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Abstract

In a preceding paper, the theoretical and experimental, deterministic and ran-
dom, scalar and vector, kinematic structures, the theoretical and experimental,
deterministic-deterministic, deterministic-random, random-deterministic, ran-
dom-random, scalar and vector, dynamic structures have been developed to
compute the exact solution for wave turbulence of exponential pulsons and
oscillons that is governed by the nonstationary three-dimensional Navier-Stokes
equations. The rectangular, diagonal, and triangular summations of matrices
of the turbulent kinetic energy and general terms of numerous sums have
been used in the current paper to develop theoretical quantization of the ki-
netic energy of exact wave turbulence. Nested structures of a cumulative energy
pulson, a deterministic energy pulson, a deterministic internal energy oscillon,
a deterministic-random internal energy oscillon, a random internal energy
oscillon, a random energy pulson, a deterministic diagonal energy oscillon, a
deterministic external energy oscillon, a deterministic-random external en-
ergy oscillon, a random external energy oscillon, and a random diagonal energy
oscillon have been established. In turn, the energy pulsons and oscillons in-
clude deterministic group pulsons, deterministic internal group oscillons, de-
terministic-random internal group oscillons, random internal group oscillons,
random group pulsons, deterministic diagonal group oscillons, deterministic
external group oscillons, deterministic-random external group oscillons, ran-
dom external group oscillons, and random diagonal group oscillons. Sequen-
tially, the group pulsons and oscillons contain deterministic wave pulsons,
deterministic internal wave oscillons, deterministic-random internal wave os-
cillons, random internal wave oscillons, random wave pulsons, deterministic
diagonal wave oscillons, deterministic external wave oscillons, determinis-
tic-random external wave oscillons, random external wave oscillons, random
diagonal wave oscillons. Consecutively, the wave pulsons and oscillons are
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composed of deterministic elementary pulsons, deterministic internal el-
ementary oscillons, deterministic-random internal elementary oscillons, ran-
dom internal elementary oscillons, random elementary pulsons, deterministic
diagonal elementary oscillons, deterministic external elementary oscillons,
deterministic-random external elementary oscillons, random-deterministic
external elementary oscillons, random external elementary oscillons, and
random diagonal elementary oscillons. Symbolic computations of exact ex-
pansions have been performed using experimental and theoretical program-
ming in Maple.

Keywords

The Navier-Stokes Equations, Deterministic-Random Internal Energy Oscillon,
Deterministic-Random External Energy Oscillon, Deterministic-Random
Internal Group Oscillons, Deterministic-Random External Group Oscillons,
Deterministic-Random Internal Wave Oscillons, Deterministic-Random
External Wave Oscillons, Deterministic-Random Internal Elementary
Oscillons, Deterministic-Random External Elementary Oscillons,
Random-Deterministic External Elementary Oscillons

1. Introduction

The experimental Deterministic Scalar Kinematic (eDSK) structures, the theoreti-
cal Deterministic Scalar Kinematic (tDSK) structures, the experimental Deter-
ministic Vector Kinematic (eDVK) structures, the theoretical Deterministic Vector
Kinematic (tDVK) structures, the experimental Deterministic-Deterministic Sca-
lar Dynamic (eDDSD) structures, the theoretical Deterministic-Deterministic Sca-
lar Dynamic (tDDSD) structures, the experimental Deterministic-Deterministic
Vector Dynamic (eDDVD) structures of the mth and nth families, and the theo-
retical Deterministic-Deterministic Vector Dynamic (tDDVD) structures of the
mth and nth families have been constructed in [1] to obtain the exact solution
for deterministic chaos and to describe quantization of the kinetic energy of de-
terministic chaos in terms of deterministic exponential oscillons and pulsons for
the Fourier set [2] and the Bernoulli set [3] of wave parameters.

The experimental Random Scalar Kinematic (eRSK) structures, the theoretical
Random Scalar Kinematic (tRSK) structures, the experimental Random Vector
Kinematic (eRVK) structures, the theoretical Random Vector Kinematic (tRVK)
structures, the experimental Random-Random Scalar Dynamic (eRRSD) struc-
tures, the theoretical Random-Random Scalar Dynamic (tRRSD) structures, the
experimental Random-Random Vector Dynamic (eRRVD) structures of the nth
and nth families, and the theoretical Random-Random Vector Dynamic (tRRVD)
structures of the nith and nth families have been generated in [2] to find the ex-
act solution for stochastic chaos and to represent theoretical quantization of the

kinetic energy of stochastic chaos in random exponential oscillons and pulsons.
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To compute the exact solution for wave turbulence governed by the nonsta-
tionary Navier-Stokes equations in three dimensions with the help of the method
of Decomposition in Invariant Structures (DIS), the mentioned invariant struc-
tures have been complemented by the experimental Deterministic-Random Sca-
lar Dynamic (eDRSD) structures, the theoretical Deterministic-Random Scalar
Dynamic (tDRSD) structures, the experimental Random-Deterministic Scalar
Dynamic (eRDSD) structures, the theoretical Random-Deterministic Scalar Dy-
namic (tRDSD) structures, the experimental Deterministic-Random Vector Dy-
namic (eDRVD) structures of the mth and nth families, the theoretical Deter-
ministic-Random Vector Dynamic (tDRVD) structures of the mth and nth fami-
lies, the experimental Random-Deterministic Vector Dynamic (eRDVD) struc-
tures of the mth and nth families, and the theoretical Random-Deterministic
Vector Dynamic (tRDVD) structures of the mth and nth families.

Following [2] [3] [4], the rectangular, diagonal, and triangular summations of
matrices of the turbulent kinetic energy and general terms of numerous sums
have been employed in this paper to work out theoretical quantization of the
turbulent kinetic energy of exact wave turbulence. Nested structures of a cumu-
lative energy pulson, a deterministic energy pulson, a deterministic internal
energy oscillon, a deterministic-random internal energy oscillon, a random in-
ternal energy oscillon, a random energy pulson, a deterministic diagonal energy
oscillon, a deterministic external energy oscillon, a deterministic-random exter-
nal energy oscillon, a random external energy oscillon, and a random diagonal
energy oscillon have been defined.

The energy pulsons and oscillons enclose deterministic group pulsons, deter-
ministic internal group oscillons, deterministic-random internal group oscillons,
random internal group oscillons, random group pulsons, deterministic diagonal
group oscillons, deterministic external group oscillons, deterministic-random
external group oscillons, random external group oscillons, and random diagonal
group oscillons, respectively.

The group pulsons and oscillons incorporate deterministic wave pulsons, de-
terministic internal wave oscillons, deterministic-random internal wave oscillons,
random internal wave oscillons, random wave pulsons, deterministic diagonal
wave oscillons, deterministic external wave oscillons, deterministic-random exter-
nal wave oscillons, random external wave oscillons, random diagonal wave oscil-
lons, correspondingly.

The wave pulsons and oscillons are constructed of deterministic elementary
pulsons, deterministic internal elementary oscillons, deterministic-random inter-
nal elementary oscillons, random internal elementary oscillons, random elemen-
tary pulsons, deterministic diagonal elementary oscillons, deterministic external
elementary oscillons, deterministic-random external elementary oscillons, ran-
dom-deterministic external elementary oscillons, random external elementary
oscillons, and random diagonal elementary oscillons, congruently.

The contents of this paper are as follows. In Section 2, decompositions of

summation matrices of various constituents of the turbulent kinetic energy are

DOI: 10.4236/ajcm.2024.142007

205 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2024.142007

V. A. Miroshnikov

constructed. The deterministic, wave, group, and energy pulsons are defined in
Section 3. Section 4 deals with the deterministic, diagonal, wave, group, and
energy oscillons. The deterministic, internal, wave, group, and energy oscillons
are described in Section 5, which is proceeded by Section 6 dealing with the de-
terministic, external, wave, group, and energy oscillons.

In Section 7, we treat the deterministic-random, internal, wave, group, and
energy oscillons. Section 8 is devoted to the deterministic-random, external, wave,
group, and energy oscillons. The random, wave, group, and energy pulsons are
considered in Section 9. Section 10 discusses the random, diagonal, wave, group,
and energy oscillons. The random, internal, wave, group, and energy oscillons
are introduced in Section 11. Section 12 describes the random, external, wave,
group, and energy oscillons.

The deterministic elementary oscillons and pulsons, the random elementary
oscillons and pulsons, the deterministic-random and random-deterministic el-
ementary oscillons are specified in Section 13, Section 14, Section 15, respective-
ly. Section 16 contains a summary of theoretical quantization of the kinetic
energy of exact wave turbulence that includes 42 theoretical exponential pulsons

and oscillons. A concise list of open problems is also described there.

2. Decompositions of Summation Matrices of the Turbulent
Kinetic Energy

The kinetic energy K, of exact wave turbulence of exponential oscillons and
pulsons in a Newtonian fluid with a constant density p, and a turbulent veloc-
ity field u,, which is a superposition of a velocity field u, of a deterministic
flow and a velocity field u, of a random flow, is defined by (306) of [5] as

Keyt:%(ut~ut):%(ud+u,)-(ud+u,), (1)
where U, is formed by velocity fields u,; and u,; of / deterministic wave
groups, Le.

|

|
Uy =Zud,i=_2ud,,-, (2)
j=1

i=1

U, is generated by velocity fields u,; and u,; of /random wave groups, viz.

u, =Zur,i :Zur’i' (3)

| |
i=1 j=1

where i=1,2,---,1 and j=12,---,1 are indices of deterministic and random
wave groups, | =4.
Substituting (2)-(3) in (1) and combining sums yields
Dy dad
Ker :?C_ l;(ud,i “Ugj+Ug; Ut UG Uy U 'Ur,j)- (4)
i=l j=
For clarification of nested summation matrices, primarily, we define a rec-

tangular summation matrix of the deterministic kinetic energy
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Mg =UgiUg (5)

a rectangular summation matrix of the deterministic-random kinetic energy

Mear =Ugi U, (6)
a rectangular summation matrix of the random-deterministic kinetic energy
Mg = U iUy g (7)

and a rectangular summation matrix of the random kinetic energy

Me,r,r =U 'ur,j' (8)
where i=1,2,---,1 and j=1,2,---,1.
Kinetic energy (4) may be written via summation matrices (5)-(8) as follows:
Ke,t :%{Me,d,d +Me,d,r+Me,r,d +Me,r,r}’ (9)
where a braces notation {M,} denotes the rectangular summation of all ele-
ments of a summation matrix {Me} in i=12,---,1 and j=12,---,1,eg
| |
{M.}=22 u-u;. (10)
i=1 j=1

So, elements of rectangular summation matrices (5)-(8) are dot products of
velocity fields of all deterministic and random wave groups.

Since the velocity fields of I deterministic wave groups are expanded in the
tDVK structures (227) of [5]

M M M M
Ugi = zsd,i,m :st,i,n’ Uy = st.j‘m :st,j,n (11)
m=1 n=1 m=1 n=1

and the velocity fields of / random wave groups are expanded in the tRVK
structures (113) of [4]

M M M M
url :zsr,l,m :zsrln' urJ :ZSr,j‘m :zsr,j,n' (12)
m=1 n=1 m=1 n=1

summation matrices (5)-(8) may be written in the following form:

Megs ={Saim Sajn}> (13)
Meg, ={Saim*Srin} (14)
Mera = {SeimSein)s (15)
Merr ={Stim Sein s (16)

where the summation braces {si,m -S j'n} signify the rectangular summation of
all matrix elements of a summation matrix with the general term s, -s;, in
m=12,---,M and n=12,---,M.

For instance,

{Si-m'Sj,n}:iz<5i,m'sj,n) (17)

M
m=1n=!

2N

as each deterministic and random wave group is composed of A waves. There-
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fore, elements of summation matrices (13)-(16) are double sums of rectangular
summation matrices of size M xM .

Secondly, we decompose M, , (13) in diagonal and triangular matrices as

Meaa =Mgaa +Mggur (18)

where
My ga = {sd,i,m 'Sd,i,n} (19)
is a diagonal matrix (9) of [2] in deterministic wave groups with i=12,---,1,

which includes all diagonal elements of M, 4, and
Mg dur = {Sd,i,m *Sq.jn TS84 jm 'Sd,i,n} (20)

is a complementary matrix (10) of [2] in deterministic wave groups with
i=12--,1-1 and j=i+Lli+2,---,1, which is composed of the upper and
lower triangular matrices of M, ,, respectively, since the first index of the dot
product is a counter of rows and the second index is a counter of columns.

The kinetic energy of the deterministic flow is correspondingly expanded as

P,
K. a4 Z?C{Me,d,d}z Ke,a.a + Kegauir 1)

e.a,

where the first sum K_,,, is produced by the elements of M, Ze.
|
Kegaa =2 Kaiain (22)
i1
and the second sum K, ,, bytheelementsof Mg, , viz

-1 1
Ked.dui =Z Z Kaiaj- (23)

i=1 j=itl

In (22)-(23), the general term of K, 4 is

Kg,idi :%{sd,i,m'sd,i,n} (24)
for i=12,---,1, m=12,---M, n=12,---,M , and the general term of
Kedaur 18

Kaiai :%{Sd,i,m “Sq.jn t Sd.jm ~sd’i’n} (25)
for i=12,---,1-1, j=i+Li+2,---,1, m=12,---,M,and n=12,---,M.

