on Wilson’s § method
and Newmark method.

d. In the present work, we consider the Newmark method for both first-order
and second-order systems of ordinary differential equations in time. For simplic-
ity, we only consider linear ordinary differential equations in time. In the follow-
ing, we present details of Newmark time integration method for linear first-order

and second-order ordinary differential equations in time.

3.4.1. Newmark Time Integration Method for a System of Linear First
Order Ordinary Differential Equations in Time

Consider the following first-order system of linear ordinary differential equations

in time obtained from decoupling of space and time
[C){8}+[K]{s}=[F] (27)
Consider a time interval [t,t+At ] and assume that {6} is linear in the in-

terval [t,t+At] (Figure 2).

{5(1)}

{0} {03+ {0}era

t o t+T t+ At t

Figure 2. Newmark linear method for first order ordinary differential equations.

Let 7 Dbe the time measured from f. Let {6} and {6} be values of

t+At

{5 } at ¢+ and ¢+ Az, respectively. Then

(6], =18} + 5, (18),..-18}) (28

Integrating with respect to 7, we get:

2

(0. =e18), + 2 18},., 18] )¢ o

At =0,
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{1, =19}, (30)
Substituting in (29), we obtain:
c={s) (31)
{5}t+r = {5}t + T{S}; +&({5}t+m a {§}t) (32)
Letting 7 = A¢, we obtain:
. NI i
(6}, =16}, +Al8) +7’({5}M -{(8}) (33)

From (28),

8.0 =16},

t+At

From (33), we solve for {5}

. 2 .
{6}1+At :E({é}wm _{5}t)_{5}1 (34)
Consider (27) at ¢+ At:
[C] {5}1+Ar +[K]{5}t+At = {F}t+At (35)

Substitute {5}t . from (34) into (35):

2

(€1 (18}, ~10)) (8}, K10}, = 1P, (6)

(K1 2€1)(0}, =P+ CN) [UfS),
[51(8},., =10}, +{F}.., o9

where
{0}, =Iclia},~[c){8), (39)

[B ] is called the time approximation operator, and {Q}t is called the load
operator.
Knowing {5} {5}[, and {F}

then {5 }Hm using (34). Thus, the solution {5 }

. ..a;» We can calculate {§}t+ A, using (37), and

and {5 } is now known.
1+At 1+At

Initial conditions

1) Since (27) is a first-order system of ordinary differential equations, we re-
quire only one initial condition. If we begin with =0 then {5 } , is the initial
condition (known). Using (27) at ¢=0, we can write:

[c1{8}, +[K]{s}, ={F}, (40)

From (27), we can solve for {5}0:
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{8}, =[cT ' (-[K{s}, +{F},) (a1)

Thus, now the complete solution is known at 1=0.
2) Using the initial condition in (1) at =0, we can use (34) at t=0 to cal-

culate {5}” A, and then use (33) to calculate {3 }

t+At
3) This procedure of time marching is continued until final time 7=z is
reached.

Remarks
1) First, we note that for each time interval, we have an analytical expression

for {5(¢)} and {5 (t)} needed for residual computations.
2) Secondly, we note that at a time ¢ between the two time intervals, {5}
and {5 } are continuous, implying that in this time integration scheme, & (t) is

of class C' as required by (14) to ensure that the time integrals in L, -norm are

Riemann in time.

3.4.2. Newmark Time Integration Method for a System of Second Order
Ordinary Differential Equations in Time

Consider a system of second-order linear ordinary differential equations in time:
[M]{&}+[C]{s}+[K]{6} ={F} (42)

These ordinary differential equations in time result when decoupling space and
time in balance of linear momenta in linear elasticity and when constructing in-
tegral forms over spatial discretization using Galerkin method with weak form
(GM/WE). [M ] R [C ] ,and [K ] are mass, damping, and stiffness matrices, and
{5} R {5} , and {5} are nodal degrees of freedom, their first and second time
derivatives, when the degrees of freedom {5 } are displacements (CO Lagrange
family finite elements), then {5} and {5} are velocities and accelerations of
the grid points of the spatial discretization.

We consider Newmark’s linear acceleration method for integrating ordinary
differential Equations (42) in time. In this method, we assume that acceleration
{5 } is linear in the time interval [t,t+ At] (Figure 3).

{6}

{5}f {S}HT {S}HAt

t t+T t+ At t

Figure 3. Acceleration {5 } versus time ¢ (Newmark linear acceleration method).
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Complete details of this method can be found in [1]. Important steps and the
calculation procedure are described in the following. If we measure time 7 from

t, then

(6,16}, 5, (18], -19)) 42

Integrating with respect to 7 and using {é‘} at 7=0 equal as {6} , to

evaluate constant of integration, we obtain

(6] =r18] +(8) 2 {1}, (6] (a1

Integrating with respect to 7 and using {5 } at 7=0, as {5} , to evalu-

t+t

ate the constant of integration, we obtain

2 :

(0}, =10}, + 18}, + (18], 18] (45)

Using (43), (44), and (45), we obtain expressions for {5} , , {§]  and

{8} . byletting r=At. From these, we solve for {§| and {§} in

terms of {5}, {8}, {8}, {5}, and {F}_, andsubstitute these into (43)
at r+Ar.

[M1{8}, +[C18},, +[KI{6},., ={F}., (46)

We express resulting (46) as a system of linear simultaneous algebraic equations
in unknown {5 }H o (see [1] for details), Equation (47). Final expression used for

computations are given in the following:

(%[M]-i—%t[C]-i-[K]j{é}Hm
3

S et (o) L P o L R
(251,

and
(6., = (101, ~16},)-2{8}, -21(8), )
(8], = (16, 101 )- o {38}, -218), ()

We can write (47) as
[B] {§}I+At = {Q}t + {F}t+At

where
(0}, =12 e1 o)+ S+2lc o),
(212 4c) g8},

(51)
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Initial Conditions:

Since (42) is a system of linear second-order ordinary differential equations in
time, it requires two initial conditions. If we assume that the evolution commences
at =0, then we could have {5}0 and {6‘}0 as initial conditions. Using (42)

at t=0,
[m1{8}, +[C1{8}, +[K1{8}, ={F}, (52)
From (52), we can determine {5} .
(8}, =[] ({r},~[c{8}, - [K 1))

Thus, {5}0, {6‘}0,and {6}0 are all known at time #,=0.

0

Remarks
1) If the evolution commences at ¢#=0, then {5}0, {6‘}0, and {5}0 are all

knownat 1=0.
2) We use t=0 in (45) to calculate {5}&

{5‘}Hm and {S}tw using (48) and (49). Thus, the solution at ¢#=A¢ is now

followed by the calculation of

known.

3) Using the solution at ¢=At, the solution at ¢=2A¢ ie {5}2& , {5}2A ,
!
and {5}2A can be calculated using (47) - (49).
!

4) This time marching process is continued until the final time ¢=7 Iis

reached.

3.5. A Posteriori Error Computations in Space-Time Decoupled
Methods for a First-Order System of Linear Ordinary
Differential Equations in Time

Consider the following system of linear first order ordinary differential equations

in time:

[€1{8)+[H] (5} ={F) (53)
Obtained by decoupling space and time in the initial value problem using a fi-

— T —
nite element discretization (th) =JQ; in space of the spatial domain
e

Q. cR' or R’ or R’; Q° couldbealine, an area or a volume finite element
in space,with p-version hierarchical with higher orders global differentiability in
space.

