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MO 1. Introduction

Malaria is a life-threatening disease spread to humans by certain types of mos-

quitoes. According to scientific studies of National Institutes of Health (NIH),
Malaria is the fifth most deadly infectious disease [1]. It is mostly found in trop-
ical countries. One of the deadliest forms of malaria is cerebral malaria, where
the patient experiences severe neurological symptoms, such as seizures and co-
ma, the condition is lethal without treatment. Symptoms can range from mild to
life-threatening. Mild symptoms include fever, chills, and headache. Severe
symptoms include fatigue, confusion, seizures, muscle aches, nausea, vomiting,
diarrhea and difficulty breathing [2]. Infants, children under 5 years, pregnant
women, travellers, and people with HIV or AIDS are at higher risk of severe in-

fection. Malaria can be prevented by avoiding mosquito bites and through me-
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dication. Environmental factors are more significant than genetics in determin-
ing a person immunity, according to scientific studies of National Institutes of
Health (NIH) [1]. Treatments can prevent mild cases from worsening as men-
tioned by the World Health Organization (WHO) [2], where the NIH clinical
trials [3]-[5] have found that one dose of an antibody-drug safely protected
healthy, non-pregnant adults from malaria infection during an intense six-month
malaria season in Mali, Africa. The antibody was up to 88.2% effective at prevent-
ing infection over a 24-week period, demonstrating for the first time that a mo-
noclonal antibody can prevent malaria infection in an endemic region. Accord-
ing to the World Malaria Report (WHO) in 2023 [2], there were 249 million
cases of malaria in 2022 compared to 244 million cases in 2021. The estimated
number of malaria deaths stood at 608,000 in 2022 compared to 610,000 in 2021.
The WHO African Region continues to bear a disproportionately high share of
the global malaria burden. In 2022, the region was home to about 94% of all ma-
laria cases and 95% of deaths. Children under 5 years of age accounted for about
78% of all malaria deaths in the region. Four African countries accounted for
just over half of all malaria deaths worldwide: Nigeria (26.8%), the Democratic
Republic of the Congo (12.3%), Uganda (5.1%), and Mozambique (4.2%) [2].

The Centers for Disease Control and Prevention reported that a number of
Malaria cases were transmitted within the USA in Texas and Florida, and be-
came very important to understand the interactions of between climate, mos-
quitoes and pathogens mosquitoes transmit to humans, and this was the impor-
tance of mathematical modelling. For the last 20 years, researchers focused on
understanding the impacts of environmental change on the ecology of insect
vectors and the diseases they transmit, combining field studies and modelling
approaches, statistically and mathematically to explain the interactions. This ap-
proach advances our capacity to engage in more relational science, where factors
are not understood as fixed and independent forces, but as dynamic and inter-
dependent. Relations between variables can be expressed by nonlinear relation-
ship that can be easily grasped by machine learning algorithms and other data
science tools. Computers have made it easier to deal with larger datasets. The
automation of data assimilation can lead to predicting where and when to expect
the transmission of some vector-borne diseases. Mathematical models also show
how the stability of natural systems can collapse following small changes in the
environment, and that has clear implications about why we need to worry as
climate change continues its current course [6]. Mathematical modelling has
been used by epidemiologists as a tool to predict the occurrence of epidemics of
infectious diseases, and also as a tool for guiding research for eradication of ma-
laria at the present time [7].

The route of mathematical modelling was explained in [8] and gave an insight
of Malaria modelling by mathematical tools. Mathematical models have been
used to provide an explicit framework for understanding malaria transmission

dynamics in human population for over 100 years.
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The SIR-SI model represents an advancement over Ross’s SIS [9] model by
incorporating the relationship between human hosts and vector (mosquito)
compartments. It categorizes humans into three groups: susceptible, infectious,
and recovered, while vectors are divided into susceptible and infectious catego-
ries. Importantly, unlike its predecessor, individuals in this model do not revert
to susceptibility once they acquire immunity. The model discussed in [10] ad-
dresses the impact of environmental immunity on the mathematical modelling
of malaria transmission between vector and host populations. However, it lacks
some of the mathematical analysis, and therefore, the primary objective of this
paper is to conduct a comprehensive mathematical analysis.