Thirdly, we combine M (14) and M, , (15) in deterministic and ran-

ed,r

dom wave groups as rectangular matrices

Md.r,r,d = Me,d,r + Me,r,d' (26)

The kinetic energy of the deterministic-random flow is consequently decom-
posed in the following form:

Ke,d,r,r,d = %{Me,d,r + Me,r,d } = Ke,d,r + Ke,r,d (27)

with the sum of elements of M,  and M, ,, viz.

r
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I
Ke,d,r,r,d :zde,i,r,j,r,j,d,il (28)
i-1 j=1
where the general term of K_, ., is
P,
Kd,i,r,j,r,j,d,i :?C{Sd,i,m “Sein TSrim ’Sd,i,n} (29)

for i=1,2,---,1, j=12,---,1, m=12,---,M,and n=12,---,M . Here, iden-
tity {Sr,i,m 'Sd,j,n} = {Sr,j,m 'Sd,i,n} is used to convert (29) to the representation of
(25).

Fourthly, we expand M (16) in random wave groups as follows:

e,r,r
Me,r,r = Mr,r,d + Mr,r,u,l' (30)
where
Mr,r,d :{Sr,i,m 'Sr,i,n} (31)
is the diagonal matrix in random wave groups for i=1,2,---,1, which contains
all diagonal elements of M, ,and
I\/Ir,r,u,l = {sr,i,m ) Sr,j,n + sr‘j,m ) Sr,i,n} (32)
is the complementary matrix in random wave groups for i=12,---,1 -1 and
j=i+Li+2,---,1, which is constructed of the upper and lower triangular ma-
tricesof M, .
Thus, the kinetic energy of the random flow is decomposed as
Kerr =25(M,, 1= K, g +K (33)
er,r 2 er,r e,r,rd e,r,rul?
where the first sum K, is generated by the elementsof M _ ; as
|
Ke,r,r,d :zKr,i,r,i’ (34)
i=1
and the second sum K, bytheelementsof M  since
1-1 |
Ke,r,r,u,l :Z z Kr,i,r,j' (35)
i=1 j=itl
In Equations (34)-(35), the general term of K,  ; becomes
P
Kriri:_C Seim “Srin (36)
=25 5]

for i=12,---,1, m=12,---,M, n=12,---,M , and the general term of

K takes the following form:

e,r,r,u,l
Kr,i,r,j :%{Sr,i,m 'Sr,j,n + Sr,j,m ! Sr,i,n} (37)
for i=14,2,---,1-1, j=i+Li+2,---,1, m=12,---,M,and n=12,---,M.
Summation matrices M,,, (13), M.,  (14), M, 4 (15), and M,

(16) of the kinetic energy (9) of the turbulent flow are visualized in Figure 1.
Interchange of group indices [i=j, j=i] describes transposition of elements

of all four matrices with respect to local group diagonals j=i shown for matrix
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elements {Sd,i,m‘sd,j,n} and {Sd,j,m'sd,i,n}’ {Sd,i_m~sr‘j'n} and {Sd,j,m'sr,i,n} ,
{Sr,i,m «sd'j’n} and {sw_'m -sd’i,n}, {s,,i'm «sw.,n} and {s,,j'm -s,vi,n}.

In Figure 1(a), the general term {Sd,i,m -sd,i‘n} in (24) of Mg 4 (19) sums
up diagonal elements of M, (18), the first general term {Sd'i‘m ~dej'n} in
(25) of My 4, (20) sums up by rows elements of the upper triangular matrix
of M_,,> and the second general term {Sd,j,m -Sd’i’n} sums up by columns
elements of the lower triangular matrix of M, ;.

In Figure 1(b) and Figure 1(c), the first general term {Sd,i,m -sr'j’n} in (29)
(14), and the
fim ~deiyn} in (29) of M, 4 sums up by columns all
era (15).

In Figure 1(d), the general term {Sr’i’m 'Sr,i,n} in (36) of M
(16), the first general term {sr_i‘m -sr‘j‘n} in

of My, 4 (26) sums up by rows all elements of matrix M,
second general term {S
elements of matrix of M
g (31) sums
up diagonal elements of M
(37) of M
M

ements of the lower triangular matrix of M

e,r,r

rruy (32) sums up by rows elements of the upper triangular matrix of

err> and the second general term {Sr,j,m 'Sr,i,n} sums up by columns el-

er,r*

Then rectangular sums are expanded into internal wave sums with n=m (a
local wave diagonal), which correspond to internal interaction of dpe-oscillons
(125) or rpe-oscillons (155) from the mth family, and external wave sums with
n#m , which describe external interaction of the dpe-oscillons or the
rpe-oscillons from the mth and nth families.

Fifthly, we expand deterministic rectangular sums (24)-(25) into the internal
and external sums. The summation matrix of the diagonal general term K 4
(24) of K 444 (22)

Md,i,m,d,i,n =Sgim " Sdin (38)

due to the commutative property of the dot products

Sdin“Sdim = Sdim Sdiin (39)
| {Soim-sapmt [ o ASaim Sryn) ]
{Sd,j,m 'sd,i}n} {sdyi,m 'sd,i,n} {Sd,j,m 'sr,i,n} {sd,i,m 'sr,i,n}
] (a) (b)
(Srim-5010) - o Asram Sy
{sr,j,m 'Sd,i,n} {sr,i,m 'sd,i,n} {Sr,j,m 'sr,i,n} {Sr,i,m 'sr,i,n}
_ (© o (d) )

Figure 1. The summation matrices (13), (14), (15), and (16) of the turbulent kinetic energy (9) are

shown by (a), (b), (c), and (d), respectively.
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yields the following reduction of the rectangular summation to the diagonal and

triangular summations (for the eDVK structures, see (18)-(19) of [2]):
M M-1 M
{sd,i,m 'Sd,i,n} = Saim Saim t22. 2 Sqim Sain (40)
m=1 m=1 n=m+1

where i=12,---,1.
The summation matrices of the non-diagonal general term K, ; (25) of
Ke,d,d,u,l (23)

Md,i,m,d,j,n =Sqim Sd,jn Md,j,m,d,i,n =Sg,j,m “Sd,in (41)
because of the commutative properties of the dot products

Sd,jm “Sdim = Sd,im " Sd,jm 42)
Sa,in “Sd,jm +Sa,jn Saim = Sa.im Sa.jn FSq,jm " Sain
produce the following reduction of the rectangular summation to the diagonal

and triangular summations (for the eDVK structures, see (23)-(24) of [2]):

1
E{Sd,i,m “S4.jn 34, j,m 'Sd,i,n}
M M-1 M (43)
=2 Sqim Sajmt D D (Sd,i,m “Sq,jn TS, jm 'Sd,i,n)'
m=1 m=1 n=m+1
where i=12,---,1-1 and j=i+1i+2,---,1.If j=i, the asymmetric reduc-

tion (43) is converted into the symmetric reduction (40).

Sixthly, the summation matrices of the deterministic-random general term

Kairiridi (29) of K4, rq (28)
I\/Id,i,m,r,j,n = Sd,i,m : Sr,j,n7 Mr,j,m,d,i,n = Sr,j,m : Sd,i,n (44)
in the view of the commutative properties of the dot products
Sr,j,m “Sgim = Sdim 'Sr,j,m' (45)
sd,i,n : sr,j,m + Sr,j,n 'Sd,i,m = Sd,i,m : Sr,j,n + Sr,j,m ‘sd,i,n

return the following reduction of the rectangular summation to the diagonal and

triangular summations:

1

E{Sd,i,m : Sr,j,n + Sr,j,m : Sd,i,n}
(46)

M-1 M
Sd‘i,m'sr,j.m-‘_z Z (Sd,i,m'Sr‘j,n+sr,j,m'sd‘i,n)7

1 m=1 n=m+1

M=

3
1

where i=12,---,1 and j=12,---,1.
Seventhly, we expand random rectangular sums (36)-(37) into the internal

and external sums. The summation matrix of the diagonal general term K

rir,i
(36) of K, .4 (34)
Mr,i,m,r,i,n = Sr,i,m : Sr,i,n (47)
in accordance with the commutative property of the dot products
Sr,i,n Sr i,m = Sr im’ Sr,i,n (48)
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gives the following reduction of the rectangular summation to the diagonal and

triangular summations (179) of [4]:

M M-1 M
{Sr,i,m 'Sr,i,n} = Zsr,i,m “Spim T 22 Z Seim “Srin (49)
m=1 m=1 n=m+1
where i=12,---,1.
The summation matrices of the non-diagonal general term K, ; ; (37) of
Kerrur (35)
M imein =Seim Sein Miimrin =St im Srin (50)

in agreement with the commutative properties of the dot products

S -S =S -S

r.j,m

S, 'S imtS i S im=Sim"S S

r,i,n r,j,m r,j,n r,i,m r,i,m r,j,n+sr,j,m' r,i,n

r,i,m r,i,m r,jm?

(51)

return the following reduction of the rectangular summation to the diagonal and

triangular summations (182) of [4]:

1
E{Sr,i,m : Sr,j,n + Sr,j,m : sr,i,n}
M M-1 M (52)
= z sr,i,m : sr,j,m + Z Z (Sr,i,m : sr,j,n + Sr,j,m 'Sr,i,n)’
m=1 m=1 n=m+1
where i=1,2,---,1 and j=1,2,---,1.If j=i, the asymmetric expansion (52)

is transformed into the symmetric expansion (49).

3. The Deterministic, Wave, Group, and Energy Pulsons

We now define the deterministic, wave, group, and energy pulsons and oscillons
using various combinations of dot products of the tDVK structures and
represent the dot products in terms of the tDDSD and eDDSD structures.

The general term of internal sum of (40) produces the deterministic, wave
pulson of propagation of the deterministic velocity field (the dw-pulson for

brevity)

Kudim.d.im :%<sd,i,m 'Sd,i,m)’ (53)

which describes vector self-interaction of the velocity field s;;, of the mth
dpe-oscillon (125) from the selfsame ith deterministic wave group for i=1,2,---,1
and m=12,---,M.

Since the tDVK structure is related with the tDSK structures by (50) of [5]

(_1)0‘i Kd,msd,x,i,m
A
Sa,im = (_l) )“d,msd,y,i,m ) (54)
(_l)ﬂ Mg mSd im
the dw-pulson in the tDDSD structures takes the following form:

P,
KW,d,i,m,d,i,m =?C(K§,msg,x,i,m +A’dz,mss,y,i,m +:u§,ms§,i,m ) (55)

A superposition of a group of the dw-pulsons in the eDDSD structures
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gdlmdlm ZKwdlmdlm pc/uj,m (ag,m+b§,m+cg,m+d§,m) (56)

2 2 2 2 2 2
= pc/ud,mezd,m (Avd,m + BVd,m +Cvd,m + Dvd,m)

is termed the deterministic, group pulson (the dg-pulson for conciseness). Here,
K

numbers

odimdim is simplified by the Pythagorean identity for deterministic wave

K2m+ﬂ'dz,m:/u§,m’ (57)

the definitions of the tDSK structures (1) of [5], the eDSK structures (127), and
the 3-v eDSK functions (128)-(130).
Eventually, the diagonal summation of all dg-pulsons results in the deter-

ministic, kinetic-energy pulson (the dk-pulson for briefness)
M
edlmdlm ngdlmdlm pcz#s,mezg,m(Avg,m+BV§,m+CV§,m+DV§,m)7(58)
m=1

which shows a cumulative kinetic energy of A dg-pulsons.

4. The Deterministic, Diagonal, Wave, Group,
and Energy Oscillons

The general term of external sum of (40) corresponds to the deterministic, di-

agonal, wave oscillon (the ddw-oscillon for shortness)
Kud imd.in :pc(sd,i,m 'sd,i,n)’ (59)

which expresses vector external interaction of the velocity fields s ;. and
Sg.in Of the distinct mth and nth dpe-oscillons (125) from the selfsame ith de-
terministic wave group for i=1,2,---,1, m=12,---,M -1, and
n=m+lm+2.---,M
Using (54) and Equation (54) with m=n
(_1)“i Kd,nsd,x,i,n
Bi
Sqin = (_1) /1d,nsd,y,i,n ) (60)
(=1)" #g.nSg.in
we obtain the ddw-oscillon in the tDDSD structures
Kudimdin = Pe (Kd,mKd,nsd,x,i‘msd,x,i,n +/’)’d,mld,nsd,y,i,msd,y,i‘n + My mHg nSdimSd,in ) (61)

Summation of (61) yields the deterministic, diagonal, group oscillon (the

ddg-oscillon for concision) in the eDDSD structures
gdlmdln szdlmdln Md,m,d,n (ad‘mad,n+bd,mbd,n+Cd,mCd,n+dd,mdd,n)’ (62)
where a nonlinear amplitude
Md,m,d,n = Kd,mKd,n +ﬂ“d,mﬂ’d,n +/ud,m/ud,n (63)

is produced by the deterministic wave numbers.