For illustration, consider the following time dependent diffusion equation

2
BT o vicas0,-0)s0r) G

Consider discretization of Q' of the spatial domain Q.
o= o (55)

Q¢ is a three-node p-version hierarchical finite element in the spatial domain
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x with higher-order global differentiability local approximation. Let ¢, (x,t)
be the approximation of ¢ over f_Zi , then in space-time decoupled finite ele-

ment method, we write:
g (x.t)=[ N (x){5° (1)} (56)

in which &¢(¢) is the computed solution for time integration method for an in-
crement of time.

We substitute (56) in (54) to obtain residual function E,

Q:, =0 x[(n-1)t<t<nt], for the n" time interval

~ Xt

. O*N(x
E: (x,t)=C[N(x) {8 (1)} - I{ axg )}{5(0} -1 (1) (57)
and the residual functional I, is given by
I =(E (x.t), E, (x,t))ﬁf (58)
and for the the whole spatial discretization

1,=XI (59)

We note that N (x) are approximation functions for Q°

X

mapped in natural

coordinate space ¢. Thus,
E;w,r):c([N<¢)]){8<r>}+1{%}{5<0}—f@) ()
=31 = (B (S0). B (£0), 1)

We map time ¢ for an increment of time into natural coordinate v inatwo-
unit length. Consider the ;" time increment [tj ! +At} :[tlj ) J mapped

into a two-unit length [Vl,vz] = [—1,1] . We can write the following:

t(v):(l_ijtlj +[1;‘/th (62)

r(v)—(lzvjm and dr:—dv (63)

and

time 7 is measured from =t .
Recall {5}m and {5}{ (from Equations (29) and (28)), we can express

these as functions of v:

0}l 15y g8 o

and

(8]0, 181, (181,18}, )
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where
] =t +At (66)
Using (62) in (61) , we obtain E, (&,v) and:
Lo =215 = X[ Efey (89). B2 (6), (©7)

I, is calculated using Gauss quadrature.

Proximity of /7, to zero is a measure of the accuracy of the solution in ng
ie. element e in space for a time increment and proximity of /., to zeroisa
measure of accuracy of the solution over the whole spatial discretization for an

increment of time.

3.6. A Posteriori Error Computations in Space-Time Decoupled
Methods for Second-Order Systems of Linear Ordinary
Differential Equations in Time

In linear elasticity, the balance of linear momenta is a system of second order par-
tial differential equations in space and time in displacement when the constitutive
theory for stresses is substituted in them. We discussed space-time decoupled
method for obtaining solutions of such initial value problems.

Consider the initial value problem in linear elasticity, axial deformation of rod
made of viscoelastic material. The rod has elasticity and dissipation mechanisms.
Balance of linear momenta and constitutive theory are given by (neglecting equi-

librium stress):

o’u » 00
——p ' -—L=0 VxeQ cR 68
Por Pl — . (68)
o, :Eé_u_'_cg(@_uj (69)
Ox  Ot\ Ox
By substituting (69) in (68), we obtain a single partial differential equation in
u:
o’u » ou 0%y
e pF —E——c=—==0 70
Por P T e e v

or Au—f =0 inwhich v isvelocity.

Consider space-time decoupled formulation of (70) with GM/WF in space fol-
lowed by time integration of the resulting second order ordinary differential equa-
tions in time.

Let Q! = JQ¢ be discretization of Q. in which Q¢ is a finite element in

e

space (1D in this case).

Let uf (x,t)ziN (x)5¢ (t) be local approximation of u over QY and
i1

u, (x,t) be approximation of u over Qi,then

u, (x,0) =Juj (x,t) (71)
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Using fundamental lemma of the calculus of variations (using test function

w),
(Au, _f’w)ﬁ,f =0; w=0du, in GM/WF (72)
(Auh —f,w)é)f_ :Z(Auh f, w) .= (73)
and {6} =|J{0,} are the degrees of freedom for Qf
Consider
. o’up o’u; vy
(Auh _f,W) ) (,0072’—,00[711’ - axzh - 6x2h ’nge
2 2 2 (74)
= [ U i - ijF”wdQ an“h wdQ — j o, 7 yydQ)
5¢ or’
We perform integration by part once in the last two term
= jpo F'wdQ+ | E 40
S 6t & S Oxox
(75)

+ J. c@_wavh wdQ —| w Eauh - wcavh
& ox Ox ox . ox .

Substituting (68), w=oJu, = N;;j=12,,n and v, = iN,. (x)é', (t) in
i=1

(75). Boundary terms lead to secondary variables (standard procedure) {Pe} for

an element e.

(=10}, = [ oS00 g f i
¥ Se i=1 014

X

ON. . ON.

-[E ’Z%Nd(} j ’E‘dQ (76a)

S Ox T Ox

- N. E% —_ N.cavh , j=1,2,--.n
/ Ox i 7 ox i

in which
e e aNl e l
M; =p, [ NNAQ; Cf = —LdQ; K dQ (76b)
ﬁ(’

We can write (76a) in the matrix and vector form
(A = fow)y, =[me J{gef e J{oe )+ [k Joe}={Fef={pp 07
Using (77) in (73) iLe. assembly of element expressions we obtain:
(Auh —f,v)ﬁg = Z(A”Z _f’v)ﬁf;
S SN Sk} -l -l o

e

(78)

or
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[M]{8}+[C]{8}+[K]{o} = {F}+{P} (79)
in which

(]=%[m ). [c]=X[c ). [K]=X[&°]. {Fh =2 {F.
e e e (50)

(P1=Z{P. fo)=Ulor}. {8} =Ute) ana {5)=U(5"}

e

Equations (79) are a system of second-order ordinary differential equations in
time.

Let Q° be a 3-node p-version hierarchical element in space with higher order
global differentiability

uy (x,0) =3 N, (x) 7 (7) (81)
i=1
We substitute (81) in (68) to obtain residual function E;, v

x,t€Q, =Q¢x[(n—1)t,nt ], for the n" space-time strip:

L e e B e T

and the residual functional ¢ for QF, isgiven by

~ Xt

I =(E;.E, ) (83)

and for the whole spatial discretization and time ¢ e [(n -1)t, nt} ,
I,=>1 (84)

We note that N, (x) are approximation functions for Q° mapped with nat-

ural coordinate space & €[-1,1]. Thus,

£ = V@ 0 S o0} -£| T2 for ) e

Oox ox

and
I = 205 = EE: (&) E5 (60), (86)

We map ¢ with natural coordinate space v in a two-unit length. Consider
the j” time increment [t-/ N +At} = [tlf ,t ] mapped into a two-unit length

[vi,v,] =[-11], we can write the following:
l-v I+v) ;
t = t+ t] 87
(v)= ( 5 j [ > jz (87)

r(v):(l?’jm and dz':—dv (88)

and

Recall {E}M , {S}H and {5}” , (Equation (43), (44) and (45)) we can write

these as functions of v using (88) for T(V) :
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{0} =101+ T2£V) {5}2 * (16(2) ({5}t{w _{5},{) (89)

9= {8}, + (12(2) ({5},{+A, —{5},{) (90)
19}, =181, *%({5},{%, —{5},,) (91)

in which
=t/ +At (92)
Using (86) - (88) in (82), we can obtain E, (&,v) and
ly=XI= ;(Eév) (&.v).ES, (g,v))% (93)

I

Proximity of /7, to zero is a measure of the accuracy of the solution in ng

,1is calculated using Gauss quadrature.
Le. for an element in space and for a time increment how close I, is to zero is
a measure of the accuracy of the solution or the error in the solution for the spatial

discretization for an increment of time.