Our study aims to explore the fundamental qualitative properties of the pro-
posed model, including the investigation of the global stability. To validate our
theoretical findings, we utilized numerical simulations. Finally, we provide a
thorough discussion of the results obtained, offering insights into the dynamics

of malaria transmission within the context of environmental immunity.

2. Model Formulation

In this section, we study the global stability of the SIR-SI model ([10] and refer-
ences therein). The model comprises five compartments: the number of sus-
ceptible healthy human to the disease, S, , the number of the infected human
l,> the number of the recovered humans R, the number of susceptible mos-
quitoes (or vector) S, and the number of infected mosquitoes (or vector) I, .
The environmental immunity parameter was incorporated into the infectious
and recovered classes to examine its impact on the basic reproduction number
and the equilibrium points. The schematic diagram of the model is illustrated in

Figure 1. The outlines of the adopted model are [10]:
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Figure 1. The schematic diagram of the SIR-SI co-infection dynamics within host-vector.

A;. The model considers the interactions between five compartments: S, ,

l,, Ry» S,, I,.Total human population at time #is denoted by N, (t) while

v 2
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the total vector (mosquito) population at tis N, (t) .

A,. The parameters of birth/migration and death-rates of the susceptible hu-
mans are 4, and ¢, , respectively.

A;. The parameters of birth/migration and death-rates of the susceptible vec-
torsare y, and ¢, respectively.

A,. The rates of |, are: contact/transmission f, , recovery y,, disease in-
duced death p,, environmental immunity due to nutrition and supplement
m, , and which infected humans enter the susceptible class at rate 7, .

As. The infected vectors’ contact/transmission rate is £, .

Based on Assumptions A to A, the model was formulated as:

dS, /dt =S, (t) = 4,N, (t) = B.S, (1)1, (t)— e, S, (1) + 7,1, (L) (1a)
di, /dt =1/ (t)=B,S, (t)1, (t)— (e, + 7, + o, + My +7,) 1, (1) (1b)
dR, /dt =R (t)=(y, +m, )1, (t)— e, R, (1) (1c)

ds, /dt =, (1) = 4N, ()= 4, ()1, (1) -, (1 (d)
di, fdt=1,(1)= 4,5, (1)1, (1)~ , (1) (10

3. Basic Qualitative Properties

In this section, we study the basic qualitative properties of system (1a)-(le) in-

cluding the non-negativity, boundness, and stability. To prove that the solution of

the system (1a)-(1e) is non-negative and bounded; we apply the following lemma.
Lemma 1. The solutions of system (1a)-(1le) are nonnegative and bounded.
Proof. We have that

Sils, o =Ny +7,1, 20 forall 1, >0, 1] =48,1,>0forall§,,1,>0,

!
h||h:0 hrfv =

R;|Rh:0:(yh+mh)lh20fora||I >0, S|S u,N, >0,

Ii|, ,=A8S,1,=0forallS,1,>0.

This guarantees that: (Sh() I () R, ( ) S, (1),1 ())ER‘;’O for all t>0
when (S;(0),1,(0),R,(0), (0)) € RS, This proves the non-negativity
of the solution.

Next, let:

P(t)=S,(t)+1,(t)+R, (t)+S,(t)+1,(t),
then

=Ny + uN, =, S, =, + o) 1y Ry — .S, — L,

< Ny, +/quv_¢[Sh +1,+R +S, + Iv]zluhNh +u,N, — ¥,

where ¢=min{e,,a, +p,.a,}, thus, 0<W(t)<A, if W(0)<A, for t>0,
where A, = (N, +u,N,)/¢. Since S;,1,,R,,S,, and |, are all nonnegative,
then 0<S,.1,,R,.S,.1, <A, , if S, (0)+1,(0)+R,(0)+S,(0)+1,(0)<4, .
This proves the boundedness of the solutions. B
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4. Steady-State Solutions