The triangular summation of the ddg-oscillons results in the deterministic,
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diagonal, kinetic-energy oscillon (the ddk-oscillon for pithiness)

M-1 M
Ke,d,i,m,d,i,n = Z Z Kg,d,i,m,d,i,n' (64)

m=1 n=m+1

which gives an accumulative kinetic energy of M (M —1) / 2 ddg-oscillons.
So, summation of the diagonal constituents K, ; (22) of the kinetic energy
Kegaa is completed with the following result:
Keaaa = Kedimain T K (65)

e,d,i,md,i,n"

If n=m, then the ddw-oscillon (61) is converted into the doubled dw-pulson
(55). Namely,

K =2K

n=m

(66)

w,d,i,m,d,i,n w,d,i,m,d,i,m"

Analogously, the ddg-oscillon (62) becomes equal to the doubled dg-pulson
(56)

=2K

n=m

(67)

g,d,i,m,d,i,n g,d,i,md,im?

since

Md,m,d,m = 2/udz,m' (68)

5. The Deterministic, Internal, Wave, Group,
and Energy Oscillons

The general term of internal sum of (43) produces the deterministic, internal,

wave oscillon (the diw-oscillon for terseness)
Kudim.d,jm :pc<5d,i,m 'Sd,j,m)v (69)

which represents vector internal interaction of the velocity fields s,;  and
Sq.jm ©f the mth dpe-oscillons (125) from the distinct ith and jth deterministic
wave groups for i=12,---,1-1, j=i+1i+2,---,1,and m=12,---,M .
In the tDDSD structures, the diw-oscillon becomes
aj+a;
Kw,d,i,m,d,j,m =P |:(_1) : Kf,msd,x,i,msd,x,j,m
BitBi 42 2 (70)
+(-1)" AdmSa.yimSd,y, j.m +/ud,m5d,i,msd,j,mj|'
Adding the diw-oscillons, we get the deterministic, internal, group oscillon
(the dig-oscillon for curtness) in the eDDSD structures
1-1 1
Kg,d,i,m,d,j,m =Z Z Kw,d,i,m,d,j,m
i=1 j=i+1 (71)
= 2/00 [ﬂ’dzm (ad,mbd,m + Cd,mdd,m ) + Kcim (ad,mcd,m + l:)d,mdd,m )]

The diagonal summation of the dig-oscillons results in the deterministic, in-

ternal, kinetic-energy oscillon (the dik-oscillon for quickness)
M
Kedimdjm= Z Kgdimd jm (72)
m=1

which returns a collective kinetic energy of A/ dig-oscillons.
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6. The Deterministic, External, Wave, Group,
and Energy Oscillons

The general term of external sum of (43) describes the deterministic, external,

wave oscillon (the dew-oscillon for swiftness)
Kudimd,jn = Pe (Sd,i,m “Sq,jn T Sq,5m " Sd,in ): (73)

which exposes vector external interaction of the velocity fields s;; s, ;, and
Sq.im> Sain of the distinct mth and nth dpe-oscillons (125) from the distinct
ith and jth deterministic wave groups for i=12,---,1-1, j=i+Li+2,---,1,
m=212,---,M-1,and n=m+1m+2,--,M.

Using (54) and (60), we compute the dew-oscillon via the tDDSD structures

aj+aj
Kudimd,jn = Pe [(_1) L Ky mKan (sd,x,i,msd,x,j,n +Sd,x,j,msd,x,i,n)
freh
+ (_1) C Ay (Sd,y,i,msd,y,j,n +Sd,y,j,m5d,y,i,n) (74)
+ Uy mHgn (Sd,i,msd,j,n *+Sq,imSd,in )J

The deterministic, external, group oscillon (the deg-oscillon for fastness) takes
the following form in terms of the eDDSD structures:
-1 1
Kedima.jn = Z Z Kwd,imd,jn
i1 joi+

= P [Ad,m,d,n (ad,mbd,n +0y 8y +Cq g + dd,mcd,n) (75)

+Kd,m,d,n (ad,mcd,n + Cd,mad,n + bd,mdd,n + dd,mbd,n )

_Nd,m,d‘n (ad,mdd,n + dd,mad,n + bd,mcd,n + Cd‘mbd,n ):|'

where nonlinear amplitudes

I<d,m,d,n =FKg mKdn _j’d,m]’d,n + g mHano
Ad,m,d,n = ~K4mKdn +/1d,mﬂ“d,n T HymMa oo

(76)
My man =+Ka mKan T A4 mAan + Mo mblo ns

Nd‘m,d,n = +Kd,mKd,n +ld,m/1d,n —HymHyn

are generated by the deterministic wave numbers.
We then imply the triangular summation of the deg-oscillons to find the de-

terministic, external, kinetic-energy oscillon (the dek-oscillon for simplicity)

M-1 M
Ke,d,i,m,d,j,n = Z Z Kg,d,i,m,d,j,n' (77)

m=1 n=m+1

which demonstrates an aggregate kinetic energy of M (M —1) / 2 deg-oscillons.
Thus, summation of the non-diagonal constituents K, ;,; (23) of the kinetic

energy K, ., isfinished as follows:

Kedau =K +K (78)

ed,i,md,jm ed,i,md,jn"

If n=m, then the dew-oscillon (74) is transformed into the doubled
diw-oscillon (70). Explicitly,

K =2K

wd.imd,j.n|,_n

(79)

w,d,i,md,j,m*
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Similarly, the deg-oscillon (75) becomes equal to the doubled dig-oscillon
(71), i.e

K = 2Kg,d,i,m,d,j,m’ (80)

g.dimd,jn{_pm

since

K = 2K§,m’ A 2/1(12m’ dmdm = 2ﬂ§,m1 Nd,m,d,m =0. (81)

d,m,d,m d,mdm

7. The Deterministic-Random, Internal, Wave, Group,
and Energy Oscillons

We then treat the deterministic-random, wave, group, and energy oscillons in
terms of different combinations of dot products of the tDVK and tRVK struc-
tures and express the dot products in terms of the tDRSD, tRDSD, eDRSD, and
eRDSD structures.

The general term of internal sum of (46) specifies the deterministic-random,

internal, wave oscillon (the driw-oscillon for straightforwardness)
Kw,d,i,m,r,j,m =P (Sd,i,m 'Sr,j,m)’ (82)

which describes vector internal interaction of the velocity fields s,;  and
S, ;m of the mth dpe-oscillon (125) and the mth rpe-oscillon (155) from all ith
deterministic and jth random wave groups for i=1,2,---,1, j=12,---,1, and
m=12,---, M.
In the tDRSD structures, the driw-oscillon is displayed by
KW,d,i,m,r,j,m =P |:(_1)ai+aj Kd,mKr,msd,x,i,er,x,j,m
(83)
+( )ﬂl 7 ﬂ’d mj“r msd,y,i,msr,y,j,m + ;ud,m:ur,msd,i,msr,j,m:|'

Adding the driw-oscillons, we obtain the deterministic-random, internal,

group oscillon (the drig-oscillon for easiness) in the eDRSD structures

| |
gdlmer ZZKw,d,i,m,r,j,m

i=1 j=1
_pc[Mdmrm(admarm+bdmbrm+cdm rm+ddmdrm)
dmrm(ad Be m + By m@r ;m +Cy e +dy € rm) (84)
dmrm(adm rm_i_cdma +bdmdrm+ddmbrm)
dmrm(adm rm+ddmarm+bdmcrm+cdm rm):l
where nonlinear amplitudes

I<d,m,r,m = +Kd,mKr m ﬂ’d mﬂ‘r m +:ud,mrur,m'

Ad,m,r,m = K4 mKrm +ﬂ’d,mﬂ‘r m + HomHe m (85)

My mem = K mKem + Ao mArm + g mbde o

Ny mrm = T8 mKem + g e m = o mHem

are produced by the deterministic and random wave numbers.
The diagonal summation of the drig-oscillons yields the deterministic-random,

internal, kinetic-energy oscillon (the drik-oscillon for brevity)
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M
Ke,d,i,m,r,j,m = Z Kg,d,i,m,r,j,m' (86)
m=1

which reflects an amassed kinetic energy of M drig-group oscillons.
8. The Deterministic-Random, External, Wave, Group,
and Energy Oscillons

The general term of external sum of (46) presents the deterministic-random, ex-

ternal, wave oscillon (the drew-oscillon for conciseness)
Kw,d,i,m,r,j,n =pP (Sd‘i,m : sr,j,n + sr,j‘m : Sd,i,n)v (87)

which manifests vector external interaction of the velocity fields s;; ,s and

S

r,j.n

of the distinct mth and nth dpe-oscillons (125) with the distinct
nth and mth rpe-oscillons (155) from all ith deterministic and jth random wave
groups for i=1,2,---,1, j=12,---,1, m=12,---,M -1, and
n=m+1im+2,---,M.

In the tDRSD and tRDSD structures, the drew-oscillon is specified as follows:

r,j,m? sd,i,n

_ aj+aj
Kw,d,i,m,r,j,n - pc {(_1) |:Kd‘mKr,nSd,x,i,er,x,j,n + Kr,mKd,nsr,x,j,msd,x,i,n]

+ (-1 [/1 A + Ay A nS sdm] (88)

d,m r,nsd,y,i,msr,y,j,n d,n>ry, j,m

+,ud,m/ur,nsd,i,msr,j,n + /ur,mﬂd,nsr,j,msd,i,n }

Summation of the drew-oscillons gives the deterministic-random, external,
group oscillon (the dreg-oscillon for briefness) in the eDRSD and eRDSD struc-
tures

Kodimrin = ZZ Kudimrin

i-1 j=1

=P [Md,m,r,n (ad,mar,n + bd b +CymCrn t dy nd )

,m=r,n d,m™r,n

+Ad,m,r,n (ad,mbr,n—’_b a +Cd,mdr,n+dd,mcr,n)

d,m~r,n

+Kd_mlr,n(ad'mc,'n+cd,mam+b d,, +dg b ,)

d,m™r,n d,m™~r,n

_Nd,m,r,n (ad,mdr,n + dd,mar,n +by nC +Cd,mbr,n)

d,m>r,n

+M (ar,mad,n +br,mbd,n +Cr,mcd,n +dr,mdd,n)

r,md,n
+Ar,m,d,n (ar,mbd,n + br,ma'd,n +Cr,mdd,n + dr,mcd,n) (89)
+Kr,m,d,n (ar‘mcd,n +Cr,mad,n + br,mdd,n + dr,mbd,n)

_Nr,m,d,n (ar,mdd,n + dr,mad,n + br,mcd,n +Cr,mbd,n )]’

where nonlinear amplitudes

I<d,m,r,n = +Kd,mKr,n _ﬂ’d,mﬂ’r,n +:ud,m:ur,n'
Ad,m,r,n = K4 mKrn +ﬂ’d,mﬂ‘r,n + My mHe 0o (90)
d,m,r,n = +Kd,mKr,n + A’d,m/lr,n +/ud,m/ur,n’
Nd,m,r,n = +K'd,ml(r,n +//Ld,mﬂ’r,n _:ud,m:ur,n
and
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7~

rmdn = +Kr,mKd,n _/lr,m/ld,n +lur,m:ud,n'

Ar,m,d,n =K mKyn +]’r,mj‘d,n + e Mg s (91)
Mr,m,d,n = +Kr,mKd,n + /,i’r,m/ld,n +:ur,m:ud,n’
Nr,m,d,n = +Kr‘mKd,n +ﬂr,mﬂ’d,n _:ur,mlud,n

are generated by the deterministic and random wave numbers.
We then apply the triangular summation of the dreg-oscillons to get the deter-
ministic-random, external, kinetic-energy oscillon (the drek-oscillon for shortness)

M-1 M
Ke,d,i,m,r,j,n = Z Z Kg,d,i,m,r,j,n' (92)

m=1 n=m+1

which evaluates a total kinetic energy of M (M —1) / 2 dreg-oscillons.
If n=m, then the drew-wave oscillon (88) is converted into the doubled

driw-oscillon (83). Namely,

K =2K

n=m

w,d,i,m,r,j,n w,d,i,m,r,jm* (93)

In the same way, the dreg-oscillon (89) is transformed into the doubled

drig-oscillon (84), viz.

K

g.dimd,jn|py 2Kg,d,i,m,d,j,m’ (94)

because

K, mam =K Armam=A M, o =M N =Ny - (95)

r,m,d,m d,mr,m?* “3rmd,m d,m,r,m? r,md,m d,mrm? *%rmd,m

9. The Random, Wave, Group, and Energy Pulsons

We proceed with the random, wave, group, and energy pulsons and oscillons via
diverse combinations of dot products of the tRVK structures and display the dot
products in terms of the tRRSD and eRRSD structures.

The general term of internal sum of (49) corresponds to the random, wave
pulson of propagation of the random velocity field (183) of [4] (the rw-pulson

for concision)

P
Kyrimrim=—(S,:-S. ), 96
w,r,,m,r,i,m 2 ( r,,m r,|,m) ( )
which expresses vector self-interaction of the velocity field s ;  of the mth
rpe-oscillon (155) from the selfsame ith random wave group for i=12,---,1

and m=12,---,M.
As the tRVK structure is connected with the tRSK structures with the help of
(30) of [4]

(-1)" &, S

Seim =| (1) 4, S (97)

r,i,m r,m>r,y,im [’

(_1)” tur,msr,i,m

the rw-pulson in the tRRSD structures may be represented as follows:

P 2 o2 2 <2 2 o2
Kw,r,i‘m,r,i,m = ?(Kr,msr,x,i,m +/Ir,m5r,y,i,m +:ur,m5r,i,m ) (98)
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A superposition of a group of the rw-pulsons in the eRRSD structures

_ 2 2 2 2 2
g r,i,m,r,i,m z Kw,r,i,m,r,i,m - pczur,m (ar,m + br,m + Cr,m + dr,m)

(99)

[N

2 2 2 2 2 2
= Py m€Zr (Avr,m + Bvr,m +CVr,m + Dvr,m)

is called the random, group pulson (the rg-pulson for pithiness), whereas

Kyrimrim is simplified by the Pythagorean identity for random wave numbers

A T (100)

the definitions of tRSK structures (1) of [4], the eRSK structures (157), and the
3-v eRSK functions (158)-(162).
Finally, the diagonal summation of all rg-pulsons produces the random, ki-

netic-energy pulson (the rk-pulson for terseness)

M M
Ke,r,i,m,r,i,m = z Kg,r,i,m,r,i,m = ch/urz,mlez,m (Avrz,m + BVrz,m +CVr2,m + DVrz‘m)' (101)
m=1 m=1

which evaluates an entire kinetic energy of M rg-pulsons.