4. Model Problem Studies

In this section, we consider two model problems: Transient Convection Diffusion
Egquation and Transient Pure Advection. Evolutions for both problems are ob-
tained using space-time coupled methods as well as space-time decoupled meth-
ods. In the space-time coupled method, converged solutions are obtained for the
first space-time step, and then time is marched to obtain the evolution up to de-
sired values of time. Solutions of class C' and C’ are considered for both in
space and time. In the case of space-time decoupled method, integral form in
space is constructed using Galerkin method with weak form. Element equations
in space are constructed and assembled to yield a system of ordinary differential
equations in time that are integrated using Newmark’s linear method. Influence
of p-levels in space and time as well as the order of the approximation space are
investigated in the case of space-time coupled finite element methods. In space-
time decoupled methods, the influence of p-levels and the order of the approxi-
mation space in space are investigated in conjunction with varying integration

time steps in Newmark’s linear method.

4.1. Transient Convection Diffusion Equation

Consider a 1D transient convection diffusion equation given by:

2
2—?+%—é%zf(x,t) Vx,teQ, =Q xQ, :(O,I)X(O,r) (94)

where Pe is Peclet number.

with the following boundary conditions and initial conditions:
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BCs:¢(0,¢) = ,% =0 VteQ =[0,7], 05)
x=0

ICs: ¢(x,0)=g(x) VxeQ, =[0,1].
g(x) defines the initial condition on ¢(x,0) at t=0.We can write (94) as:

0 0 1 8°
Ap— =0 Vx,teQ ; A=—+———— 96
) o ot Ox Peox? (56)

4.1.1. Space-Time Coupled Finite Element Method Using Space-Time
Residual Functional

Let QF :UﬁitT be a discretization of Q' =[0,1]x[0,Ar] Q,=Q, ul, T

is boundary of Q_, and Qf, isa space-time element of the discretization Q,
of the first space-time strip. Let ¢ (x,7) be the local approximation of ¢(x,?)
over Q¢ andlet ¢, (x,¢) be global approximation of ¢(x,t) over Q,such
that:

8, (.0)=Udi (x.0); ¢ (x.0) =D N, (x.2)575 {5} =U{o°} (97)
e i=1 e
{é‘e} are degrees of freedom for Q°, and {6} are degrees of freedom for
QT
The residual function E° for Q, is given by:
o4, o L O

EC=A¢ — f =
b=/ Ot Ox Pe ox®

V(x,t) € ﬁ; (98)

and space-time functional / for discretization Q! is defined by:

IF=Y1 =Y (EE )ﬁ vV (x,t)e Q) (99)

in which [° is the space-time residual functional over Q°,, space-time domain

{I“ =1{o°}, (100

1=1{5).

of space-time element e.

If I(-) is differentiable in its arguments, then 5/ is unique and 6/ =0 is

a necessary condition for extremum of [ :

S1=Y 61 =%2(E*,0E°) =Y {g} ={g} =0 (101)

e
or

8 1=Y2(8E,6E°)>0 W SE° (102)

then (102) is unique extremum principle, and the space-time integral form (100)

is space-time variationally consistent.
SI°¢ =2(E",5E"’)=[Ke]{5e}—[Fe] (103)

in which
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and
R R
LOI=Y6I°=[K|{6}-{F}=0 (106)
in which

[K]:Z[K?]; {F}=X{F} (107)
Equation (106) is the algebraic system for the first (or any) space-time strip. We

calculate {5 } from (106) after imposing boundary conditions and initial condi-
tions. In the numerical studies, choice of ¢ (x,7) of class C " in space and time
would yield Lebesgue integral in space but Riemann in time, whereas ¢; (x,7) of
class C? in space and time would ensure that all space-time integrals over Q,

are Riemann. In the numerical computations we consider both C' aswellas C>

approximations in space and time. || E||L2 for Q7 is given by

£, =1 = JZ(EE),

éxt

in which E° is given by (98).

e

4.1.2. Space-Time Decoupled Finite Element Method
Let Qf =(JQ¢ bea discretization of Q = [0,1] in which Q° isa three-node

p-version hierarchical 1D element in space with higher-order global differentia-
bility.
Let
¢ (x,1) =D N,(x)57 (1) (108)
i=1
be the local approximation of ¢(x,t) over ﬁi ,in which N, (x) are the p-ver-
sion hierarchical local approximations with higher-order global differentiability
in space x and & () are nodal degrees of freedom that are functions of time.

Equation (108) causes decoupling of space and time. Using (108), we can write:
¢, (x.0)=U¢ (x.1) and {5(1)} =U{5(r)} (109)
in which {58 (t)} are the degrees of freedom for an element Q° and {5(2)}

are the degrees of freedom for the discretization ﬁz of the spatial domain Q_ZX .

Consider the integral form of (94) over Q' using Galerkin methods with weak

form:

(Ady = 1.7(x))gr =X (A5 — f2v(x)) =0 (110)

Consider (Ag; - f,v)_

O

in which v(x)=44; (Galerkin method)

X
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o | o ox Pe ox’

= J‘(%\Ha—ﬁv—iﬁv—ﬁ/jdx

(4g; - 1), = %+%‘L%‘f’v("ﬂ
(111)

Ot ox Pe 0x*

We perform integration by parts in the third term to transfer one order of dif-
ferentiation from ¢, to v

) [0, 0, L avad o o[
(Ag; - f.v)= j[ S A=y fv]dx [v(x){Pe ™ H (112)

a5

x, and x,,, arethe coordinates of the end points of the element.
Using (108) and

v(x)=5¢,f(x,t)=Nj(x); j=L2,,n. (113)
in (112), we obtain:
e < Se u 8Nl e
(4= 10), = [[ V@8O8, ()4 5D (), ()
Q; i= i=
1 ON; ON,
S s — ) 114
+Pe Ox Ox o (t) N, (x)]dx (114)
1 a¢; Xe+1 )
S =12,
{ J Pe ax }X b J 2 b )n
Defining:
1 (0¢; 1 (0¢;
1)]9 :_P_( a¢h] and P; :P_( a¢h) (115)
¢ * Xe ¢ u Xe+1
We can write (114) as:
(4g; = fov)g =[C o p [ & Jorf={Fe) = (P} (116)
in which:
C;=(N,.N,)., -
ON . 1 (ON. 6N.
K:|= jsN' I ! 9_l 5 .s .:1327'“5
[ ”] [ ox L(X)JQP+P6[ ox  Ox Le‘ b/ "
{F"e}z(f(x’t)’Ni(x))ﬁg (117)
Ple
A_|0
(=,
f)ze
Substituting (116) into (110), we obtain:
(A¢;—f,v)fzz =[C]{s}+[K]{s}—{F}—-{P}=0 (118)

in which:
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(€1=3[c) KI=X[K]) (7} =Sfr) 1=} 019

e e

Equation (118) are a system of first-order ordinary differential equations that
are integrated using Newmark’s linear method.