The model has two equilibrium points. To compute the disease-free equilibrium,
the change with time was set to zero. The resulting system of nonlinear algebraic
equations, then, was solved symbolically, using Matlab (see Appendices for Mat-
lab-coding):

N, = B.S, 1, =S, +7,1, =0 (2a)
LSl -l =l — ol —my 1, — 7,1, =0 (2b)
7ol —o R, +myl, =0 (2¢)

uN, =g, -a;S, =0 (2d)

B,S, 1, —a,l, =0 (2e)

4.1. Disease Free Equilibrium 7D,

This occurs when there is no infection, ie. I, =1, =0, and hence Equations
(2a)-(2e) become:

Ny =4, S, =0,
-o,R, =0,
uN, —,S,=0.

Solving for S, , R, and S,, we obtain:

S,? :/uhNh
Oy
Ry =0,
SO — /quv
v a !

v

which gives the disease-free equilibrium as:
D, = (S 10, RY, 80,10 ) = (4N, ) /ey ,0,0,(1,N, )/, ,0).
4.2. Basic Reproduction Number R,

The Basic reproduction number R;, is the number of secondary infection
caused by one infected individual in a wholly susceptible population. Here, it is

obtained using next generation matrix [11]. We first define the matrices Fand V'

as follows:
S | 0
Fo BiSil, . gives aF(DO): 0O BiSy
ﬂvsvlh ﬂvSv 0
and,
-1
-l — 0
Vz[ glh], gives oV l=| & :
—a,l,
0 _ﬂhsh/av
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Therefore,
0 _ﬂhsf?
L
_ﬁésv 0
and hence: R, isthe dominant eigenvalue. Therefore,
730 — ﬂvs\?ﬂhsf? .
ga,

4.3. Endemic Equilibrium D,

At the endemic equilibrium state, the disease cannot be completely eliminated,
but instead, it stays within the population. To maintain the disease within the
population, the model requires that the values of S;,1,,R,,S,,l, are not to be
equal to zero at the equilibrium state. The endemic equilibrium represents a
constant state of the model, where infected humans and vectors indicate the
presence of the infection, e, |, =1, #0. From the model Equations (1a)-(1e).

Solving for S, 1;,R;,S,, 1, , we have from Equations (1a)-(le):

. S,
I :M, (3a)
aV
. N
S (3b)
ﬂvlh +av
. +m) 1,
Rh:(Vh h) h (o)
&y
. N I
S, :uhh*—m (3d)
Bl +a,
to find |, , we use the basic reproduction number to obtain:
* 2 2
- BSL sanay (Ry —1
=Bl e (RS -Y) (3e)

W= el = '

5 ﬂhﬂv:quvl//—i_é:ahavﬂv
where, & =aq, +7, +p, +M, +1,. Therefore Endemic equilibrium,
D =(Sy. 15, Ry, S, 17 ) exists if Ry >1.

5. Global Stability Analysis

Stability analysis is at the heart of dynamical analysis. Only stable solutions can
be noticed experimentally. Therefore, in this section we examine the global
asymptotic stability of all equilibria by establishing suitable Lyapunov functions
[12] and applying the Lyapunov-LaSalle asymptotic stability theorem (L-LAST)
[13]-[15]. Let a function L,(S,,1,,S,,1,) and M, be the largest invariant

subset of

a, )
MJ: (Sh’lh’Rh’SV’IV):TZO , J:Oll_
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Define a function
F(v)=v-1-Inv.