10. The Random, Diagonal, Wave, Group,
and Energy Oscillons

The general term of external sum of (49) determines the random, diagonal, wave

oscillon (187) of [4] (the rdw-oscillon for curtness)

Kw,r,i,m,r,i,n :pc(sr,i,m 'sr,i,n)’ (102)
which describes vector external interaction of the velocity fields s ; =~ and
S;in of the distinct mth and nth rpe-oscillons (155) from the selfsame ith ran-
dom wave group for i=12,---,1, m=12,---,M -1,and n=m+1m+2,---, M.

With the help of (97) and Equation (97) with m=n
( l) KI’ nsr X,i,n
Bi
Sr,i,n = ( 1) ﬂ’r nsr y,i,n |? (103)

n
(_1) ,ur‘nsr,i,n
we find the rdw-oscillon in the tRRSD structures
Kw,r,i,m,r,i,n :pc(KrmKrnSrmm rX|n+ﬂrm/1rnSry|m ryln +Il'll'm/’ll'n r|m rln) (104)

We then sum up (104) in wave groups to compute the random, diagonal,

group oscillon (the rdg-oscillon for quickness) in the eRRSD structures

ZKW”mr,n CMr,m’r,n(a a +b b _+c c +drmdrn) (105)

grlmrln r,m=~r,n r,m=r,n r,m=r,n

where
M + A Aen T He b n (106)

r,m,r,n rm rn r,m”r,n

is a nonlinear amplitude, which depends on the random wave numbers.
The triangular summation of the rdg-oscillons returns the random, diagonal,

kinetic-energy oscillon (the rdk-oscillon for swiftness)
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<

-1 M

Ke,r,i,m,r,i‘n = Z Kg,r,i,m,r,i,n' (107)

1 n=m+1

3
I

which yields a whole kinetic energy of M (M —1)/2 rdg-oscillons.

Consequently, summation of the diagonal constituents K (34) of the ki-

riri

is finished as follows:

K

netic energy K,

Koo 4K (108)

er,r,d — e,r,i,mr,i,m e,r,i,mr,i,n

If n=m, then the rdw-oscillon (104) is transformed into the doubled
rw-pulson (98). Explicitly,

K =2K,  imrim: (109)

w,r,1,m,r,i,m

w,ri,m i g
Similarly, the rdg-oscillon (105) is equivalent to the doubled rg-pulson (99)

Kg,r,i,m,r,i,n = 2Kg,r,i,m,r,i,m’ (110)

n=m
as

Mr,m,r,m = 2/lrz,m' (111)
11. The Random, Internal, Wave, Group,
and Energy Oscillons

The general term of internal sum of (52) defines the random, internal, wave os-
cillon (196) of [4] (the riw-oscillon for fastness)

Kw,r,i,m,r,j,m =P (Sr,i,m 'Sr,j,m)' (112)

which expresses vector internal interaction of the velocity fields s ; ~ and

S jm of the mth rpe-oscillons (155) from the distinct #th and jth random wave

groups for i=1,2,---,1-1, j=i+Li+2,---,1,and m=12,---,M

The riw-oscillon may be written in the tRRSD structures as
aitaj 2
I‘(W,r,i,m,r,j,m = pc |:(_1) ! Kr,msr,x,i,msr,x,j,m
e (113)
i 2 2
+( ) : //i’rm rylmsry]m+:ur,m5r,i,msr,j,mj|'

Addition of the riw-oscillons gives the random, internal, group oscillon (the

rig-oscillon for simplicity) in the eRRSD structures

-1 1
g ri,mr,j,m Z Z w,r,i,m,r,j,m
i=1 j=i

=2pc[/15 (3 by + € G )+ 57 (8 €+, @ )]

r,m=~r,m r,m=r,m r,m~r,m r,m~r,m

(114)

Eventually, we sum up the rig-oscillons to calculate the random, internal, ki-

netic-energy oscillon (the rik-oscillon for straightforwardness)
erlmr]m ngrlmer’ (115)

which expresses an overall kinetic energy of M rig-oscillons.
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12. The Random, External, Wave, Group,
and Energy Oscillons

The general term of external sum of (52) sets up the random, external, wave

oscillon (200) of [4] (the rew-oscillon for easiness)
Kw,r,i,m,r,j,n =P (Sr,i,m ! Sr,j,n + Sr,j,m : Sr,i,n)' (116)

which specifies vector external interaction of the velocity fields s ;s ;, and
of the distinct mth and nth rpe-oscillons (155) from the distinct ith
and jth random wave groups for i=1,2,---,1 -1, j=i+1i+2,---1,
m=212,---,M-1,and n=m+1m+2,.--,M.

In accordance with (97) and (103), computation of the rew-oscillon in terms

of the tRRSD structures gives

S

r,j,m? Sr,i,n

_ aj+aj
Kw,r,i,m,r,j,n =P |:(_1) Kr,mKr,n (Sr,x,i,msr,x,j,n + Sr,><,j,msr,><,i,n)

+ (D" A e (SeyimSeyin + ey imSeyin)  (117)

r,m”r,n r,y,i,m°ry, jn ry,j,m>r,y,in

+:ur,m:ur,n (Sr,i,msr,j,n +sr,j,msr,i,n ):|

The random, external, group oscillon (the reg-oscillon for brevity) via the

eRRSD structures may be represented as follows:

1-1 |
Kg,r,i,m,r,j,n :z Z Kw,r,i,m,r,j,n

i=1 j=i+l

= P [ Avmen (8 nbn +B, 8, +€, 00, o+, G )

r,m=r,n r,m=r,n rm=r,n r,m=r,n (118)
+Kr,m,r,n (ar,mcr,n +Cr,mar,n + br,mdr,n + dr,mbr,n)
_Nr,m,r,n (ar,mdr,n + dr,mar,n + br,mCr,n + Cr,mbr,n ):|’
where
Kr,m,r,n = +Kr,mKr,n _ﬂ“r,mﬂr,n +/ur,m/ur,n'
Ar,m,r,n = _Kr,mKr,n +ﬂ’r,mﬁ’r,n +/’lr,mll'll',ﬂ’ (119)
Mr,m,r,n = +Kr,mKr,n +ﬂ’r,mﬂ’r,n +ll'lr,m/'ll',n’
Nr,m,r,n = +Kr,mKr,n +ﬂ“r,mﬂ’r,n _:ur,m:ur,n

are nonlinear amplitudes, which are produced by the random wave numbers.
Usage of the triangular summation of the reg-oscillons results in the random,

external, kinetic-energy oscillon (the rek-oscillon for conciseness)

M-1 M
Ke‘r,i,m‘r,j,n = Z Z Kg,r,i,m,r,jm’ (120)

m=1 n=m+1

which describes a full kinetic energy of M (M —1) / 2 reg-oscillons.

So, summation of the non-diagonal constituents K (35) of the kinetic

rirj

is accomplished by
K =K

energy K

e,r,r,u,l

+K (121)

e,r,rul e,r,i,mr,jm erimrjn*

If n=m, then the rew-oscillon (117) is converted into the doubled riw-oscillon
(113). Namely,
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K =2K

n=m

(122)

w,r,i,m,r,j,n w,ri,mr,jm*

Analogously, the reg-oscillon (118) is identical to the doubled rig-oscillon
(114), viz.

Kg,r,i,m,r,j,n n=m = 2Kg,r,i,m,r,j,m1 (123)
due to the following relations:
Kr,m,r,m = 2Kr2,m' Ar,m,r,m = Zﬂ’rz,m’ Mr,m,r,m = 211'IT2,m’ Nr,m,r,m :O' (124)

13. The Deterministic Elementary Oscillons and Pulsons

The mth deterministic, velocity-potential, elementary oscillon of propagation of
the deterministic velocity potential s;; = (the dpe-oscillon for briefness) from

the selfsame #th deterministic wave group is defined by

Kodim = Saim (125)
where i=12,---,1 and m=12,---,M .
Explicitly, four dpe-oscillons of the nth family
KU,d,a,m =8y m Ko,d,b,m :bd,m’ Ko,d,c,m =Cdm» Ko,d,d,m :dd,m (126)

are specified via the eDSK structures (3) of [5]

Ay, = +Avd,m SS€y o + Bvd,m CSey 1y + Cve,,m SC&y ,n + Dvd,m CCey 1
b

d,m

=-Bv, , sse; , + Av, , cse, , —Dv,  sce,  +Cv,  cce, .,
(127)
Cym =—Cvy , 58, , —Dvy , cse, . + Av, . sce, . +Bv,  ccey .,

dgm =+Dv, , sse, , —Cv,  cse, , —Bv,  sce, . +Av,  cce .,

where Av, ,Bv,,Cv, ,Dv,  are functional amplitudes of a deterministic
harmonic variable v, (x, Y, z,t) , 3-v (three-variables) eDSK functions
[[55€4 1 CS€4 11 SCy 1 CC8G y |(Xg 1Yy mrZ) are products

SS€4 m = SXym SYa,m €Zamr  CS€4 m = CXy m SYa,m €2y m>

(128)
SC€4 m = SXg.m CYa,m €Zgmr CCCym = CXy m CYy m €2y m
of the 1-v (one-variable) eDSK functions |:SXd,m +CXg }(Xdym ) ,
I:Syd,mlcyd,m](Yd,m)’ and ez, =ez (Z):
Xy = SIN (K4 X ) Xy = €08 (K4 1 X g )
Yam =544 Yam ) Yy m=C08( 24 0 Ys ), (129)

ez, = exp((-1)' ty 0 2),

where X, . =Xy,(xt) and Y, =Y, (y,t) are two-variables (2-v) deter-
ministic propagation variables computed by

Xam=X=Ug nt+ Xy 000 Yam =Y =Vont+Y 00 (130)

In Equations (125)-(130), (x, Y, z) is the Cartesian coordinate of a motion-
less frame of reference, ¢is time, (Xd,m Yo mo Z) is the Cartesian coordinate of a
Vd,m,O] is the ce-

frame of reference moving with the mth dpe-oscillon, [Ud,m'
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lerity of propagation of the mth dpe-oscillon, and [Xd,m,o ,dem,()] is a reference
value of [Xd n m} at t=0,x=0,y=0, &y, Ay mitly, arethe wave num-
bers of the mth dpe-oscillon in the x-,y-,z-directions, and a sign parameter
n=0 for 2z<0 and =1 for z>0.
A deterministic, velocity-potential, wave oscillon (a dpw-oscillon for shortness)
|
wdlm ZKodlm st,i,m :ad,m+bd,m+cd,m+dd,m (131)
i1
contains 7 dpe-oscillons.
Similarly, a deterministic, velocity-potential, group oscillon (a dpg-oscillon for

concision)

|
gdlm szdlm: 721K0,d,i,m

Zl“sd‘i,m (132)

M= ng L

(ad,m +bd,m +cd,m +dd,m)

3
I
-

is composed of M dpw-oscillons. The dpg-oscillon describes propagation of the
scalar Helmholtz potential of the deterministic velocity field (183) of [5].
In the tDDSD structures, the deterministic, elementary pulson of propagation

of the deterministic velocity potential (the de-pulson for pithiness) is set by

K o =P (133)

S
,di,m,d,i,m d,i,m*
P 2

The de-pulson (133) describes scalar self-interaction of the velocity potential
Sgim Of the selfsame mth dpe-oscillon (125) from the selfsame #th deterministic

wave group for i=12,---,1 and m=12,---,M.
In the eDDSD structures, the de-pulsons become
P, P,
Kp,d,a,m,d,a,m :?Caj,m’ Kp,d,b,m,d,b,m = bdzm'
(134)
P, P,
Kp,d,c,m,d,c,m :?ch,m’ Kp,d,d,m,d,d,m :?Cdg
For i=12,---,1 and m=12,---,M , the dw-pulson (55) takes in the
eDDSD structures the following forms:
P
Kw,d,a,m,d,a,m - 2c (/ud mad m +Kd mb2 +ﬂ“2 Cd m)
Kudomdpm = 5 ( | A s )
(135)
P
Kw,d,c,m,d,c,m :7<ﬂ’ ma m +/ud m r m +Kd m jm)'
P
Kw,d,d,m,d,d,m =?c(ﬂ’2 bZ +Kd m r m +,le m )

The dw-pulsons (135) and the dg-pulson (56) then become the following
superpositions of the de-pulsons (134):
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_ 2 2 2
w,d,a,m,d,am — :ud,pr,d,a,m,d,a,m + Kd,pr,d,b,m,d,b,m +ld,pr,d,c,m,d,c,m’
2 2 2
w,d,b,m,d,b,m — Kd pr d,a,m,d,a,m +:ud pr,d,b,m,d,b,m +ﬂ’d,pr,d,d,m,d,d,m' (136)
2 2
w,d,c,md,c,m — j‘ pd a,m,d,a,m +/ud pr,d,c,m,d,c,m +Kd,pr,d,d,m,d,d,m’

A X XN X

2 2
w,d,d,m,d,d,m A pd b,m,d,b,m +Kd pr,d,c,m,d,c,m +/ud,pr,d,d,m,d,d,m’
and
5.2
Kg,d,i,m,d,i,m - 2:ud,m (Kp,d,a,m,d,a,m + Kp,d,b,m,d,b,m + Kp,d,c,m,d,c,m + Kp,d,d,m,d,d,m)’ (137)

where m=12,---,M
In the tDDSD structures, the deterministic, internal, elementary oscillon (the

die-oscillon for terseness) is specified by

Ko,d,i,m,d,j,m = PcSq,imSd,j,m- (138)

The die-oscillon (138) represents scalar internal interaction of the velocity
potentials s,;, and s, ;, of the mth dpe-oscillons (125) from the distinct #th
and jth deterministic wave groups for i=1,2,---,1-1, j=i+1i+2, , and
m=12,---,M

In the eDDSD structures, there are six die-oscillons

Ko,d,a,m,d,b,m = pc ad,mbd,m’ Ko,d,a,m,d,c,m = pc ad,mcd,m!