L,-normof E ie ||E||L2 is given by first subitituting ¢, from (107) in ini-
tial value problem and obtaining E¢ V X,1€Q), and then calculating L, -

norm of E° followed by sum over the element in the spatial discretization

e_n "’_n%e_inazzvie
E —;Niai ; o 5: Pe = o 5, (120)

and
£, =T = |2 (£ E),, (121)

Q¢, is mapped into a two-unit square in a natural coordinate space &,v

space.

4.1.3. Computation of Solutions and a Posteriori Errors
In both space-time coupled and space-time decoupled methods, we consider the

following g(x) ie ¢(x,0) defining initial conditions (Figure 4):

=0 =01 =02 =03 r=1

Figure 4. Initial condition.

Atx=0.1, 1=0.0, $(0.1,0)=0, ‘2—¢:0,
X

Atx=0.2, t=0.0, %=o, ¢=1
ox

o¢ (122)
At x=0.3, t=0.0, ¢(0.3,0) =0, a— =0,
X

$(x,0)=0, Yx<0.1 and £=0.0
$(x,0)=0, ¥x>0.3 and 1=0.0

We consider a ten-element uniform discretization in space-time coupled as well
as space-time decoupled methods. The values of Az used for various studies are
either shown on the graphs or are described with the results. We choose Pe =30.
For such low Pe, the physical diffusion is significant, thus substantial base elon-
gation and amplitude decay of the applied pulse is expected during evolution.

We consider solutions of class C' and C’ in space and time for space-time
coupled finite element method, and local approximations in class C' and C*

in space for space-time decoupled finite element method with time integration of
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ordinary differential equations using Newmark’s linear method. In both, space-
time coupled finite element method and space-time decoupled finite element
method, solutions are calculated for Az =0.05 with p-levels 5, 7, 9 and 11 in
space and time Ze. in space-time decoupled methods we also choose Az =0.05
with p-levels 5, 7, 9 and 11 for spatial finite element discretization. Solutions are
computed for first time step and then time-marched in both space-time coupled
and space-time decoupled methods, keeping A¢ =0.05 constant.

Figure 5 shows graphs of ||E || , Or VI vs degrees of freedom using log-log

scale for solutions of class C' and C> for the first space-time strip
(0<7<0.05) obtained by using the solution from the space-time coupled finite
element method. The data points on the graphs correspond to p-levels of 5, 7, 9,
11, both in space and time. Progressively increasing p-levels results in progressively
reduced ||E || Lo hence progressively improved accuracy for both solutions of class

C' and C’. Solutions of C” yield almost an order of magnitude reduction in

||E || L corresponding to each p-level. Slight improvement in convergence rate of
||E || .. is observed for the solutions of class C * . This behavior of ||E || .. iswhat
2 2

is expected according to the theory of space-time coupled finite element processes
based on space-time residual functional. Our objective is to see if the solution of
similar accuracy are possible in space-time decoupled methods for same discreti-

zation, p-levels and At .

-1
Convection Diffusion Space-time coupled ; At = 005
First space-time strip

2 L _
&
w

3k .

_4 1 1

degrees of freedom: dofs

Figure 5. L, -norm of E versus degrees of freedom for the solution of class C'

and C* ;space-time coupled method.

Figure 6 shows plots of ||E|| ,, versus degrees of freedom using log-log scale

for space-time decoupled method for the first time increment obtained using the
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solutions of class C' and C’ in space, for p-levels of 5,7,9,11 and Af=0.05

in Newmark’s linear time integration method. Lower values of ||E||L are ob-
2

served in class C* in space compared to class C'. For the same computational

resources (discretization, p-levels, solution class, and At ), the ||E || " values are
2

of orders of magnitude higher in space-time decoupled methods compared to
space-time coupled method (Figure 5 and Figure 6). Another disturbing aspect
of the graphs in Figure 6 for space-time decoupled methods is that with increasing
p-levels, ||E || ,, increases indicating progressively reducing aaccuracy of the so-
lution. This holds true for both solutions of classes C' and C* in space. We

provide two explanations for this behavior in the following.

Convection Diffusion Space-time decoupled ; At = 0.05
First time increment
2 b i
=
o
1 b 4
0 1 1

degrees of freedom: dofs

Figure 6. L, -norm of E versus degrees of freedom for solution of class C'

and C? ;space-time decoupled method.

The first possible explanation is due to time approximation operator [B] in the
time integration process. In space-time decoupled method we are time marching

the solution using Equation (38):
[B]{5}I+A[ = {Q}t +{F}1+Az (123)
The matrix [B] has eigen-spectrum (a),,{¢}l) , where i=12,---,n for
some p-level say p for afixed order of space. For a fixed discretization, a change

in the plevel say p, > p results in changes in the eigen-spectrum of [B].
Hence, we now have (a),,{gﬁ}l) , where i=12,---,n instead of
(a)[,¢l.),i:1,2,---,n. In case of (a)i,{¢}l,) for p-level of p, At=0.05 pro-
duces results with some fixed accuracy ie. a value of ||E||L2 . With p, > p, in-

creased ||E || , > hence increased error in the solution implies that for this p-level
2
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of p,, Atr=0.05 is not adequate to integrate Equations (123). This is possible
only if [B] at plevel of p, is a stiffer system with higher frequency contents
than at p-level of p contributing to the solution. If this is indeed true than some
At lower than 0.05 can be used to integrate the higher frequency contents accu-
racy, thus achieve accuracy similar to p-level of p. We present numerical study to
demonstrate this.

Figure 7 shows graphs of ||E || , VS degrees of freedom using log-log scale for

solutions of class C' in space and time using space-time coupled methods for p-
levels of 5, 7, 9, 11 with Az =0.05. This figure also shows graphs ||E|| L, V8 de-
grees of freedom for space-time decoupled methods with local approximation of
C' in space, p-levels of 5, 7, 9, 11, and Af=0.05,0.01,0.005,0.0005 and
0.00005. We note that for fixed Ar (regardless of it’s value) increase in ||E|| L

with increasing p-level persists. But a decrease in At with increase p-level has
dramatic effect in reducing ||E || L, a8 shown in Figure 7 (dashed line graphs).
Even with Az =0.0005, Ze, 100 time steps in space-time decoupled methods in
the time interval [0,0.05] compared to only one time step for space-time cou-
pled method, the space-time decoupled method struggles in approaching the re-
sults obtained for ||E || ., versus degrees of freedom for space-time coupled finite

element method. A further reductionin Az to 0.00005 (1000 time stepsin =0

to 0.005), ||E || ,, versus dofs improves and is much closer to ||E || ,, versus dofs

for space-time coupled methods, but not better.

3
Convection Diffusion STC : Clin space and time
STDC: — — — — STDC : Clin space
2k 4
1k 4
=
T °F 3
1B ~~. 4
T*s~.__At=0.00005-.
2 L ——T Y o |
_3 1 1

degrees of freedom: dofs

Figure7. L, -normof E versus degrees of freedom for solution of class

C'; space-time coupled and decoupled methods.