Theorem 1. If R, <1, the disease-free equilibrium D, Is globally asymp-
totically stable (G.A.S).
Proof. Define

S +y,+p,+M + S
LOZSSF(S—BJHﬁa“ i 'Bpgo v % SVOF[S—;]
h vy

\Y

oyt )y, +p,+tM +7
+ 0 V!
BS,

note that, L, >0 forall S,I,,S,1,>0,and LO(S,?,O, S\?,O) =0. By differen-
tiating L, along the solutions of system of OD Equations (1a)-(1e):

d Sy
d_Loz(l__hj(:uhNh —BSil — Sy +7ily)
t Sh

+ﬂhsh|v_(ah+7/h+ph+mh+Th)|h

0
+ Oh +7/h +ph +mh +z-h (1_S_v][lquv _ﬂvsvlh _avsv]

BS) S,
+ah+7/h+pho+mh+rh ﬂvsvlh_ah+7h+ph0"'mh+fh a,l,
B.S, B.S,
s? SN
=|1- (,uhNh—ahSh)+rh|h 1-=n
Sy S
+0‘h+7h+ph:'mh+7h 1_3_\? (:quv_avsv)
ﬁVSV SV
asp-inipimen, ),
SN N
= 1-= (g Ny — e, Sy ) + 71 | 1-
Sp S
+ah+7h+Pno+mh+Th 1_S_vo (4N, -a,8,)
ﬂVSV SV
+ah+7h+ph0+mh+7ha (ﬂhsr? BS) _1JIV'
B.S, a, Qyt+y,t o, +M, +7,

Using the equilibrium condition: ,N, =S, ,and N

_Q0y2 0
d_Loz—ahM+Thlh[l_§_hJ

v =a,S, weget:

dt S, )
0 2
_ ah+7h+Ph+mh+Th(SV_SV)
' S S
a, +y, + o, +tM, +7, 2
+ a =1)1,.
50 (RS =),
Since RZ <R, <1 and S/S,>1,then Lj<0 forall S,,I,,S,1,>0.In

h1“vr Ty
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addition L, =0 when S, =S, S,=S) and I, =R, =1, =0. The solution of
system (la)-(1e) tends to M ={D,}. Therefore, by applying Lyapunov-LaSalle
asymptotic stability theorem (L-LAST) [13]-[15], we obtain that the disease-free
equilibrium D, is G.A.S. ®

Theorem 2. Let Ry >1. If 1) /S, <a,/t, . Then, the infected steady state
D, is (G.A.S.). In particular, is equivalent to:

1<R,<E+1
where,
&y (N & +iéanal (RS -1))(&; + &)
néane? (& BBMN, + aal |+ aa & (RS -1))
& =Sana, B, + BNy,
& = fubaa,

v=o,ty, t o, tm, 7.

f,':

Proof. Define the global Lyapunov functional for Endemic equilibrium D,,

g i ) 8ol
Sh Ih ﬂvsvlh Sv ﬂvsvlh Iv

T X )
+2(2ah+)/h +hph+mh)5;[(sh_sh)+(|h—|h)} .

The time derivative of L, computed along solutions of the model is

dL1 1_8_ Sr 1__ Ir ﬂhshlv 1__ SV ﬂhshlv 1_|_v I\:
dt Sh Ih ﬂvsvlh Sv ﬂvsvlh Iv

+(2ah+yh+rr;oh+mh)5 [(S _S) (Ih—l;:)](S};Hr;),

d_(; 8 b

- _[1 ShJ( N, - 4,5, 1, —,S +rh|h)+[ J(,Bhshlv £1,)
ﬁhshlv _S
ﬂvsvlh( Svj(ﬂvhv B,S )
+ﬂhS;':(1—:—;j(ﬁvsV|h —avlv)+( T

2, + 7y, + py + M) S,
(s -s0)+(1,- |;)][thh —ay (Sy+ 1) = (7 + 2 + M1, -
From the steady-states solution:
N, =4S 1+, S, — 7,1,
N, :ah(S;+ I;)+(yh +py M) 1y,
N, =B,S,1; +a,S,

we get:
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d,

dt

*

ah[l—s—*j[s -5 ]—i—rh(l—z—j[l 17 ]

Sh
LS :

+[ S J[ﬂhshl" ﬁhshl"] [ ]ﬂhshlv [1 ]ﬂ
LGSl S, . B.S1 s;