Ko,d,a,m,d,d,m = pc ad mdd m? Ko ,d,b,m,d,c,m = pc bd,mCd,m' (139)
Ko,d,b,m,d,d,m - b dd m? o ,d,c,m,d,d,m = pc Cd,mdd,m'
Fori=12,---,1-1, j=i+1i+2,---,1,and m=12,---,M, the diw-oscillon
(70) may be written in the eDDSD structures as follows:
Kw,d,a,m,d,b,m = +Kw,d,c,m,d,d,m = pcﬂ’dz,m (ad,mbd,m +Cd,mdd,m)'

Kw,d,a,m,d,c,m = +Kw,d,b,m,d,d,m = pcKj,m (ad,mcd,m + bd,mdd,m)l (140)
Kw,d,a,m,d,d,m = _Kw,d,b,m,d,c,m = pc/udz,m (ad,mdd,m _bd,mcd,m )
The diw-oscillons (140) and the dig-oscillon (71) are decomposed via the
die-oscillons (139) as follows:

K =+K =

w,d,c,m,d,d,m

&

2
d,m (Ko,d,a,m,d,b,m + Ko,d,c,m,d,d,m )'

( o,d,a,m,d,c,m + Ko,d,b,m,d,d,m)' (141)

od,amd,dm I'(o,d,b,m,d,c,m )’

w,d,a,m,d,b,m

Kw,d‘a,m,d,c,m = +Kw‘d,b,m,d,d,m -

2
d
K -K =45

w,d,b,m,d,c,m

K
wd,amd,dm — K

and

_ 2
Kg,d,i,m,d,j,m - 2ﬂ'd,m (Ko,d,a,m,d,b,m + Ko,d,c,m,d,d,m)

) , (142)
+ 2Kd,m (Ko,d,a,m,d,c,m + Ko,d,b,m,d,d,m)

where m=1,2,---,M .
In the tDDSD structures, the deterministic, diagonal, elementary oscillon (the

dde-oscillon for curtness) is established by

Ko,d,i,m,d,i,n = pcsd,i,msd,i,n' (143)

The dde-oscillon (143) manifests scalar external interaction of the velocity
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potentials s,; ~and s;; ~of the distinct mth and nth dpe-oscillons (125)
from the selfsame zth deterministic wave group for i=12,---,1,
m=12,---,M-1,and n=m+1m+2,--- M.

In the eDDSD structures, we get four dde-oscillons

Ko,d,a,m,d,a,n = pc a'd,mad,n’ Ko,d,b,m,d,b,n = pc bd,mbd,n’

(144)
Ku,d,c,m,d,c,n =P Cd,mcd,n’ Ko,d,d,m,d,d,n =P dd,mdd,n'
For i=12,---,1, m=12,---,M-1,and n=m+1m+2,---,M , the
ddw-oscillon (61) in the eDDSD structures becomes
Kw,d,a,m,d,a,n =P (:ud,m/ud,nad,mad,n + Kd,mKd,nbd,mbd,n + ﬂ“d,mﬂ'd,ncd,mcd,n)’
w,d,bmd.bn = P (Kd,mKd,nad,mad,n +:ud,m:ud,nbd,mbd,n +ﬂ“d,mﬂ“d,ndr,mdr,n)' (14 )
5

w,d,c,md,cn — P ()“d,mﬂ’d.nad,mad,n +/ud,m/ud,ncd,mcd,n +Kd,mKd,ndr,mdr,n

~ X X

w,d,d,mddn = Pe (ld,mﬂ’d,nbd,mbd,n +Kd,mKd,nCd,mCd,n +/ud,m;ud,ndr,mdr,n)'
The ddw-oscillons (145) and the ddg-oscillon (62) then are subsequent

superpositions of the dde-oscillons (144):

Kw,d,a,m,d,a,n = /ud,m:ud,nKo,d,a,m,d,a,n +Kd,mKd,nKo,d,b,m,d,b,n + /Id,mﬂd,nKo,d,c,m,d,c,n'
Kugomabn = KamKanKogamaan ¥ 4ambanKogomann +4smAsnKoddmadn (146)
Kw,d,c,m,d,c,n = ﬂ’d,mﬂ’d,n Ko,d,a,m,d,a,n +:ud,m:ud,n Ko,d,c,m,d,c,n + Kd,mKd,n Ko,d,d,m,d,d,n’
K

w,d,d,m,d,d,n = ﬂ’d,mﬂ“d,n Ko,d,b,m,d,b,n +Kd,mKd,n Ko,d,c,m,d,c,n +:ud,m:ud,nKo,d,d,m,d,d,n'
and
Kg,d,i,m,d,i,n = Md,m,d,n (Ko,d,a,m,d,a,n + Ko,d,b,m,d,b,n + Ko,d,c,m,d,c,n + Ko‘d,d,m,d,d,n)’ (147)

where m=12,--- M -1 and n=m+1m+2,---,M.
In the tDDSD structures, the deterministic, external, elementary oscillon (the

dee-oscillon for quickness) is set by
Kodimd. jn = Pe (Sd,i,msd,j,n +S4,imSd,in ) (148)

The dee-oscillon (148) expresses scalar external interaction of the velocity poten-
tials S;; .Sy, and S;;.,Ss;, of the distinct mth and nth dpe-oscillons (125)
from the distinct #th and jth deterministic wave groups for i=1,2,---,1 -1,

j=i+Li+2,---,1, m=12,---,M-1,and n=m+1m+2,---,M.

In the eDDSD structures, we have six dee-oscillons
Kod.amdpn = £c (ad,mbd,n +by 8 ), Kog.amden = £2c (ad,mcd,n +Cd,mad,n>'
Kod.amd.dn = Po (ad,mdd,n +dd,mad,n)’ Kodbmd.cn = P (bd,mcd,n +Cd,mbd,n)' (149)
Kodbmd.dn = P (bd,mdd,n + dd,mbd,n)' Kod.cmddn =P (Cd,mdd,n + dd,mcd,n )

For i=12,---,1-1,j=i+1i+2,---,1, m=12,---,M -1, and

n=m+1m+2,---,M, the dew-oscillon (74) may be represented via the eDDSD

structures in the following forms:
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Kuaamann =2 | ~(KomKan = Hamta n ) (36,04 0+ Do 0 )
+ A mAan (CamOan +dd'mcd'n)],
Kud emddn = pc|: + 2 mAa 0 (84 B4 0 + By B n )
~(KgmKan = Hamtan )(Camban + dd,mcd,n)],

Kudamden = Pe [ _(ﬂd,mﬂd,n ~ HymHan )(ad,mcd,n + Cd,mad,n)
+Kd,mKd,n (bd,mdd,n + dd,mbd,n ):|'

(150)
Kw,d,b,m,d,d,n = pc |: +Kd,mKd,n (ad,mcd,n + Cd,mad,n)
- (ld,mﬂ‘d,n - /ud,m/ud,n )(bd,mdd,n + dd,mbd,n )] ’
Kw,d,a,m,d,d,n = pc |: +tud,m/ud,n (ad,mdd,n + dd,mad,n)

- (Kd,mKd,n + ﬂ“d,mﬂ’d,n )(bd,mcd,n + Cd,mbd,n ):|’
Kw,d,b,m,d,c,n =P |: - (Kd,mKd,n + ﬁ’d,mﬂd,n )(ad,mdd,n + dd,mad,n)
+ /ud,mlud,n (bd,mcd,n + Cd,mbd,n ):|

The dew-oscillons (150) and the deg-oscillon (75) are expanded in the
dee-oscillons (149) in the following way:

Kw,d,a,m,d,b,n = _(Kd,mKd,n —HymHyn ) Ko,d,a,m,d,b,n +/’i‘d,mﬂ’d,n Ko,d,c,m,d,d,n )

Kw,d,c,m,d,d,n = +/1d,m/1d,n Ko,d,a,m,d,b,n _<Kd,mKd,n ~ HygmHan ) Kr.\,d,c,m,d,d,nl
Kw,d,a,m,d,c,n = _(ﬂ“d,mﬂ’d,n _:ud,m:ud,n ) Ko,d,a,m,d,c,n +Kd,mKd,n Ko,d,b,m,d,d,nl (151)
Kw,d,b,m,d,d,n = +Kd,mKd,nKo,d,a,m,d,c,n _(ﬁd,m/‘"d,n ~HygmHyn ) Ko,d,b,m,d,d,n'
Kw,d,a,m,d,d,n = +:ud,m:ud,n Ko,d,a,m,d,d,n _(Kd,mKd,n +/1d,mld,n ) Ko,d,b,m,d,c,n'
Kw,d,b,m,d,c,n = _(Kd.mKd,n + ]’d.mﬂ’d,n ) Ko,d,a,m.d.d.n +/'ld,m/ud,nKo,d,b,m,d,c,n’
and
Kg,d,i,m,d,j,n = Ad,m,d,n (Ko,d,a,m,d,b,n + Ko,d,c,m,d,d,n)
+ I<d,m,d,n (Ko,d,a,m,d,c,n + Ko,d,b,m,d,d,n) (152)

—Nd,m,d,n(K +K

o,d,a,m.d,d,n o,d,b,m,d,c,n)'

where m=12,---,M -1, n=m+1m+2,---,M, and the nonlinear amplitudes
are specified by (76).

If n=m, then the dde-oscillons (143)-(144) are reduced to the doubled
de-pulsons (133)-(134), ie.

K =2K

n=m p.d.imd,im-

(153)

o,d,i,m,d,i,n

In the similar way, the dee-oscillons (148)-(149) are transformed into the
doubled die-oscillons (138)-(139). Namely,

K =2K

n=m

o.d,imd,jm: (154)

od,imd,j,n

14. The Random Elementary Oscillons and Pulsons

The mth random, velocity-potential, elementary oscillon of propagation of the
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random velocity potential s (209) of [4] (the rpe-oscillon for swiftness)

r,i,m

from the selfsame ith random wave group is specified by

Ko,r,i,m = Sr,i,m' (155)
where i=1,2,---,1 and m=12,---,M
Namely, four rpe-oscillons of the mth family
Ko,r,a,m = ar,m' Ko,r,b,m = br,m! Ko,r,c,m = Cr,m' Ko,r,d,m = dr,m (156)
are expressed via the eRSK structures (3) of [4]
a,, =+Av, . sse . +Bv  cse . +Cv sce  +Dv, cce .,
b, =-Bv,,sse ,+Av,  cse —Dv  sce +Cv  cce ,
' ’ ' ' ' ’ (157)
Cm Cvr,m sse, , —Dv, , cse . +Av,  sce  +Bv  cce .,
d,,=+Dv,  sse —Cv,  cse  —Bv,  sce +Av cce ,
where Av, ,Bv, ,Cv, ,Dv,  are functional amplitudes of a random harmonic
variable Vv, (x,y,z,t), 3-v eRSK [ sse, . Cse, ,,5ce, . cce,  |(X, .Y, 2) are
products
SSer,m = SXr,m Syr,m le,m’ Cser,m = CXr,m Syr,m le m (158)
SCe, = SX 1 CYr.m €Z, ;s CCE . =CX . CY, €z
of the 1-v eRSK functions [er'm 'O (Xr'm ) , I:Syr,m Y m :|(Yr,m ) ,and
ez, =ez, . (2):
X,y =SiN (K, X, 1), CX, = €08 (K X, 1)
Y, m=sin(24, Y, m) Y, m=C0S(Z Yr ), (159)
ey =o60((1 7).
where X, =X,  (xt) and Y, =Y, (y,t) are 2-v random propagation
variables determined by
Xr,m =X _Ur,m t+ Xr,m,O’ Yr,m =Yy _Vr,m t +Yr,m,0' (160)

In Equations (155)-(160), (Xr,m,Yr‘m,Z) is the Cartesian coordinate of a
V, m,O} is the ce-

] is a reference

frame of reference moving with the mth rpe-oscillon, [U

r,m?

lerity of propagation of the mth rpe-oscillon, and [X

r,m0? r m,0

value of [Xr mo rm} at t=0,Xx=0, y=0. Wave parameters
lJr,m :Ur,m (t)' Vr,m :Vr,m (t)' Xr,m - erO( ) Yr,m :Yr,m,o (t) (161)

together with functional amplitudes

Av, . =Av, . (t), By, =Bv, (t), Cv

r,m

=Cv,,(t), Dv,, =Dv,, (t) (162)

are smooth random functions of time from C”. The wave numbers &, ., 4 .. 4
of the mith rpe-oscillon in the x-,y-,z-directions are random constants since
otherwise the temporal derivative of the velocity potential does not commutate
with the gradient.