The second explanation for increasing ||E || 5 with increasing p-level is as fol-

lows. We note that with progressively reducing At , increase in ||E|| L with
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increasing p-level reduces in magnitude. At A¢ =0.00005,

|E ||L2 versus degrees
of freedom for the first time shows progressively reducing ||E || L with increasing
p-levels, which is what is expected. Another observation is that all ||E || L values
at all p-levels for Af¢>0.005 are greater than (9(10" ) . Only for A¢=0.0005,
but more so far A¢=0.00005, ||E|| L values are within the 3 x 107 to 5 x 107
range for which progressively reducing ||E||L2 with progressively increasing p-

levels is observed, which is the expected behavior, ie., increasing p-levels must

result in better accuracy. Comparisons of ||E || ., versus dofs for Af>0.005 and
At =0.00005 suggest that perhaps ||E||L2 of the order (9(10") are not low
enough for the computed solutions to be reliable, thus ||E || L computations are
not with sufficient accuracy, hence the reason for increasing ||E || L with increas-

ing p-level for At > 0.005. It is further disturbing to note that what is achievable
in space-time coupled methods in one increment of time with Az =0.05, cannot
be achieved even with 1000 time steps between ¢=0 to ¢=0.05.Thisstudy un-

doubtedly establishes that ||E || L values of the order (9(10_1 ) correspond to so-

lutions that are not reliable, hence cannot be used to judge solution error or useful
in adaptive processes. Much lower values ( (9(10’3 ) or lower) of ||E || . are
2
needed to be reliable measures.
Figure 8 shows graphs of ||E || ,, versus degrees of freedom for the solution of
class C’ in space and time obtained from the space-time coupled method for p-

levels 5,7,9,and 11, with  Af =0.05. This figure also shows graphs of ||E ||L2 ver-

sus degrees of freedom for space-time decoupled method with p-levels 5, 7, 9, and

11 and Afr=0.05,0.01,0.005,0.0005, and 0.00005. Here also, we note that for

fixed At (regardless of its value), increases in ||E||L2 with increasing p-levels

persists indicating inaccurale ||E|| L values. But, a decrease in A¢ with in in-

crease in p-level has a dramatic effect in reducing ||E || .. » as shown in Figure 8
2

(dashed line graphs). Even with A7 =0.0005 Ze. 100 time steps in the space-time
decoupled method in the time interval [0,0.05] compared to one time step in
space-time coupled finite element method, the space-time decoupled method
struggles in approaching the results obtained for ||E||L2 versus degrees of free-
dom for space-time coupled finite element methods. Further reductionin Az to
0.00005 improves ||E || L (more improvement at higher p-levels) but is unable to

match ||E ||L2 versus dofs for space-time coupled method. Here also, we observe

that for Ar > 0.005,

|E || . versus dofs shows increasing values for increasing p-
2
levels and for this range of Af, ||E||L values are of the order of (9(10_1 ) , same
2

as for solutions of class C' (shown in Figure 7) indicating that these do not have
enough accuracy. However, for At =0.0005 and 0.00005, we clearly observe de-

creasing ||E || L with increasing p-levels, expected behavior. ||E || ,, are @) (10_2),
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close enough to be somewhat reliable. This study for solution of class C* in

space also confirms that ||E || ,, must be (9(10'2) or lower for it to be meaning-

ful in judging accuracy of the solution and for it to be of any benefit in adaptivity.
Results presented in Figure 7 and Figure 8 demonstrate that space-time decou-
pled finite element processes cannot be competitive with space-time coupled finite
element processes.

Convection Diffusion STC : C?in space and time
STDC: — — — — STDC : C?in space
1 L At=0.05 .. 4
0k 4
S
g E
2 L i
STC At=0.05
3 L 4
_4 1 1

degrees of freedom: dofs

Figure 8. L, -norm of E versus degrees of freedom for solution of class C*;

space-time coupled and decoupled methods.

Figure 9 shows plots of solution ¢ versus ¥ for #=0.05 and ¢=0.25, for
solutions of class C' in space and time, Az=0.05 and p-level of 11 in space
and time for space-time coupled finite element method. Solutions obtained for
space-time decoupled method with local approximation of class C' in space
with p-level 11 for varying values of Az (At=0.05,0.01,0.005,0.0005), are also
shown in Figure 9 for t=A¢ and ¢=5A¢. We note from the solution plotted in
Figure 9 at ¢ = Ar thata good agreement of the space-time decoupled solution
with space-time coupled finite element solution is only observed for Az =0.0005 .

Figure 10 shows graphs of the solution ¢4 versus the distance ¥ for 7=0.05
and r=0.25 for solutions of class C* in space and time, Ar=0.05, and p-
level of 11 in space and time for space-time coupled finite element method. Solu-
tions obtained from space-time decoupled method with local approximation of
class C* in space and p-level of 11 for Ar=0.05,0.01,0.005,0.0005 are also
shown in Figure 10 for ¢=Ar and at t=5Ar. We note from the solutions
shown in Figure 10 at 7= Az that a good agreement with space-time coupled
method solutions is only observed for Af=0.0005. These plots of the solution
confirm that the ||E || ,, “horm is meaningful for Az=0.0005 . In some instances,
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it is entirely possible that ||E || L has acceptable value but the solution may have
some spurious behavior in partial or the entire domain. We illustrate this point in
the next model problem.

1
Convection Diffusion ' "'sTC " sTDC
At =0.05 At=001 —
At=0.005
At=0.0005__
0.8 I E

Solution, ®

1 1 1 1
0 0.2 0.4 0.6 0.8 1
Distance, x

Figure 9. Solution ¢ versus distance x for the solution of class C'; space-time
coupled and decoupled methods.

1
Convection Diffusion ' "'sTC " sTDC
At =0.05 At=0.01 —
At=0.005
At=0.0005__
0.8 | E

Solution, ®

Distance, x

Figure 10. Solution ¢ versus distance x for the solution of class C?*; space-
time coupled and decoupled methods.

4.2. Transient Advection Equation

We consider a 1D transient advection equation given by:
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%+g—f=g(x,t), VxieQ, =0 xQ, =(0,1)x(0,7) (124)

with the following boundary conditions and initial conditions:

BCs:¢(0,1)=0, Vte[0,7]
(125)
ICs: ¢(x,0) = g(x), Vx e [O,l]
g(x) defines initial conditions on ¢(x,t) at t=0
We can write (124):
Ap-f=0 VxteQ, (126)
in which:
49,9 (127)
ot Ox

4.3. Space-Time Coupled Finite Element Method Based on Space-
Time Residual Function

Let O, =(JO° be the discretization of Q,=Q_ UI=[0,1]x(0,7), T is

the boundary of €, and QF, is a space-time element of the discretization
ﬁ; of the first space-time strip. Let ¢, (x,t) be local approximation of
¢(x,t) over Q° and let ¢, (x,l‘) be global approximation of ¢(x,t) over
Q' such that:

xt

4 (x.0) =Udi (x.1)
4 (50) = 2N, (5055, {0} =Ufor])

e

(128)

Consider discretization Qf, = JQf, exactly similar to Section 4.1.1., then

space-time residual functional £¢ over QF, is given by:

6¢Ie a¢he e e
Do 4 S _ 2 B (x,1), Wt e,
o o ST (w0), e (129)

Following the procedure described in Section 4.1.1 for transient convection dif-

fusion we can obtain:
[K](5) = {F) (130
in which

[K]:g[K"], {(Fy=3{F}, {o}=U{s°} (131)

e e

ON. ON. i .
o= S 4 ’,%+ﬂ s Lj=12,,n (132)
/ o ox ot Ox )
ON. ON,
Fe=| f,—t+—! (133)
ot ox 5

DOI: 10.4236/ajcm.2025.151005 115 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2025.151005

K. S. Surana, J. Abboud

£, i/;(Ee,Ee)@; (134)

Equations (130) are a system of linear algebraic equations for the first (or any)
space-time strip. We calculate {5 } using (122) after imposing boundary condi-
tions and initial conditions. Since the initial value problem, in this case is first
order space and also first order in time, local approximation of class C' in space

and time will maintain space-time integrals over ., in Riemann sense.