,Bvsv|h(1 gvj[avsv Olvsv:| ﬂvsvlh( vj[ﬂv ﬂvsvlv]
ﬂhShlv (1 _*Jﬁv v'h ﬁhsgli(l—ija\,lv

TR, BSin 1,

Th

+

since:

(20, + 7, + py + ) Sy (s =)+ (h=1) JL(s3-8n) (1 -1)]

rh(yh+,0h+mh)s (| —1 )[(S S;)+(|h_|;)]’

+
(Zah+7/h+ph+mh)

d

*

1-5n

S J[I — 1y =7 (1, -

h

*

h

(Sh =Sy

ShSh

)

therefore,

o _-aS

dt

aL,
dt

={ahs;+rh(|h—|;)+(

*

h

T“(I“_I“)[sh—s

2 7
S, S ]+*
e Sl

BiSil, =t +ﬂhsh|v
SR

h

* 2
snSEh (S5
:

o
“2 wxl. S, i~ *Svlhlv
I:Sv_sv:| +ﬁhsh|v[1_s ) h hVSVIhIV

(s.-s:)
S.S

+m$w[

_BSL e
BS, S,
ThahShS;

(20, + 7, + 2y +My ) S,

+BS,l, +

Th
(20, + 7, + Py +My ) Sy,

[ah+)/h+ph+mh]<l -1 )

Th
(Zah + 7+ oy + M) S,

*

h

).

-1;)(s,-s

(5,-51)

*

SiSy

[Zah+7/h+ph+mh](l
{

[ah+7/h+ph+mh](l -1 )

z'hO‘hS’hS’:
200, + ¥, + Py +M,)S

ﬁhshlv a,
ﬂvsvlh S

o (s.-s0)
Th
(Zah+yh+ph+mh)3
Sulu Iy

P
Splyly

S,

Sy

S,

S

+A$UP—

1

)

*

h

Th

S,

Th

(20, + 7, + 2y +My ) Sy

)

[2a, + 7, + oy +mh]}(l -1;)(s,-s
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*\2
* S, —S
a__ .Sy =7l + 1yl + T SnSy - ( i *h)
dt (2, + 7, + p, + M) S, S,S,
ﬂnsmﬂ( B *)2
ASN S,
T, 2
- o+, + o+ =1
(zah+7h+ph+mh)sh[ ht7n T Pn h](h h)
RPTL 4_3_;_sh|V|;_S_V*_sV|h|j _
ML S S, S, SiId

\

If I;/S;Sah/rh , then c:j—I?SO for all S;,1,,R,,S,,1,. The solutions of
system (1-5) limit to M, the largest invariant subset of

woiw ok x ow d
{(Sh, I,,R.,S,, 1, ) eR |d—|_ti:0}. Therefore by LaSalle invariant principle, if

I / S, <a, /7, > then Endemic equilibrium D, is globally asymptotically stable.
Finally, we show that I;/S; <a,/r,.Using S, and I, of Equations ((3d),
(3e)), we have

2
.$a,a,

T[5+1—7?02J

ahS;_ThI;E
Therefore, I,/S, <a,/7,,if 1<RZ<E+1.

6. Numerical Simulations

In this section, the global stability of the system’s equilibria will be illustrated
numerically. The simulations were done using the appropriate commands/
package in Matlab. We use the values of the parameters presented in Table 1. In

addition, we make a comparison between single-infection and co-infection.

Table 1. Model parameters.

Parameter Value Parameter Value Parameter Value
N, 0.3 B, 0.2 a, 0.06
N, 0.07 B, 0.09 a, 0.067

7, 0.02 0, 3 7 1.2
m, 2

Stability of the Equilibria

Now, we will present some numerical simulations to approve our theoretical re-
sults of system (1) with parameters values given in Table 1. We consider three

different initial conditions (states) as:

C1: (S,(0).1,(0),R,(0),S,(0).1,(0))=(15,3,3,08,1),

c2: (S,(0),1,(0),R,(0).S,(0),1,(0))=(0.5,2,2,05,0.5),
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c3: (S,(0).1,(0),R,(0),S,(0),1,(0))=(0.25,1,1,0.25,0.2).