A random, velocity-potential, wave oscillon (a rpw-oscillon for fastness)
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| |
z Ko‘r‘i,m = zsr,i,m = ar,m + br,m + Cr,m + dr,m (163)

i=1 i=1

erm

is composed of /rpe-oscillons.

Analogously, a random, velocity-potential, group oscillon (a rpg-oscillon for

simplicity)
M M |
Kgrlm =ZKwr|m =ZZKor|m
m=1 m=1i=1 (164)
M | M
=2 > Sim =2 (A b+ +d, )
m=1i=1 m=1

consists of M rpw-oscillons. The rpg-oscillon describes propagation of the scalar
Helmholtz potential of the random velocity field (95) of [4].

In the tRRSD structures, the random, elementary pulson of propagation of the
random velocity potential (213) of [4] (the re-pulson for easiness) is determined by

Kp,r,i,m,r,i,m :%pcsrz,i,m- (165)

The re-pulson (165) specifies scalar self-interaction of the velocity potential

S;im Of the selfsame mth rpe-oscillon (155) from the selfsame 7th random wave
group for i=1,2,---,1 and m=12,---,M
The re-pulsons may be represented in the eRRSD structures as follows:
P P
Kp,r,a,m,r,a,m :7Car2,m’ Kp,r,b,m,r,b,m = brzm'
p o (166)
Kp,r,c,m,r,c,m =7ccr2,m’ Kp,r,d,m,r,d,m =7cdr2,m'
For i=12,---,1 and m=12,---,M , the rw-pulson (98) is expressed in
terms of the eRRSD structures through the following forms:
Kw,r,a,m,r,a,m - p2c (/ur mar m + Kr mbrzm +ﬂ“2m m)’
Kw,r,b,m,r,b,m - 2 ( r m r m +1ur mbz +ﬂ’r2mdr2m)'
(167)
Pe
Kw,r,c,m,r,c,m = ?(/II' m=r,m +ILII' m r m + Kl’ mdrzm)’
KW,r,d,m,r,d,m Z&(/Irzmbrzm +Kr mcrm +:urm )

The rw-pulsons (167) and the rg-pulson (99) may be displayed as the follow-

ing superpositions of the re-pulsons (166):

Kw,r,a,m,r,a,m = tur,pr,r,a,m,r,a,m + Krz,pr,r,b,m,r,b,m +ﬁ’r2,m Kp,r,c,m,r,c,m7
Kw,r,b,m,r,b,m =K2 Kpramram +/ur2pr,r,b,m,r,b,m +ﬂ’r2,pr,r,d,m,r,d,m’ (168)
Kw,r,c,m,r,c,m = 12 Kp r,a,mr.a,m +1ur pr,r,c,m,r,c,m +K2 Kp,r,d,m,r,d,m’
Kw,r,d,m,r,d,m /12 p r,b,m,r,b,m +Kr,pr,r,c,m,r,c,m +:urpr,r,d,m,r,d,m'

and

Kg,r,i,m,r,i,m = 2/urz,m (Kp,r,a,m,r,a,m + Kp,r,b,m,r,b,m + Kp,r,c,m,r,c,m + Kp,r,d,m,r,d,m)’ (169)
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where m=1,2,---,M .
In the tRRSD structures, the random, internal, elementary oscillon (218) of [4]
(the rie-oscillon for straightforwardness) is defined by

K (170)

o,r,i,mr,j,m = pcsr,i,msr,j,m .

The rie-oscillon (170) corresponds to scalar internal interaction of the velocity

potentials s, ;. and s ;  of the mth rpe-oscillons (155) from the distinct ith
and jth random wave groups for i=1,2,---,1 -1, j=i+1i+2,---,1,and
m=12,---,M.
There are six rie-oscillons in the eRRSD structures. Namely,
Koramrom = Pe 8 abm Koramrem =P8 mCrms
Koramram =P8 nbem Korpmrem = Pe 0 nCrms (171)

K

orbmrdm = pc br,rndr,m' Ko,r,c,m,r,d,m = pc Cr,mdr,m'

For i=12,---,1-1, j=i+1i+2,---,1,and m=12,---,M, the riw-oscillon
(113) may be expressed in the eRRSD structures as follows:
Kuramenm = Hharomrdan = Podrm (ar,mbr,m + Cr,mdr,m):
Kuramrem = +tKurbmrdam = pcKrZ,m (ar,mcr,m +br,mdr,m)l (172)
Kuramrdm = Kuromren = pc:urz,m (ar,mdr,m =0 G )
The riw-oscillons (172) and the rig-oscillon (114) are expanded in terms of the

rie-oscillons (171) in the following form:

_ _ 12
Kw,r,a,m,r,b,m - +Kw,r,c,m,r,d,m - ﬂ“r,m (Ko,r,a,m,r,b,m + Ko,r,c,m,r,d,m)7
2
Kw,r,a,m,r,c,m = +Kw,r,b,m,r,d,m = Kr,m (Ko,r,a,m,r,c,m + Ko,r,b,m,r,d,m)’ (173)
_ _ 2
w,r,a,mr,dm — _Kw,r,b,m,r,c,m - /ur,m (Ko,r,a,m,r,d,m - Ko,r,b,m,r,c,m)'
and
2
Kg,r,i,m,r,j,m = 2ﬂ’r,m (Ku,r,a,m,r,b,m + Ko,r,c,m,r,d,m)
, (174)
+ 2Kr,m (Ko,r,a,m,r,c,m + Ko,r,b,m,r,d,m)’

where m=1,2,---,M .
In the tRRSD structures, the random, diagonal, elementary oscillon (223) of
[4] (the rde-oscillon for brevity) is set by

K S (175)

o,r,i,m,r,i,n zpcsr,i,m rin-

The rde-oscillon (175) designates scalar external interaction of the velocity
of the distinct mth and nth rpe-oscillons (155) from
the selfsame /th random wave group for i=12,---,1, m=12,---,M -1, and

potentials s and s

r,i,m ri,n

n=m+1im+2,---,M.
In the eRRSD structures, we have four rde-oscillons
Ko,r,a,m,r,a,n = pc a'r,mar,n’ Ko,r,b,m,r,b,n = pc br,mbr,n’

(176)
Ko,r,c,m,r,c,n = pc Cr,mcr,n’ Ko,r,d,m,r,d,n = pc dr,mdr,n'

For i=12,---,1, m=12,---,M-1,and n=m+1m+2,---,M , the
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rdw-oscillon (104) is specified in the tRRSD structures by
Kuramran = P (:ur,m:ur,na a +x kb b +A1 A c C

r,m=r,n r,m=r,n~r,m=r,n r,m“r,n~¥r,m>r,n

Kw,r,b,m,r,b,n = pC (Kr,mKr,nar,mar,n +;ur,mzur,nbr,mbr,n +ﬂ’r,mﬂr,ndr,mdr,n )’ (177)

Kw,r,c,m,r,c,n:pc(l A 08 @ +:ur,m/ur,nc Crn + K¢ &y 0

r,m”r,n%rm©rn r,m>r,n r,m®rn¥r,mYrn )1

Kw,r,d,m,r,d,n:pc(ﬂ“ /1 b b + K K nCr mC +:ur,m/ur,nd d )

r,m”%r,n™r,m~r,n r,m™r,n~r,m>r,n r,m¥r,n

The rdw-oscillons (177) and the rdg-oscillon (105) then are the following

superpositions of the rde-oscillons (176):

Kw,r,a,m,r,a,n = HemHy o Ko,r,a,m,r,a,n + Ky m&ren Ko,r,b,m,r,b,n + Ar,mﬂr,n Ko,r,c,m,r,c,n’
Kw,r,b,m,r,b,n = Kr,mKr,n Ko,r,a,m,r,a,n +/ur,m:ur,nKo,r,b,m,r,b,n +ﬁ’r,mﬂr,n Ko,r,d,m,r,d,n7 (178)
Kw,r,c,m,r‘c,n = /q“r,m;tr,nKo,r,a,m,r,a,n +:ur,mlur,nKo,r,c,m,r,c,n +Kr,mKr,nKo,r,d,m,r,d,nl
I’(W,r,d,m,r,d,n = /Ir,m/lr,n Ko,r,b,m,r,b,n +Kr,mKr,n Ko,r,c,m,r,c,n + /ur,mlur,n Ko,r,d,m,r,d,n’

and
Kg,r,i,m,r,i,n = Mr,m,r,n (Ko,r,a,m,r,a,n + Ko,r,b,m,r,b,n + Ko,r,c,m,r,c,n + Ko,r,d,m,r,d,n)’ (179)

where m=12,--- M -1 and n=m+1m+2,---,M.
In the tRRSD structures, the random, external, elementary oscillon (228) of

[4] (the ree-oscillon for conciseness) is established by
Ko,r‘i,m,r,j,n = pc (Sr,i,msr,j,n + sr,j,msr,i,n ) (180)

The ree-oscillon (180) represents scalar external interaction of the velocity
potentials s, ;.,s ;, and s ;s of the distinct mth and nth rpe-oscillons
(155) from the distinct #h and jth random wave groups for i=1,2,---,1 -1,
j=i+Li+2,---,1, m=12,---,M-1,and n=m+1m+2,---,M.

In terms of the eRRSD structures, we get six ree-oscillons

Ko,r,a,m,r,b,n = pC (ar,mbr,n + br,mar,n)’ Ko,r,a,m,r,c,n = pC (ar,mcr,n + Cr,mar,n )’

Ko,r,a,m,r,d,n:pc(a d,+d ,a )! Ko,r,b,m,r,c,n:pc(b Con+Crmb )' (181)

r,m-r,n r,m“r.n r,m>r.n r,m=r.n
Ko,r,b,m,r,d,n =P (br,mdr,n + dr,mbr,n )’ Ko,r,c,m,r,d,n =P (Cr,mdr,n + dr,m(:r,n )

For i=12,---,1-1, j=i+li+2,---,1, m=12,---,M -1, and
n=m+1m+2,---,M, the rew-oscillon (117) may be written via the eRRSD
structures as follows:

Kw,r,a,m,r,b,n =P |:_(Kr,mKr,n ~ Hembrn )(ar,mbr,n +br,mar,n)
+ﬂ/1(cd+dc)]

r,m”r,n \ ¥r,m>r,n r,mvr,n

KW,r,c,m,r,d,n:pc[ +A A (a b +b a )

r,m”rn \ %r,mMrn r,m%r.n

- (Kr,mKr,n M mMen )(Cr,mdr,n + dr,mCr,n )] J

Kw,r,a,m,r,c,n =P |: _(ﬂ’r,mﬂ’r,n ~Hembrn )(ar,mcr,n +Cr,mar,n)
K, ki (00 0, b )],

r,m=r,n r,m=r,n

(182)
Kw‘r‘b,m,r.d,n = pc [ +Kr.mKr,n (ar,mcr,n +Cr,mar,n )
- (ﬂ’r,mﬂr,n ~Hembrn )(br,mdr,n + dr,mbr,n )]’
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+ tly by (3, 0,y + 0, 2 )
—(K' . +A A (br,mcr,n+cr,mbr,n):|’
(

r,m™r,n r,m r,n)
Kw,r,b,m,r,c,n =P |: _<Kr,mKr,n +ﬂ“r,mlr,n) a'r,mdr,n + dr,mar,n)

+rur,m/ur,n br,mCr,n +Cr,mbr,n ):|'

Kw,r,a,m,r,d,n =P [

The rew-oscillons (182) and the reg-oscillon (118) are expressed via the

ree-oscillons (181) as

Kw,r,a,m,r,b,n = _(Kr,mKr,n - /ur,m/ur,n ) Ko,r,a,m,r,b,n +ﬁr,mﬂ‘r,n Ko,r,c,m,r,d,n’

Kw,r,c,m,r,d,n = +ﬂ‘r,m/1r,n Ko,r,a,m,r,b,n _(Kr,mKr,n ~HrmHren ) Ko,r,c,m,r,d,n’
Kw,r,a,m,r,t:,n = _<ﬂ’r,mﬂ’r,n - /ur,m:ur,n ) Ko,r,a,m,r,c,n +Kr,mKr,n Ko,r,b,m,r,d,n’ (183)
Kw,r,b,m‘r,d,n = +Kr,mKr,n Ko,r,a,m,r‘c,n _(ﬂ’r,m/lr,n - lur,m/ur,n ) Ko,r,b,m,r,d,n'
Kw,r‘a‘m,r,d,n = +/ur,m/ur,n Ko,r,a,m.r,d,n _(Kr,mKr,n + ﬂ“r,mlr,n ) Ko,r,b,m,r,c.nl
Kw,r,b,m,r,c,n = _(Kr,mKr,n + ﬂ“r,mﬂ“r,n ) Ko,r,a,m,r,d,n +:ur,m/ur,n Ko,r,b,m,r,c,n'
and
Kg,r,i,m,r,j,n = Ar,m,r,n (Ko,r,a,m,r,b,n + I‘(o,r,c,m,r,d,n)
+ I<r,m,r,n (Ko,r,a,m,r,c,n + Ko,r,b,m,r,d,n) (184)
- Nr,m,r,n (Ko,r,a,m,r,d,n + Ko,r,b,m,r,c,n)'

where m=12,---,M -1, n=m+1m+2,---,M, and the nonlinear amplitudes
are given by (119).