4.3.1. Space-Time Decoupled Finite Element Method
Let Q7 =|JQ: be the discretization of spatial domain €2 in which Q¢ s

three node p-version hierarchical 1D element in space with higher-order global
differentiability.
Let

¢ (x,1) =Zn:Ni(x)5f(t) VxeQ, Vie(0,1) (135)

i=1

and let ¢, (x,1)=|Jg; (x,) be the approximation of ¢(x.t) over the space-

time domain Q}, =Q! x(0,7) and 7=At.

Consider the integral form of (125) based on the fundamental lemma over Qr

X

using Galerkin method with weak form:
(A, =1 V) = 2 (Ad; = v (%)), (136)
Consider (A¢,f —f,V(X))Qe ,inwhich v(x)=6¢; =N, (x);j=12,---,n:
c_r\=| 99, 9 _
(4g; - f.v) ( =~ o f,V(X)L (137)
Using (135):
oSN (8 ()
o Zl . 5 (1) (138)
and v(x)=N,(x); j=12,,n
Substituting (138) into (137), we can write:
(40— fv),, =LC o & Jfof-{Fe} =0 (19)
And using (139) into (136), we obtain:
(46, = V) = D[ C {8+ X[ K o} -2 {Fe} =0 (140)
:[c]{5}+[K]{5}—{F} =0 (141)

in which:

DOI: 10.4236/ajcm.2025.151005

116 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2025.151005

K. S. Surana, J. Abboud

o =(N,.,N,.)ﬁ§ (142)
Ke aN} (x) aNl (x)
Y x | Ox -

L, -normof E ie,

|E],, - is given by first substituting (142) in (131) to ob-

tain E°, the residual function for Q¢:

E* :é:Ni(x)Se(t)+z 25 (0) (143)

e

£, = 2B E), - (144)

Q¢, isatwo-square unit in the natural coordinate space &, .

xt

Now,

4.3.2. Computation of Solutions and a Posteriori Errors

We consider the initial conditions shown in Figure 4, same mesh used as in Sec-
tion 4.1.3 for transient convection-diffusion equations. In this initial value prob-
lem, there is no physical diffusion, hence we expect the initial pulse to remain the
same but advance in the x-direction as time elapses. Amplitude decay and base
elongation in this model problem can only happen if the numerical computational
process has numerical dispersion (artificial inherent diffusion).

We consider solutions of class C' and C* in space and time for space-time
coupled finite element methods and local approximations of class C' and C”
in space for space-time decoupled finite element methods with time integration
of resulting ordinary differential equations in time using Newmark’s linear
method. In both space-time coupled and space-time decoupled methods, solu-
tions are calculated for Az =0.05 with p-levels of 5, 7, 9, and 11 in space and
time 7e. in space-time decoupled method with p-levels of 5, 7, 9, and 11 for spatial
finite element discretization. Solutions are computed for the first time step and
then time-marched in both space-time coupled and space-time decoupled meth-
ods, keeping Af=0.05 constant.

Figure 11 shows graphs of ||E || , Of I versus degrees of freedom using log-

log scale for solutions of class C' and C® for the first space-time strip
(Ar=0.05) obtained by using the solutions from the space-time coupled finite
element method. The data points on the graphs correspond to p-levels of 5, 7, 9,
and 11, both in space and time. Progressively increasing p-levels results in pro-

gressively reduced ||E || Lo hence progressively improved accuracy of both solu-

tions of class C' and C?. Solutions of class C? result in reduction in ||E||L
2
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at p-level 9 and 11. Slight improvement in the convergence rate of ||E || L is also
observed for solutions of class C> beyond p-level 7. This behavior of ||E||L2

versus degrees of freedom is generally expected.

1 Pure advection Space-time coupled ; At = 0,05
First space-time strip
2 L i
&
o
3 L .
-4 1 1

degrees of freedom: dofs

Figure 11. L, -norm of E versus degrees of freedom for solution of class

C' and C?; space-time coupled method.

Figure 12 show plots ||E || ,, versus degrees of freedom using log-log scale for

the first time increment obtained from the solutions of class C' and C? in
space for p-levels of 5, 7,9, and 11, at A¢f=0.05 in Newmark’s linear time inte-

gration method. Slightly higher values of ||E || L, are observed for solutions of C?

in space compared to solutions of C' in space. This is an indication that for the

model problem,

|E || L values of (’)(100) are not sufficiently accurate to draw
conlcusions for class C' and C’ solutions. Note in Figure 11 that ||E||L2 for

space-time coupled methods is between 0(1072 ) - (9(1073 ) , the range we need to
achieve for space-time decoupled method to have meaningful values of ||E || L

and accurate solution. Thus, any conclusions based on graphs in Figure 12 are

not meaningful as the ||E || L values are not reliable.
Figure 13 shows plots of ||E || ., versus degrees of freedom for solutions of class

C' in space and time for the space-time coupled method with p-levels of 5, 7, 9,
and 11 using Ar=0.05. This figure also shows graphs of ||E|| ,, versus degrees

of freedom for the space-time decoupled method with local approximation of class
C' in space, p-levels of 5, 7, 9, and 11, and At =0.05,0.01,0.005,0.0005 and
0.00005. We note that for fixed Ar (regardless of its value), increase in ||E|| L

with increasing p-level persists. But, a decrease in A¢ with an increase in p-
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level has dramatic effects on reducing ||E || L, 38 shown in Figure 13 (graphs with

dashed lines). Even with Af=0.0005 ie, 100 time steps and Az =0.00005 ie.
1000 time steps in the space-time decoupled methods in the time interval

[0,0.05], the increase in ||E|| L with increasing p-levels persists. ||E||L2 values
for all time steps and p-levels of the order of (9(10’1) confirm the lack of accu-
racy of the computed solution, resulting in higher values of ||| ., in the range

that is not reliable.

1
Pure advection Space-time decoupled ; At = 0.05
First time increment
=
[y
c2 ~
0 1 1
2 3

degrees of freedom: dofs

Figure 12. L, -norm of E versus degrees of freedom for solution of class

C' and C? ;space-time decoupled methods.

1
Pure advection STC: Clin space and time
sTDC: — — — — STDC : Clin space
At=0.05 L .
oL - B i
5 At=0.01 =TT
T 1k — T = 4
- At=0.005 ~TTTreell o __e=== -
At = 0.00005
2 L .
STC At=0.05
-3 1
2 3

degrees of freedom: dofs

Figure 13. L, -norm of E versus degrees of freedom for solution of class

C' ; space-time coupled and decoupled method.