Selecting the values of f,,f, and fixing the other parameters, Table 1, leads
to the following situations:

Situation 1. (Stability of Disease-free equilibrium D, ):, we have
R, =0.22 <1. Figure 2 shows that the trajectories tend to the disease-free equi-
librium equilibrium D, = (5, 0,0,1.04, 0) for all initials. This demonstrates that,
D, is G.A.S based on Theorem 1. As time increases, one may notice, by taking
S, =15 as an initial value, S, decreases for a short time, then increases and
tends to D, . Taking a lower values for S, (0)(= 0.5,0.25), it tends to increase
and reach D, . A similar behaviour was seen for S, . The recovered human R,,
started at 3, increased for a short time, then increase to tend to D, . By decreas-
ing the starting value, the density of the recovered human tends to increase less
but decreases after a short time. When the initial density of the infected popula-
tion of human |, starts at 3 will decrease as time increases, a similar behaviour

was seen for |, where it increased for a shorter time and then decreased as time

grew.
5 T T .
S — 8, (0)=15
4r - - 8, (0=05 |-
........ S, (0)=0.25
e 3 r ::'./ 2 » T
w-ﬂ ::vl i,’"""
2t i T
F 1
2 - {‘"
1 i l." N
F 0
0 L 1 1 | 1 0 1 \5
0 20 40 60 80 100 120 140 160
Time
(a)
3 T T T
—L (03
25} --LO=2 |
1 L (0)=0.1 | |
o)
=15 1
.
1
0.5
0
0 5 10 15
Time

(b)
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S T T T T T T T T
—R, (0)=3

- - R, (0)=2
........ R, (0)=0.1

I~
~~~
=~ -

4 T, AL
LECTY T
ITY

—_— SV (0)=0.8
- - Sv (0)=0.5
o LT e 8, (0)=0.25
061 |
©w y 08—
041 7 06| _ . -="
0.2 0.4 "‘_‘.--“""'.. |
0.2
0 1 1 0 1 5
0 10 20 30 40 50 60 70
Time
(d)
1.2 T
—_— Iv 0)=1

1 - - I (0)=05
\ ........ I, (0)=0.2

0.6

N
041 Y I ]
N\
0.2 N -
'ln-.”." ~ 0
0 Illll‘llllnllllllll - 0 5
0 : . - 80 100

Figure 2. Solutions of system (la) when R, <1, (a) Susceptible humans, (b) Infected

humans, (c) Recovered humans, (d) Susceptible mosquitoes and (e) Infected mosquitoes

Situation 2. (Stability of Endemic equilibrium D, ): In increasing the val-
ues of the transmission rate S, =0.45 and S, =0.2, R, =1.0571>1, Figure
3 shows that: with increasing time, the variables of the system tend to the
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Figure 3. Solutions of system (la) when R, =1, (a) Susceptible humans, (b) Infected

humans, (c) Recovered humans, (d) Susceptible mosquitoes and (e) Infected mosquitoes

Endemic equilibrium D, =(4.5344,0.0045,0.2380,1.0310,0.0137) for the
different initial conditions. A similar behaviour to situation 1 was observed but
with a higher value of the drop-down and-up. This demonstrates that, D, is
G.A.S based on Theorem 2.

The figures show that with different initial values, the solution always tends to
the G.A.S. equilibrium points when the data of the parameters involved within

the system satisfy the condition on R, .

7. Conclusion

The interaction rates of human/mosquitos had an impact on increasing the in-
fectious disease as time increased. The environmental effect on Malaria spread is

a very complex factor, climate change, heavy rainfall and humidity provide good
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breeding areas for mosquitos to breed. The early diagnosis of these areas and the

treatments or the controlling activities such as insecticidal spraying will help in

decreasing the transmission rate and hence controlling the epidemic.
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