If n=m, then the rde-oscillons (175)-(176) are converted into the doubled
re-pulsons (165)-(166), viz.

K =2K

n=m p.ri,m,ri,m:

(185)

o,r,i,mr,i,n

Analogously, the ree-oscillons (180)-(181) are reduced to the doubled
rie-oscillons (170)-(171). Explicitly,

K

0,1, i,mr,j.nf_m = 2Ko,r,i,m,r,j,m' (186)

15. The Deterministic-Random and Random-Deterministic
Elementary Oscillons

In the tDRSD structures, the deterministic-random, internal, elementary oscillon

(the drie-oscillon for briefness) is specified by
Ko,d,i,m,r,j,m = pcsd,i,msr,j,m' (187)

The drie-oscillon (187) describes scalar internal interaction of the velocity poten-
of the mth dpe-oscillon (125) and the mth rpe-oscillon
(155) from all jth deterministic and jth random wave groups for i=12,.--,1,
j=12,---,1 ,and m=12,---,M .

In the eDRSD structures, there are 16 drie-oscillons

tials s;;, and s

rjm
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Kodamram =P 8gmdrm Kodgamrom = Pc 8gmbrm

odamrem =P 8anCrm Kodgamram = Pc 8 mrm:
: (188)
=p. 448 . K

d,m™r,m?

Ko,d,d,m,r,a,m o,d,d,m,r,b,m = pc dd,mbr,m’

Kogamrem = Po QamCrms Kogamram =Pe dgmdr m-
For i=12,---,1, j=12,---,1 ,and m=1,2,---,M , the driw-oscillon (83) in
the eDRSD structures becomes
Kud,amram =P (;ud,m:ur,mad,mar,m + Ky e mBa P m + A4 mAr mCamCrm ),
Kuwdamrbm = Pe (:ud,m/ur,mad,mbr,m — Ky m&r P4 @ m +/1d,mﬂvr,mcd,mdr,m)1
: (189)
Kuwd.dmrem = Pe (Z’d,m/q“r,mbd,mar,m = Kg K mCa.mr +/ud,m/ur,mdd,mcr,m)7
Kuddmrdm =P (}“d,mﬂ’r,mbd‘mbr,m + Ky mKe mCamCrom + Ha m e mbgmrm )
The driw-oscillons (189) and the drig-oscillon (84) are represented via the

drie-oscillons (188) in the following form:

+A, A K

+Kd,mKr,m Ko,d,b,m,r,b,m d,m”,m" “o,d,c,mr,c,m?’

Kw,d,a,m,r,a,m = lud,m:ur,m Ko,d,a,m,r,a,m

KW,d,a,m,r,b,m = /ud,m/ur,mKo,d,a,m,r,b,m _Kd,mKr,mKo,d,b,m,r,a,m +ﬂ’d,mﬂr,mKo,d,c,m,r,d,m'

(190)
KW,d,a,m,r,c,m = /,ld,mﬂ‘r,mKo,d,b,m,r,a,m _Kd,mKr,m Ko,d,c,m,r,d,m +:ud,m/ur,m Ko,d,d,m,r,c,m'
w,d,a,m,r,d,m = /ld,m/lr,m 0,d,b,m,r,b,m + Kd,mKr,mKo,d,c,m,r,c,m +:ud,m/ur,m Ko,d,d,m,r,d,m'
and
Kg,d,i,m,r,j,m = Md,m‘r,m (Ko,d,a,m,r,a,m + Ko,d,b,m,r,b,m + Ko,d‘c,m,r,c,m + Ko,d,d,m‘r,d,m)
+ Ad,m,r,m (Ko,d,a,m,r,b,m + Ko,d,b,m,r,a,m + Ko,d,c,m,r,d,m + Ko,d,d,m,r,c,m) (191)
+ I<d,m,r m (Ko,d,a,m,r,c,m + Ko,d,c,m,r,a,m + Ko,d,b,m,r,d,m + Ko,d,d,m,r,b,m)
- Nd,m,r,m (Ko,d,a,m,r,d,m + Ko,d,d,m,r,a,m + Ko,d,b,m,r,c,m + Ko,d,c,m,r,b,m )'

where m=12,.--,M and the nonlinear amplitudes are provided by (85).
In the tDRSD structures, the deterministic-random, external, elementary os-

cillon (the dree-oscillon for shortness) is set by
Kodimr.jn = PeSaimSr jn- (192)
The dree-oscillon (192) reflects scalar external interaction of the velocity po-
rjn of the distinct mth dpe-oscillon (125) and the nth
rpe-oscillon (155) from all th deterministic and jth random wave groups for
i=12--1, j=12,---,1, m=12,---,M-1,and n=m+1m+2,---,M .

The random-deterministic, external, elementary oscillon (the rdee-oscillon for

tentials s;; =~ and s

concision) in the tRDSD structures is defined by
Ko,r,j,m,d,i,n = pcsr,j,msd,i,n' (193)

The rdee-oscillon (193) describes scalar external interaction of the velocity

potentials s and s;;, of the distinct mth rpe-oscillon (155) and the nth

r,j,m

dpe-oscillon (125) from all jth random and #th deterministic wave groups for
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i=12,---,1, j=,2,---,1, m=12,---,M-1,and n=m+1m+2,---,M.
Via the eDRSD structures, we have 16 dree-oscillons
Kodamran =P 8gmrnr Kogamrbn = Pe 8gmbrns
Kodamren =P 8amCrns Kogamran =P 8gmdrns

(194)
Kogdamran =Ps damdrns Kodamrbn =P dgmbrn:
Koddmren = Pe QamCrns Kogamran =Pc dgmle -
In the eRDSD structures, there are also 16 rdee-oscillons
Koramdan = Pe 8mdanr Korpmaan =P 0 mdgn
Koremdan =P Comans Koramaan =P drman:
: (195)

Ko,r‘a‘m,d‘d‘n = pc ar‘mdd,n' Ko,r,b,m,d,d,n = pc br,mdd,n'

Ko‘r‘c,m,d,d‘n = pc Cr,mdd,nl Ko,r,d,m,d,d‘n = pc dr‘mdd,n'

With the help of the eDRSD and eRDSD structures, the drew-oscillon (88) for
i=12--,1, j=12,--,1, m=12--,M-1, and n=m+1m+2,---,M is
specified in the following forms:

Kw,d,a,m,r,a,n = pc (:ud,m/ur,nad,mar,n + Kd,mKr,nbd,mbr,n + ﬂ’d,m]’r,ncd,mcr,n

+/ur,mlud,nar,mad,n+Kr,mKd,nbr,mbd,n+/1r,mﬂ“ C Cd,n)’

d,n>~r,m

Kw,d,a,m,r,b,n = pc (/ud,m:ur,nad,mbr,n _Kd,mKr,nbd,mar,n + ﬂ’d,mﬂ’r,ncd,mdr,n
+ /ur,mlud,nbr,mad,n - Kr,mKd,nar,mbd,n + ﬂ“r,mld,ndr,mcd,n )'
(196)
Kw,d,d,m,r,c,n =P (ﬂ’d,mﬂ“r,nbd,mar,n - Kd,mKr,nCd,mdr,n +:ud,m:ur,ndd,mcr,n

+ ﬂ’r,mﬂ’d,nar,mbd,n _Kr,mKd,ndr,mCd,n +tur,m:ud,ncr,mdd,n )'

KW,d,d,m,r,d,n = pc (ld,m/lr,nbd,mbr,n + Kd,mKr,nCd,mCr,n + lud,m:ur,ndd,mdr,n

+ ﬂ“r,m/’i’d,nbr,mbd,n +Kr,mKd,mCr,mCd,n +:ur,m:ud,ndr,mdd,n)'

The drew-wave oscillons (196) and the dreg-oscillon (89) are represented via

the dree-oscillons (194) and rdee-oscillons (195) as follows:

Kw,d,a,m,r,a,n = /ud,m:ur,n Ko,d,a,m,r,a,n + Kd,mKr,nKo,d,b,m,r,b,n + )“d,mlr,nKo,d,c,m,r,c,n

+ ,ur,m:ud,n Ko,r,a,m,d,a,n + Kr,mKd,n Ko,r,b,m,d,b,n + j’r,mﬂ’d,n Ko,r,c,m,d,c,n !

Kw,d,a,m,r,b,n = ;ud,mlur,nKo,d,a,m,r,b,n _Kd,mKr,nKo,d,b,m,r,a,n +/1d,m]’r,nKo,d,c,m,r,d,n
+:ur,m:ud,nKo,r,b,m,d,a,n _Kr,mKd,nKo,r,a,m,d,b,n +ﬂ’r,mﬁ’d,nKo,r,d,m,d,c,n'
: (197)

Kw,d,d,m,r,c,n = ﬂ“d,mlr,nKo,d,b,m,r,a,n _Kd,mKr,nKo,d,c,m,r,d,n +/ud,m;ur,n Ko,d,d,m,r,c,n

+ ﬂ“r,m/ld,n Ko,r,a,m,d,b,n _Kr,mKd,n Ko,r,d,m,d,c,n +:ur,mrud,n Ko,r,c,m,d,d,n’

=y A K

w,d,d,m,r,d,n d,m”r,n" *o,d,b,m,rb,n +Kd,mKr,nKo,d,c,m,r,c,n +/ud,m/ur,nKo,d,d,m,r,d,n

+ ﬂ’r,mﬂ“d,n Ko,r,b,m,d,b,n + Kr,mKd,m Ko,r,c,m,d,c,n + :ur,m:ud,n Ko,r,d,m,d,d,n'

K

and
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Kg,d,i‘m,r,j,n : d,m,r n( o,d,a,m,r,a,n + Ko ,d,b,m,r,b,n + Ko,d‘c,m,r,c n od d,m,r,d n)
dmrn( odamrbn od,b,m,r,a,n+Ko,d,c,m,r,dn oddmrcn)
dmrn( odamrcn od,c,m,r,a,n+K0,d,b,m,r,dn+Koddmrbn)
dmrn( odamrdn+Kod,d,m,r,a,n+Ko,d,b,m,r,cn odcmrbn)

+Mrmdn<Koramdan +Kor,b,m,d,b,n +Ko,r,c,m,d,cn +Kordmddn)

rmd n(Koramdbn o,r,b,md,a,n + Ko,r,c,m,d,d n ord mdcn)
rmdn(Koramdcn or,c,m,d,a,n +Ko,r,b,m,d,dn +K0rdmdbn)
rmdn(Koramddn +K0r,d,m,d,a,n +Ko,r,b,m,d,cn orcmdbn)

(198)

where m=12,---,M -1, n=m+1m+2,---,M, and the nonlinear amplitudes
are specified by (90)-(91).

Symbolic computation of exact expansions of the exponential oscillons and
pulsons have been implemented with the help of experimental and theoretical
programming in Maple. Maple codes will be published elsewhere because of
their large size.

If n=m, then sum of the dree-oscillon (192) and the rdee-oscillon (193) is
transformed into the doubled drie-oscillon (187). Namely,

K +K = 2Ky g imr i (199)

n=m

od,i,mrjinf_n o,r,j,m.d,i,n

The rectangular matrix of the dree-oscillons (194) and the rectangular matrix
of the rdee-elementary oscillons (195) are composed of the same elements since,

K =K (200)

o,r,j,m,d,i,n o,d,imr,j,n

m=n,n=m

Le. the upper triangular matrix of the dree-oscillons (194) is complemented by
the upper triangular matrix of the rdee-oscillons (195) in the triangular summa-

tion of (92) to include all non-diagonal elements in (m, n) .

16. Conclusion

Finally, we summarize theoretical quantization of the turbulent kinetic energy of
exact wave turbulence. The cumulative, kinetic-energy pulson (9) (the ck-pulson
for simplicity) may be decomposed as follows:

+K,  imrim K

Ket = Ke,d,i,m,d,i,m + Ke,d,i,m,d,j,m + Ke,d,i,m,r,j,m e,r,imr,j,m e,r,i,mr,i,m

et
+K +K +K +Kerimrin K

e,d,i,md,i,n e d,i,md,j,n e, d,i,m,r,j,n e,r,i,mr,j,n e,r,i,m,r,i,n

M
Z( g.d,i,md,i,m Kg,d,i,m,d,j,m + Kg,d,i,m,r,j,m + Kg,r,i,m,r,j,m + Kg,r,i,m,r,i,m) (201)
=1

m=.
M-1 M
+ 2 (Kg‘d,i,m,d,i,n + Kg,d,i,m,d,j,n + Kg,d,i,m,r,j,n + Kg,r,i,m,r,j,n + Kg,r,i‘m,r,i,n )'

m=1 n=m+1
where K. 4;n is the dk-pulson (58) that is composed of A dg-pulsons
K (56), Kegima jm isthe dik-oscillon (72) that includes A dig-oscillons
Kodimdaim (71)s Kggimeim is the drik-oscillon (86) that is constructed of M
drig-oscillons K (84), is the rik-oscillon (115) that con-

is the rk-pulson (101)

g.d,i,m,d,i,m

g.,d,i,mr,j,m

sists of M rig-oscillons K

e,r,i,mr,j,m

(114),

g.r,i,mr,j,m e,r,i,mr,im
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that encompasses M rg-pulsons K, ;. (99), K is the ddk-oscillon
(64) that comprises M (M —1)/2 ddg-oscillons K, ;.. (62), K
is the dek-oscillon (77) that encloses M (M —1) / 2 deg-oscillons K
K is the drek-oscillon (92) that contains M (M —1)/2 dreg-oscillons
Kydimrjn (89, K is the rek-oscillon (120) that incorporates

M (M —1)/2 reg-oscillons K, . .= (118),and K is the
rdk-oscillon (107) that embraces M (M —1)/2 rdg-oscillons K

The dg-pulson K

ed,i,m.d,i,n

ed,imd,j,n

g.d,iimd,j,n (75))

e, d,imr,j,n
e,rimr,j,n

e,r,i,mr,i,n

(105).

g,r,i,mr,i,n

odimdim (56) is composed of / dw-pulsons K

(53) that describe vector self-interaction of the velocity field s,;  of the mth

w,d,i,m,d,i,m

dpe-oscillon K ;. (125) from the selfsame /th deterministic wave group for
i=12,-,1 and m=12,---,M.