DOI: 10.4236/ajcm.2025.151005

119 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2025.151005

K. S. Surana, J. Abboud

Figure 14 shows plots of ||E || ,, versus degrees of freedom for solutions of class

C* in space and time obtained from the space-time coupled method for p-levels

of 5,7, 9, and 11 with Az =0.05. This figure also shows graphs of ||E || ., versus

degrees of freedom for the space-time decoupled method for p-levels of 5, 7, 9,
and 11 with Az =0.05,0.01,0.005,0.0005 and 0.00005. First thing we observe
that for Afr=0.05 and 0.01, there is virtually no change in ||E || L with increas-

ing p-level, i.e, we neither observe an increase in ||E || . with increasing p-levels
2

nor decreases for these values of Ar. For Ar<0.005, ||E|| L progressively re-

duces with increasing p-level, expected behavior, and further reduction in A¢

results in even reduced ||E || . for the same p-level, also expected correct behavior
2

of ||E||L2 versus dofs. ||E||L2 values in the range 0(1071)—(’)(1072) for

At £0.005 confirm that we should expect solutions with reasonable accuracy.
We confirm this in Figure 15.

Pure advection STC : C?in space and time
STDC: — — — — STDC : C? in space
At=0.05 _
0k N i
1 L 4
=
[y
2 L 4
STC At=0.05
3 L .
-4 1 1

degrees of freedom: dofs

Figure 14. L, -norm of E versus degrees of freedom for solution of class

C? ; space-time coupled and decoupled methods.

Figure 15 shows plots of solution ¢ of class C' versus distance x from
space-time coupled as well as space-time decoupled methods at ¢#=0.05 and
t =0.25, ie, for the first and the fifth time steps. Even for the first time step, the
space-time decoupled method solution shows oscillations, some amplitude decay,
and minor base elongation. At ¢ =0.25, we observe significant oscillations, am-
plitude decay, and base elongation in the space-time decoupled solution, while in
the solution from the space-time coupled methods, the initial pulse propagates
without oscillations, base elongation, and amplitude decay.

Figure 16 shows plots of ¢ versus dofs also for solutions of class C' for

space-time coupled and space-time decoupled methodsat #=0.05 and ¢=0.25,
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computed using Az =0.05 for space-time coupled methods and Az =0.0005
for space-time decoupled methods. Also, Figure 16 shows ¢ versus x at
t=0.05 and ¢=0.25 obtained for space-time coupled methods (C" in space
and time), using p-level 11 and Az =0.05 (same solution as in Figure 15) and a
comparison with the solutions obtained from space-time decoupled methods at
t=0.05 and £=0.25 obtained using solution of class C' in space and inte-
gration interval A¢=0.0005. Dramatic improvement is obvious, still some mi-
nor oscillations of extremely small amplitude are observed but the solution at
t=0.05 and 7=0.25 (at the end of 500-time steps) are much improved. Ex-
tremely poor performance of space-time decoupled methods is rather obvious
compared to space-time coupled methods for identical computational resources

ILe. same discretization, same p-level in space and A¢ (Figure 15).

12k Pure advection STC lm =0.05
' STDC At =0.05
t=0.05 t=0.25

0.8 | 1

0.6 1

Solution, ®

0.2 F 1

-0.2 | 1

04 1 1 1 I
0 0.2 0.4 0.6 0.8 1

Distance, x

Figure 15. Solution ¢ versus distance x for solution of class

C' for space-time coupled and decoupled methods.

12k Pure advection STC lm =0.05

STDC At = 0.0005
t=0.05 t=0.25

0.8 | 1

04 1

Solution, ®

0.2 | 1

-0.2 | 1

04 1 1 1 1
0 0.2 0.4 0.6 0.8 1

Distance, x

Figure 16. Solution ¢ versus distance x for solution of class

C' in space-time coupled and decoupled methods.
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Figure 17 and Figure 18 show parallel studies to those presented in Figure 15
and Figure 16 but using solutions of class C ® in space and time for space-time
coupled methods and solution of class C in space for space-time decoupled
methods. In Figure 17, where Af=0.05 for space-time coupled and space-time
decoupled methods, we do not observe any visible improvement in the solutions
from space-time decoupled method compared to solutions in Figure 15 for class
C' space. However, in Figure 18, with solutions of class C*, Ar=0.0005, the
space-time decoupled solutions are virtually oscillation and much improved
(compared to those in Figure 15 for class C' with Az =0.0005 ) illustrating the

influence of higher order space.

12 Pure advection STC IAt =0.05
' STDC At=0.05 —

Solution, ®

0.4 1 1 1 1
0 0.2 0.4 0.6 0.8 1

Distance, x

Figure 17. Solution ¢ versus distance x for solution of class C? in
space-time coupled and decoupled methods.

12 Pure advection STC IAt =0.05
’ STDC At=0.0005 —

t=0.05 t=0.25

0.6

04

1

Solution, ®

02

0.4 1 1 I I
0 0.2 0.4 0.6 0.8 1

Distance, x

Figure 18. Solution ¢ versus distance x for solution of class C* for
space-time coupled and decoupled methods.
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Solution, ®

Solution, ®

Solution, ®

-0.4

Figure 19 shows plots of ¢ versus x for the first six-time steps with solu-
tions of class C' in space, p=11and Af=0.05 obtained using space-time de-
coupled method. We have already seen that this value of At is too large for ac-
curate evoution of ¢, but here we demonstrate a different aspect of the study.
Figure 19 shows progressively more oscillations, progressively decaying ampli-
tudes, and progressively increasing base with increasing time. Intuitively, we ex-

pect progressively increasing ||E || , for each subsequent time step as the solution
2
is deteriorating.

7 e
c
i S
5
©
— [
| 1 1 1 _02 | 1 | 1
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Distance, x Distance, x
(a) First time step (b) Second time step
T T T l T T T T
e
c
Kl
3
=}
[

h I I I -0.4 I I I |
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Distance, x Distance, x

(c) Third time step (d) Fourth time step
T T T T 1 T T T T
e
c
2
3
<}
[
I I I I 0.4 ] I ] I
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Distance, x Distance, x

(e) Fifth time step (f) Sixth time step

Figure 19. Solution ¢ versus distance x: Solution of class C', p=11, Ar=0.05; space-time
decoupled method: six time-steps.

Figure 20 shows plots of ||E||L2 versus dofs for solutions of class C' with

At =0.05 for the first, sixth, and tenth time steps. We observe no significant
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deterioration in ||E || . versus dofs as time elapses. Thus, based on the graphs in
2
Figure 20, solution for all ten time steps are of same quality and accuracy. This is

obviously not true, as shown in Figure 19.

0.301 ﬁure advection At= 0.05I

15t time step —o—
6! time step —o—
10t time step

[IEllL,

degrees of freedom: dofs

Figure 20. L, -norm of E versus DOFs for solution of class C'; space-time

decoupled methods.

Figure 19 clearly shows deteriorating solutions as time elapses but Figure 20
suggests otherwise. The important conclusion from this study is that may be
||E || .. alone is not an absolute measure of the accuracy of the solution when its

2

computed value is outside of the threshold of computed error. High magnitude

||E || ,, inFigure 20 for all p-levels indicates that the solution is not good. What is

not clear is that, based on Figure 20, we could conclude that all solutions for each
of the six-time steps are of equal accuracy, which is not true. A sure way to avoid

this trap is to make sure that ||E||L is sufficienty close to zero (in this study
2

<0 (1072 ) is sufficient), then these issues will not arise. Unfortunately, this level

of accuracy is quite difficult to achieve in space-time decoupled methods. Surana

et al. have shown that ||E||L < (’)(10’6) generally indicates solutions of good

accuracy in dimensionless mathematical models in space-time coupled method
based on residual functional. Since this level of accuracy is difficult to achieve in

space-time decoupled methods, what magnitude of ||E || ,, isameasure of good
accuracy of solutions requires convergence studies possibly for each initial value
problem of interest.