The dig-oscillon K, ;. (71) consists of 1(I1-1)/2 diw-oscillons
(69) that represent vector internal interaction of the velocity fields
and K (125) from the
distinct 7th and jth deterministic wave groups for i=1,2,---,1 -1,

j=1+1i+2,---,1,and m=12,---,M .

The drig-oscillon K ;00 in
(82) that describe vector internal interaction of the velocity fields s;;  and
of the mth dpe-oscillon K (125) and the mth rpe-oscillon K
(155) from all jth deterministic and jth random wave groups for i=12,.--,1,
j=142,---,1,and m=12,---,M.
(114) includes 1(1-1)/2 riw-oscillons
Kurimrjm (112) that correspond to vector internal interaction of the velocity
fields s of the mth rpe-oscillons K and K (155) from
the distinct #th and jth random wave groups for i=12,---,1 -1,

j=i+1i+2,---,1,and m=12,---,M .
The rg-pulson K

K
Sqim and s, ;. of the mth dpe-oscillons K

w,d,i,m,d,j,m

o,d,i,m o,d,j,m

(84) consists of 1° driw-oscillons Kudimr jm

S

r,j,m o,d,i,m o,r,j,m

The rig-oscillon K

g,r,i,mr,j,m

r,i,m and Sr,j,m o,r,i,m o,r,j,m

(99) is constructed of 7 rw-pulsons K ;. ..
of the mth
rpe-oscillon K, ..~ (155) from the selfsame #th random wave group for
i=12,---,1 and m=12,---,M.

The ddg-oscillon K (62) is constructed of 7ddw-oscillons K
(59) that express vector external interaction of the velocity fields s;;  and
Sg.n Of the distinct mth and nth dpe-oscillons K, and K (125)
from the selfsame zth deterministic wave group for i=12,---,1,
m=12,---,M-=1, n=m+1lm+2,---,M.

The deg-oscillon K (75) includes 1(1 —1)/ 2 dew-oscillons

(73) that expose vector external interaction of the velocity fields

g,r,imr,im

(96) that determine vector self-interaction of the velocity field s

r,i,m

g.d,i,m,d,i,n w,d,i,m,d,i,n

o,d,i,n

g.d,i,md,j,n
Kw,d,i,m,d,j,n
SqimiSa.jn and Sy ., Sy, of the distinct mth and nth dpe-oscillons

K K and K, ;. Kyq4;, (125) from the distinct ith and jth deter-
ministic wave groups for i=1,2,---,1-1, j=i+1i+2,---,1, m=12,---,M -1,

o,d,im? " to,d,j,n

and n=m+1m+2,---,M.

The dreg-oscillon K (89) includes 1% drew-oscillons K

g.d,imr,jn w,d,i,m,r,j,n

(87) that express vector external interaction of the velocity fields s,; .S, ;,
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and s, ;.. S;;, ofthedistinct mthand nth dpe-oscillons K and
K (125) with the distinct nth and mth rpe-oscillons K and K
(155) from all jth deterministic and jth random wave groups for i=12,---,1,
=42, 1, m=12,---,M-1,and n=m+1m+2,---,M .

The reg-group oscillon K ;.. (118) consists of I(1 —1)/2 rew-oscillons

o,d,i,m

o,d,i,n o,r,j,n o,r,j,m

Kuyrimr, jn (116) that represent vector external interaction of the velocity fields
Seim>Srjn and Sy Srin of the distinct mth and nth rpe-oscillons

Korim Korjn and Koo inKorin (155) from the distinct ith and jth random
wave groups for i=12,---,1-1, j=i+li+2,--1 ,m=12--,M-1, and
n=m+lim+2,---,M,

The rdg-oscillon Ky, inrin (105) is composed of 7rdw-oscillons K, i rin
(102) that manifest vector external interaction of the velocity fields S;;, and
S.in of the distinct mth and nth rpe-oscillons K, ;, and K, ;, (155) from
the selfsame ith random wave group for i=12,---,1 , m=12,---;M ~1, and
n=m+1lm+2,--- M.

The dw-pulsons K, 4imaim (135) are composed of three of 7 de-pulsons
Kp,d,i,m,d,i,m (134) that describe scalar self-interaction (133) of the velocity po-
tential Sy;, of the selfsame mth dpe-oscillon K4, (125) from the selfsame
ith deterministic wave groups for i=1,2,---,1 and m=12,---,M .

The diw-oscillons Ky 4imdjm (140) consist of two of | (l —1)/ 2 die-oscillons
Ko.d.ima, jm (139) that represent scalar internal interaction (138) of the velocity
potentials Sy;n and Sy;m of the mth dpe-oscillons Ky4in and Kogin
(125) from the distinct #th and jh deterministic wave groups for
i=12,---,1-1, j=i+Li+2,---,1 ,and m=12,---,M .

The driw-oscillons Ky gimrjm (189) are composed of three of |2 drie-os-
cillons Kggimr jm (188) that represent scalar internal interaction (187) of the
velocity potentials Syin and S ;n of the mth dpe-oscillon Kedim (125) and
the mth rpe-oscillon K, ;, (155) from all ith deterministic and jth random
wave groups for 1=1,2,---,1,j=12,---,1 ;land m=1,2,---,M .

The riw-oscillons K i jm (172) include two of I(| —1)/2 rie-oscillons
Korimrjm (171) that correspond to scalar internal interaction (170) of the ve-
locity potentials S;;, and S, of the mth rpe-oscillons K, ;i and K, ;n
(155) from the distinct ith and jth random wave groups for i=12,---,1 -1,
j=i+Li+2,---1 Jand m=12,---,M .

The rw-pulsons K, imrim (167) are constructed of three of I re-pulsons
Kp,,,i,m,,,i,m (166) that determine scalar self-interaction (165) of the velocity po-
tential S, of the selfsame mth rpe-oscillon K, i, (155) from the selfsame
ith random wave group for 1=12,---,1 and m=12,---'M .

The ddw-oscillons K, 4imain (145) are constructed of three of 7 dde-oscillons
Kodimain (144) that express scalar external interaction (143) of the velocity
potentials Sy, and Sy;, of the distinct mth and nth dpe-oscillons Kg4;n
and K4, (125) from the selfsame 7ith deterministic wave group for

i=12,--1, m=12,---M-1, n=m+1lm+2,---,M.

>
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The dew-oscillons K, 4imajn (150) include two of |(| —1)/ 2 dee-oscillons
Kodimd, jn (149) that expose scalar external interaction (148) of the velocity
potentials Sy im:Sq jn and Sqjm:Sqin Of the distinct mth and nth dpe-oscillons
Kodims Kog.jn and KggjmiKogin (125) from the distinct ith and jth deter-
ministic wave groups for i=12,---,1 -1, j=i+Li+2,-1,
m=12,---,M -1, and n=m+1m+2,---,M .

The drew-oscillons K gimrjn (196) include three of |2 dree-oscillons
Koyd,i,m,,,j,n (194) and three of |2 rdee-oscillons Ko,r,j,m,d,i,n (195) that expose
scalar external interaction (192) of the velocity potentials Syin and S;;, of
the distinct mth dpe-oscillon K,4;n (125) and the nth rpe-oscillon Kovr,j,n
(155) from all #th deterministic and jth random wave groups and scalar external
interaction (193) of the velocity potentials S, ;. and Sy;, of the distinct nth
rpe-oscillon K, ;. (155) and nth dpe-oscillon K,4;, (125) from all jth
random and #th deterministic wave groups for i=12,---,1, j=12,---,1,
m=12,---,M -1, and n=m+1m+2,---,M .

The rew-oscillons K, ;imrjn (182) consist of two of | (l —1)/ 2 ree-oscillons
Ko,r,i,m,r,,—,n (181) that represent scalar external interaction (180) of the velocity
potentials S, S jn and S S jn of the distinct mth and nth rpe-oscillons
Korim Korjn and Ko inKorin (155) from the distinct ith and jth random
wave groups for i=12,---,1 -1, j=i+Li+2- 1, m=12..-M-1,
n=m+lim+2,---,M,

The rdw-oscillons K, inrin (177) are composed of three of 7 rde-oscillons
Korimrin (176) that manifest scalar external interaction (175) of the velocity
potentials S;;, and S;;, of the distinct mth and nth rpe-oscillons K, ;.
and K, i, (155) from the selfsame #th random wave group for =121,
m=12,---,M -1, and n=m+1m+2,---,M .

The deterministic, vector, non-diagonal, external interaction for j#i and
N#m isdetermined by the superposition of dot products
Saim “Sd,jn ¥ Sd,jm “Sa,in  (73). Thus, the deterministic, vector, non-diagonal, in-
ternal interaction for j#i and N=mMm is specified by the single dot product
Sqim " Sa,jm (69) and the deterministic, vector, diagonal, external interaction for
j=1 and n=m is displayed by the single dot product SyimSgin (59), as
well. Eventually, the deterministic, vector, diagonal, internal interaction for
j=1 and n=m isalso defined by the single dot product Sy Sgim (53).

The deterministic-random, vector, non-diagonal, external interaction for
j#1 and n=m isexpressed by the superposition of dot products
Saim “Sr.jn ¥ Srjm Sain (87). Therefore, the deterministic-random, vector,
non-diagonal, internal interaction for j#1 and N=M corresponds to the single
dot product Sqim Sy jm (82).

The random, vector, non-diagonal, external interaction for j#i and n=m
is described by the superposition of dot products Sgim:Srjn T Srjm Sain
(116). So, the random, vector, non-diagonal, internal interaction for j#i and

n=m is expressed by the single dot product S;;n-S;;m (112) and the ran-
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dom, vector, diagonal, external interaction for j=i and Nn=m is represented
by the single dot product S, S;in (102), as well. Finally, the random, vector,
diagonal, internal interaction for j=i1 and N=m is also reduced to the single
dot product S; iy Srim (96).

Topology of the ck-pulson (201), the dk-pulson (58), the rk-pulson (101), the
dg-pulson (56), the rg-pulson (99), the dw-pulsons (53), (55), (135), the rw-
pulsons (96), (98), (167), the de-pulsons (133), (134), and the re-pulsons (165),
(166) resembles the topology of the solitons on shallow water, the solitary waves
on shallow water with uniform and linear vorticity [7]-[8], the solitary waves
generated by crossed electric and magnetic fields [9], and the pulsatory waves of
the Korteweg-de Vries equation [10].

Topology of the dik-oscillon (72), the drik-oscillon (86), the rik-oscillon (115),
the ddk-oscillon (64), the dek-oscillon (77), the drek-oscillon (92), the rek-oscillon
(120), the rdk-oscillon (107), the dig-oscillon (71), the drig-oscillon (84), the
rig-oscillon (114), the ddg-oscillon (62), the deg-oscillon (75), the dreg-oscillon
(89), the reg-oscillon (118), the rdg-oscillon (105), the diw-oscillons (69), (70),
(140), the driw-oscillons (82), (83), (189) the riw-oscillons (112), (113), (172),
the ddw-oscillons (59), (61), (145), the dew-oscillons (73), (74), (150), the
drew-oscillons (87), (88), (196), the rew-oscillons (116), (117), (182), the
rdw-oscillons (102), (104), (177), the die-oscillons (138), (139), the drie-oscillons
(187), (188), the rie-oscillons (170), (171), the dde-oscillons (143), (144), the
dee-oscillons (148), (149), the dree-oscillons (192), (194), the rdee-oscillons
(193), (195), the ree-oscillons (180), (181), and the rde-oscillons (175), (176)
looks like topology of the nonlinear waves on deep water [11].

A smooth random function of time as a part of the exact solution of fluid
dynamics primarily emerged in the Cauchy integral of motion via a reference
pressure p,(?). Theoretical quantization of the kinetic energy of exact wave
turbulence includes 8 M/ smooth random functions of time (161)-(162) from C~
with m=12,---,M , which are used to describe random exponential oscillons
and pulsons and various interactions between deterministic and random ex-
ponential oscillons and pulsons. Construction of smooth random functions of
time with oscillatory and pulsatory topologies is an open problem, which will
give an opportunity to develop experimental quantization of exact wave tur-

bulence.
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