5. Summary and Conclusions

An important aspect of the a posteriori computations presented in this paper is

that they are based on space-time residual functional obtained by substituting the
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element local approximations in the space-time differential equation(s) describing
the initial value problem for both space-time coupled and space-time decoupled
finite element processes. The necessitates that the local approximations in both
space-time coupled and space-time decoupled methods must be in higher order
minimally conforming spaces. Choice of the orders of approximation space in
space and time for space-time coupled methods must ensure that the integrals
over the space-time discretization are Riemann. If the theoretical solution is
smooth, the integrals in Lebesgue sense over the discretization may suffice. In case
of space-time decoupled finite element method, the order of the approximation
space in space must be the same as in coupled methods. Since space-time decou-
pled methods, ordinary differential equations in time are integrated using time
integration methods, the selection of time integration method, must ensure: (i)
desired global differentiability of approximation in time over the entire discretized
time domain, (ii) that the explicit expression for the approximation of the solution
and its derivatives as a function of time is obtainable. In the absence of either these
two aspects, the local approximations are not admissible in the mathematical
model. We make some remarks in the following and draw some conclusions.

1. We note that accurate and meaningful a posteriori computations for initial
value problems proposed here are not possible in space-time coupled or space-
time decoupled processes without the use of “% ”, higher-order approximation
spaces in space and time ie. k -version of the finite element method.

2. In space-time coupled methods, the local approximation functions are func-
tions of space and time and dofs are constants to be determined. Thus, ||E || L for
space-time element, hence for the entire space-time strip is straightforward to
complete with minimally conforming or appropriate approximation spaces.

3. In space-time decoupled methods, the approximation functions are function
of space coordinates and dofs are function of time, but both are in minimally con-
forming spaces. Hence, using this approximation, ||E || N for an element in space
and for an increment of time can be calculated in a similar manner as in space-
time coupled methods, followed by ||E || L for the spatial discretization for an in-
crement of time.

4. When ¢, (x,7), the finite element solution for the spce-time discretization

in either methods, approaches the theoretical solution ¢, then [E]|, =~/I -0,
2
thus proximity of ||E||L to zero is a measure of accuracy or error in the com-
2
puted solution in both space-time coupled and space-time decoupled methods.

5. "Ee is space-time finite element or for elements in space for an incre-

L
ment of time can be used as a means for designing adaptive refinements. Elements
with the "E ¢

, above a threshold can be candidates for %, p refinements.
2

6. The a posteriori framework proposed here is general framework and is ap-
plicable to space-time coupled as well as space-time decoupled finite element
computations regardless of the nature of the space-time differential operators but

requires local approximations in A, p and k scalar product spaces, ie k-
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version of finite element method is an essential requirement.

7. In the finite difference and the finite volume methods, the a posteriori com-
putations presented here, based on space-time residual functional, are not possi-
ble as in these methods, the computed solution has discrete values at the nodes or
at the grid points, hence lacks the description similar to the local approximation
that is required for the computation of space-time residual functional.

8. Even in space-time coupled and space-time decoupled finite element pro-
cesses, if the local approximations are of class C” in space and time, such com-
putations are not possible if the space-time integrals over the discretization do-
main are to be in Riemann sense, necessary for assured accuracy.

9. A significant aspect of this work is that it provides a quantitative measure of
the error in the computed solution through a posteriori computations without the
knowledge of the theoretical solution, which is necessary in real applications to
quantitatively determine errors in the computed solution.

10. Model problems studied, presented using transient convection-diffusion
equations and transient advection equations, reveal additional insights into the a

posteriori computations presented in this paper.
(a) In space-time coupled methods, an increase in p-level for a fixed & results

in reduced ||E|| L Also, for fixed p-level, an increase in k& results in reduced
||E || L Increasing p-level for fixed & resultsin an increasing rate of convergence.
However, for fixed & and p, an increase in k results in better accuracy ie
lower ||E|| L but convergence rate remains unaffected. These findings hold re-

gardless of the nature of differential operators in the initial value problem, regard-
less of complexity of the mathematical model of the initial value problem, and
regardless of the application.

(b) In the case of space-time decoupled methods, in both model problem stud-
ies, we find that for a larger A¢, increasing p-level in space results in increasing

||E || , > which is counter to space-time coupled methods. There are two possible
2

explanations for this behavior: first is due to the eigen spectrum of time approxi-
mation operator [B] . An increase in p-level changes the eigen-spectrum of [B] ,

in which high-frequencies begin to contribute to the time response. Integrating
these correctly would require lower Az, but if we use same At as for lower p-

level than accuracy of ||E || . will deteriorate. In other words, in space-time de-
2

coupled methods an increase in p-level in space must be followed by a decrease in

the time integration interval Az to maintain accuracy of ||E || L The second pos-
sible explanation is that, in the range of Az in which ||E || ,, increases with in-
creasing p-level, ||E || L, s of the order (9(10'1 ) , which is not a good measure of
computed zero, hence the solutions corresponding to this range of ||E || ,, arenot
reliable. When Az =0.00005, ||E || ,, versus dofs is monotonically decreasing

with increasing p-levels, and computed ||E || L, 1 of the order of O (l 0 ) or lower.
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This explanation has clearly evidence in the graphs. We keep in mind that ||E || M

must be closer to zero for the computed solutions that satisfy partial differential
equations, in the mathematical model, hence ||E|| L of the order of O (10"1)
undoubtedly corresponds to incorrect solutions as partial differential equations
are not satisfied accurately. This study demonstrates that to obtain monotonically

decreasing ||E|| . with increasing p-level, essential for correct convergence be-
2

havior of ||E || Lo M of the order of O (10'4) or O (10'5 ) is necessary, clearly

demonstrating serious weaknesses of space-time decoupled methods.
(c) An increase in the order of space for spatial discretization has a beneficial
effect on ||E || ., in both methods.
2

(d) Studies presented here show that ||E||L2 values must be below a certain

threshold for them to be a good measures of accuracy. In the model problems,

]|, SO(IO’Z) is found to be adequate when the dimensionless form of the
2
mathematical model is used in computations with this value of ||E || L computed

solutions have sufficient accuracy in the model problems shown here.

(e) Our studies show that accuracy ||E || L comparable to space-time comparable

to space-time coupled methods is not achievable in space-time decoupled meth-
ods even after reducing At by a factor of 1000. This indicates that the damage
done by decoupling space and time is quite difficult to recover in space-time de-
coupled methods, even after extreme refinements in the integration time step.

(f) This is hardly a surprise that space-time decoupled methods are inferior to
space-time coupled methods, however necessity of using them for 3D initial value
problem is almost unavoidable.

(g) The work presented in this paper provides a framework and a systematic
procedure for computing a posteriori errors in space-time coupled and decoupled
finite element methods for initial value problems without the knowledge of theo-
retical solutions. This framework is applicable to all initial value problems pro-
vided we follow the guidelines presented in this paper, the most important of them

being use of the 4-version of finite element method.
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